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Curvature-based perceptual singularities and
texture saliency with early vision mechanisms
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Recent work has shown that salient perceptual singularities occur in visual textures even in the absence of
feature gradients. In smoothly varying orientation-defined textures, these striking non-smooth percepts can be
predicted from two texture curvatures, one tangential and one normal [Proc. Natl. Acad. Sci. USA 103, 15704
(2006)]. We address the issue of detecting these perceptual singularities in a biologically plausible manner and
present three different models to compute the tangential and normal curvatures using early cortical mecha-
nisms. The first model relies on the response summation of similarly scaled even-symmetric simple cells at
different positions by utilizing intercolumnar interactions in the primary visual cortex (V1). The second model
is based on intracolumnar interactions in a two-layer mechanism of simple cells having the same orientation
tuning but significantly different scales. Our third model uses a three-layer circuit in which both even-
symmetric and odd-symmetric receptive fields (RFs) are used to compute all possible directional derivatives of
the dominant orientation, from which the tangential and normal curvatures at each spatial position are se-
lected using nonlinear shunting inhibition. We show experimental results of all three models, we outline an
extension to oriented textures with multiple dominant orientations at each point, and we discuss how our re-
sults may be relevant to the processing of general textures. © 2008 Optical Society of America

OCIS codes: 330.7310, 330.4060.
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. INTRODUCTION
he ability to effortlessly segregate texture stimuli into
oherent parts has long been attributed to rapid changes
or high contrast) in the spatial distribution of elementary
isual features—a notion that had become known in the
tudy of texture segregation as feature gradients [1–5]
nd which motivated some of the most popular texture
egregation models to date (e.g., [6]). However, recent
ork on orientation-defined textures (ODTs) and
rientation-based texture segmentation (OBTS) has shown
hat salient perceptual boundaries occur also in textures
hose dominant feature (in this case, orientation)

hanges slowly and smoothly without discontinuities or
utstanding feature contrasts whatsoever [7]. Further-
ore, it was demonstrated that these perceptual singu-

arities have no apparent relationship to the orientation
radient of the pattern [Figs. 1(a) and 1(b)], and it was
roved psychophysically that patterns of identical orien-
ation gradient can elicit a drastically different percep-
ual experience [Fig. 1(c)] even in rapid preattentive set-
ps [7]. Moreover, it is easy to show that these perceptual
ingularities are robust to the specific method by which
he ODT is depicted (e.g., dense texture versus sparse ar-
ay of texels) and that they occur also in ODTs of multiple
ominant orientation at a point (see Fig. 2). Finally, it is
lso easy to demonstrate that these perceptual singulari-
ies are not related to, and cannot be explained by, the
istribution of energy in the frequency domain. As Fig. 3
hows, perceptual singularities can occur in stimuli with
nbiased global amplitude spectra, while at the same
1084-7529/08/081974-20/$15.00 © 2
ime biased spectra may occur (either locally or globally)
n parts of stimuli with no perceptual singularities what-
oever.

Given all these findings, it is clear that in order to cor-
ectly model texture segregation, the detection of salient
erceptual boundaries, and the extraction of global struc-
ure, something beyond orientation gradient must be con-
idered. Such a revised theory was indeed proposed [8],
nd its fundamental aspects are briefly reviewed below.
he goal of the present paper is to examine the biological
lausibility of this theory by developing biologically plau-
ible computational models that pursue the detection of
alient perceptual singularities in smoothly varying
DTs using early vision cortical mechanisms. To that end
e propose three such models, each based on different
echanisms; we examine their segregation performance;

nd we discuss their relevance to general textures and
atural images. Furthermore, in this work we attempt to
xamine the biological plausibility of our models not only
n terms of known cortical computational mechanisms but
lso in terms of the cortical representation of the visual in-
ormation to which these mechanisms are applied at vari-
us stages of the process. In particular, we examine how
he sparse representation of oriented structure in the pri-
ary visual cortex entails certain constraints and opera-

ive requirements on second-order computations that are
n essential component in our models, as well as in nu-
erous other models presented in the literature. While
ost past models ignore these constraints, here we show

hat despite the transformation from the retinal represen-
008 Optical Society of America
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ig. 1. (Color online) Smoothly varying ODTs exhibit salient perceptual singularities that are poorly predicted by orientation gradients.
a) A smoothly varying ODT defined by the function ��x ,y�=x+y and its orientation gradient magnitude (as a graph). The fundamental
ap between the (inhomogeneous) perceptual outcome and the (constant) orientation gradient is evident. Here and throughout the paper,
ense ODTs are depicted as line integral convolution (LIC) patterns [62] of constant local luminance. (b) Another example of an ODT
hose perceptual structure is a (double) spiral, while its orientation gradient is concentric in nature. (c) Phased pair of ODTs are two
DTs that are different only by a constant phase shift of 90°, i.e., �lower�x ,y�=�upper�x ,y�+� /2. Despite having an identical orientation
radient across the pattern, the perceptual outcome is drastically different. In particular, note the strong segregation to concentric rings

n the lower pattern but not in the upper one.
ig. 2. Perceptual singularities in ODTs are robust to the specific visualization method and/or to the presence of multiple dominant
rientations at a point. (a) A dense ODT of the sort shown in Fig. 1. (b) The same ODT depicted now as a sparse array of oriented
egments (texels). Note that the same global structure mediated by the perceptual singularities is equally salient in both patterns. Note
urther that collinear structure, which classically is predicted to be perceptually dominant [63–65], could in fact be the least salient in
uch displays (as is between the black dots). (c) A dense multioriented ODT with two dominant orientations at each point. Note that the
lobal perceptual structure of a mosaic of diamonds although no orientation discontinuities are present.
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ation to the cortical representation, second-order compu-
ations (e.g., filtering) can be implemented by proper
eural circuits (see Section 7).

. GEOMETRICAL FOUNDATIONS
ND CURVATURE-BASED PERCEPTUAL
INGULARITIES

n order to handle, predict, and compute perceptual sin-
ularities in ODTs more reliably, the geometry of these
atterns must be reexamined, and new factors that could
ffect their local saliency must be explored. Here we
riefly summarize the relevant analyses by Ben-Shahar
8] and Ben-Shahar and Zucker [9] that are the basis for
ur present work.

Consider an ODT in the image plane. An abstract rep-
esentation for this ODT would make explicit the orienta-
ion at each point; hence an ODT can be described as an
rientation function ��x ,y� in the image plane, or as a
nit length vector field E� T�x ,y� tangent to the ODT at
ach point. In this sense an ODT is an oriented pattern
10], an oriented texture field [11], or a texture flow [9].
ere we follow the theoretical foundations developed in

ig. 3. (Color online) Perceptual singularities in smoothly vary
istribution of energy in the frequency domain. (a) A dense ODT
ncludes a singularity is used for the local analysis in the second
hows no special bias upon casual inspection. (c) A map of four 4
requency domain) in which energy was accumulated for testing
orresponding to the perceptual singularities (i.e., 135°). (d) The d
hat can explain the existence of the perceptual singularities in t
ingularity. (f) The spectrum of the ROI in panel (e). (g) The spe
revious spectrum, although one patch includes a singularity wh
nergy in the spectra from panels (f) and (g). Shown is only one gr
ote how the same spectra can emerge from a patch that contains
he latter to derive a computational measure that makes
ccurate predictions of the perceptual outcomes.
An extension of the vector field representation E� T�x ,y�

hat makes tools from differential geometry readily avail-
ble is the frame field representation [12]. More specifi-
ally, by attaching a second unit vector E� N�x ,y� to each
oint such that E� T ·E� N=0, one obtains a frame at each
oint on the ODT, and therefore a frame field �E� T ,E� N� in
he image domain. This frame field is not simply a redun-
ant representation. It also provides a local coordinate
ystem in which all other vectors can be represented in a
atural object centered view (Fig. 4). Perhaps the most

mportant vectors (other than the frame vectors them-
elves) that benefit from such an object centered repre-
entation are the covariant derivatives of E� T and E� N.
hese covariant derivatives represent the initial rate of
hange of the frame in any given direction V, a quantity
hat in the �E� T ,E� N� coordinates is captured by Cartan’s
onnection equation [12]:

��VE� T

�VE� N
� = � 0 w12�V�

− w12�V� 0 �	E� T

E� N

 .

Ts are not related to, and cannot be explained by, biases in the
sort shown in Fig. 1(a). The marked region of interest (ROI) that
f this figure. (b) The global amplitude spectrum of this stimulus
tors (centered about the directions 0°, 45°, 90°, and 135° in the
her the spectrum nevertheless contains any bias in a direction
tion of energy in the spectrum of the pattern shows no clear bias

T. (e) Another ODT and a ROI that does not include a perceptual
of the ROI in panel (a). Note how it is virtually identical to the
other does not. (h) The orientation analysis of the distribution of
cause the two spectra indeed have identical distributions. Hence,
ularity and from a patch that does not include such a singularity.
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The coefficient w12�V� is a function of the vector V,
hich reflects the fact that the local behavior of the flow
epends on the direction along which it is measured.
ortunately, w12�V� is a 1-form [12] and thus linear. This
llows us to fully represent it with two scalars at each
oint since

w12�V� = w12�aE� 1 + bE� 2� = aw12�E� 1� + bw12�E� 2�.

he freedom in selecting a basis �E� 1 ,E� 2� for the represen-
ation of the vector V is naturally resolved by making,
nce again, the choice of E� 1=E� T and E� 2=E� N, which yields
he following two numbers:

�T � w12�E� T�,

�N � w12�E� N�. �1�

hese two scalars, defined at each point of the ODT, are
alled its tangential curvature ��T� and normal curvature
�N�, respectively [9], and they represent the initial rate of
hange of the ODT orientation in its tangential and nor-
al directions, respectively. In other words, �T and �N are

he coordinate functions of the differential d� with respect
o �E� T ,E� N�, or the directional derivatives of the scalar
unction ��x ,y� in the tangential and normal directions,
espectively. Practically, these two curvatures can be
valuated at each point as the coefficients of the orthogo-
al expansion of the orientation gradient �� of the ODT:

ig. 4. Intrinsic local geometry of smooth ODTs is best capture
here tangent and normal to the direction of the flow. An infinit
ngle determined by the connection form of the frame field. Since
umbers obtained by orthogonal expansion. The natural expansi
gure exemplifies all these notions on a blown-up (and brightene
ectors are shown in red and green, respectively. (a) An infinitesi
(blue vector) rotates it (counterclockwise in this case) by an am

ate of rotation along the directions E� T and E� N themselves define
small counterclockwise rotation ��T relative to the original po

otation ��N. The corresponding (small) �T and (large) �N trans
eaks at the perceptual singularity that passes around q1. (b) Sim
mall “normal rotation” ��N. The corresponding curvature values
round q2.
�T = d��E� T� = �� · �cos �,sin ��,

�N = d��E� N� = �� · �− sin �,cos ��. �2�

e note that although Eq. (2) provides signed curvatures,
s indeed is possible in the plane (e.g., [13]), in the follow-
ng we will be interested in their absolute values (i.e., in
�T� and ��N�) since the orientation of the ODT is deter-

ined only up to 180° (rather than 360°) and since the
ign of curvature appears to play no role in the segrega-
ion process.

It is easy to be convinced that the structure of the two
DT curvature maps derived above is much more inti-
ately linked to the perceptual outcome than the orien-

ation gradient of the patterns. One example where this
atch is practically perfect is shown in Fig. 5.

s representation as a differentiable frame field, which is every-
translation of the frame in some direction V rotates it by some

nnection form is a linear operator, it is fully characterized by two
ed on the frame itself yields the two curvatures �T and �N. This
ion of the spiral-like stimuli from Fig. 1(b). Tangent and normal
anslation of the frame from point q1 along an arbitrary direction
related to the covariant derivatives �VE� T and �VE� N. The initial
o curvatures �T and �N. Here a “tangential translation” induces

shed), while the “normal translation” induces a large clockwise
a high perceptual singularity measure [PSM in Eq. (3)], which
nalysis around q2 shows a large “tangential rotation” ��T and a

late to a small PSM, which predicts correctly the lack of saliency

ig. 5. (Color online) Structure of the tangential and normal
urvature maps is intimately related to the perceptual structure
n ODTs. (a) ODT of constant orientation gradient [same as Fig.
(a)] with one perceptual singularity highlighted. (b) The

�T�x ,y�� of the ODT from panel (a) depicted as intensity. Note
ow the perceptual singularities coincide with ��T�x ,y��’s zeros.

c) The ��N�x ,y�� of the same ODT. Note the correspondence of the
ingularities with �� �x ,y��’s maxima.
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In general, however, neither the tangential nor the nor-
al curvature is a reliable predictor for the perceptual

ingularities (see [8]). On the other hand, a computational
easure that involves both curvatures can accurately

inpoint perceptual singularities and salient curves in
DTs. Termed the perceptual singularity measure, or
SM [7,8], this measure is defined as follows:

PSM�x,y� = ∧
�T

2+�N
2 ��

	Ridges� �N�x,y�2

�T�x,y�2 + �N�x,y�2�
 ,

�3�

here �T�x ,y� and �N�x ,y� are defined by Eq. (1), Ridges��
eturns the ridge points [14–19] of its argument function,
nd the operator ∧ rectifies its argument by the condition
pecified. Computational results [8] and psychophysical
valuation of this measure [7] demonstrate that it has a
triking predictive power for perceptual singularities and
DT saliency, both for smoothly varying ODTs and for
atterns with genuine singularities (i.e., discontinuities)
n their feature distribution. Analytical results on se-
ected ODTs are illustrated in Fig. 6. Our goal in this pa-
er is to achieve comparable performance on image data
rather than analytical input) using biologically plausible
omputations based on early visual mechanisms.

. ELEMENTARY BIOLOGICALLY
LAUSIBLE COMPUTATIONAL BUILDING
LOCKS
ince the curvature-based theory of perceptual singulari-
ies and texture saliency has strong perceptual and psy-
hophysical support [7], it is natural to explore the
echanisms that could predict the perceptual outcome

sing visual cortical machinery. While some previous
ork has argued for curvature-related computations at

he anatomical and physiological levels (e.g., [20–22]), we
urther pursue this goal by suggesting computational
lgorithms that would provide accurate predictions of the

ig. 6. Application of the PSM to selected ODTs whose orientat
ig. 1(b) and its PSM-predicted perceptual singularities. (b) Ano
onstant ODT and its predicted perceptual borders. Note that in
rientation function is first shifted an infinitesimal amount in sca
mooth ODT. Note the simultaneous detection of the perceptual
erceptual outcome while employing only biologically
lausible computational mechanisms. As we further dis-
uss throughout this paper, additional byproducts of this
ine of research are several possible (and surprising) new
ays to compute curvature(s) in the primary visual cor-

ex, each of which with verifiable (or refutable) predic-
ions about its functional organization.

Addressing the main goal above, we propose three dif-
erent biologically plausible algorithms that compute the
SM and predict perceptual singularities in images of
iecewise-smooth ODTs. Before we turn to these models,
owever, this section discusses several basic biologically
lausible computational building blocks that become
andy in one or more of the models that follow.

. Local Estimation of Oriented Texture Structure via
ven-Symmetric Receptive Fields
critical computational block in all our models is the es-

imation of oriented structure, a computation that is used
n many texture segregation models (e.g., [6,23]). Such a
ocal estimation is based on the convolution of the input
mage with a bank of directionally tuned filters, each re-
embling an even-symmetric simple cell in structure and
mplemented as a difference of anisotropic Gaussians,
hich are offset perpendicularly to their dominant orien-

ation. The horizontally tuned filter from this family can
e described by

F�=0
e ��,a� = e · G�0,0;�x,�y�

− i · �G�0,yi;�x,�y� + G�0,− yi;�x,�y�,

here G�x ,y� is a 2D anisotropic Gaussian centered at
x ,y�, the coefficients e and i define the amplitude of the
xcitatory and inhibitory subcomponents, respectively,
hile yi=� is the offset of the inhibitory lobes from the ex-

itatory center. The anisotropy of the filter is determined
y the two standard deviations �x=a ·� and �y=�, where

is the aspect ratio. We note that instead of linear
ombinations of Gaussians, one could also use Gabor
unctions. As was already noted in the past (e.g., [6]), the

nction is given analytically. (a) The smoothly varying ODT from
moothly varying ODT with its PSM prediction. (c) A piecewise-
o apply the PSM on discontinuous ODTs, their nondifferentiable
ce (i.e., blurred a little bit). (d) Same as panel (c) for a piecewise-
rities both within and between smoothly varying regions.
ion fu
ther s

order t
le spa

singula
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articular choice of filters is not critical and most simple
ell models would work equally well.

Based on this horizontal filter, the rest of the filter
ank is constructed by rotating F0

e appropriately, and the
mount of oriented structure at orientation � is estimated
y r�=I*F�

e, i.e., via the convolution of the visual signal
gainst the appropriate filter. In this paper we will denote
y �e the set of orientations for which even-symmetric fil-
ers are constructed. Motivated by the estimated physi-
logical angular resolution (e.g., [24,25]), and by practical
onsiderations, we construct our filter bank at a angular
esolution of 10° for a total of 18 filters; i.e., in this paper
e use �e= �0° ,10° ,20° , . . . ,170° �.
Since the estimation of oriented structure should be

ontrast-independent, the desired computation is R�� �r��,
.e., the absolute value of r�. Computationally, this nonlin-
ar operation can of course be computed directly. A bio-
ogically plausible implementation, however, should avoid
egative values as dictated by the physiological con-
traints. Hence, computing R� in a biologically plausible
anner could be based on the sum of the half-wave recti-

cation of r� and the half-wave rectification of r̄�, where r̄�

s a contrast-reversed version of r�, i.e., the result of con-
olving the visual stimulus with an off-centered oriented
F with excitatory side bands.
Following the brief discussion above, the complete pro-

ess of estimating oriented structure locally in a biologi-
ally plausible way is sketched in Fig. 7. We note that
ince we focus on oriented patterns only, circularly sym-
etric filters of the sort found in layer 4c in V1 (refer to
ig. 14) are excluded from our present filter bank.
An important comment that should be made in relation
o this estimation of oriented structure is that it is local in
ature and therefore expected to be noisy and unreliable.
o handle such difficulties, biologically plausible methods
hat can remove noise and replace inconsistent measure-
ents with locally coherent ones have already been sug-

ested in the past. Such methods are based on distributed
rocesses of global optimization (e.g., [9]) and have been
hown to produce excellent results. This topic, however, is
utside the main focus of our present work, and therefore
e do not include such processes in our discussion. We do
eep in mind that the inclusion of such a computational
tep does not harm the biological plausibility of the esti-
ation phase and therefore of the proposed computa-

ional models as a whole.

. Computation of Directional Derivatives via Odd-
ymmetric Receptive Fields
1 simple cells with odd-symmetric RFs are characterized
y two elongated adjacent antagonistic regions of equal
trength. While these cells are often described as “edge
etectors” (e.g., [26]), their function could be interpreted
ore generally as the estimation of the directional deriva-

ive of a signal, in the direction perpendicular to the pre-
erred orientation of the cell. Importantly, here we em-
hasize the possibility that this computation is feasible
ot only to the raw retinotopic visual signal, as has been
ommonly used in the past, but more generally, for any in-
ermediate representation and signals throughout the
arly visual process.
ig. 7. (Color online) Biologically plausible way to compute the oriented structure of an ODT stimulus. Presented are 4 different chan-
els (out of 18 channels), each computing the oriented structure in a different orientation. The visual signal is being convolved with a
uned even-symmetric RF and with its contrast-reversed version, both followed by the intrinsic neural half-wave rectification (shown in
ed in the online version). This yields the neural responses max�0,r�� and max�0,r�̄�, respectively, in each channel. Taking their sum
ives max�0,r��+max�0,r�̄�= �r� � =R�, which is the estimated oriented structure of the stimulus in orientation �. Output examples are
hown in Figs. 12(b) and 13(a).
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The horizontally tuned filter from this family of odd-
ymmetric RFs can be described by a difference of aniso-
ropic Gaussians, which are offset perpendicularly to
heir dominant orientation:

F�=0
o ��,a� = e · G	0,

yi

2
;�x,�y
 − i · G	0,−

yi

2
;�x,�y
 ,

here all parameters are the same as in Subsection 3.A.
learly, this filter can estimate the rate of change of sig-
als along the vertical axis, i.e., the directional derivative
long the vertical direction. Based on this filter, we
onstruct filters for directional derivative in all directions
y rotating F0

o appropriately for all orientations in
o= �0,10, . . . ,340,350�. A convolution of a signal against

uch filters would approximate the signal’s initial rate of
hange along the direction perpendicular to the filter ori-
ntation, a computation which can be described formally
y

dI�e��� = I * F�+90
o : e�� = �cos �,sin ��,

here I is the input signal and e�
� is a unit vector in the �

irections. Following the brief discussion above, the pro-
ess of estimating directional derivative in a biologically
lausible way is depicted in Fig. 8.

. Nonlinear Gating via Shunting Inhibition
onlinear operations are the key to the complexity and
iversity of information processing in general and to
hose carried in the visual cortex in particular. The most
asic of all nonlinear manipulations is perhaps the ability
o gate a data signal based on the value of a control sig-
al, an operation which in logic is sometimes referred to
s an AND–NOT gate. Previous studies have indeed ar-
ued that such a synaptic veto mechanism is underlying

ig. 8. (Color online) Biologically plausible way for computing di
n image) is being convolved with an odd-symmetric cell (upper
esent the rate of change of the image intensity along the 0° (upp
oundary. Importantly, this operation could apply not only to th
arly visual process. In fact, in some of our models, we apply such
irectional derivative of ��x ,y� and the ODT curvatures.
arious processes in the visual cortex (e.g., [27,28]), by re-
ucing an input signal down to zero upon the arrival of a
econd synaptic input (see Fig. 9 for schematics). Mecha-
istically, it was suggested that these inhibitory synaptic

nputs are activating ionic conductances with an equilib-
ium potential near the membrane resting potential and
hus can effectively veto excitatory inputs [28]. Computa-
ionally, dynamic models have been proposed for an AND–
OT gate behavior, most notably in the context of direc-

ional selectivity [27,29]. Following such theoretical
ontributions, recent neurophysiological inquiries have
mployed new recording techniques in vivo to
rovide quantitative support to the existence of shunting
nhibition in the primary visual cortex [30,31].

In this work we make significant use of a gating mecha-
ism as a substrate for selection (one-out-of-many) pro-
esses (e.g., in Section 6), and also as a building block for
ther nonlinear operations such as maximum selection
see below). According to the above, we assume that both
he gating itself and its derived operations are biologically
lausible.

. Selection and Computation of Maximum Values
he MAX function can be formalized as the operation that
eturns the largest of its inputs, and several studies have
uggested that various visual processes are based on
AX-like operations (e.g., recognition [32]). Such studies

ave motivated a growing body of recent evidence sug-
esting that there are neurons in the early visual system
hat perform a MAX-like operation on their afferent in-
uts. For example, the presence of MAX-like behavior
as tested experimentally [33] by comparing neural re-

ponses to two bars presented both separately and simul-
aneously to an anesthetized cat. It has been shown that
here are complex cells whose response to the two-bar

al derivatives. A map of some spatial signal (represented here as
uned to 90°, lower filter tuned to 225°). The filter responses rep-

135°(lower) directions. Note the graded response along the disk
otopic signal but to any intermediate representation along the
ess on the map of dominant orientations in order to estimate the
rection
filter t
er) and
e retin
a proc
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timulation is similar to the larger response of two simple
ells that respond to each bar individually [Fig. 10(a)].

In addition to physiological studies, biologically plau-
ible models for MAX-like behavior have also been sug-
ested, and a number of neural circuits that provide good
pproximation to the MAX operation have been presented
nd analyzed. Some of these models rely on nonlinear
uppression of nonmaxima values, while others achieve
he same goal by iteratively applying nonmaxima inhibi-
ion till convergence [34]. In the end, both of these ap-
roaches obtain an output value that matches the maxi-
um of the input values. Furthermore, once the

vailability of a nonlinear gating is assumed (cf. Subsec-
ion 3.C), the construction of a MAX circuit is in fact
traight forward since all it takes is the shunting of the
maller input based on a control signal obtained from a
ectified combination of the two input signals. Such a cir-
uit is depicted as a block diagram in Fig. 10(b) and will
e referred to in the rest of the paper as the MAX circuit.
learly, while such a circuit selects the maximum of two
ignals S1 and S2, concatenation of such units provides a
rivial extension to any number of inputs, i.e., to the
perator max�S1 ,S2 , . . . ,Sn−1,Sn�.

ig. 9. (Color online) Schematics of a gating circuit. The input
ignal S is passed to the output unless the gating signal is non-
ero, in which case, the output is zero.

ig. 10. (Color online) Measurement and modeling of a MAX-lik
n the visual cortex of a cat obtained from bar pairs that were
ampl et al. [33] with permission by the author). Shown are the
maller response in blue and the larger response in red online) an
ars simultaneously (in green online). The predicted linear respo
b) A MAX operator can be constructed in a biologically plausible
ectified difference of the two input signals. Here the triangle re
nd its output represents the signed summation of these values
nline). Hence, the output of these units is zero unless the excita
hen fed to gating circuits (Subsection 3.C and Fig. 9), which ef
ax�S ,S � in the other.
1 2
A variation on the MAX operator and the gates
iscussed above is a gating circuit that passes on its input
nless its gating signal is larger than the input. If S and

represent some input and gating signals, respectively,
he output of such a gate can be written formally as
ut=S · �S	G�, where the second (logical) term is 1 if the

ondition holds and 0 otherwise. Such a variation is con-
eptually very similar to nonlinear gating in its basic
orm (cf. Subsection 3.C), and one way to construct it is
hown in Fig. 11(a). We denote such a gate by
AX-GATING, and its extension to arbitrary number of

ating signals is immediate as shown in Fig. 11(b).
The MAX-like behavior, the suppression of nonmaxima

nputs, and the gating based on relative values are funda-
ental computational building blocks in our different
odels for curvature calculations. According to the above,
e consider these operations to be biologically plausible.
It should be noted that the evidence for early visual

ells with MAX behavior is still limited and controversial.
evertheless, since usage of the MAX operation is

ommon in previous biologically plausible models (e.g.,
6,23,35]), in this work we follow these models and also
onsider this operation to be biologically plausible.

. MODEL 1: CURVATURE ESTIMATION
IA SPATIAL RF SUMMATION
ur first biologically plausible model for the computation
f perceptual singularities relies on the fact that the no-
ion of curvature is intimately related to differences of ori-
ntations at nearby positions. Hence, in physiological
erms, the directional derivative of orientation at a point

ator in the visual cortex. (a) Neurons with a MAX-like behavior
ted both separately and simultaneously (data reproduced from
responses of the two simple cells to each bar individually (the
ctual MAX-like response of a complex cell stimulated by the two
m the summation of the individual responses is shown in black.

on by shunting each input with a control signal obtained by the
ts a neuron with one excitatory input and one inhibitory input,
the usual rectification (red function drawn inside the triangles

nput is larger than the inhibitory one. These control signals are
ly feed the final summation unit a zero value in one input and
e oper
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an be estimated by examining the responses of oriented
Fs with carefully selected spatial positions. In our first
odel we therefore implement such an operation both in

he tangential direction and the normal direction of each
F.
First, the oriented structure R� at each orientation is

stimated using the filter bank as discussed in Subsection
.A [Fig. 12(a)]. Then, using the “oriented response maps”
Fig. 12(b)], we indirectly evaluate the degree of orienta-
ion change in the tangential and normal directions at
ach point q= �qx ,qy� by summing up the R� responses in
he corresponding directions around q. Specifically, given

hypothetical dominant orientation at point q, the tan-
ential curvature at q can be implicitly estimated by sum-
ing up the values of the response map R� along a short

traight line, or elongated region, centered at �x ,y� and di-
ected along the � orientation [Fig. 12(b), cyan ellipses].
he normal curvature at q can be estimated similarly, by
umming up the values of the response map R� along a
hort straight line, or elongated region, centered at �x ,y�
nd directed along the �+90° orientation [Fig. 12(b), red
llipses].

Let ST
� �q� and SN

� �q� denote these summation results,
.e., let

ST
� �q� = �

�x,y��NT����q�
R��x,y�,

SN
� �q� = �

�x,y��NN����q�
R��x,y�,

here NT����q� and NN����q� are the “�-tangential neigh-
orhood” and the “�-normal neighborhood” of q, respec-
ively [e.g., the elliptical neighborhoods in Fig. 12(b)]. It
hould be noted that both of these summations are indi-
ect estimations of the two curvatures since both provide
omplementary values: If ST

� �q� turns out to be high, it is
ecause R� is high both at q and at its “tangential neigh-
ors,” implying that the oriented structure in this region
hanges very little in the tangential direction and there-
ore that the tangential curvature is very small. A similar
rgument holds for SN

� �q� and the normal curvature. To
ompensate for this transformation, a negation operation
s used later to map these intermediate results to curva-
ure values (see below).

ig. 11. (Color online) Variation on the MAX operator gate tha
truction of a MAX-GATING operator using nonlinear shunting i
igs. 9 and 10(b). (b) Extending the basic MAX-GATING to multip
an be written formally as Out=S · ��S	G1�∧ �S	G2�∧ . . . ∧ �S	G
pace considerations.
As implied above, the RF summation operations are
arried out for all possible orientations at each point q. As
result, ST

� �q� and SN
� �q� are of little relevance unless �

appens to be the true dominant orientation at q, i.e.,
hat orientation for which R� is high at q. While in our
ubsequent models we exploit this relationship to nonlin-
arly mask (or gate) irrelevant results, here we capitalize
n the observation that the dominant orientation changes
lowly relative to the scale of the RF and hence that the
esponse of nearby filters of the same orientation will be
ighly correlated almost everywhere. Consequently, if R�

s small or zero at q, so are its values at nearby points,
hich entails a zero or small summation values when � is
ot the dominant orientation at q. All this suggests that
elevant ST

� �q� and SN
� �q� values can be obtained simply by

selection of the maximum ST
� �q� and SN

� �q�values across
he orientation dimension [Fig. 12(c)] by employing bio-
ogically plausible mechanisms as described in Subsection
.D.
The entire process thus far can be described by the

ollowing expressions:

�T�q� = max
�

�ST
� �q�:� � �e�,

�N�q� = max
�

�SN
� �q�:� � �e�,

here �T ,�N denote the “complementary curvature” val-
es in the sense discussed above. To complete the estima-
ion process, the curvature values themselves are ob-
ained by subtracting �T and �N from a predefined
eference value (which could be thought of as the maxi-
al curvature value permitted or measurable by the vi-

ual system). Then curvature maps are squared to yield
heir “energy” [23], which is used to compute the PSM
ap. Finally, ridge (or local maxima) points are identified

ia usual filter convolution and thresholding to obtain the
nal result [Fig. 12(d)]. The entire process, including a
ample experimental result, are shown in Fig. 12.

In summary, our first model for computing perceptual
ingularities in ODTs uses an estimation of the two cur-
atures based on lateral interactions between oriented
F having the same scale but different spatial position.
hese kinds of interactions are well documented in the
natomical and physiological literature in the form of
ntercolumnar connections between nonoverlapping RFs,

s its input unless it is bigger than its gating signal. (a) A con-
ion. Symbols represent atomic gates and circuits as discussed in
trols requires only serial concatenation, a circuit whose operation
ile a “parallel” construction is possible also, it is omitted here for
t block
nhibit
le con
n��. Wh
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r what is commonly termed the long-range horizontal
onnections (e.g., [25,36–38]). Additional experimental re-
ults of this model, along with a comparative evaluation
gainst the other two models, are discussed in Section 8.

. MODEL 2: CURVATURE ESTIMATION
IA MULTISCALE RF INTERACTIONS
ur second biologically plausible model is based on intra-

ig. 12. Sketch and example of Model 1 with emphasis on the
stimate oriented structure (as described in Subsection 3.A). Hig
ntation. (b) At each point of each R� map, the amount of respon
y summation of similarly oriented filters along a “�-tangentia
ipses), respectively (see inset). The corresponding summation m
he text. (c) At each point �x ,y�, the orientation that yields the
epresent complimentary curvature values as discussed in the te
timulus.
olumnar interactions that facilitate the interactions be-
ween RFs, or filters, of similar orientation preference but
ignificantly different scale. Similar to the previous
odel, an “orientation response map” R� is first computed

or each orientation using the oriented structure estima-
ion process discussed in Subsection 3.A [Fig. 13(a)]. Then
ach R� map is fed into two even-symmetric filters, this
ime having much larger scale and tuned either to the
ap’s defining orientation (i.e., �) or to its perpendicular

rientation (i.e., �+90). This way, instead of summing up

tion of the two curvatures. (a), (b) Simple cell RFs are used to
r response indicates oriented structure in the corresponding ori-
he tangential and normal directions (green arrows) is evaluated
borhood” (cyan ellipses) and “�-normal neighborhoods” (red el-
the selected channels are denoted by ST

� and SN
� as discussed in

um summation value is selected. By construction, these maps
Final PSM ridges results (in red) superimposed on the original
estima
h filte
se in t
l neigh
aps of
maxim
xt. (d)
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esponses in R� along elongated regions as in the previous
odel, here we evaluate the degree of orientation change

n the tangential and normal direction by convolving R�

ith two larger scale filters [Fig. 13(b)]. Finally, the same
axima selection process employed in Model 1 (cf.
ubsection 3.D) is used to obtain the complementary tan-
ential and normal curvatures [Fig. 13(c)]. The entire
rocess up to this point can be described by the following
xpressions:

�T�q� = max
�

��F�
e�k�,a� * �F�

e��,b� * I���q�:� � �e�,

ig. 13. Sketch and example of Model 2. (a) The filter respons
ubsection 3.A) shown here for two selected channels (�=90° and
ote that these two second layer filters in channel � are tuned to
y applying maximum selection among all corresponding second
hange of orientation along its own (i.e., tangential) or perpendic
�N�q� = max
�

��F�+90
e �k�,a� * �F�

e��,b� * I���q�:� � �e�,

here Fe indicates filters of the sort mentioned in Subsec-
ion 3.A and k is the relative scale of the second layer fil-
ers compared to the first layer filters. Having obtained �T
nd �N, Model 2 continues identically to Model 1 to com-
ute the PSM and the perceptual singularities.
The biological plausibility of Model 2 stems from the

act that vertical connections do exist in each orientation

e first layer (i.e., oriented structure estimation as described in
°). (b) The second layer filter response for the same two channels.
irection and the �+90 direction. (c) The �T and �N maps obtained
outputs. The higher the value in the final maps, the slower the
.e., normal) directions, respectively.
e of th
�=120
the � d
layer
ular (i
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olumn [36] and that each column contains cells of similar
rientation preference but different scales [24]. Hence,
odel 2 capitalizes on intracolumnar interactions rather

han the intercolumnar interactions that motivated
odel 1 (Fig. 14). We do note that the use of intracolum-

ar interactions for curvature estimation was suggested
lready 20 years ago in the context of curve detection by
obbins et al. [21], and here we extend this possibility to
D patterns and two curvatures.
Although Models 1 and 2 are very similar, it is impor-

ant to comment about their differences. From a compu-
ational point of view, the usage of a filter instead of sum-
ation gives a more accurate curvature approximation

ecause, in contrast to the previous model, here the sum-
ation is “weighted” according to spatial distance, and it

ncorporates lateral inhibition, which has a “sharpening-
ike” effect. These and other differences between the
uggested models are discussed in Section 8 next to the
xperimental results.

. MODEL 3: CURVATURE ESTIMATION
IA NONLINEAR GATING
ur last (and best) model is a feed-forward three-layer

ircuit that computes curvatures using a different biologi-
ally plausible mechanism altogether. We begin by esti-
ating the amount of oriented structure at each point us-

ng the estimation process described in Subsection 3.A.
hile our first two models estimated the curvatures from

ach R� in isolation, and leveraged channel interaction
nly in later stages (e.g., for the MAX computation), this
ime we employ such interactions much earlier in the pro-
ess. Specifically, we compare the “oriented responses”
rom all different R� maps at each spatial position in or-
er to determine the dominant orientation on each
oint—that channel � whose “oriented response” is the
ighest at each point. Formally, this can be described by

��x,y� = arg max
�

�R��x,y�:� � �e�,

computation that is implemented by the MAX-GATING
ate (Subsection 3.D) as depicted in Fig. 15(a).

The end result of the computation above is a dominant
rientation map ��x ,y� whose evaluation is facilitated by
ntrahypercolumnar interactions. As mentioned also at
he end of Subsection 3.A, such a computation can be fur-

ig. 14. (Color online) Intercolumnar and intracolumnar intera
ercolumnar interactions between cells having the same scale bu
ntracolumnar interactions between cells having a similar orient
her enhanced by employing biologically plausible contex-
ual inference processes, which facilitate long-range spa-
ial interactions as well (e.g., [9]).

Once the map ��x ,y� is obtained (see Section 7 for
ssues related to its cortical representation), its direc-
ional derivative d��e�
��x ,y� in all possible directions

�
= �cos 
 ,sin 
� ,
��o is computed by convolving it with
uned odd-symmetric filters in the manner described in
ubsection 3.B and depicted in Fig. 15(b), i.e.,

in V1 [24,36]. Horizontal connections (dashed/red online) are in-
rent position tuning. Vertical connections (solid/blue online) are
reference but possibly different scale/size.

ig. 15. Sketch of Model 3. (a) The dominant orientation map is
omputed by passing each R� map at each point through a MAX
ATING circuit, which is gated (in red) by all the other R� chan-
els. (b) The dominant orientation map is then being convolved
ith tuned odd-symmetric simple cells, creating orientation di-

ectional derivative maps in all directions (in a 10° resolution).
ach of these directional derivatives is then being gated (in red)
y the dominant orientation in order to preserve only those di-
ectional derivatives along and perpendicular to the dominant
rientation. The end result are two curvature maps used for the
SM final computation.
ctions
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d��e

� � = F
+90

o
* �.

Computing the directional derivatives in all possible di-
ections is a necessity resulting from the inability to cre-
te content-dependent operators (i.e., filters) on the fly.
ndeed, of the complete range of directional derivative
aps d��e�
�, only two are needed: d��e���, which repre-

ents the tangential curvature, and d��e��+90�, which rep-
esents the normal curvature. Hence, we next select only
hese two maps while “shutting down” all the rest. This
ital step is being done by a nonlinear gating mechanism,
hich can be implemented with shunting inhibition, as
escribed in Subsection 3.C. Naturally, the veto, or gating
ignal itself comes from the dominant orientation ��x ,y�
t the same spatial position, as depicted via the red chan-
els in Fig. 15(b). Once all irrelevant channels have been
hunted, the tangential and normal curvatures can be ob-
ained by simple summation (since all but one channel
ave been turned to zero). Hence

�T = �

��e

d��e�
� · �
,�,

�N = �

��e

d��e�
� · �
,�+90,

here the gating signal is expressed in these equations by
he Kronecker delta, i.e.,

�
,� = �1 
 = �

0 
 � �
.

As discussed in Section 8, this last model provides the
est approximations of the tangential and normal curva-
ures. Having the two curvatures maps, we calculate the
SM and PSM ridges as done also in the previous models.

. CORTICAL COMPUTATIONS UNDER
MPLICIT REPRESENTATIONS
ike many biologically plausible computational models in
he literature, ours employ stages of computations, each
perating on the output of its predecessor. Almost always,
he ability to apply such successive computations is taken
or granted—first, the retinotopic input is represented as

spatial map to which receptive field filtering is applied
s convolution, often followed by some pointwise nonlin-
arity. Then the output of this first stage is again consid-
red to be available as a spatial map over retinotopic co-
rdinates, to which a second phase of filtering is applied
irectly as before (e.g., [5,6,23,39]).
However, one should keep in mind that the cortical rep-

esentation of the output of the first-stage computation
ay be fundamentally different from the representation

f its input—while the input is explicit and dense, the out-
ut might be implicit and sparse. For example, the inci-
ent radiance at each retinotopic position �x ,y� is explic-
tly related to (and hence represented by) the firing rate of

ganglion cell or a lateral geniculate nucleus (LGN) cell
aving the same positional tuning �x ,y�. This input is fed
o simple cell RFs whose output—the degree of stimulus
rientation—is organized in orientation hypercolumns
24]. Thus, the cortical tissue does not represent the
timulus orientation at position �x ,y� explicitly via differ-
nt firing rates of an “orientation neuron” tuned spatially
o �x ,y�. Rather, if the evidence supports the hypothesis
hat orientation � is present at point �x ,y�, then a neuron
epresenting the combination of position �x ,y� and orien-
ation � will fire up. Hence, in abstract terms, while the
nput of such a computation is a continuous intensity
unction over image space R2, the output is not a continu-
us orientation function on the same space but rather an
ndicator (binary) function of the space R2�S1, where R2

s the standard Euclidean plane and S1 is the unit circle
epresenting all orientations.

Based on the above, one issue of concern is if and how
he second or later phases of computation can operate in a
iologically plausible fashion despite the transformation
f the representation that is inherent to the cortical
echanisms employed. This concern clearly is relevant to

ur own models; Model 2 applies a second stage of large-
cale filters to the first-stage output channels R�, and
odel 3 computes directional derivatives of the dominant

rientation map ��x ,y�, which was estimated in a previ-
us stage. Furthermore, we do believe that this issue is
elevant to all (previous and future) biologically plausible
omputational models in order to support their biological
lausibility.
In the rest of this section we consider the consequences

f the implicit representation in the context of our Model
. More specifically, we ask how one can compute the di-
ectional derivatives of the dominant orientation function
�x ,y� obtained from the first stage of Model 3. In Section
we described this computation via a second stage of odd-

ymmetric filters applied to ��x ,y� as if the latter was
iven explicitly via a map over retinotopic coordinates in
2. Given the discussion above, we now ask how this com-
utation can be done if ��x ,y� is given only implicitly via
n indicator function over R2�S1.
Assuming a single dominant orientation at each spatial

osition (but see Section 9 for an extension), the dominant
rientation map ��x ,y� could be represented as an indica-
or binary function in the hypercolumnar structure if the
eurons corresponding to the dominant orientation fire
hile those corresponding to other orientations at the

ame position are silent. As elaborated in Section 6, such
representation can be obtained from the population RF

esponse via maxima selection within the hypercolumn.
n Fig. 16 we depict this sparse representation (where at
ost one orientation column fires within a hypercolumn)

s a binary vector having a single “1” in each hypercol-
mn Cx,y, or as a population response that resembles a
elta function in the orientation domain (blue graphs in
he online figure). Given this distribution of neural activ-
ty in the hypercolumnar structure, one way to proceed
ith the computation of directional derivatives is to dedi-

ate a special “neuron” for each possible directional de-
ivative value for each direction of derivation possible at
x,y. Denote by Nd�,
,x,y the neuron dedicated to signaling

he presence of the directional derivative of magnitude d�
long direction 
 at position �x ,y�, where Nd�,
,x,y should
re if and only if the evidence supports the presence of its
haracteristic directional derivative, hence, if and only if
ertain neurons in nearby hypercolumns show activity.
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his goal could be achieved by carefully wiring up Nd�,
,x,y
o axons of these neighborhood neurons to collect the evi-
ence they provide. Optimally, Nd�,
,x,y would fire up only
f all its afferent inputs are positive. Practically, this logi-
al operation can be approximated by a linear summation
hose graded output could represent the degree to which

he evidence supports the signaling of the corresponding
irectional derivative. Figure 16 depicts this computa-
ional process graphically.

The proposed computation described above results in
n extremely sparse and implicit representation of direc-
ional derivatives, which carries over to subsequent
tages in a similar fashion. Surprisingly, however, the
eural infrastructure allows for an alternative circuit
hat results in a more explicit representation where a
ingle neuron employs different firing rates to represent
ll possible values of directional derivatives for each di-
ection of derivation possible at Cx,y. Denote now by N
,x,y
neuron whose firing rate d� would signal the directional
erivative d��e�
� at position �x ,y�; N
,x,y should fire at
ate d� if and only if the evidence supports such a direc-
ional derivative along direction 
 at �x ,y�. As above, this
hould happen if and only if certain neurons in nearby hy-
ercolumns show activity and, in particular, if the active
rientation at these nearby hypercolumns would have d�
rientation difference. Instead of wiring up N
,x,y to these
ery selected neurons as above, we now connect the in-
d�,
,x,y
uts of N
,x,y to all neurons in these neighboring hyper-
olumns as dictated by the derivation direction 
. The
orrect output firing rate is then achieved by carefully set-
ing the synaptic weights along all these input afferents
uch that when multiplied by their binary (either 0 or 1)
alues and summing up with the correct sign, one yields
he correct directional derivative value at the output of


,x,y.
Although setting the synapse weights correctly seems a

aunting computation, it is in fact a strikingly straight-
orward task; all it takes is to encode the orientation di-
ectly via these weights and rely on the sparse represen-
ation assumption that in each hypercolumn only one
uch weight will participate in the computation. Hence, if

x,y

 is the binary value representing whether 
 is the
ominant orientation at Cx,y [i.e., Cx,y


 =1 if 
=��x ,y�, oth-
rwise Cx,y


 =0], then one could set the projection weight
rom this neuron to w
=c+
, where c is any constant.
igure 17 shows a schematic of this circuit for one such
euron N
,x,y. If all these synapses are set as excitatory or

nhibitory as shown in this figure (i.e., excitatory from one
ide of Cx,y and inhibitory from the other), then N
,x,y
ould effectively compute the orientation difference be-

ween the two points on the two sides of Cx,y in the direc-
ion of derivation. Since what is found on these two sides
re the dominant orientations at these positions, the out-
ut of N would be the directional derivative of the

,x,y
ig. 16. (Color online) First possibility for computing the directional derivative on implicit and sparse representation of the dominant
rientation map. Here a “directional derivative column” of neurons has a cell for each possible value of the directional derivative. Not
nlike the representation of the orientation map itself by orientation-tuned RFs, here an active neuron Nd�,
,x,y implies a directional
erivative of magnitude d� in direction 
 at position �x ,y�. Such a neuron should fire if and only if nearby neurons of particular position
nd orientation tuning fire also. The input afferents of Nd�,
,x,y should therefore come from these particular neurons (shown in dashed red
nline) and summed up (or combined nonlinearly) to produce the desired output signal. (a) The discussed circuit shown with orientation
ypercolumn structures where each hypercolumn is positioned according to the spatial position in the visual field to which it is tuned.
ere we use a hexagonal neighborhood structure, but any other structure could be used also as long as the connections are wired up
ccording to the correct spatial neighbors dictated by the direction of derivation. (b) The same circuit shown from a “top view” of the
rientation hypercolumn. The same neighborhood orientations that need to interact in order to trigger the directional derivative neuron

are now shown explicitly within the column.
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ominant orientation. Obviously, complete representation
f the directional derivative maps requires a large popu-
ation of neurons to cover all possible derivation direc-
ions at all possible spatial locations.

Finally, we note that while the sketch in Fig. 17 consid-
rs only two neighborhood neurons for the computation of
he directional derivative, an extension could also con-
ider larger spatial neighborhoods from which orientation
ata are taken into account, with synaptic weights
djusted as defined by numerical approximations of the
erivative operator.

. EXPERIMENTAL RESULTS
he three models presented in this paper are designed to
ffer different mechanisms to compute ODT curvatures
nd perceptual singularities in a biologically plausible
ashion. We have compared the performance of these al-
orithms on ODT image data to results obtained analyti-
ally (cf. Section 2 and Fig. 6). Selected results are shown
n Fig. 18 and include both the PSM map computed by
ach model and its predicted perceptual singularities.

As is evident from the figure, while all models are able
o correctly detect the perceptual singularities, their per-
ormances vary in terms of accuracy. In particular, there
eem to be progressive improvement as we move from
odel 1 through Model 3, and since all models use the

ame method to estimate oriented structure (Subsection
.A), these differences must stem from their different ap-
roaches to curvature computation. As we implied before,
odel 2 is advantageous to Model 1 in its use of second-

rder filtering instead of simple summations, since the

ig. 17. Second possibility for computing directional derivatives
n an implicit and sparse representation of the dominant orien-
ation map. Now, a single unit N
,x,y signals all possible direc-
ional derivative values via different firing rates, and the compu-
ation is based on subtracting (via excitatory and inhibitory
nputs) the orientations at the appropriate nearby spatial posi-
ions by encoding these orientations as synaptic weights.
ormer represents weighted summation that also takes
nto account spatial distance, involves a more elaborate
ntegration region, and incorporates lateral inhibition
hat is inherent in even-symmetric filters and provides a
sharpening-like” effect.

As the results imply, Model 3 seems to provide better
erformance still. We argue that this is not accidental,
ince this model incorporates computational components
ssential to the accurate estimation of curvature. In par-
icular, Model 3 makes use of the dominant orientation at
ach point [which relates to the curvatures via Eq. (2)],
nd it evaluates its directional derivatives (or, in the lan-
uage of Section 2, its covariant derivatives) explicitly.
his, in turn, facilitates the estimation of curvatures di-
ectly as defined [cf. Eq. (1)], which contrasts the implicit
valuation employed in Models 1 and 2.

As was also shown analytically (see Fig. 6), we con-
ronted our algorithms not only with smoothly varying
DTs but also with stimuli with genuine singularities

i.e., discontinuities) at the signal level. Figure 19 shows
elected results of Model 3 for both piecewise-constant
DT and piecewise-smooth ODT having different types of
erceptual singularities (both within and between
moothly varying regions). Additionally, the same figure
hows results of the same model on sparse ODTs depicted
s arrays of oriented texels. Note that in all cases the
ame algorithm results in accurate predictions regarding
he perceptual singularities.

Although perceptual singularities in smoothly varying
DTs have been introduced only recently [7], orientation-
efined perceptual structures due to orientation disconti-
uities and high orientation gradients have long been
iscussed in the literature (e.g., [35,40–44]) and are com-
only referred to as second-order structures (e.g.,

45–49]). Computational models that have been shown to
uccessfully predict human performance in perceiving
econd-order structures are usually based on filter–
ectify–filter (FRF) cascades (e.g., [5,6,49–52]). It is there-
ore interesting to examine the response of such FRF
odels to smoothly varying ODTs and the degree to
hich they are able to predict their perceptual singulari-

ies. Figure 20 shows several such results of one of the
lassical FRF models [6] and compares it to predictions
btained by our Model 3. To further emphasize the role of
urvature versus orientation gradients in the detection of
erceptual singularities, we applied both our and the FRF
odels to phased pairs [cf. Fig. 1(c)], whose orientation

radients are identical but whose perceptual structures
re qualitatively different. The results in Fig. 20 shows
learly not only the failure of the selected FRF model to
ake accurate predictions of human perception, but also
ow these predictions do not chance between the two
hased ODTs, a wrong result that is consistent with the
rientation gradient but not with perception. For ex-
mple, note how the response of the Malik and Perona
odel generates concentric perceptual boundaries on

oth spiral ODTs. Expectedly, this structure is also the
ne of the orientation gradients of these patterns [c.f. Fig.
(b)]. Additionally, in both cases shown, the structures
redicted by the Malik and Perona model for the original
nd phased ODTs exhibit striking alignment (see the
oomed sections) as opposed to the major perceptual dif-
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erences between the pair. As Fig. 20 shows, all these fail-
res do not happen with our proposed models and the de-
ection of perceptual singularities based on curvatures.

A final comment that should be made in terms of our
xperimental results relates to the time complexity of the

ig. 18. Performance of the three biologically plausible models
timuli. Model 1 uses �=1 and a=3 (see Section 4). Model 2 us
3 for the even-symmetric cells and �=2 and a=1.5 for the odd-sy
esults compare very well with the analytical results (cf. Section
f the paper.)
ifferent algorithmic models when executed on a serial
achine. Since all three models are designed for mas-

ively parallel “brain-like” machinery, where most compu-
ations are performed concurrently, it is irrelevant to dis-
uss their computational complexity when they are

dicting perceptual singularities in smoothly varying dense ODT
, a=3, b=3, and k=7 (see Section 5). Model 3 uses �=1 and a

ric cells (see Section 6). Up to some image margin artifacts, these
the right. (If needed, please zoom in using the electronic version
in pre
es �=1
mmet
2) on
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xecuted on their “native hardware.” Indeed, under such
onditions each model requires a fixed number of time
teps as dictated by its corresponding neural circuit, i.e.,
n O�1� performance in all cases. When these parallel al-
orithms are simulated on a serial machine, as we did in
ur experiments, the time complexity becomes dependent
n several implementation parameters. In particular, it is
asy to see that if the input image is n�n pixels and the
umber of orientation channels is N�, then the three mod-
ls will operate with the following time complexities:

Model1 ⇒ O�N� · n2 · f2
2�,

Model2 ⇒ O�N� · n2 · f2
2�,

Model3 ⇒ O�N� · n2 · f1
2�,

here f1 is the radius of first-order filters and f2 is both
he radius of second-order filters in Model 2 and the
ength of the �-neighborhood used for the summation
tage in Model 1. All the results shown in this section
ere computed on images of size 400�400, with N�=18,

1=10, and f2=60. Run time using these sizes on a
entium-based desktop (2.33 GHz, 1G RAM) and imple-
entation based on MATLAB and C were 240 s, 240 s,

nd 80 s for Models 1, 2, and 3, respectively.

ig. 19. (Color online) Predicted perceptual singularities by Mod
n sparse, texel-based ODT stimuli (right). Note that exactly the
n Fig. 18 for Model 3) were used on all types of stimuli.
. DISCUSSION
his paper addresses the issue of detecting salient per-
eptual singularities and ODT boundaries in a biologi-
ally plausible fashion. While most popular models that
ttempt to solve this problem rely on the detection of fea-
ure gradients, recent theoretical and behavioral work
as shown that such an approach is lacking [7]. Following
hese studies, here we explored computational ap-
roaches that compute feature curvatures and presented
hree biologically plausible models that provide better
han state-of-the-art performance on ODT stimuli. Con-
rary to previous work, our models are able to predict and
ocalize perceptual singularities not only when texture
rientation changes drastically and abruptly but also
here the orientation changes smoothly without an out-

tanding orientation gradient. Previous works have al-
eady claimed that curvature plays a key role in various
isual processes [53–55], and here we show that multiple
urvatures also are a significant factor in the early visual
rocess of texture segregation.
That no less than three different biologically plausible
odels presented here could support the computation of

urvatures implies that curvature computation in the
arly visual cortex is readily possible with the mecha-
isms known to exist at this stage. Following theoretical
nd behavioral arguments for the importance of curva-
ure to visual computation, our results thus support the
ossibility that curvature is indeed a critical component
f early visual processing.

piecewise-constant and piecewise-smooth dense ODTs (left) and
lgorithm and the same implementation parameters (as specified
el 3 on
same a
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More specifically, the models proposed in this paper
ely on and exploit several mechanisms: Even- and odd-
ymmetric RFs at various scales or frequency tuning,
onlinear gating, and maximum selection. What is the lo-
us of these mechanisms in the cortex? For example,
ould our models be implemented fully in the striate cor-
ex alone? As we discussed in Section 3, physiological and
natomical evidence indeed supports (or at least does not
xclude) this last possibility, where intercolumnar and in-
racolumnar interactions provide the substrate for the
ype of interactions needed. This possibility is further
upported by physiological findings for the detection of
econd-order structures in V1 (e.g., [56]) and computa-
ional models for curvature computation that exploit only
ell-documented features of the mammalian primary vi-

ual cortex (e.g., [21,57]). However, it is also possible that
he computation of curvature and perceptual singularities
s spanned across multiple cortical regions and facilitated
y interactions between striate and extrastriate neurons,
s has been proposed in the context of FRF cascades (e.g.,
51]), surround modulations (e.g., [58]), and form vision
e.g., [50]). Although this possibility is less appealing for

odels 1 and 3, where the participating cells all have
mall and similar scale, it is clearly relevant for Model 2,
here large-scale and low-frequency-tuned cells are a

undamental component.
Of course, one cannot avoid noticing that the models

roposed in our paper are designed for, and provide accu-
ate predictions for, perceptual singularities in ODTs (be
hey smoothly varying or piecewise continuous) rather
han general textures. Indeed, while ODTs (and usually
iecewise-continuous ODTs) are frequent in natural and
rtificial visual stimuli, textures are rarely characterized
olely by orientation. Nevertheless, we believe that un-
erstanding the effect of orientation on texture segrega-
ion is essential due to its neurophysiological basis [24],
ts central role in perceptual organization [3,59], and its
lose relationship to shape perception [60,61]. Still, it is
atural to ask how the proposed computational processes
ould be extended to general textures and natural
mages—after all, it is unlikely that the early cortical ma-
hinery has evolved to deal with ODTs separately from all
ther visual textures.

We believe that this question is best addressed through
he consideration of multioriented ODTs, since, in the
imit, any texture or natural image can be represented as
superposition of oriented components, possibly at differ-

nt frequencies. Indeed, as implied by numerous papers
n the field, any texture (or, for that matter, any image)
an be viewed (and indeed represented, classified, and de-
cribed) as a population code based on oriented filters
e.g., [5,6,23]) and hence as a distribution of orientations
t each point. Since curvature-based perceptual singulari-
ies in smoothly varying ODTs do occur in multioriented
atterns ([see Fig. 2(c)], it implies that curvature-based
egregation of general textures may be possible by decom-
osing the texture into a set of smoothly varying orienta-
ion maps, each of which gives rise to its own perceptual
ingularities defined by the PSM proposed here.

Consider again the texture pattern from Fig. 2(c),
hich is reproduced in Fig. 21(a). This pattern was made
y superposition of two different smoothly varying line in-
ig. 20. Comparison of predicted perceptual singularities by our
odel 3 to those made by the classical FRF model due to Malik

nd Perona [6]. (a) Original ODT with perceptual singularities
in red) as predicted by Model 3. (b) Phased ODT with perceptual
ingularities (in green) as predicted by Model 3. Note that the re-
ult is different from the one in panel (a), in accordance with the
erceptual result. (c) Original ODT with perceptual singularities
in red) predicted by Malik and Perona [6]. (d) Phased ODT with
erceptual singularities (in green) predicted by Malik and
erona [6]. (e) Both sets of predicted perceptual singularities by
alik and Perona [6] superimposed on the original ODT. Note

he striking degree of overlap. (f) A close-up of the regions
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egral convolution (LIC) layers [62], each at 50% trans-
arency. In this example, several perceptual singularities
re clearly visible, which create the global perception of
iamonds that tile the image plane. Can these singulari-
ies be detected by the proposed PSM and our proposed
odels? We hypothesize that perceptual singularities in
ultioriented patterns are the union of the perceptual

ingularities of each of the dominant orientation maps
hen considered in isolation. Hence, separating these
ominant orientations, applying the PSM to each, and
ombining the results should predict the perceptual struc-
ure in the multioriented pattern. While separating the
ominant orientations into separate piecewise-continuous
aps is not a trivial but a doable task [see Figs.

1(b)–21(d)], doing it in a biologically plausible way for an
nknown number of dominant orientations is a very chal-

enging problem. Clearly, in order to further apply this
pproach to general textures, it may be necessary to ex-
end this idea to use multiscale representations as well, a
irection that is central to our short-term future research.
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