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The paper considers the two-machine flow shop and open shop scheduling problems to minimize the
makespan, provided that one of the machines is subject to maintenance, which has to start within a
prescribed time window. In the case of the flow shop, maintenance is performed on the second machine.
A non-resumable setting is considered, i.e., if a job cannot be completed prior to the maintenance, it
must restart from scratch after the maintenance. For each of these NP-hard problems we develop a 3/2-
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1. Introduction

In many production systems, scheduling a maintenance activity
is an important decision. As a rule, performing maintenance of a
machine implies that the machine is shut down during the mainte-
nance period, the timing of the maintenance may have a significant
impact on the system output. While in some systems maintenance
is optional, in many practical situations it is mandatory and must
start either prior to a pre-specified deadline or within a given time
window. This gives rise to a class of problems, in which along with
standard decisions on scheduling jobs it must be decided when to
start a maintenance activity.

In this paper, we consider the two-machine flow shop and open
shop environments, provided that a single maintenance must be
scheduled on one of the machines and must start within a given
due window.

For the scheduling problems under consideration, we are given
aset N={1,2,...,n} of jobs that have to be processed on two ma-
chines A and B. Each job je N consists of two operations: operation
0;, 4 that is performed on machine A and takes g; time units and
operation O; p that is performed on machine B and takes b; time
units. In any feasible schedule, the operations of the same job can-
not overlap, and each machine can process at most one operation
at a time. An important characteristic of a shop scheduling system
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is the processing route of a job, i.e., the sequence in which the oper-
ations of a job are performed. In the case of the flow shop, for each
job jeN operation 0; 4 completes before operation 0; p starts; in
other words, the processing route of all jobs is (A, B). In the case of
the open shop, for each job je N the order in which its operations
are performed is immaterial and has to be chosen, different jobs
being allowed to receive different processing routes, either (A, B)
or (B, A).

For a schedule S that is feasible for a particular problem, let
Gj(S) denote the completion time of job j. In problems of our pri-
mary concern, the objective function is the makespan Cnax(S) =
max{C;(S)|j € N}, i.e., we search for a schedule in which all jobs
on all machines complete as early as possible.

In the classical case, when both machines are continuously
available for processing jobs, the two-machine flow shop problem
to minimize the makespan and its open shop counterpart is solv-
able in O(nlogn) time due to Johnson (1954) and, respectively, in
O(n) time due to Gonzalez and Sahni (1976). The latter problem ad-
mits a number of alternative algorithms; see Sections 3 and 4 for
details.

We extend the classical versions of the two-machine flow
shop and the two-machine open shop problems to minimize the
makespan by making an additional requirement that one of the
machines is subject to maintenance, so that a single maintenance
period (MP) must start in a given time window [Ty, T,]. The du-
ration of such a maintenance is equal to A, and during the main-
tenance period no processing takes place on the machine. For the
model under consideration it makes no sense to start the MP too
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early, before time T; and it is infeasible to start it too late, after
time T,. This type of maintenance occurs when a mobile device
has to be recharged, a fuel tank has to be refilled, an operator takes
a break and in many similar situations that arise in manufacturing
and service. The fact that a time interval is given to start the MP
provides the decision-maker with sufficient flexibility to insert the
maintenance into a schedule in the most suitable way.

The two-machine flow shop and open shop problems with
a maintenance window are NP-hard, which follows from the
NP-hardness of a similar problem on a single machine; see
Section 2.3 for details. Thus, the focus of this paper is on the
design and analysis of approximation algorithms. Let S* denote a
schedule that is optimal for a scheduling problem of minimizing
a function ®(S), i.e., ®(5*) < d(S) for all feasible schedules S. Re-
call that a polynomial-time algorithm that finds a feasible sched-
ule SH such that the inequality ®(S")/®(S*)<p holds for all in-
stances of the problem is called a p—approximation algorithm and
p >1 is called a worst-case ratio bound. A polynomial-time approx-
imation scheme (PTAS) is a family of p-approximation algorithms
such that p =1+ ¢ for any positive ¢ > 0. If the running time of
PTAS polynomially depends on 1/g, then the scheme is called a
fully polynomial-time approximation scheme (FPTAS).

The remainder of this paper is organized as follows. In
Section 2, we give a brief overview of recent progress in studying
scheduling models that involve combining decisions on scheduling
jobs with scheduling of maintenance periods. For each of the two-
machine problems with a maintenance window we present a %-
approximation algorithm that finds a schedule with the makespan
that is at most 1.5 time the optimum. This is done in Section 3 for
the flow shop model and in Section 4 for the open shop model.
In Section 5 we present the analysis of the results of the com-
putational experiments with the developed algorithms. Concluding
remarks and possible topics for further research are contained in
Section 6.

2. Scheduling with maintenance: a review

In this section, we present a concise discussion of the results
on enhanced scheduling models, classified by different types of
machine maintenance. We only discuss the problems of minimiz-
ing the makespan. Where appropriate, we refer to shop scheduling
models; otherwise, the presented discussion addresses scheduling
environment with a single machine. A more detailed exposition
of the related material can be found in Part 3 of the monograph
(Strusevich & Rustogi, 2016).

2.1. Maintenance in a fixed interval

Assume that several maintenance periods have to be introduced
in a schedule, and each MP must be performed in a given time
interval. The resulting models with compulsory maintenance that
is planned to be performed in a prescribed interval are possible
interpretations of so-called scheduling models with machine non-
availability; see Lee (2004) and Ma, Chu, and Zuo (2010) for recent
surveys in this area.

Traditionally, in the models with machine non-availability sev-
eral scenarios are studied, depending on what happens to an op-
eration that cannot be completed before an MP. These scenar-
ios include (i) resumable under which the interrupted operation
continues after the MP from the point of interruption, (ii) non-
resumable under which the affected operation starts after the MP
from scratch, and (iii) semi-resumable under which part of the op-
eration done before the MP is partially redone after the MP and
then the remaining part of the operation continues.

The two-machine flow shop problem to minimize the makespan
with various configurations of the non-availability intervals and

various scenarios has been a topic of intensive research start-
ing from the early works by Lee (1997, 1999), Cheng and Wang
(2000) and Breit (2004). The problem is NP-hard for each scenario
in the simplest setting with a single MP on one of the machines,
and has been shown to admit constant ratio approximation al-
gorithms. Eventually, for a single MP the two-machine flow shop
problem under the resumable scenario has been proved by Breit
(2006) to admit a PTAS and by Ng and Kovalyov (2004) to ad-
mit an FPTAS. For the same setting under the semi-resumable sce-
nario (Kubzin, Potts, & Strusevich, 2009) develop an PTAS. The vari-
ants of the problem with various configurations of several MPs are
as a rule non-approximable within a constant ratio. Among these
non-approximable variants is the two-machine flow shop problem
under the resumable scenario with two non-availability intervals,
provided that the later of these intervals is on machine B; see
Kubiak, Bt aZewicz, Formanowicz, Breit, and Schmidt (2002).

For the two-machine open shop problem the first constant-ratio
approximation algorithms for the resumable and non-resumable
scenario are due to Breit, Schmidt, and Strusevich (2001, 2003). For
the resumable scenario, the problem with one MP on one machine
and two MPs on the other machine is non-approximable within a
constant ratio, while each of the two versions, with a single MP on
each machine and with several MPs on exactly one machine admits
a PTAS, as demonstrated in Kubzin, Strusevich, Breit, and Schmidt
(2006).

2.2. Floating maintenance

In most real-life situations that involve maintenance, an MP
does not have to start exactly at a prescribed time and be per-
formed in a prescribed window. Planning the intervals of preven-
tive equipment maintenance gives the decision-maker freedom to
choose the start time for that maintenance. In the case of floating
maintenance, the maintenance activity is compulsory, i.e., must be
included into a schedule, but the decision-maker has no restriction
as to when to start such a maintenance. The duration of an MP is
not a constant anymore, but depends on its start time. Typically,
the sooner the maintenance is started, the better the equipment
conditions are and less time is needed for its maintenance.

Scheduling models with floating maintenance have been intro-
duced by Kubzin and Strusevich (2005, 2006) for two-machine
shop scheduling problems to minimize the makespan. In particular,
it is proved by Kubzin and Strusevich (2006) that the two-machine
flow shop problem with a single floating MP on machine A is NP-
hard even if the duration of the MP is a linear function of its start
time. The problem with a single floating MP on each machine ad-
mits an FPTAS, provided that the length of the MP on machine A
depends linearly on its start time. By contrast, the two-machine
open shop problem with a single floating MP on each machine is
solvable in linear time for a wide range of functions that define the
lengths of the MPs.

2.3. Maintenance with start due dates and start due windows

A more relevant to the needs of practice is a model in which an
MP either starts before a given deadline or should start within a
given time window [Ty, T;]. Such situations occur when manufac-
turers insist that the users should perform equipment maintenance
after so many working hours/days. The duration of the MP can be
either constant or dependent on its start time, as in the case of
floating maintenance.

For the start deadline model with a single MP, the problem of
minimizing the makespan on a single machine is trivial, since it is
optimal to start the MP at time zero, irrespective whether the MP’s
duration is constant of variable.
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For the maintenance window model with a single MP, the prob-
lem of minimizing the makespan on a single machine is NP-hard,
even if the MP’s duration is constant, as proved by Yang, Hung, and
Hsu (2002). A single machine problem admits an FPTAS, since it is
easy to adapt a FPTAS for the knapsack or the subset-sum problem;
see Strusevich and Rustogi (2016) for details.

The fact that a single machine problem with a single mainte-
nance window is NP-hard implies that each of the problems that
we study in this paper, for a two-machine environment and a sin-
gle MP to minimize the makespan, is NP-hard so that searching
for approximation algorithms for their solution is an attractive re-
search goal.

Chen (2006, 2008) has initiated the study of extended single
machine models in which several MPs are to be started in (almost)
periodically repeated windows. An approximation algorithm based
on list scheduling ideas is developed, which is demonstrated by
Xu, Yin, and Li (2009) to be the best possible 2-approximation al-
gorithm for the problem. See Yu, Zhang, and Steiner (2014) for the
links of the model with the bin-packing problems and Xu and Yin
(2011) for an extension to the on-line settings.

2.4. Rate-modifying maintenance

The concept of rate-modifying maintenance activities was first
introduced by Lee and Leon (2001). In the simplest case, a single
MP can be inserted on a single machine, so that for a job jeN
scheduled before the MP the processing time is equal to p;, while
if the job is scheduled after the MP the processing time becomes
Ajpj, where }; is a rate-modifying multiplier, which is in general
job-dependent. Mosheiov and Sidney (2010) extend the model by
allowing the duration of the MP to be a linear function of its start
time and develop polynomial-time algorithms for various objective
functions.

2.5. Scheduling with changing times and maintenance

In practice, the main reason for running a maintenance activity
is to favorably alter the processing conditions. In the most natural
models of this type, the processing machines are subject to dete-
rioration and the maintenance periods bring the processing ma-
chines to better conditions. This implies that to address practically
relevant situations we need integrated scheduling models that cap-
ture (i) possible changes in actual processing times of the jobs
due to various effects such as deterioration, and (ii) introduction
of rate-modifying maintenance activities that alter the processing
conditions and therefore influence the processing times of the jobs
that follow such an MP.

A systematic study of these aggregated models for a single ma-
chine and parallel machines and various time changing effects is
undertaken in Kellerer, Rustogi, and Strusevich (2013) and Rustogi
and Strusevich (2014, 2015). Polynomial-time algorithms and ap-
proximation schemes are developed.

3. Two-machine flow shop with maintenance window

In this section, we present and analyze an approximation algo-
rithm for minimizing the makespan in a two-machine flow shop,
provided that a single maintenance period must start in a given
window.

3.1. Classical settings

We start with a description of the two-machine flow shop
scheduling problem to minimize the makespan. Recall that the
processing machines are denoted by A and B, and each job je N =
{1,2,...,n} is first processed on A for g; time units and then is

processed on B for b; time units. Throughout this paper, for a set
Q € N of jobs, define

a(Q) =) aj, b(Q) =) bj,
jeQ jeQ
where for completeness it is assumed that a(¢) = b(o) = 0.

The classical problem with continuously available machines
is traditionally denoted by F2||Cmax. As established by Johnson
(1954), in an optimal schedule the jobs are processed in accor-
dance with the same permutation on each machine, so that if for
a pair of jobs i and j the inequality min{a;, b;} <min{a;, b;} holds
then job i is sequenced before job j. Such a permutation is called
Johnson’s permutation and it can be found in O(nlogn) time.

Without loss of generality, in this section we assume that the
jobs are numbered in accordance with Johnson's permutation. Let
Sy be a schedule for problem F2||Cmax that is associated with John-

son’s permutation (1,2,..., n). It is well-known that
" n

Cmax(S)) =max{> a;+> bjll<p<ny. (1)
j=1 J=n

Job w for which the maximum in the right-hand side of (1) is
attained is called the critical job.

Throughout this paper, we refer to a subset Q € N of jobs as a
block on some machine L {A, B}, provided that the jobs of Q are
processed on machine L in a certain sequence, without intermedi-
ate idle time. For example, in schedule S; the set of jobs N taken in
the order of their numbering forms a block on machine A. Unless
stated otherwise, we assume that in schedule §; all jobs on B are
shifted to the right, so that all jobs are processed on B as a block
starting at time 7, where

Cmax(sj) =T+ b(N) (2)

Suppose that a job ke N is removed from schedule ;. Since job
k contributes the processing time of at least one of its operation,
it follows that for the makespan of the resulting schedule S’ the
inequality

Cnax (S) < Cmax (S)) — min {ay. by} 3)
holds.

3.2. Maintenance window model: approximation algorithm

The main problem studied in this section is an extension of
the classical problem F2||Cmax, in which a single MP on machine
B must start within the time interval [T, T,], unless all jobs can
be completed before time T;. The duration of this MP is equal to
A, and during the MP no job processing on B may take place. Let
Ryp(B) denote the start time of the MP on machine B. Extending
standard notation, denote the resulting problem by F2|Ryp(B) € [T7,
T,]|Cmax, Where the string in the middle field points out the re-
quirement regarding a possible start time of the MP.

Let S* be a schedule that is optimal for problem F2|Ry;p(B) € [T7,
T>]|Cmax . It is easy to verify that the following lower bounds on
the optimal makespan hold:

Cmax(§*) = b(N) + A; (4)
Cnax(5*) = Cmax(sj) > a(N); (5)
Cmax(S*) = T] + A. (6)

The reasoning presented below cannot be directly adapted to
handling the problem in which the MP should be placed on ma-
chine A. A similar phenomenon has been noticed for the two-
machine flow shop problems with a non-availability interval; see,
e.g., Lee (1997, 1999).
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‘ Step 2: | T > 17 ‘

Yes No

Yes
‘Steps 6 & 7:| Ty > ay + by? ‘

Yes / No

‘ Step 8: H Ty > ap + bi? ‘ ‘ Sy ‘

Yes No

Fig. 1. Flow chart of Algorithm FS.

Consider the following algorithm that finds a feasible schedule
for problem F2|Ryp(B) € [Ty, T>2]|Cmax -

Algorithm FS

Step 1. Find schedule S;, an optimal schedule for problem
F2| |Cmax . Determine 7, such that (2) holds.

Step 2. If T; > 7, go to Step 3; otherwise, transform schedule §;
into schedule S; by starting the MP at time T; and the block
N of jobs on machine B at time max{t,T; + A} and go to
Step 10.

Step 3. For schedule S, determine job ke N as the last job that
starts on B before time T; (or, equivalently, the first job that
completes on B after time Ty). Define sets Ny :={1,..., k—
1} and N, :={k+1,...,n}.

Step 4. Transform schedule S; into schedule S, by starting the
MP at time T; and the block (k, N,) of jobs on machine B at
time Ty + A.

Step 5. If Cx(S;) > T, go to Step 6; otherwise, transform schedule
S; into schedule S by starting the MP at time Cy(S;) and the
block N, of jobs on machine B at the completion time of the
MP.

Step 6. Create the following schedule that is feasible for prob-
lem F2||Cmax with no MP. On each machine, job k is the
first and is followed by the remaining jobs in Johnson’s or-
der. On machine B job k is processed in the time interval
[ay, ai + by]. The block of jobs N\{k} starts on machine A
at time a; and on machine B as early as possible at time
7/ > ay + by. Call the obtained schedule 5%,

Step 7. If T, > a; + by, then go to Step 8; otherwise, transform
schedule S into schedule S, by starting the MP on machine
B at time Ty, immediately followed by job k, with the block
N\{k} starting as early as possible, i.e., at time max{T; + A +
bk, T/}.

Step 8. If Ty > a;, + by, then go to Step 9; otherwise, transform
schedule S® into schedule S5 by starting the MP on ma-
chine B at time a;, + by, followed by the block N\{k} of jobs,
which starts as early as possible, i.e., at time max{ay + b, +
A T’}

Step 9. Transform schedule S*) into schedule Sg by starting the
MP on machine B at time T; followed by the block N\{k} of
jobs, which starts as early as possible, i.e., at time max{T; +
AT}

Step 10. Considering those schedules Sq,S,,...,S¢ which are
feasible for a given instance, output the best of these sched-
ules as a heuristic schedule Sg.

For convenience, Fig. 1 presents a flow chart of the actions
taken by Algorithm FS. It is easy to verify that the algorithm re-
quires O(nlogn) time. In fact, only Step 1 which employs sorting

A N |
(a)
B T R R —
I“l T‘
4 N |
(®)
B | mp ] N \
ILl 7“

78 S I
(a)
I B T S
T‘ 1‘1
AN [ k] N, |
(0)
B | N | [MP] &k [ N ]
r 7,

Fig. 3. (a) Schedule S; in Step 3; (b) schedule S,.

of the jobs requires this time, while the rest of the algorithm re-
quires linear time. Below, we analyze the worst-case performance
of Algorithm FS.

Theorem 1. Let Sg be a schedule found by Algorithm FS. Then the
bound

3
Cimax (SF) < Ecmax(s*) (7)
holds and this bound is tight.

Proof. Consider schedule S; found in Step 2. This schedule is fea-
sible since T; < 7. If T > Ty + A then the MP inserted into schedule
S; fits before time 7, so that Cmax(S1) = T + b(N) = Cmax(S)) and S;
is optimal; see Fig. 2(a). If T < Ty + A then

Cmax(sl) =Th+A+ b(N)§
see Fig. 2(b). If Ty < 1Cnax(S*) then due to (4) we have that

1 3
Cmax(sl) = T] + (A + b(N)) =< icmaX(S*) +CmaX(S*) = jcmax(S*)§

otherwise, we obtain 7 > T > %Cmax(s*), so that due to (2) and
(5) we have

1 1
b(N) < jcmax(sj) = jcmax(s*)y

which together with (6) leads to
1 3
Cmax(sl) = (Tl + A) + b(N) = Cmax(s*) + Ecmax(s*) = Ecmax(s*)-

Consider schedule S, found in Step 4; see Fig. 3. Assume that
A > 1Cnax(5*). Due to (4) this implies that b(N) < 1Cmax(S*). so
that
Cmax(SZ) = Tl +A+ bk + b(NZ) = (Tl + A) + b(N)
1 3
< Gmax(S*) + icmax(s*) = Ecmax(s*)

In the remainder of this proof, it is assumed that

1 *
A< jcmax(s ). (8)
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ALN Tk N
(a)
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Fig. 4. (a) Schedule S; in Step 5; (b) schedule S.
A‘ Ny | k | Ny ‘
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‘ g
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B B MP | k[ N ]
| e
T 11 12

Fig. 5. (a) Schedule S; with the start window covered by job k; (b) schedule S,.

Schedule S; found in Step 5 is feasible, since in schedule S; job
k completes within the MP start window [Ty, T,]; see Fig. 4. In
schedule S3 there is no gap on machine B after time 7, so that due
to (8) we obtain

Cmax(s3) = Cmax(s]) +A = Cmax(S*) + %Cmax(S*) = %Cmax(S*)~

We come to Step 6 when in schedule S; the MP start window
[Ty, Tp] is covered by job k, i.e., job k starts on B before time T;
and completes after time T.

For schedule §;, let x denote the length of the time interval from
the start time of job k on B and time Ty, i.e, T; = T + b(Ny) +x;
see Fig. 5(a). Return to schedule S, found in Step4; see Fig. 5(b).
In this schedule, there is a gap on B of length x before the MP and
Cmax(852) = Cmax () + (x 4+ A).

Assume that x +min{A, T} < JCmax(§*). If X+ A < ICnax(5*)
then

1 3

Cmax(SZ) = Cmax(sj)+(X+A) = Cmax(s*) + Ecmax(s*) = Ecmax(s*)-

Otherwise, if X + 7 < 1Cmax(S*). then
Cmax(S2) = Ty + A + by + b(N2) = (T + b(N1) +X)+A+by+b(N2)
= (A+DIN) + (4 7) = SCnax(S5).
Notice that since in S; the MP start window [Ty, T,] is covered
by job k, we have that
T > a,

because g, is the earliest possible start time of job k on machine B
in schedule ;.

In the remainder of this proof, it is assumed that
X+ min{A, t} > %cmax(s*). This implies that by + min{A, 7} >
5Cmax (S*), so that

BIN\(K)) = G (5. (9)

From now on, we analyze schedules S4, S5 and Sg created from
schedule SK). The analysis depends on relative values of T;, T, and

Al k] N\ {k} \
(a)
B | G ! N\ {k} \
T1 T/
Al k] N\ {} |
(b)
B | k | 1 N\ {k} |
T] ’7'/
Fig. 6. Schedule S) (a) of Type 1; (b) of Type 2.
Al k| N\ {k} |
(a)
B [ mp | k] N\ {k} \
[ [
T1 ’7"
Ak ] Y0 |
(b)
B ]‘ MP | k| ]‘ N\ {k} |
T1 T/

Fig. 7. Schedule S4 (a) for 7/ < Ty + A + by; (b) for T/ > Ty + A + by.

ay + by. In what follows, we distinguish two types of schedule (),
depending on the position of the critical job. If T/ =a; + by, ie.,
job k is critical in schedule S®), we call S®) a Type 1 schedule;
otherwise, we call it a Type 2 schedule, see Fig. 6. For a Type 2
schedule, there is an idle interval [a; + by, T'] on machine B. For a
Type 1 schedule, Cnax (S®) = a; + b(N), while for a Type 2 sched-
ule the inequality

Cmax (s(k)) <ag+ Crnax (S]) — min {akﬂ bk}

holds due to (3).
Notice that

Crox (%) = 2 Crax(5°). (10)
Indeed, due to (9) for a Type 1 schedule

Cinax(5™) = @+ b(N) = (@ + i) + BOV\[K)) = 2 Gan (57,

while due to (5) and (9) for a Type 2 schedule

Cinax(5) = 7/ + BN\ {K)) = a(N) + BN\(K)) = 5 Cnax ().

Consider schedule S; found in Step 7. The conditions of that
step imply that a, <T; < T, < ay+ by, i.e., in S job k is sched-
uled first and still covers the MP start window [T;, T,]. Thus, in
any optimal schedule job k is scheduled on B after the MP, and we
have a lower bound Cnax(S*) > T + A + by.

If t/<Ty+A+b, as in Fig. 7(a), then we deduce from
(9) that

Cmax(s4) =NT+A+ b(N) = (Tl + A+ bk) + b(N\{k})
< Cnax(5*) + %Cmax(s*) = %Cmax(s*)~

Otherwise, t/ > Ty + A + by, which is possible only for a Type 2
schedule S®), In this case, the block of jobs N\{k} starts at time 7/,
50 that Cmax(S4) = Cnax(S®) and the inequality (7) holds by (10);
see Fig. 7(b).

Consider schedule S5 found in Step 8. The conditions of that
step imply that a, <Ty < a,+ b, < Ty, ie., in schedule S job k
completes on B within the MP start window [Ty, T,].
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Al G |
(a)
B \ * | M | N\ {k} |
T1 TQ T,
Al x| N\ {} |
(b)
o (w e ] [ wmm ]
T, T -

Fig. 8. Schedule S5 (a) for v/ < ay + b, + A; (b) for v/ > a + b, + A.

Al k| N\ {k} |
(a)
B Lok [ wp | N\{k} |
Ty T
Al k| N\ {k} |
(b)
B [ & ] ]‘ MP | 1 N\ {k} |
T 7/

Fig. 9. Schedule Sg (a) for T/ < Ty + A ; (b) for 7/ > Ty + A.

If in an optimal schedule job k is scheduled on B after the
MP, then Cpax(S*) > Ty + A + by > a, + by + A. On the other hand,
if in an optimal schedule job k is scheduled on B before the MP,
then the MP starts no earlier than time a, + b, and completes
no earlier than a, + b, + A. Thus, in any case the lower bound
Cmax (S*) > ai + b, + A holds.

If T/ > a; + b, + A which is possible only for a Type 2 schedule
S, then Cnax (S5) = Cmax(S®) and the inequality (7) holds due to
(10). Otherwise, if / < a; + b, + A as in Fig. 8(a), we deduce from
(9) that

Cmax(ss) = (ak + bk + A) + b(N\{k}) = Cmax(s*) + %Cmax(s*)

3
= icmax (S*)-

Finally, consider schedule Sg found in Step 9. The conditions of
that step imply that a, < a, + by < Ty < T, i.e., in schedule 5% job
k completes on B before the MP start window [Ty, T,].

If T/ > T; + A, which is possible only for a Type 2 schedule S®),
then Cmax(Sg) = Cmax (S®) and the inequality (7) holds by (10); see
Fig. 9(b). Otherwise, if T/ < T; + A as in Fig. 9(a), we deduce from
(9) that

Cmax (56)

(Ty + A) + BNV [KD) = Grax(5) + 5 Crax(5")

3
= icmax(s*)

Thus, we have proved that for schedule Sg found by Algo-
rithm FS the bound (7) holds. To see that the bound is tight, con-
sider an instance that consists of two jobs with the processing
times

a1 =2,by=W;a,=3,b, =W -3,

where W= 3 is a large number.

The MP start window on machine B is defined by T =W -1
and T, =W, while the length of the MP is 1, i.e.,, A =1.

Johnson’s sequence is (1,2), and in schedule S; associated with
that permutation job 1 is critical and 7 = 2. Schedule S; will not

Ala] 2]

MP (a)
B ] 1 2 |
T W1 2w W 3
A
MP (b)
T | B —
w 2W + 1

Fig. 10. (a) Schedule Sg, (b) schedule S*.

be created, and job 1 will be identified as job k. In schedule S, job
1 starts on B after the MP, i.e.,

Cnax(S2) = T1+A+by +by = W-1)+ 1+ W + W-3 =3W - 3.

Schedule S; will not be created, while schedule S is the same
as schedule §;. In this schedule, the MP start window [W — 1, W]
is covered by job 1, i.e., only schedule S; will be created, which
appears to be identical to schedule S,.

Thus, for the found heuristic schedule Sg we have that
Cmax (Sf) = 3W — 3; see Fig. 10(a). On the other hand, an optimal
schedule is associated with the sequence (2,1) and the MP starts
at the completion time of job 2 on B, so that

Cnax(S)=a2+by+ A+b1 =3+ W-=-3)+1+W =2W +1,

see Fig. 10(b).
As W increases, the ratio Cmax (Sr)/Cmax (S*) approaches 3/2. O

4. Two-machine open shop with maintenance window

In this section, we present and analyze an approximation algo-
rithm for minimizing the makespan in a two-machine open shop,
provided that a single maintenance period must start in a given
window.

4.1. Classical settings

Recall that for the two-machine open shop scheduling problem
to minimize the makespan, the processing machines are denoted
by A and B, and each job jeN={1,2,...,n} is processed for g;
time units on A and for b; time units on machine B. Unlike the flow
shop, here there is no fixed order in which the two operations of
each job are performed.

The classical problem with continuously available machines is
traditionally denoted by 02||Cmax. As established by Gonzalez and
Sahni (1976) an optimal schedule for problem 02||Cpnax can be
found in O(n) time, and the optimal makespan is either equal to
the maximum machine load max {a(N), b(N)} or to the duration of
the longest job max{a; + b;|j € N}. An interesting feature of prob-
lem O2||Cmax is that it admits several other algorithms, each of
which requires O(n) time and is based on a distinct approach. For
example, an algorithm by De Werra (1989) splits the jobs into
three batches and schedules them in such a way that these batches
do not overlap. A recent algorithm by Soper (2015) performs cyclic
transformation of schedules and outputs an optimal solution.

For our purposes, we will rely on yet another algorithm, by
Pinedo and Schrage (1982) that uses an idea of greedy scheduling.
The algorithm finds the longest operation, starts the other opera-
tion of the same job at time zero and then schedules each of the
remaining operations in a greedy way: no machine is idle if there
is an operation that may start on that machine. An exception is
the initially identified longest operation which is scheduled only
if there is no other operation that may start on the corresponding
machine.
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Formally, the Pinedo-Schrage algorithm can be stated as fol-
lows.

Algorithm PS

1. If required, renumber the jobs and/or machines so that the
longest operation is Oy, g, i.e., by = max{a;, bj|j € N}. Start op-
eration O, 4 at time zero.

2. Repeat until there no unscheduled operations:

As soon as a machine becomes available take any unscheduled
operation on that machine and start it as soon as possible, ex-
cept operation O, g which may start only if there is no other
operation to start on machine B.

The running time of the algorithm is O(n).
4.2. Maintenance window model: approximation

The main problem studied in this section is an extension of the
classical problem 02||Cpnax, in which a single MP on machine B
must start within the time interval [Ty, T,], unless all jobs can be
completed before time Ty. The duration of this MP is equal to A,
and during the MP no job processing on B may take place. Let
Ryp(B) denote the start time of the MP on machine B. Extending
standard notation, denote the resulting problem by O2|Ryp(B) € [T;,
T2]|Cmax.

Unlike for the flow shop model, here the machine subject to
maintenance can be chosen freely. We present our argument for
the case of the MP to be scheduled on machine B to make it con-
sistent with Section 3.2.

Let S* be a schedule that is optimal for problem O2|Ry;p(B) € [T7,
T,]|Cmax - It is easy to verify that the following lower bounds on the
optimal makespan hold

Cmax(5) = a(N); (11)
Cmax(S*) = b(N) + A; (12)
Cmax (S7) > max {a; + bj|j e N}; (13)
Cnax(S*) = T + A, (14)

Consider the following algorithm that finds a feasible schedule
for problem O2|Ryp(B) € [Ty, T>]|Cmax -

Algorithm OS

Step 1. Find the longest operation on machine B, breaking ties
arbitrary. If required, renumber the jobs in such a way that
the found longest operation is O, g, i.e.,

by = max {bj|j e N}. (15)

Compute the lower bound on the optimal makespan

LB =max{a(N), an + bn,b(N) + A, Ty + A} (16)
Step 2. If

T > %LB, (17)

then go to Step 3; otherwise create the following schedule
Sy. Start operation O, 4 at time zero and the MP on ma-
chine B at time Ty. Schedule the remaining jobs similarly to
the Pinedo-Schrage algorithm, assigning the jobs in a greedy
manner, except on machine B a job may only start before
the MP if it completes before the MP, otherwise it starts af-
ter the MP. Operation O, g is used only if there is no other
operation to start on machine B. Stop.

[ Step2: | Ty > ILB?

Yes/ \ No

[ Step3: | bn>3LB? | [ S
ch/ No

‘ Step 4: | b, < Ty? ‘
Yes / \ No
‘ Step 5: | S3 ‘ ‘ So ‘ ‘ Step 6: H Sy ‘
Fig. 11. Flow chart of Algorithm OS.
Step 3. If
1
by > 5LB, (18)
then go to Step 4; otherwise, go to Step 6.
Step 4. If
bn < T,. (19)

then go to Step 5; otherwise, create schedule S,, in which at
time zero operation O, 4 starts, while the block of jobs N\{n}
starts on machine B. The MP starts at time T;. The block of
jobs N\{n} starts on A at time max {a,, b(N\{n})}, while oper-
ation O, p starts at time max {an, T; + A}. Stop.

Step 5. Create schedule S3, in which at time zero the block of
jobs N\{n} starts on machine A and operation O, p starts on
machine B. The MP starts at time max {by, T;} and completes
at time Cyp = max {by, T} + A. Operation O, 4 starts at time
max {by, a(N\{n})}. The block of jobs N\{n} starts on B at time
max {a(N\{n}), Cyp}. Stop.

Step 6. Run Algorithm 0S4 to find schedule S,4. Stop.

Algorithm 0S4 employed in Step 6 of Algorithm OS is presented
below. It is based on greedy scheduling.

Algorithm 0S4

Step 1. Create the following schedule S,4. Start operation O, p at
time zero. Start scheduling the remaining jobs in a greedy
manner, make a provisional stop having found an operation
Oy, g such that Gy p(S4) <Ty, machine B has no idle time in
the time interval [0, G p(S4)] and none of the remaining op-
erations may start on B at time Cy p(S4) to complete by time
T;. If either Oy p is the last operation on B or all jobs are
completed on A by time Cj p(S4), then go to Step 3; oth-
erwise, identify job ¢ such that operation O, 4 starts before
and completes after time C; p(S4) and go to Step 2.

Step 2. For job k, denote the set of jobs N’ that are unscheduled
on machine B by time Cy p(S4). If either £ € N\WN" or C; 4(S4) +
b, > T; then go to Step 3; otherwise, start operation O, g at
time C,, 4(S4) and then go to Step 3.

Step 3. Start the MP at time T;. Schedule the remaining opera-
tions in a greedy manner, call the resulting schedule S, and
stop.

For convenience, Fig. 11 presents a flow chart of the actions
taken by Algorithm OS. It is easy to verify that Algorithm OS re-
quires O(n) time. Below, we analyze its worst-case performance.
For schedule S, let C;(S) denote the completion time of the last job
assigned to machine L {A, B} in schedule S.

Theorem 2. Let Spe{Sy, Sy, S3, S4} be a schedule found by Algo-
rithm OS. Then

3
Cinax(So) < Ecmax(s*), (20)
and this bound is tight.
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Fig. 12. Schedule §;.

Proof. We prove the theorem for each created schedule individu-
ally. Notice that since O, p is the longest operation on machine B,
it follows from (12) that the inequality

b < %LB (21)

holds for each job je N\{n}.
Schedule S;. In Step 2 of Algorithm OS, the condition

T < %LB. (22)
holds. Introduce a schedule $;, which is constructed similarly to
schedule S;, except in §; no job starts on machine B in the time
interval [0, Tq], i.e., all jobs on B are scheduled in the greedy man-
ner after time T; + A. Since clearly Cmax (S7) > Cmax(S1), in order to
prove the bound (20) it is sufficient to show that under the condi-
tions of Step 2 the inequality Cmax(S1) < 3Cmax(S*) holds.

Temporarily ignore job n with the longest operation O, p. The
greedy nature of constructing schedule §; implies that if a machine
is idle in some time interval I then only one job, say, job k, is
left to be processed on that machine after I, and the other oper-
ation of job k is processed during interval I, it starts no later than
the beginning of I and its duration is no less than the length of L
These properties of greedy scheduling are often used in the analy-
sis of relevant open shop exact and approximation algorithms, see,
e.g., Chen and Strusevich (1993). We also rely on these properties
below.
; Several outcomes may occur that define a structure of schedule
S1.

Outcome 1.1: there is an intermediate idle time (a gap) on ma-
chine A; see Fig. 12(a).

As explained above, such a gap on A may occur only if there
exists some job ueN, u#n, such that by time G, 3(5;) > a(N\{u})

A ‘ n ‘ ‘ N\ {n} 8
(a)
B | N\ {n} \ ]‘ MP | n !
J‘l
A ‘ n ‘ N\ {n} 2
(0)
B[ N\{n} | | MP | n !
r
A ‘ n ‘ N\ {n} 8 “
B ‘ N\ {n} ‘ 1 MP ‘ ‘ n 8
Ty

Fig. 13. Schedule S,.

operation O, 4 is the only unscheduled operation on machine A.
The length of the gap on A does not exceed by, the duration of the
other operation of job u. Recall that b, < %LB due to (21), since
by <bp. This and (11) imply that C4(S;) < a(N) + by < %CmaX(S*).
There is no gap on machine B after the MP, and due to (12) and
(22) we have that Cg(S7) =Ty + (A +b(N)) < 3Cax (5*).

Outcome 1.2: no intermediate gap on machine A.

In this case, C4($;) = a(N) < Cmax(S*) and we only need to es-
timate Cg(S;).

Outcome 1.2.1: Operation Oy, g is scheduled last on machine B.

Operation O, p starts at time max{an, Ty + A + b(N\{n})}, so
that either (13) guarantees Cg(S;) = an + by < Cnax(S*) as in
Fig. 12(b), or due to (12) and (22) we have that Cz(S;) = Ty + (A +
b(N)) < %Cmax(S*) + Cmax (5%) < %Cmax(S*)v as in Fig. 12(c).

Outcome 1.2.2: Operation O, p is not scheduled last on ma-
chine B.

This happens if there exists an operation 0,4 such that v #
n and CV,A(SH) >0, where 0 =T, + A +b(N\{v,n}), and by time
C,,,A(§1) operations O, g and O, p are the only unscheduled opera-
tions on B. Since 0, p cannot start at time 6, according to the al-
gorithm we start operation O, p at time 6 and operation O, as
early as possible, i.e., at time max{f + by, C, 4(S1)}; see Fig. 12(d)
and (e). Notice that b, < %LB due to (21). This and (22) imply that

Gp(S1) = max{Ty + A + b(N\{1}). C,.a(51)} + by

3
< max{T; + (b(N) + A),a(N) + b,} < iCmax(S*).
In the remainder of this proof, we assume that T; > %LB. The
analysis of the schedules found in Steps 4 and 5 is performed, pro-
vided that the condition (18) holds, which implies that

b(N\{n}) < %LB. (23)

Schedule S,. This schedule is found in Step 4 of Algorithm OS;
see Fig. 13. The condition b, >T, holds. This means that in any
feasible schedule operation O, g must be processed after the MP,
so that a new lower bound

Cnax(S*) > Ty + A+ by (24)
follows.

Due to (17) and (23) we have that b(N\{n}) < JIB < T, ie. it
is feasible to start the MP at time T;. It follows from (13) and
(24) that Cg(Sy) = max{an + bn. Ty + A + bn} < Cmax(5*). Besides,
due to (11) and (23) we have that

3
Ca(52) = max {a(N), b(N\{n}) + a(N\{n})} = 5Cmax (")
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Fig. 14. Schedule S5 for b, <T;.

Schedule Ss. This schedule is found in Step 5 of Algorithm OS.
The charts for this schedule are shown in Fig. 14, provided that
bn < T;. The charts for the alternative situation (b, >T;) look sim-
ilar to those shown in Fig. 14, but the MP starts immediately
after job n is completed on machine B. Due to (19), the MP is
feasibly scheduled and completes at time Cyp = max{b,, Tj} + A.
It follows from (11) and (13) that C4(S3) = max{a(N), by + an} <
Cmax (5%). Due to (23) we have that
Cp(S3) = max {Cup, a(N\{n})} + b(N\{n})

= max {b(N)+A, T +A+b(N\{n}), a(N\{n})+b(N\{n})}
3
icmax(S*)
Schedule S,. In Step 6, the inequality

by < %LB (25)

IA

holds. Consider schedule S4 found by Algorithm 0S4.

Let O, 4 be the last operation on machine A. Due to the greedy
nature of Algorithm 0S4, in schedule S, either there is no interme-
diate idle time on A so that C4(S4) = a(N) < Cnax(S*) or there is
a gap before processing some operation O, 4, which is scheduled
last on A. In the latter case, either u=n and C4(S4) = bp +ay <
Cmax (S8*) or we have a situation that is similar to Outcome 1.1 ana-
lyzed above for schedule Sq, so that C4(S4) < a(N) + by and there-
fore C4(S4) < %Cmax(s*) due to (21).

Below, we only need to estimate the value Cp(S4). For job k
found in Step 1, let § =Ty — G, g(S4).

The control is passed from Step 1 directly to Step 3 if either (i)
set N is empty, or (ii) C4(S4) <C p(S4). The former situation hap-
pens if b(N) < Ty, so that Cg(S4) = T; + A < Cnax(S*). The latter sit-
uation guarantees that Cg(S4) = (b(N) + A) + §; see Fig. 15. Since
d <b; for each je N, we derive from (21) that C3(S4) < %LB.

We now need to analyze the algorithm, provided that job ¢
exists. The proof below is presented under the assumption that
¢ eN'; the alternative case that £ <N\’ is simpler, since operation
0, p is already scheduled and there is no need to consider the fea-
sibility issues for that operation.

Assume that when Algorithm 0S4 resumes in Step 3 after the
provisional stop, set N'\{¢} is empty. This happens if either (i) oper-
ation O,, g is assigned to be scheduled to start at time C,, 4(S4), or
(ii) job ¢ is the only job in set N'. In the former case, Cz(S4) =T; +
A < Cmax(S*); see Fig. 16(a). In the latter case, Cg(S4) = C,5(S4) =
max{T; + A,C,4(S4)} + b, and Cp(Ss) < 3LB holds due to (21); see
Fig. 16(b, c).
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Fig. 15. Schedule S; with Ca(S4) < Cp (S4).
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If N"\{¢} is not empty, then § < b; < %LB for each je N'\{¢}. Al-
gorithm 0S4 resumes in Step 3 after the provisional stop, provided
that the duration § of the gap on B before time T; is at most %LB.

If there is no idle time on B after the completion of the MP,
then Cp(S4) < (b(N) + A) + 8 < 3LB; see Fig. 17(a).
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Suppose that there is an idle interval on B after the MP. Sim-
ilarly to Outcome 1.2.2 discussed above for schedule S;, this hap-
pens if there exists an operation 0, 4, v € N, such that C,4(S4) >
T; + A+ b(N'\{v}), and by time C, 4(S4) operation O,y is the only
unscheduled operation on B; see Fig. 17 (b). According to the
algorithm, we start operation O, at time G,4(S4). Notice that
by < %cmax(s*) and machine A is not idle in the time interval
[0,C, 4 (S4)]. This implies that

3
Cp(S4) <a(N) +by < Ecmax(5*>'

Thus, we have proved that for schedule Sy found by Algo-
rithm OS the bound (20) holds. To see that the bound is tight,
consider an instance that consists of three jobs with the processing
times

a1:b1:1, azzbzzw—l, a3:b3:W+1,

where W > 2 is a large number.

The MP start window on machine B is defined by T =W —1
and T, = W, while the length of the MP is 1, i.e,, A = 1. It follows
that LB = a3 + bz = b(N) + A =2W + 2, and job n is job 3.

Since T; =W < %LB, Algorithm OS creates only schedule S; as
described in Step 2. Since the jobs to be assigned to machine B
can be taken arbitrarily, it is possible that the algorithm starts op-
eration Oq p at time zero, so that both jobs 2 and 3 will have to
be processed on machine B after the MP. They will be processed
in the order (2, 3). On machine A the only job that may start at
time W + 1 is job 1, so that job 2 starts on A at time 2W — 1; see
Fig. 18(a). Thus,

Ca(S1) =Th+ A+by+a, =3W -2;
Cmax(Sl) = CB(S]) =TT +A+ b2 + b3 =3W.

On the other hand, there exists an optimal schedule S* with
Cmax (§*) = 2W + 2; see Fig. 18(b). In this schedule, the block of

jobs (3,1,2) starts on machine A at time zero, while on machine B
operation O, p starts at time zero and is followed by the MP, and

then the operations O; g and O3 p are scheduled in this order so
that

Ca(S*) = a(N) = 2W + 1;
Cp(S*) = a3+ b3 = b(N) + A =2W + 2.

As W increases, the ratio Cpax (S1)/Cmax (S*) approaches 3/2. O

5. Computational experiments

Theorems 1 and 2 show that for both the two-machine flow
shop and open shop problems the makespan of a schedule found
by the corresponding approximation algorithm may happen to be
up to 50% worse than the optimal value. In this section, we analyze
the performance of Algorithm FS and Algorithm OS in practice by
running a series of computational experiments.

For both models, the flow shop and the open shop, we have
tested the behavior of the corresponding algorithm on simulated
data. For the number of jobs n, we have taken three values
ne{100, 300, 500}. The left end-point T; of the MP start window
has been determined as T; = «LB, where o €{0.01, 0.35, 0.70} and
LB is the lower bound defined either by (5) in the case of the flow
shop or by (16) in the case of the open shop. For the duration
of the MP start window A =T, — Ty, we have taken three options
X €{30, 65, 100}. Thus, there have been 27 combinations of the val-
ues of n, « and A. For each combination, we have generated 100
instances. The values for the length of the MP have been drawn
from the uniform distribution over the interval [1, 200]. For each
generated instance the performance ratio p has been computed as
the ratio of the makespan found by the corresponding approxima-
tion algorithm to the strongest of the lower bounds.

In the case of the flow shop, the processing times of the jobs
have been drawn from the uniform distribution over the inter-
val [1, 100]. The results of the experiments with Algorithm FS are
shown in Table 1, the reported numbers are accurate to 6 decimal
places. For each combination of n, « and A we report the maxi-
mum performance ratio ppmax and the average performance ratio
Pmean- We see that across all instances the average relative error is
less than 0.5%, while the worst-case relative error is never larger
than 5.00%.

For the open shop problem, we have considered two types of
instances: (i) a regular instance for which the processing times
are drawn from the uniform distribution over the interval [1,
100]; (ii) a job with the long operation pmax is introduced, where
Pmax € {1000, 6000, 11000}. The latter type of instances has been
considered separately due to the fact that most steps of Algo-
rithm OS are special actions taken in the presence of a long
operation. Table 2 present the results for the regular instances
(with no long operations), while Tables 3-5 present the results
for the instances with a long operation pmax € {1000, 6000, 11000},
respectively.

Table 1

Results of the computational experiments with Algorithm FS.
o A n =100 n =300 n =500

pl’ﬂﬂX pmean pmax pmean pmax pmean

1 30 1.009901 1.002416 1.005021 1.000677  1.007076 1.000708
1 65 1.009841 1.000619 1009958  1.000702  1.006093  1.000466
1 100  1.009990  1.001030  1.009159 1.000705 1006500  1.000309
35 30 1.030090  1.011443 1.012740 1.003652 1009500  1.002393
35 65 1.039456  1.010846 1.012400  1.003408 1008604  1.002080
35 100 1036695  1.008797  1.012432 1.003072  1.007414 1.002071
70 30 1.046875  1.013040  1.014849  1.004134 1.008320  1.002572
70 65 1.040122 1.010469 1.012470 1.003174 1.008019 1.002032
70 100  1.040538  1.010441 1.012918 1.003715 1.00764 1.001850
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Table 2
Results of the computational experiments with Algorithm OS (instances with no long jobs).
o A n =100 n =300 n =500
pmax pmean pmax pmean pmax pmean

1 30 1000390  1.000052 1.000065 1.000005  1.000038 1.000001
1 65 1.000735 1.000064  1.000063  1.000001 1.000000  1.000000
1 100  1.000600  1.000053 1000066  1.000004  1.000000  1.000000

35 30 1.001120 1.000151 1.000194 1.000012 1.000039 1.000001
35 65 1.002353 1.000149 1.000066  1.000004  1.000039 1.000001
35 100 1.001145 1.000146 1.000131 1.000007  1.000039 1.000000

70 30 1.004003 1.000311 1.001610 1.000042 1.000316 1.000009
70 65 1.003478 1.000374 1.001773 1.000047 1.002037 1.000029
70 100 1002739 1.000256 1.002144 1.000062 1.000117 1.000007

Table 3
Results of the computational experiments with Algorithm OS (instances with a long operation
of 1000 time units).

o A n =100 n =300 n =500

Pmax Pmean Pmax Pmean Pmax Pmean

1 30 1000529 1000083 1000064 1.000003 1000000 1.000000
1 65 1.000802  1.000090 1.000062  1.000002  1.000000  1.000000
1 100  1.000623  1.000096  1.000066 1000004  1.000037 1.000000

35 30 1.000840  1.000187 1.000118 1.000010 1.000038 1.000001
35 65 1.001612 1.000215 1.000182 1.000007  1.000036 1.000000
35 100  1.001380 1000206  1.000117 1.000010 1.000039 1.000001

70 30 1.002411 1.000429  1.000410 1000044  1.000076 1.000009
70 65 1.011376 1000424  1.000243 1.000032 1.000153 1.000008
70 100  1.002714 1.000419 1.000302 1.000034  1.000158 1.000010

Table 4
Results of the computational experiments with Algorithm OS (instances with a long operation
of 6000 time units).

o A n =100 n =300 n =500

Pmax Pmean Pmax Pmean Pmax Pmean

1 30 1.000437 1000053  1.000048  1.000003  1.000000  1.000000
1 65 1.000362 1000034 1.000048  1.000002  1.000000  1.000000
1 100  1.000446  1.000059  1.000047 1000000  1.000000  1.000000

35 30 1.002786 1.000361 1.000098  1.000012 1.000033 1.000004
35 65 1.002170 1.000362 1.000097 1000009  1.000066  1.000003
35 100 1.001905 1000326  1.000143 1.000018 1.000033 1.000001

70 30 1.190905 1152631 1.000143 1.000016 1.000066  1.000006
70 65 1.182864 1152463 1.000233 1.000024  1.000063 1.000004
70 100 1184705 1.150365 1.000188 1.000018 1.000065 1.000005

Table 5
Results of the computational experiments with Algorithm OS (instances with a long opera-
tion of 11000 time units).

o A n =100 n =300 n =500

pmax pmean pmax mean leaX pmean
1 30 1.000298  1.000040 1.000074  1.000001 1.000027 1.000001
1 65 1000248 1000040  1.000110 1.000005  1.000000  1.000000

1 100 1.000244  1.000041 1.000076  1.000002  1.000000  1.000000

35 30 1.067940 1.037706 1.000115 1.000019 1.000054  1.000002
35 65 1.041091 1.037754 1.000150  1.000016 1000028  1.000002
35 100  1.034681 1.036515 1.000117 1.000021 1.000028  1.000002

70 30 1.041091 1.013341 1.000152 1.000014 1.000028 1.000002
70 65 1.034681 1.014122 1.000076  1.000010 1.000054  1.000003
70 100  1.054174 1.014122 1.000074  1.000005  1.000083 1.000006

We see from Table 4 that for the instances with n =100 and tive can be seen in Table 5, where for n = 100 and « {35, 70} we
o =70 in the presence of a long job with the processing time of report pmax < 1.067940 and pmean < 1.037754. In all other cases, a
6000 units, Algorithm OS delivers fairly large relative errors (about rather good computational behavior is demonstrated across all in-
15% for the average error and close to 20% for the maximum error). stances with pmax <1.004 and Pmean < 1.0005.
Another type of instances for which the algorithm is less effec-
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Coefficients of the quadratic polynomial fitness
functions for the flow shop instances.

Algorithm FS

pmax pmean
Constant 1.0196 1.0080
n —1.1856 x 104 —3.9683 x 103
o 8.3440 x 104 2.9110 x 104
A 7.9819 x 103 —6.1636 x 10~°
no —1.1269 x 10 —2.9845 x 107
ni —4.4607 x 108 6.2714 x 108
'8 —8.7734 x 10”7 —1.2688 x 107
n? 1.7879 x 107 5.1683 x 108
a? -3.5076 x 106 —1.7270 x 107
A2 —2.8644 x 107 2.5510 x 107

We have used VisualDoc 6.0, a piece of general design and op-
timization software, to analyze the outcomes of the experiments.
For each pmax and pPmean, We have determined a trend function,
a quadratic polynomial of the three design variables n, o and A.
The coefficients of the corresponding representation are shown in
Table 6 for Algorithm FS and in Table 7 for Algorithm OS.

The found polynomials can be used as a prediction tool for the
values of the maximum and average ratios for a combination of
the design variables that have not been included into the main
body of the experiments given in Tables 1-5. For example, for
n =250, =60 and A = 50, the predicted values computed based
on the coefficients in Tables 6 and 7 are shown in the second and
the fifth columns of Table 8, the values reported as a result of run-
ning the corresponding algorithm are presented in the third and
the sixth column of that table. The differences between the rele-
vant values are contained in the forth and the seventh columns.

The outcomes of analysis performed by running VisualDoc 6.0
also allow us to identify the most influential design variables and
their combinations. In qualitative terms, for the flow shop problem,
the values of the pmax and pmean are mainly affected by changes in

o, n and in the interactive term ne, listed in the decreasing order
of their importance. As n and no grow, both ratios decrease (the
negative influence), while an increase in « leads to an increase in
the values of each ratio (the positive influence). For all types of in-
stances of the open shop problem, the most influential parameter
is o, while the second most important is a2, The first of these pa-
rameters has a positive influence, while the influence of the latter
parameter is negative. This reflects the fact that as o grows so that
the MP is places close to the end of the schedule, the performance
ratio decrease.

The algorithms have been coded in Python 2.7 and run on Intel
i5-4590 3.3 gigahertz workstation. We do not report the computa-
tion time since it takes about 0.2 s to run an experiment for each
fixed set of parameters.

6. Conclusion

In this paper, we develop and analyze approximation algorithms
for the two-machine flow shop and open shop problems to min-
imize the makespan, provided that a single maintenance period
must start in a given time window on one of the machines. A
tight bound of 1.5 on the worst-case performance ratio has been
proved. The algorithms have been demonstrated to give good com-
putational performance for most of the instances.

Several types of the open shop instances have been identified
which are handled by Algorithm OS in a less accurate way. Under-
standing a reason of this phenomenon may lead to an improved
algorithm for the open shop problem. In general, it is an interest-
ing goal to improve the approximation ratios established in this
paper, including verifying the existence of approximation schemes
(PTAS or FPTAS).

The paper may stimulate further research on scheduling models
with maintenance start windows, including multiple windows on
various machines, periodic maintenance with time windows, the
enhanced models that combine maintenance start windows with
various effects that may change the processing times.

Table 7
Coefficients of the quadratic polynomial fitness functions for the open shop instances.
Algorithm 0S Algorithm OS
(regular instances) (instances with pmax = 1000)
IOI“AX pmean pmax )Omean
Constant 1.0003 1.0001 0.98877 1.0002
n —7.6999 x 10-6 —1.1804 x 106 —1.5743 x 10> —1.7272 x 106
o 2.1008 x 103 1.1049 x 10-6 3.9496 x 10~° 4.1969 x 10-6
A 3.5938 x 107> 1.3734 x 106 1.1616 x 104 2.3715 x 107
no —7.3245 x 108 —8.8019 x 10~° —1.7207 x 107 —1.1804 x 10-8
ni 9.4286 x 109 6.5476 x 1010 —9.7262 x 1079 —2.5000 x 10-10
ar —7.6274 x 10-8 —2.4896 x 10°° 9.7138 x 109 —2.2916 x 10°
n? 9.6722 x 109 1.7167 x 10~° 2.7356 x 10-8 2.6194 x 10~°
ao? 4.5221 x 107 1.6859 x 108 5.1704 x 107 1.8516 x 10~8
A? -2.8717x 1077 -9.9320x 10-°  -8.6213 x 1077  —4.5351 x 10-1°
Algorithm 0OS Algorithm OS
(instances with pmax = 6000) (instances with pmax = 11000)
Pmax Pmean Pmax Pmean
Constant 1.0292 1.0205 1.0412 1.0208
n —3.9463 x 104 —3.1380 x 104 —3.0704 x 10~* —1.5253 x 104
o 1.1708 x 103 9.1968 x 10~* 1.5176 x 103 8.1344 x 104
A —8.1641 x 10~ 5.0758 x 10~ —7.9745 x 10~ —1.0596 x 10—
no —6.7589 x 106 —5.5248 x 10~ —1.5423 x 10-6 —4.7073 x 107
ni 8.4179 x 108 2.7274 x 10-8 —-8.6893 x 108 4.9048 x 10~°
ar —4.2686 x 1077 —1.5724 x 1077 9.1486 x 107 5.4533 x 108
n? 7.8447 x 1077 6.3399 x 107 4.5853 x 107 2.1101 x 107
o? 2.5111 x 10> 2.0863 x 1073 —1.2762 x 103 —8.6127 x 106
A2 4.6449 x 1077 —8.7256 x 108 6.5356 x 1077 5.0340 x 108
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Table 8
Comparison of predicted and reported values.
Pmax Pmean
Predicted  Reported  Difference  Predicted  Reported  Difference
Algorithm FS 1.02175 1.01627 0.00491 1.01164 1.00507 0.00657
Algorithm OS
(regular instances) 1.00174 1.00024 0.001503 1.00000 1.00002 —0.00002
Algorithm OS
(instances with pmax = 6000) 1.03569 1.00021 0.03548 1.02899 1.00002 0.02897
Algorithm OS
(instances with pmax = 11000)  1.01438 1.00004 0.01434 1.00642 1.00001 0.00641

Among the problems of the indicated range that can be offered
for further research is the flow shop problem of minimizing the
makespan with the maintenance start window on machine A.
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