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Abstract

We investigate the weight distribution of random binary linear codes.
For 0 < A < 1and n — oo pick uniformly at random An vectors in F% and let
C' < 3 be the orthogonal complement of their span. Given 0 < v < 1/2 with
0 < A < h(7) let X be the random variable that counts the number of words
in C' of Hamming weight yn. In this paper we determine the asymptotics of
the moments of X of all orders 0(@).

1 Introduction

Random linear codes play a major role in the theory of error correcting codes, and
are also important in other areas such as information theory, theoretical computer
science and cryptography [8, 12, 2, 1]. Nevertheless, not much seems to be known
about their properties. As already demonstrated in Shannon’s foundational paper
[13], random linear codes occupy a particularly prominent position in coding the-
ory. This is arguably the simplest construction to achieve channel capacity in the
binary symmetric channel, as well as the Gilbert-Varshamov bound for minimal
distance. The present paper is motivated by the contrast between the importance
of random codes and the lack of our understanding. Our main aim is to improve
our comprehension of the weight distribution of random binary linear codes.

The two most basic parameters of a code C' ¢ F} are its rate R = log+|C| and

. . . i - yeC x+ . .
its relative distance § = 22Uzl lf €2} where | - || is the Hamming norm.

Clearly, the rate of a D-dimensional linear code C' ¢ [} is %, and its relative
min{|w| | weC w0}
m .

distance is
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It is a major challenge to understand the trade-off between rate and distance
for linear as well as general codes. Concretely, given 0 < § < % we wish to know
the value of limsup R(C') where the the limsup is taken over all binary codes
of relative distance at least 9. The Gilbert-Varshamov (GV) lower bound (e.g.,
[7], lec. 2) states that R > 1 — h(¢) is achievable, where h is the binary entropy
function. Despite many attempts, this bound has not been improved, nor shown
to be tight, through over 60 years of intense investigations. The best known upper
bound, from 1977 (MRRW), is due to McEliece, Rodemich, Rumsey and Welch
[9]. An alternative proof of this bound, using harmonic analysis on I}, was given
in 2007 by Navon and Samorodnitsky [10]. Note that this is an upper bound on
all codes.

Curiously, neither bound, GV and MRRW, exhibits any distinction between
linear and nonlinear codes. Of course, the realm of nonlinear codes is much richer
than the linear one, but whether or not nonlinear codes perform better than linear
ones remains a mystery. One would thus expect that both the lower bounds and
the upper bounds for nonlinear codes be higher than for linear codes, but neither
one is the case at present. Since both GV and MRRW are several decades old, it
is of interest to find any key ways in which linear and nonlinear codes differ. As
this paper shows, the weight distribution of random linear codes is very different
from that of random nonlinear codes.

This paper concerns the weight distribution of random linear codes. Con-
cretely, fix two rational numbers 0 < v < 3 and 0 < A < h(7), and let n € N be
such that An is an integer and yn is an even integer!. Let C' = C,, , be a random
subspace of F? that is defined via C' := {x € F}|Kx = 0} where K is a uniformly
random An x n binary matrix. Clearly dim C' > (1 - \)n, and with very high prob-
ability equality holds. Denote L = L, ., = {z € F} | |z| = yn}. We investigate
the distribution of the random variable X = X,, .,y = |C' n L]| for fixed v and A
when n — oo. Clearly E(X) = N_’\(A:;) = N-A+o(D) "where N = 27. This fol-
lows since every x € L,, -, belongs to a random C,, , with probability N-*. Also,
lim,, ., E(X') = o0, since, by assumption A < h(7).

It is instructive to compare what happens if rather than a random linear code
C, we consider a uniformly random subset C’ c 7, where every vector in F%
independently belongs to C” with probability N=*. In analogy, we define X’ =
|C" n L|, and the distribution of X’ is clearly approximately normal. It would
not be unreasonable to guess that X behaves similarly, and in particular that its
limit distribution, as n — oo is normal. However, as we show, the code’s linear
structure has a rather strong effect. Indeed X does not converge to a normal
random variable, and moreover, only a few of its central moments are bounded.

!For other ranges of the problem - See our Discussion.



1.1 Rough outline of how we compute the moments

We seek to approximate the central k-th moments of X for all £ < o(bgn). In
Section 2 we reduce this question to an enumeration problem that we describe
next. We say that a linear subspace U < F% is robust if every system of linear
equations that defines it involves all k coordinates. Given a subspace U < F%, let
Ty be the set of all k£ x n binary matrices where every column is a vector in U and
every row has weight yn and let |T;;| denote the cardinality of this set. We show

that

k-1
E(X-EX)*) =0 > NP > |1y[], (1)
D=0 V<Fk
dim(V)=D
V robust

The main challenge is to estimate the internal sum, but understanding the interac-
tion with the outer sum is nontrivial either. The reason that we can resolve this
problem is that the main contributors to the internal sum are fairly easy to de-
scribe. As it turns out, this yields a satisfactory answer even though we provide a
rather crude upper bound on all the other terms.

A key player in this story is the space of even-weight vectors V' = V¥ < F&.
In Section 3 we solve this enumeration problem for this space, and show that
|Tyr| »~ NF(7) up to a factor that is polynomial in n and exponential in k. Here
F(k,~) is the entropy of a certain entropy maximizing probability distribution on
V¥, In our proof, we generate a k x n matrix A with i.i.d. columns sampled from
this distribution, and compute the probability that A € Tyx. The function F' has
the explicit description

F(k,v) = 1mirblog2 ((L+z)"+ (1-2)k) - kylogyz -1
and its asymptotic behavior for large k is:
F(k,v) =kh(y) - 1+ O((1-27)").

In Section 4 we use the result of Section 3 to bound |7y for a general robust
U < F%. Consider a robust space U < F% of the form @, V™, where Y m; =
k. Clearly, |Ty| = 1 [Tym:| » NZict F0m7) - Hence, finding a space of this
form of given dimension that maximizes |Ty| translates into a question about the
dependence of F'(m,~) on m. We show (Lemma 25) that this function is convex,
so that the optimum is attained at m; =k —2c+2and mo =mg = ... =m, = 2.

We show that if U < F% is robust and not a product of Even spaces, then there
is some V' of this form and of the same dimension with |T}/| > |Ty|. We reduce
the proof of this claim (Equation (23)) to the analysis of m x n matrices where
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every row weighs yn, the first dn columns have odd weight and the last (1 - d)n
ones are even. A key step in the proof (Lemma 24) shows that the number of such
matrices decreases with 4.

Finally, in Section 5, the results of the previous sections are put together to
find the dominating terms of Equation (1), yielding the moments of X. For even
k, we show that the dominating terms are those corresponding to either D = % or

D = k-1, and respectively, to the subspaces GBf:/ f V2 or V*. More precisely, there
exists some ko(y,0) such that the former dominates when %k < ky and the latter
when k > ky. The behavior of odd order moments is similar, although slightly
more complicated to state.

Theorems 2 and 3 in Section 5, deal with even and odd order moments, respec-
tively. Theorem 1 gives the central moments of the normalized variable ——=

V/Var(X) "
Theorem 1. Fix vy < % and 0 < X< h(7), let X = X, ., , and let
: m
ko = mln{m | F(m,7) - (m=1)A> 2 (h(s) - )\)} |
Then, for 2 <k < o(i525),
o(1) if kis odd and < kg
E(X - E(X))"
(« (X)) =1(1+0(1))- kN if k is even and < kg

B
Var(X) NFEN-5r-(5-DA-SZE240(0) ek > kg

We call the reader’s attention to the following interesting point on which we
elaborate below. For given + and A\ there is a bounded number of moments for
which our distribution behaves as if it were normal, but from that index kg, the
code’s linear structure starts to dominate the picture and the normalized moments
become unbounded as n — oco. (See Figure 1).

1.2 Preliminaries

General
- Unless stated otherwise, all logarithms here are to base 2.

- Our default is that an asymptotic statement refers to n — oo, while the param-
eters v and A take fixed arbitrary values within their respective domains. Other
parameters such as £ may or may not depend on n.

- We denote a binomial distribution with n trials of probability p by B(n, p).
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Figure 1: Illustration for Theorem 1. For k < kg = ko(7, A) the k-th moment of
X is that of a normal distribution. The relevant range A < h(~) is below the solid
line. Note that &y = 3 for much of the parameters range.

Entropy

- We use the standard notation h(t) = -t -logt — (1 -t) -log(1 - t). Entropy and
conditional entropy are always binary.

Linear algebra
- U <V means that U is a linear subspace of the vector space V. The weight,
|u| of a vector u € F% is the number of its 1 coordinates. Accordingly we call
u even or odd. Likewise, the weight || A|| of a binary matrix A, is the number of

its 1 entries.

- The sets of even and odd vectors in [} are denoted by V" and D".

- The i-th row of a matrix A is denoted by A;. If I ¢ [k] then A; is the sub-matrix
consisting of the rows {A4; | i € I'}. Also vy is the restriction of the vector v to
the coordinates in /.

- For a subspace U < F5 and I c [k] we denote by U; the projection of U to the
coordinates in [, i.e., Uy = {u; | v € U}, and we use the shorthand D;(U) =

dim Uy, and D(U) = dim U.



2 From moments to enumeration

To recap: C = (), , is a random linear subspace of F%, and L = L,, , is the yn-th
layer of F%. We fix 0 <y < 1,0 < A < h(7), so that An is an integer and yn is an
even integer, and we start to investigate the moments of X =|C'n L|, as n — oo.

The probability that C' contains a given subset of I} depends only on its linear
dimension:

Proposition 1. IfY ¢ Fy has dimension dim(Y') = D, then Pr(Y c C') = N=P.

Proof. As mentioned, we think of C as the kernel of a uniform random An x n
binary matrix K, so Y ¢ C'iff every row of K is orthogonal to Y. The probability
of this event is 2P for a given row, and 2-*"P = N-AP for all rows together. [

2.1 Interpreting the central moments of X

We turn to express X and its moments in terms of indicator random variables.

Definition 2. For a vector u € F%, let Y, be the indicator for the event that u € C.
For a binary k x n matrix A we let Y, be the indicator random variable for the
event that every row of Ais in C.

Proposition 1 plainly yields the first two central moments of X.

E(X) =) E(Y,)=|LIN" = (vr;)N-A = Nh(D-A-1E20(L)

uel

Proposition 1 also implies that Cov(Y,,Y,) = 0 for every u # v € L. Hence,

Var(X) = 3 Var(Y,,) = ( n )N_)\(l LN = NROIAEROG),
uel m

In words, the first two moments of X are not affected by the linearity of C.

We now turn to higher order moments. Specifically we wish to compute the

k-th central moment of X for any 2 < k < o( ogn)-

Definition 3. We denote by W), = Wy, ., the set of binary k x n matrices in which
every row has weight yn.

Definition 4. For a subspace U < F% we denote
TU7n77=TU={A€Wk|ImAEU}

and

TU,n,’y:TU: {AEWk|ImA=U}
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Let us expand the k-th central moment.

E ((X -E(X))")

E((zn - zEm))k)

uel uel

> va(ln) O eem). o

wtyupel Ic[k]  \iel jelkINT
If A is the matrix with rows uy, ..., ux, then by Proposition 1 this equals
Z Z (_1)k—|I| .N—)\~(rankA1+k:—\I|)‘

AWy, Ic[k]
We group the matrices A € W}, with the same image U and rewrite the above as

S [Tyl 3 (~1)eH1. N @iyt
U<F% Ic[k]

which we restate as

E((X-E(X))")= ¥ [TvlRy, (3)
U<F%
where for any U < %
Ry = Z (—1) Ml N=APrU) k=T 4)
Ic[k]

We proceed as follows:

1. We recall the notion of a robust linear subspace of F%, and bound Ry sepa-
rately for robust and non-robust subspaces.

2. Using Mobius inversion, we restate Equation (3) in terms of |Ty/| rather than
Tyl.

2.1.1 Computing R,

It is revealing to consider our treatment of X alongside a proof of the Central
Limit Theorem (CLT) based on the moments method (e.g., [5]). In that proof, the
k-th moment of a sum of random variables of expectation zero is expressed as a
sum of expectations of degree-k monomials, just as in our Equation (2). These
monomials are then grouped according to the relations between their factors. In
the CLT proof, it is assumed that each tuple’s non-repeating factors are indepen-
dent, so monomials are grouped according to their degree sequence. Here, and
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specifically in Equation (3), we need a more refined analysis that accounts for the
linear matroid that is defined by the monomial’s factors.

In the proof the the CLT there holds E(M) = 0 for every monomial M that
contains a degree-1 factor Y. This follows, since E(Y") = 0 and the rest of the
monomial is independent of Y. Something similar happens here too. If u does not
participate in any linear relation with the other factors in its monomial, then Y,
can play a role analogous to that of Y. This intuition is captured by the following
definition and proposition.

Definition 5. Let U < F% be a linear subspace. We say that its i-th coordinate is
sensitive if Dy« qiy (U) = D(U) - 1. We denote by Sen(U) the set of U’s sensitive
coordinates. Also, if Sen(U) = @, we say that U is robust.

It is not hard to see that equivalently, robustness means that every 1-co-dimensional
coordinate-wise projection of U has the same dimension as U. Yet another de-
scription is that every system of linear equations that defines U must involve all
coordinates.

Proposition 6. For U < F% it holds that
1. If U is robust then Ry = © (N-PU)X),
2. If U is not robust then Ry = 0.

Proof. We use here the shorthand D = D(U) and D; = D;(U).

We start with the case of a robust U. Note that for every I ¢ [k] there holds
D; > D -k +|I] + 1. For let us carry out the projection as k — || steps of 1-co-
dimensional projections. At each step the dimension either stays or goes down by
one. But since U 1is robust, in the first step the dimension stays.

We claim that in the expression for Ry in Equation (4), the term NP that
corresponds to I = [k] dominates the rest of the sum. Indeed, each of the other
2k — 1 summands is +O(N-MP+1)), Consequently, Ry = O(N-*P).

Let us consider next a non-robust U. Let j be a sensitive coordinate of U. If
I'c[k]~{j}, then Dy (;, = Dy + 1. Consequently:

Ry= ¥ ((~1)FMIN-APrekelll) 4 (21 ykl-L N -AProgpholr-1))
ISNG!

= Y ((R1)RINA@RID (el NPT
Ie[k]N 7}



2.1.2 From |Ty| to |Ty|

In order for Equation (3) to be expressed in terms of |Ty/| rather than |T'y;| we can
appeal to the Mdbius inversion formula for vector spaces over a finite field (e.g.,
[14], Ch 3.10).

E((X-EX)¥) = 3 Ry 3 (-1)PO-20) o2 )1y |

U<F% V<U
- Z Ty | Z RU(—]_)D(U)—D(V)'2(D(U);D(V)).
V<F; V<U<Fk

Grouping the U’s by their dimension ¢ = D(U), we express the above as

k .
ST(-D)PV) Y (1205 S Ry

V<Fk i=D(V) V<U<F%
D(U)=i

By Proposition 6, this sum can be further rewritten as

k )
o ( S TA-1P0) Y (<125 v ZW)

V<Fk i=D(V)

where
Ziv={U|V <U<F5 A D(U) =i A U isrobust}|.
Note that if V' is non-robust then every U > V' is also non-robust. Hence, the

outer sum terms corresponding to non-robust V’s vanish. If V' is robust, we claim
that the inner sum is dominated by the term i = D(V") and that consequently

E((X-EX))=0] > [Ty|- NP (5)

V<Fk
V robust

Indeed, the number of ¢-dimensional subspaces containing V' is given by the
Gaussian binomial coefficient

k ; k .
k Hyin--o0p @~ ) Ticenon ¥ _ orinvyy i

- i-D(V) 16 = iD(V) o = ,
2 Hj:1 (2] - 1) Hj:l 2

i-D()), "~

so the absolute value of the inner sum’s 7-term is at most

o () Ani+2+(i=D(V)) (ki) _ 22+(i—D(V))(k—%)—i>\n < 9-i(An+1-k)+2

In order to proceed we need to estimate the cardinalities |T}/|. As we show in
Sections 3 and 4, at least for large enough k, Equation (5) is dominated by the
term V' = V¥, the subspace of even-weight vectors.
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3 The intersection of V* and the yn-th layer

In this section we give tight estimates for |T'| = [Ty« ,, |- As usual we assume that
0<y< % and yn is an even integer. We need the following terminology:

Definition 7. Let Ay, be a binary matrix.

* A row of A is said to satisfy the row condition if it weighs yn. If this holds
for every row of A, we say that A satisfies the row condition.

* The column condition for A is that every column be of even weight.

* Recall that Ty ,, -, is the set of k x n binary matrices satisfying both the row
and the column conditions.

Our estimation of |T'| is based on an entropy argument (see [11] for a survey
on the use of entropy in enumeration). We define a certain probability measure
T = Tpn, ON binary & x n matrices. We then show that the elements of 7' are
highly typical for the distribution 7, in the following sense: For every A € T, a
random matrix sampled from 7 is equal to A with probability exactly 2-"(7), In
particular, the restriction of 7 to 7" is uniform. Consequently,

PI‘ANﬂ-(A € T)

=Pr(Ae T)-2Mm,
We then compute reasonably tight bounds on Pra...(A € T'), yielding an estima-
tion for |T'| in terms of h(7).

In this distribution 7, columns are chosen independently according to a distri-
bution P = P , that is supported on V*, and is invariant to permutations of the &
coordinates. Naturally, we choose P so that for every i:

@E};(uz =1)=1. (6)

Out of all distributions over V* satisfying Equation (6), we seek one with maximal
entropy, thus making our P as general as possible, in a sense. The theory of
exponential families (E.g., [15] Chapter 3) provides a framework to describe and
study maximum entropy distributions. However, we do not explicitly rely on this
theory so that this paper remains self-contained.

Concretely, for some 1 > « > 0 and for every u € V¥ we define

[l
P(u) == (7)

10



Here Z = Z(k, ) = 3 eyr al“l. We claim that there is a unique 1 > o > 0 for
which Condition (6) holds. First, note that

Z- % (k)a“’: (1+a)"7+(1—a)k‘

w 2

w is even

Also, .
Pr(uizl): Z (w—l)a =a(1+a) - _(1_a) _

u~P w is even Z (1+Ck)k+(1_04)k

so that Equation (6) becomes

(1L+a)f-l=(L-a)ht
(+a)yf+(-a)y " ®

Denote the left side of this expression by (&, «).

Proposition 8. Let k > 2. In the range 0 < « < 1 the function vy(k, «) increases
Jrom O to %

Proof. In the following, the sums are over even ¢, j and ¢:

o(ka)  (Zii()a ) (55 ()ad) - (2 (1)) (£ (’j»)oﬂ‘l)'

Oa 72

Denoting t = j + ¢, the above equals

Seat 8,20 - (L) St Sa2i-0i(5) (1)
aZ? B kaZ? '

Grouping the 7 and ¢ — ¢ terms of the inner sum yields

Zrat B2 - 1)2(5) (1)
2k Z? ’

which is clearly positive. [

It follows that the function -y = y(k, «) has an inverse with respect to a, which
we denote by a = a(k, ).
We summarize the new definitions pertaining to the distribution 7.

Definition 9. Let k,n € N.
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» For 0 < a < 1, we define

Z(k,a) =Y alul= (1+a)k+(1-a)k

ueVk 2
and ] ( )k:l ( )kl
ol l+a)™ —(1-a)*
’Y(OQk‘): Z Z k = k k
o Z(k, ) (1+a)r+(1-a)
u1=1

e Ifz€(0,3), then a(x, k) € (0,1) is the unique solution for y(a(z, k), k) =
x.

o Py ., is the distribution on V* defined by

allul
- Z(k,a)’

P(u

where o = (7, k).

* Tin~ IS the distribution on binary k x n matrices in which the columns are
sampled independently from the distribution P, ,.

Proposition 10.

a(k,7) = 71+ O((1-27)")

for every fixed y € (0, 5) and k — oo.

Proof. The proposition follows from the following inequality:

V(k)a 1o )S’Yogfy(kv,yo—i_e)
1= 1=

_ k-1
where € = 2’}/0 . %.

The lower bound is easily verified, since
1—(1-2yg)k!
5 ( , 0 ) _ o 1-(1-2y) .
1—’}/0 1+(1—2’Yo)k
For the upper bound, our claim,
+e T+e)kt—(1-2y—€)r!
(k’, Y0 ):(70+€)( ) - ( 70 )k
1- (1+e)f+(1-2v—¢)
is equivalent by simple algebraic manipulation to

(T+e)Tex (290 +e)(1-27-€)* .

270,

To see that this last inequality holds, note that the L.h.s. is > €, and the r.h.s. is
< (270 + €)(1 = 270)*L. Finally, the latter two expressions are identical due to the
definition of e. ]
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We next compute the entropies of the distributions we have just defined:

h(m) =nh(P)
where
alul allul OA\UH ||u\|04\|ml
h(P) = - lo =log Z - @
=log Z - E,.p(|ul|) loga =log Z - k Pfj(ul = 1)10ga =log Z - kvylog a.
To sum up:

h(m) =n(log Z - kylog o).
Definition 11. For k € N and ~y € (0,1), we denote

F(k,v)= @ =log Z - kyloga = log((1 +a)* + (1 - a)*) - kyloga — 1.

We next evaluate 7w(A) for a matrix A € T. Let uy, ..., u, be the columns of
4. Then lal _ql4l gk
n n ol vkn
7(A) =[] P(u:) H QT T 5oh(m)
i=0 -1 A
Since 7 is constant on 7', this yields an expression for |7'|. Namely,
PI‘AN (A € T)
T|=—" 2 = Pr(AeT)-2"™, 9
7] ) Pr(AeT) ©)

This is complemented by the following Lemma.

Lemma 12. Fix v € (0, 5). Then, for every k > 3 and n € N, there holds

Pr (AeT)= ns . 2x0%),
,4'*'7'('16,7,,,7,Y
We will prove Lemma 12 at the end of this section. Before doing so, we wish
to explore its implications. Together with Equation (9), Lemma 12 allows us to
conclude that
IT| = NF(km-E552200D) (10)
it k> 3.
For k = 2, a matrix in |T'| is defined by its first row, so

Y R N A E) B = S B¥OTE )
T N .
’771

As we show later, F'(k,~) has a linear (in k) asymptote. Consequently, the ex-
ponents in Equation (10) are dominated by the F'(k,~) term. Thus, to understand
|T'’s behavior we need to investigate F', which is what we do next.
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3.1 Basic properties of F'(k,~)

We start with several simple observations about F'(k, ).

Proposition 13. For v € (0,1) there holds F(2,v) = h(v). Also, F(k,~v) <k-1
forall k > 2.

1

Proof. For the first claim, note that v(2, ) = % so a(2,7) = (%)§ Hence

F(2,7) =log Z - 2ylog a = log(1 + a?) — vlog(a?) = h(7).

The second claim holds since F'(k,~) = h(P) is the binary entropy of a dis-
tribution with support size 21, [

Next we develop an efficient method to calculate F' to desirable accuracy. We
recall (e.g., [3], p. 26) the notion cross entropy of D, E, two discrete probability
distributions H (D, F) := =%, D(i)log E(i). Recall also that H(D, E) > h(D)
with equality if and only if D = E. We apply this to P = Py ., with a = a(k,7)
and to (), a distribution defined similarly according to Equation (7), but with some
x in place of a.. Then

F(k7) = h(P) S H(P.Q) = = ¥ P()ogQ(w) = - ¥ P(w) log 77—
= log Z(k,) = Y P(u)|u] -log(z) = log Z(k, x) ~ Eq-p(|lu]) - log(x)

=log Z(k,x) —vklog(z). (11)

Definition 14. We Denote the r.h.s. of Equation (11) by

g(k},’%{[‘) = IOgZ(ka ZL') - ’7]{3 10g(l’)
It follows that for an integer & > 2 and ~y € (0, %)

F(k,v)= H(l(i)ri)g(k,’y,:c) = min log((l +x)*+ (1- x)k)—’yk; log(z)-1. (12)

2€(0,00)

This minimum is attained at = «(k,7). Note that this expression allows us
to conveniently compute F' to desirable accuracy (see Figure 2). Also, we take
Equation (12) as a definition for F'(k,~) for all real positive k.

Proposition 15. For an integer k > 1 and 0 < v < L, it holds that

50,
F(k,v) =kh(7) =1+ O((1 -27)")
(see Figure 3).
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Figure 2: The function g(3,%,2) and  Figure 3: F(k,1)-(k-h(3)-1).

) 5
its minimum (see Equation (12)). (See Proposition 15).

Proof. The upper bound follows from Equation (12) which yields

F(k,7) <g (m, %) = kh(y) +log(1+ (1-27)F) - 1.

We turn to proving the lower bound. Clearly,

g(k,v,z) >log((1+2)) - vyklog(z) - 1.

The r.h.s. expression attains its minimum at x = 1]—7 and this minimum equals
kh(v) - 1. Equation (12) implies that this is a lower bound on F'(k,~). O

3.2 Proof of Lemma 12

We turn to prove Lemma 12. It will be useful to view a vector u ~ P as being
generated in steps, with its ¢-th coordinate u; determined in the i-th step. The
following proposition describes the quantities involved in this process.

Proposition 16. For k > 2 and 0 < 7y < % let u € F§ be a random vector sampled
from P. For 0 < i <k, let w; denote the weight of the prefix vector (uy,...,u;).
Then:

1. The distribution of the bit u; conditioned on the prefix (uq,...,u;_1) de-
pends only on the parity of w;_.

(1+a)k—(1-a)k

(1 + a)k—iﬂ + (1 _ a)k,iﬂ (13)

Pr(u; = 1| w;_y is even) = -

and 4 .
(1+a)f+ (1-a)r

(1 + a)k—z‘+1 _ (1 _ a)k—z‘+1'

Pr(u; = 1| w;_y is odd) = o - (14)
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Proof. Fix a prefix (uq,...,u;1) of weight w;_;. We sum over x = |u| — w; and
y = [ul —wi.

Pr(us = 1|, . ) = Pr(u;=10wuy,...,u1) _ D aw;_; mod 2 (k;)a:cm:lil
Pr(u,...,u;1) D y=wi_1 mod 2 (}C ;H)O‘yT“
Sozwiy mod ()0
Cyewr moa 2" )
yielding the claim. ]

We denote the r.h.s. of Equations (13) and (14) by po-1.; = Po1x and pioo; =
D10,k respectively. Also, for 0 <7 <k, let

e =€) = qu%(wi is odd).
Here are some useful facts about these terms. Equation (6) yields
v = E—N’}g(u@ =1) =pos1,- E—N’IrD(wi,l is even) + p1_q,; - Eg(wi,l is odd)
=P1-0,€i-1 T p0—>1,z‘(1 - 61'—1)- (15)
By similar considerations, we have
€; =€i-1" (1 _plﬁo,i) + (1 - ez‘fl) *Po->1,i-

By combining these equations we find

+ (€ —€;-
Po-1i-(1—ei-1) = %1) (16)
and ( )
—(e; —e;
P10 €i-1 = 7#1 (17)

We need some further technical propositions.

Proposition 17. For every v € (0, 35) there exists some ¢ = c¢(7y) > 0 such that if
k > 3 then

€ik > Dostik s P10k €[, 1—c]

foreveryl <i<k-1.

Proof. Itis not hard to see that both pg_,; ; ;, and p;_;  are monotone in ¢. There-

fore it suffices to check what happens fori = 1 and for ¢ = k — 1. For ¢ = k£ — 1 the
2 . . . .

two terms equal 12— and % respectively. Since « is bounded from 0 by Proposi-

tion 10, this yields the claim.

16



For 7 = 1 we note that py_; 1 = 7.
It remains to consider p;_,1 . Denote x = i—g and note that = is bounded away
from 1. This yields the bounds:

a 1+a:k‘1> a l-=z
l+a 1-2F " 1+a 14z

P1-01k =

and
1 1— gkt 1 1-=z

. > .
l+a 1-2F " 1+a 1+x

We turn to deal with e; .. Denotea =1+a,b=1-aandr =k—-¢-1. A bound
on e; follows from Equations (15) and (8) since

1-pirsoie =

ak*l_bkfl arfl_brfl

S et 1 7 S S (am = b")(akT = bF)
C Pis0ie1 — Poo1,it1 ar;flg:fl - “T;;Z:ﬂ 2(ak + %)
_(-an(@-atr) (o)
21 +2k) T 2(1+2)

and likewise,
(1+27)(1+ x’f"“) (1-2x)?

2(1 +xF) 2(1+x)

1—61':
]

The following simple and technical proposition will come in handy in several
situations below. It speaks about an experiment where n balls fall randomly into
r bins. An outcome of such an experiment is an r-tuple of nonnegative integers
a,...,a, with Y a; = n, where a; is the number of balls at bin ¢ at the end of the
experiment.

Proposition 18. Let r > 2 be an integer% >c>0,andpy,...,p, 2 cwithy p; = 1.
We drop randomly and independently n balls into r bins with probability p; of

r—1

falling into bin i. The probability of every possible outcome is at most O (n 2 )
where c,r are fixed and n grows.

Proof. 1tis well known (e.g., [4] p. 171) that the most likely outcome of the above
process (aq, ..., a,), satisfies np; — 1 < a; for every ¢ and its probability is

n r n " (a;+1\% n ' (a; \* 1\%
a’bg v = —Z * ]_+_
(al,...,ar)gp’ (al,... ar)ﬂ( n ) (al,...,ar)g(n) ( ai)

o, I
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By Stirling’s apprximation for the multinomial term, the above is at most

o(lim) o lmm=s) o[ ) o)

O]

Proposition 19. Let a,c > 0 be real and n € N . Consider a random variable
X ~ B(n,p) where ¢ < p < 1-c. Let y be an integer such that |y — pn| < a/n.
Then Pr(X =y) > Q (n‘%)forﬁxed a,candn — oo.

Proof. Let g =1 - p, and let us denote y = pn + x+/n, where |z| < a.

== () (57 (-5 (24)

Expand into Taylor Series, using the fact that |z| is bounded and y = ©(n) to
derive the following inequalities:

(1 _ Wﬁ) > () and (1 A ) S 0 (e,

Y n-y

The proposition now follows from Stirling’s approximation, as
(”) (y)y (_” - y)n_y >Q(n"2)
y)\n n N '

We are now ready to prove the main lemma of this section.

Lemma 12. Fix € (0, 3). Then, for every k > 3 and n € N, there holds

Pr (AeT)= ns . 200
AN”k,nw
Proof. Every binary k x n matrix A that is sampled from the distribution 7 satis-
fies the column condition, and we estimate the probability that the row condition
holds.
By Proposition 17, there is some ¢ = ¢(y) > 0 so that pg_1; , P10 , €; are in
[c,1-c]forevery 1 <i<k-1.
We recall that A’s columns are sampled independently and view A as being
sampled row by row. Let b’ be the vector A;+...+A;_; mod 2. We want to observe
how the ordered pairs (||b*[, | A;|) evolve as i goes from 1 to k. By Proposition
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16, this evolution depends probabilistically on |b*-!| and only on it. Namely, let
s; be the number of coordinates 5 where b;'.‘l =0and A;; = 1. Likewise ¢; counts
the coordinates j for which b/™' = A, ; = 1. Tt follows that |A;| = s; + ;, and
[0°] = Jo=*]| + s; = ti, where s; ~ B(n = [0, po-1,4) and ¢; ~ B[, p1-o)
are independent binomial random variables.

Clearly A € T iff A¥, D;, where D; is the event that | A;| = yn.

We seek next an upper bound on Pr(A € T').

Pr(AeT):Pr(f\lDi):gPr(Di | 7_\1]%)

k-3
< (H mI%XPr(Di | bica]l = w)) -mgxPr(Dk,g ADy_y ADy | |br-3| = w).

i=1

The inequality follows, since conditioned on |b;_1 |, the event D; is independent
of Dy,..., D; ;. We proceed to bound these terms. For 1 <7 < k-3,

Pr(D; | |bi-1] =w) =Pr(s; +ti =yn | [bi-1] = w).
If w > 3, we condition on s; and bound this expression from above by
max Pr(t;=yn—x | |bi1| =wAs; =),

namely, the probability that a B(w,p;_o;) variable takes a certain value. By

Proposition 19 this is at most O(w™2) < O(n"2). When w < % the same argument
applies with reversed roles for ¢; and s;.

The last three rows of A require a separate treatment, since e.g., the last row is
completely determined by the first £ — 1 rows. Let GG be the matrix comprised of
A’s last three rows. Denote € := 073, and let w := | ¢|. Again it suffices to consider
the case w > %, and similarly handle the complementary situation. If €; = 1, the j-
th column in G must be one of the vectors (1,0,0)7,(0,1,0)7,(0,0,1)7,(1,1,1)".
Let aq, as, as, a, denote the number of occurrences of each of these vectors respec-
tively. There are n—w indices j with €; = 0, and a corresponding column of G' must
be one of the four even-weight vectors of length 3. We condition on the entries of
these columns. Under this conditioning a; + a4 is determined by the row condition
applied to row k — 3 + 4, and clearly also ¥.] a; = w. This system of four linearly
independent linear equations has at most one solution in nonnegative integers. To
estimate how likely it is that this unique solution is reached, we view it as a w-
balls and 4-bins experiment. The probability of each bin is a product of two terms
from among po_1; .1 — Po1i ,P1504 » 1 — P1oo; Where i € {k -2,k —1}. Again,
these probabilities are bounded away from 0. By Proposition 18 the probability of
success is at most O(n"2 ). Consequently, Pr(A e T') <n~% - 20(k).
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To prove a lower bound on Pr(A € T'), again we consider the rows one at a
time. As before, it is easier to bound the probability of D; by first conditioning
on |b"~1|. However, at present more care is needed, since letting the ||b?|’s take
arbitrary values is too crude. Firstly, as long as the row conditions hold, necessar-
ily ||b?| is even. In addition, we monitor the deviation of |b?| from its expectation,
which is n - e;. Accordingly, we define the following sets:

For 1<i<k-2, let S;:=={0<w<n| Jw-¢e;-n|</n A wiseven}.

The intuition is that the event 07| € S; makes it likely that D;,; holds, in which
case it is also likely that |b**!| € S;;1. This chain of probabilistic implication
yields our claim. To start, clearly |[0°| € S := {0}.

Now,

Pr(AeT)="Pr (/k\DZ) > Pr (/k\DZ /\k/\2Hsz € Sz')
_ (Hp(w Bl e | AW, A1) es»))-Pr((Dk_lADk) A A) esn)

k-2
> (1‘[ min Pr((D; A |07 € S)) | |67 =w))- min Pr((Dy A Dy) | |02 = w).
jo1 wesi

’LUGS}C,Q

-1

It is in estimating these last terms that the assumption ||b?| € S; becomes useful.
We proceed to bound these terms, and claim the following:

L. minges,, Pr((D;af[o'] € S;) | 67! = w) > Q=) forevery 1 <i < k-2
2. minges, , Pr((Dyr 0 Dy) | 162 =) > ().

It is clear that the above inequalities imply that Pr(A € T) > n3 - 2-0() which
proves the lemma.
Fix some 1 <7 < k-2 and let w € S;_;, and assume that D, holds. Then

[0 =0 =si-ti=si+t;i=yn =0 mod 2,
so that ||b?| satisfies S;’s parity condition. Therefore
Pr(D; A b'] € S; | [0 = w) = Pr(D; A |67 ~E([0])] < v/ | 077 = w)
Namely
Pr(D; a0 € S; | 0] = w)

=Pr(s;+ti=nAals;—ti—e;-n+w| </n | |07 = w). (18)

20



We want to express this last condition in terms of x = s; — t;, where clearly s; =
1% and t; = 25, Equation (18) means thate;-n—w—+/n<z<e-n-w++/n
and x =yn mod 2. Summing over all such x’s we have

7n+x

Pr(D; A b7 € S; | |67 =w) = ZPr(sz ) Pr(t; = 2=, (19)
Here s; ~ B(n — w,po1,) and ¢; ~ B(w,pi-0,). We use Proposition 19 to give
lower bounds on a general term in Equation (19). To this end we show that 1=
and 5= are close, respectively, to the means of s; and ;.

Since w € S;_1, we can write w = e;_1 -n +y where |y| < /n. The bounds on z
allow us to write = = (e; — e;_1)n — y + z for some |z| < \/n. By Equation (16),

fyn+:c

n+x
E(s;) - = |poori - (n-w) -1

2

(ytei—ei)n-y+z
2
v+ (ei—ei1) (v+ei—e)n-y+=z

= —n— s ’L'. —
9 Po-1,i-Y 9

<V/n.

= po-ri- ((L—eis1)n—-y) -

Yy—z
= 9 pO»l,z )

By Proposition 19, Pr(s; = 15=) > Q(n‘%) A similar proof, using Equation
(17), shows that Pr(t; = 5= > Q(n~ 2)). Thus, each of the (y/n), summands
in Equation (19) is at least Q(n 1), so that

Pr(D; 6] € 5 | |67 =w) 2 Q(n3),

We turn to proving a lower bound on minys, , Pr((Dx-1ADy) | |0#72]| = w).
The column condition implies that A;, = b*~1. Thus, for w € Sj_,

Pr((Di-1 A D) | [0°72] = w) = Pr(Dyy A 05 = yn | 057 = w)

=Pr(sp_1 +tp_1 =Y A Sp_1 — tg_1 + W =n)
w
:Pr(sk 1—’yn—§) Pr(tk 1= 2)

where s;_1 ~ B(n — w,pos1,-1) and ty_1 ~ B(w, p1-ok-1). Again, by applying
Proposition 19 to s;_; and t;_1, we conclude that the above is at least 2(n=1). [

4 Bounding |7y | in general

In this section we fix a robust subspace V' < F% and bound its contribution to
Equation (5). Let us sample, uniformly at random a matrix Ay, in 7Ty,. Since Ty,
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is invariant under column permutations, the columns of A are equally distributed.
We denote this distribution on F’; by (v, and note that

log |Ty| = h(A) <n-h(Qv).

To bound h(Qy ) we employ the following strategy. Express V' as the kernel
of a (k= D(V)) x k binary matrix B in reduced row echelon form. Suppose
that B; ; = 1. If By ; = 0 for every i’ < ¢ we say that the coordinate j is i-new.
Otherwise, j is said to be i-old. We denote the set of i-new coordinates by A;. We
have assumed that V' is robust, so that U*-P A; = [k], since j ¢ UP A; means
that coordinate j is sensitive. Also B is in reduced row echelon form, so all A;
are nonempty.

Example. The following Bs.; corresponds to k =7 and D(V') = 4. In bold - the
1-new entries in row i foriv=1,2,3.

S O -
O = O
- o O

1
1
1

o O

0
1
1

O = O

A vector v sampled from @)y satisfies Bv = 0 and the expected value of each
of its coordinates is E(v;) = . Consider v as generated in stages, with the coor-
dinates in A; determined in the i-th stage. We express v’s entropy in this view:

k-D(V)

hQv) = h(v) = h(va,) + Z; h(va,

VUi Ay )- (20)

We begin with the first term. Since A; is the support of B’s first row and
since Bv = 0, it follows that va, has even weight. As we show in Lemma 23, the
distribution P from Section 3 has the largest possible entropy for a distribution
that is supported on even weight vectors with expectation -y per coordinate. Hence,

h(va,) < h(Bayjy) = F(1A4],7)

It takes more work to bound the other terms in Equation (20). Let 2 < 7 <
k —D(V'). Before the i-th stage, v’s i-old coordinates are already determined.
Since the inner product (B;,v) = 0, the i-new coordinates of v have the same
parity as its i-old coordinates. Hence |va,|’s parity is determined before this
stage. Let 0; = Pr(|va, | is odd). Since conditioning reduces entropy

) = h(va,) = h(5:).

We have already mentioned that Lemma 23 characterizes the max-entropy
distribution on even-weight vectors with given per-coordinate expectation. We

h(va, |y a,) < h(va, | paity of Jua,
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actually do more, and find a maximum entropy distribution P = P, s on F’
satisfying

Pg(ui =1) =1 2D
for every 1 <7 <m and
Per(HuH is odd) = 0. (22)

This distribution P = P, , s extends something we did before, in that P, ., o
coincides with P, ., from Section 3
Since v),| also satisfies these conditions, this yields the bound h(va, | v ji-1 a,) <
il=1"1
F(|Ai],7,d;), where:

Definition 20. For m €N, v € (0,3) and § € [0, 1] we define
F(m,~,0) = h(Pp~s) — h(9).
This generalizes Definition 11 since F(m,~y) = F(m,~,0).

We conclude that
k-D(V)
logITvlSn-h(Qv)S?”L-(F(IAH,’V)+ > F(|Ai|>7a5i))- (23)
i=2

We determine next the distribution P, , s and then return to the analysis of Equa-
tion (23).

4.1 The function F'(m,,d)

As explained above we now find the max-entropy distribution satisfying Equa-
tions (21) and (22). The following proposition gives a necessary condition for the
existence of such a distribution.

Proposition 21. If there is a distribution satisfying conditions (21) and (22), then

5
Y 2 Vmin, Where Ymin = -

Proof. Let P be such a distribution and let u ~ P. By Equation (21), E(|u|) =
~vm. The lower bound on 7 follows since each odd vector weighs at least 1 and
thus

0 = Pr(|ul is odd) < E(||Jul).

Remark. As we show soon, the condition in Proposition 21 is also sufficient.
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Let m > 2 and assume that m, 7,  satisfy the strict inequalities 0 < ¢ < 1 and
Ymin < 7. We define the distribution P = P, , s on 5" as follows:

fal :

3 if |u| is even

P(u) =14 2w : (24)
Zo— if |ul is odd

where

Z= S aMig T all= (1+8)A+a)™+(1-F)A-a)™

ueVm ueD™ 2

As we show there exist unique positive reals «, § for which Equations (21) and
(22) hold. Note that

pL+a)™ = (1-a)™)
27 ’

Pr(Jul is odd) -

so Equation (22) is equivalent to

§ (A+a)m+(-a)”

PSS Qray = (1=

showing in particular that « determines the value of 3. Substituting the above into
Equation (21) gives

Pr(uy = 1) = o LA )™+ (A= H(A )
v=Pr(u;=1) =« —

(I+a)™ =1 -a)"! +&5(1+a)m‘1+(1—a)m—1
(L+a)m+(1-a)m (L+a)™ - (1-a)m

=a(l-9)

Denote the right side of this expression by v(m, a, §). The following generalizes
Proposition 8.

Proposition 22. Let m > 2. In the range 1 > o > 0 the function v(m,«,0)
increases from Yy, to %

Proof. Clearly, it is enough to prove the proposition for 6 = 0,1. The case 6 = 0
was dealt with in Proposition 8. The same argument works for 6 = 1 as well, since

B (1 + Ck)m_l + (1 — Ck)m—l _ Zz odd (Tz"l—_ll)ai

- (I+a)m—(1-a)m Zmdd(zl)ai'
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Hence, v(m, «, ) has an inverse with respect to a, which we denote a/(m, v, 9).
The uniqueness of « and 3 follows.

We can also define P at the extreme values § € {0,1} and 7 = v, by taking
limits in Equation (24). The limit o — 0 corresponds to v = i, and 3 — 0 resp.
£ — oo tod =0ord=oco. We still require, however, that v > 0. E.g., if 7 = Vi,
P yields each weight 1 vector with probability % and the weight 0 vector with
probability 1 - ¢. Also, as already mentioned P, - coincides with P, , from
Section 3.

We next compute P’s entropy:

alul allul Balul Balul
677 _ue%m zZ %77
=log Z - dlog 8 — ymlog
=h(0)+(1-90)log((1+a)™+ (1-a)™)+dlog((1+a)™ = (1-a)™)
-ymloga —1 (25)

MP)==

ueVym Z

and recall that F'(m,~,0) = h(P) — h(d). Consistency for the boundary cases
d € {0, 1} or 7y = yin follows by continuity and passage to the limit. In particular,
F(m,~,0) = F(m,~). Also, let F/(m,~,0) = —oo for v < Ymin-

For ypmin <77 < % we also have the following generalization of Equation (12),
which follows from the same argument:

F(m,~,6) =ming(m,v,z,0) (26)
where
g(m,~v,2,0) = (1-0)log ((1+2)™ + (1 —z)™)+dlog (1 + )™ = (1 —x)™)—ymlog x-1

with the minimum attained at x = a.
We are now ready to show that P is the relevant max-entropy distribution.

Lemma 23. Fixm > 2, 0<0 <1 and Yy <7y < % The largest possible entropy
of a Fi'-distribution satisfying Equations (21) and (22), is h( Py, ).

Proof. Let R denote the polytope of [''-distributions that satisfy Conditions (21)
and (22). Note that if v = y,;, this polytope is reduced to a point, and the claim
is trivial. We henceforth assume that ~,,;, < 7, and seek a distribution () € R
of maximum entropy. This distribution is unique, since the entropy function is
strictly concave. Also, the value of )(u) depends only on |u| for all u € F2, since
the optimum is unique and this maximization problem is invariant to permutation
of coordinates in 7.
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Let a; = Q(u) where |u| = i. We claim that
Q-2 Qjy2 = Cl? (27)
for every 2 < ¢ < m — 2. Indeed, let z,y,y’,2 € F* be the indicator vectors
for, respectively, the sets {3,...,i}, {1,...,3i}, {3,...,i+ 2} and {1,...,7 + 2}.
Consider the distribution () + § where
e foru=y,y
O(u)={-¢ foru=uz,z2
0  otherwise.
Note that, if a;_o,a;, a;,o are positive, @ + 6 € R for |¢| small enough. Hence, by
the optimality of @),
0=Veh(Q) =log %7
yielding Equation (27).

We also want to rule out the possibility that exactly one side of Equation (27)
vanishes. However, even if exactly one side vanishes, it is possible to increase
h(Q) by moving in the direction of either 6 or —6.

A similar argument yields

A5 * Qi3 = Ayl * Ajg2 (28)
for 0 <7 <m - 3. Here, we take
e foru=x,w
O(u)=15-€ foru=y,z
0  otherwise.

where x,y, z, w are the respective indicator vectors of {3, ... 7+2}, {3,...,i+3},
{1,...;i+2}and {1,...,i+3}.
Equation (27) and (28) imply that one of the following must hold:
1. ag,aq,..., oz and aq,as, ... ; Qg|mot |y aTe geometric sequences with the
same positive quotient.

2. ap=(1-0),a, =9 and a; =0 for every i > 2.

3. apy-1 and a,, are 6 and 1 — ¢ according to m’s parity, and a; = 0 for all

1<m—2.

Case 2 corresponds to v = Yy, and case 3 is impossible since v < %, SO we
are left with case 1. If 0 < § < 1, note that () must satisfy Equation (24) for some
positive a and 3. By the uniqueness of these parameters, it follows that () = P.

If 6 = 0,1 then a; vanishes for odd resp. even i’s. Thus, @) satisfies Equation
(24) with 3 going to 0 or oo. ]
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Figure 4: Tllustration for Lemma 24 - F'(5, %, 0)

4.2 Properties of F'(m,~,J)

Our analysis of Equation (23) requires that we understand F’s behavior in certain
regimes.

Lemma 24. If m > 1 is an integer, and 0 < y < 3, then F(m,~,6) is a non-
increasing function of ¢ (see Figure 4).

Proof. If § > ym, then vy < Yy, and F(m,,d) = —oco. It suffices, therefore, to
consider the range 0 < § < ym.
Let 0 < <0’ <ym and let o = a(m,y,d). By Equations (26) and (25):

F(m,v,0") = F(m,v,9) < g(m,a,8") = F(m,~,9)
=(0"-0) (log((1+a)"=(1-a)™)-log((1+a)™+(1-a)™)) <0

]
We now return to the case J = 0, and discuss the convexity of £ in this regime.

Lemma 25. For any 0 < v < % the function F'(m,~) is strictly convex in m for
m > 2. (See Figure 3).

Proof. Since 7 is fixed throughout the proof, we can and will denote F'(m) =
F(m,v), g(m,x) = g(m,~,x). Also, « = a(m,~) is the value of x which mini-
mizes g(m,y, ). This allows us to extend the definition of « to real m. Note that
Equation (8) still holds in this extended setting, and that 1 > o > 0. In addition,
a=1l+aandb=1-a.

Our goal is to show that for m > 2 there holds

0%F
om?

(m,a) > 0.
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It follows from Equation (12) that

%(m7 a)=0. (29)
Taking the derivative w.r.t. m yields
0%g d%g do
axam(m,a) + @(m,a)% =0. (30)
Using Equation (29) we obtain:
oF  dg dg da g
om  Om m,a)+ 8x(m’a dm 8m(m’a)'

Next,

2 2
PE_ Py P Py (524 (m,a))
om2  om2" " omox " dm  Om2> %(m,a)

where the second equality follows from Equation (30). The partial derivatives
commute since g is smooth. We claim that % > (. To this end we refer to the
definition of ¢ in Equation (11) and take its derivative twice, then use the defining
relation between v and o (Equation (8)) to see that the sign of this derivative is

the same as that of

(a™+b™)(am1 —bm-1)
>(m-1)(a™2+0™ ) (a™ +b™) —m(a™ =" )2+ (a™ +b™)(a™ T - 0™

> 0.

(m-1)(@™ 2 +b™2)(a™ +b™) —m(a™ " - ") +

Thus, to prove the lemma it suffices to show that

0%g 0%g 0%g 2
=8 (m.0) 55 (m,a) > ( I, a>)

when m > 2.
We wish to show that rs > t2, where

m , ymy2.9%9
r=In2(a™+b )Qw(m,a)
s:ln2(am+bm)2—g(m,a)

T

t=In2(a™+b™)*—=
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We start with the first order derivatives

dg _a™loga+b™logh
%(mva) - am™ + pm vlogz
and
@ - a) ~ m(am—l _ bm—l) ~ m
ox am + bm T

Expand the second order derivatives with v replaced according to Equation (8)
to get

m m)2
r=m(m-1)(a™ 2+ ") (a” + ") —m> (@™ -2 + my(a™ +b™)

052
(am—l — bm—l)(am + bm) _ m(am—l _ bm—l)Q)
«

>m((m-1)(a™2+5m2) (@™ +0™) + (a™2 + 0™ 2) (@™ + b™) = m(a™ 7t - 5 71)?)

m72bm72

= m((m— 1) (a™ 2+ ™) (a™ +b™) +

=4m2a

The inequality follows from ™! — b1 —a(a™ 2 +b™-2) = L2 (gm-2-pm-2) > (.
Also

s=(a™+b™)(a™(loga)?+b"(logh)?) — (a™ loga + b™ log b)?
=a™b™(loga - logb)?.

and

t=((mloga+1)a™™" - (mlogh+1)b™") (a™ +b™)

m bm 2
-m(a™ =™ 1) (a™loga + b logb) - y(am+bm)°
=2ma™ v (loga - logh).
We therefore conclude that
rs >t
as claimed. O]

The following corollary follows immediately from Lemma 25.

Corollary 26. For every 0 <y < % and every 2 <m <m/, the holds
F(m,77) +F(ma7) < F(m,+ 177) +F(m_ 1a’7)

We also need the following result in order to bound |77/|.

29



Proposition 27. Let 0 <y <1 0<d <1and m > 2. Then,
F(1,7,0) + F(m+1,7) <F(2,7) + F(m,7).

Proof. Recall that F'(1,7,0) < 0 and F(2,7) = h(v). Thus, the claim follows
from
F(m+1,7) <F(m,y)+h(7).

This holds since F' is strictly convex in m (Lemma 25) and since the limit slope
of F'is h(~y) (Proposition 15). O
5 Derivation of the main theorems

We can now return to the beginning of Section 4 and complete our proof. Equation
(5) can be restated as

k-1
E((X -E(X))") :@(ZGD) (31)
D=0
where
Gp=N7*P Y Ty (32)
V<F%
D(V)=D
V robust

We need to determine which term dominates Equation (31). We use the crude
upper bound of 2min(P:k-DP)k on the number of D-dimensional linear subspaces V
of F%. This bound follows by considering the smaller of the two: a basis for V or
for its orthogonal complement.

We proceed to bound |TY| for a robust D-dimensional subspace V' < F4%. When
D < £, the trivial bound log |Ty| < n - h(Qv') < nDh() suffices. Indeed, a vector
sampled from )y is determined by D of its bits, each of which has entropy h(7).
It follows that

Gip < NPR(N-)+5E (33)

for D < %
To deal with the range D > g we return to the notations of Equation (23),

k-D
eV ¢ Py, )+ % F(mi,.6) G4
n 1=2

where m; = |A;| and SEPm; = k.
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Lemma 24 yields F'(m;,~,0;) < F(m;, ). By repeatedly applying Corollary
26 and Proposition 27 we get the upper bound
log (|77
M < F(2(D+1)-k,v)+(k-D-1)F(2) = F(2(D+1)-k,v)+(k=D-1)h(7y).

n

Hence,

logGp < -ADn+ (k-D)k+n(F(2(D+1)-k,vy)+(k-D-1)h(v))
=n(FQ2MD+1)-ky)-(k-DAX+(k-D-1)(h(y)+ )+ (k-D)k.
(35)
Our bounds on Gp are in fact tight up to a polynomial factor in n (but per-
haps exponential in k). This follows from the existence of certain large terms in
Equation (32). For D < %, pick any map ¢ from {D +1,... .k} onto {1,...,D}.
Consider the space V' that is defined by the equations v; = v,,(;) forevery k > i > D.

It is clear that the space V' is robust. For D > % consider the contribution of the
term corresponding to

t
_ k _ _ _ _
V—{ueIFQ|Zui—0/\ut+1—ut+2/\ut+3—ut+4/\.../\uk_1—uk},
i1

where t =2(D + 1) - k.
We turn to use these bounds to compute X’s central moments. We consider
two cases, according the value of .

5.1 Moments of even order

Let k£ be even. By Lemma 25 and Proposition 15, there is a positive integer ko =
ko(, A) such that

{2gmeN|F(m,fy)—(m—1))\>%(h(fy)—)\)}:{ko,k0+1,k0+2,...}

We claim that the sum in Equation (31) is dominated by either GG & or Gj_1 de-
pending on whether k < kg or k > k.

5.1.1 When £ < kg

Since kg = ko(y, A) does not depend of n, and since k < k there is only a bounded
number of F4-subspaces. We wish to compute the term Gp = G k- We show that
in this case, the sum in Equation (32) is dominated by spaces of the form

k
V:{’UGFQ|U1'1:Uj1/\/l)i2:vj2/\"'/\/l]ik:”Uj&}, (36)
2 2
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where the pairs {i1,71},..., {ig,jg} form a partition of [k]. Clearly, for such a

space V', a matrix in 7y is defined by % of its rows, so

k
n \2
yn

If U < IF’QC is robust, of dimension %, and not of this form (36), then at least

one of its associated m;’s (see Equation (34)) equals 1. By repeated application
of Proposition 27, it follows that

ITy| < N5FCD-20) = NEr:-20),

which, as claimed, is exponentially negligible relative to |Ty,/|. The number of
subspaces of the form (36) is k!!, whence

k
Gy =K ) N (14 N-00) 2 NECO- 0D,
2 ’}/’n/

We turn to show that Gp = o(Gy/) for any D # £. For D < £ this follows
from Equation (33). For D > E due to Lemma 25, the r.h.s. of Equation (35) is
strictly convex in D, and therefore attains its maximum at D = g orD=Fk-1.
Since k < kg, the former holds.?

Equation (31) yields

k
2

E((X -E(X))") :ku(jn) N5(1+o(1)).

5.1.2 When k > k

Note that V* is the one and only (k—1)-dimensional robust subspace of F5. Hence,
by Equation (10),

Gk—l = N_XD|TV1€| — NF(k,v)—(k—l))\—kl;%_,_o(%)‘

We next show that the sum in Equation (31) is dominated by this term. By Propo-
sition 15 and Equations (35) and (33),

Gy < NP N)-150((1-27)F)+ G2

21t is possible that the r.h.s. of Equation (35) attains the same value with D = g and D=k -1.
Note that G k still dominates in this case, due to polynomial factors
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for all 0 < D < k — 2. Consequently,
GD . \(h-1-D) (A-h(3))+O((1-27) )+ Elosn D2k
Gr1

For large enough £, this is at most N-%(+-D) g0
E((X -E(X))*) = G 1 (1 - 0(1)) = NFEN-(-DA-F5E40(0) (37)

It is left to show that Equation (37) holds for all k > kg, but this follows again
from the convexity of F'. Namely, since k£ > ko, the r.h.s. of Equation (35) is
strictly maximized by D = k — 1, whence Gp = o(Gj-1) for & <D < k- 1. For
D < %, this inequality follows from Gp < G'x.

We are now ready to state our main theorem:

Theorem 2. For every v < 5 and 0 < X < h(v) and for every even integer k <

(fogm )» the expectation E((X — E(X))") is the larger of the two expressions

k

k”(vnn) "N (1+0(1))  and

NFky)-(k-D)A-E2E00(£)

There is an integer ko = ko(7y, \) > 3 such that the former term is the larger of the
two when k < kg and the latter when k > k.

5.2 Moments of odd order

We turn to the case of odd £ > 2. The arguments that we used to derive the
moments of even order hold here as well, with a single difference, as we now
elaborate.

The role previously held by G k is now be taken by either

2

G = @(N%(h(v)—/\)—W)

or
Gra =0 ( N%(hw—x)w(zm—w—7“”11““) ,
2

These asymptotics are for bounded £. Which of these two terms is larger depends
on whether F'(3,7) > (h(y) — A). This yields our main theorem for moments of
odd order.
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Theorem 3. For every v < % and 0 < X\ < h(7y) and for every odd integer 3 < k <

0(fogm )» the expectation E((X - E(X))") is the larger of the two expressions

S ( NG () -2 -a- (e Nmax(h(w)f(&w)—x—‘%)) and
NF(k,'y)—(k—l))\—klzo%+O(§)‘

There is an integer ky = k1(y, \) such that the former term is the larger of the two
when k < ki and the latter when k > k;.

5.3 Normalized moments

In this section we return to a theorem stated in the introduction. While it is some-
what weaker than our best results, we hope that it is more transparent and may
better convey the spirit of our main findings. Recall that

Var(X) = (W”H)N-Au +o(1)).

V/Var(X)

moments of order up to kg are 0, (1). This yields the following result.

Theorem 1. Fix v < % and 0 < A < h(7), let X = X, , and let

Consider the variable . By the same convexity arguments as above, its odd

ko = min{m [ F(m,) - (m=1)A> 2 (h(3) - )\)}.

Then, for 2 <k < 0(@),

E((X ~E(X))") o(1) if k is odd and < ky
% =3(1+0(1))- kN if k is even and < kg
Var(X): NFka)-En()-(5-0r-EB220() pep s

6 Discussion

6.1 Extensions and refinements

Throughout this paper, we have limited  to the range (0, %) What about v > %?
The function F'(k,7,d) can be naturally extended to v € (3,1) and it satisfies
the following obvious identity that follows by negating all bits in the underlying
distribution.

F(m,1-7~,6) if m is even

F(m,~,8) =
(m,7,9) {F(m,1—7,1—5) if m is odd.
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0.15 0.20 0.25 0.307

Figure 5: . Illustration for Section 6.1 - Extending F' to v € (3,1). Solid: F(5,7)
Dashed: F'(5,7,1) = F(5,1 - ) Dotted: 5h(v) -1

In particular, when ~ > % and m is odd, F' is increasing rather than decreasing in
d. Also, Lemma 25 is no longer valid. In fact, F'(m,~) is larger than the linear
function m - h(y) — 1 when m is even, but smaller than it when m is odd (see
Figure 5 for an example of the odd case).

It can be shown that Theorem 2 still holds in this range, but the odd moments
are more complicated. The dominant term in Equation (31) is no longer necessar-
ily a product of V™ spaces. Rather, it may be a (k — 2)-dimensional space, the
exact parameters of which are determined by ~.

We illustrate this unexpected additional complexity with a numerical example.
Consider the following two 7-dimensional subspaces of F3:

8
U:{ung|Zui:O/\u9:u8}
i

and
3 8 9
Vz{ung | ZuZ:Zul=Zul}
i=1 i=4 i=7
For most values of v there holds |Ty| > |Ty|, but for v > 0.9997 the opposite
inequality holds.

We believe that further analysis along the lines of the present paper may yield
these odd moments as well.

Similar phenomena occur when vyn is odd. Due to parity considerations, 7y is
empty when there is an odd weight vector that is orthogonal to V. It turns out that
computing the moments in this case comes down to essentially the same problem
as the one described above for v > %

We next discuss the possible range of k. Namely, which moments we know.
We are presently restricted to k£ < 0(@), but it is conceivable that with some
additional work the same conclusions can be shown to hold for all k£ < o(n).

The current bound arises in our analysis of the expression % in Equation (37).

35



Our lower bound on GGj,_; includes a factor of N ‘klzo%, which is absent from our
upper bound on Gp. Lemma 12 can presumably be adapted to work for general
robust subspaces, thereby improving this upper bound, thus yielding the same
conclusions for & up to o(n).

Pushing k to the linear range k£ > (n) is likely a bigger challenge, since
many basic ingredients of our approach are no longer valid. If £ > (1-A\)n+1, we
expect our code to have dimension smaller than k£ — 1, whereas our main theorems
show that the k-th moment of X is dominated by (k — 1)-dimensional subsets of
the (yn)-th layer of F%. Concretely, for & > Q(n), our derivation of Equation
(37) would fail, since the term @ is no longer negligible. It is interesting to
understand which terms dominate these very high moments.

The above discussion about large k is also related to the way that we sample
random linear subspaces C' in this paper. In our model there is a negligible prob-
ability that dim(C') > (1 — A)n. This can be avoided by opting for another natural
choice, viz. to sample C uniformly at random from among the (1-\)-dimensional
subspaces of ;. The effect of this choice manifests itself already in Proposition 1.
This effect is negligible when D <« (1 — \)n, but becomes significant as D grows,
e.g., under the alternative definition Pr(Y < C') = 0 whenever dim(Y") > (1-\)n.
Presumably, X ’s moments of order ©(n) are sensitive to this choice of model.

There is further potential value to improving Lemma 12. A reduction in its
error term would have interesting implications for the range ﬁ > k> %.
As things stand now, the difference between the upper and lower estimates in
Proposition 15 is smaller than the error term in our estimates for the moments and

yields
NER()-1=(h=DA-EE82 0 (k)

as our best estimate for the k-th moment. Reducing the error term in Lemma 12
may significantly improve several of our results.

Since the original submission of this paper, extensions of our techniques have
turned out to be useful in other ongoing lines of research. One such line concerns
Gallager’s classic construction of LDPC codes [6]. Gallager’s codes are a more
structured variant of the generic random linear codes with which we deal in the
current paper. Hence, it is not surprising that our methods apply to them as well.
Our approach also seems helpful in analyzing the list-decodability parameters of
certain codes, namely, for bounding the number of codewords contained in a ball
of some given radius (see e.g., [7] lec. 9 for the exact definition).

Finally, we note that much of our analysis, at the very least the part contained
in Sections 2 and 3, can be naturally generalized from the binary regime to random
linear codes over any finite field.
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6.2 Open problems

The long-term goal of this research is to understand the distribution of the random
variable X. In particular, it would be interesting to understand the large deviation
probabilities of this variable. Although our computation of X’s moments is a
step in this direction, we still do not yet have a clear view of this distribution.
In particular, since all but boundedly many of X’s normalized moments tend to
infinity, there is no obvious way to apply moment convergence theorems.

Taking an even broader view, let us associate with a linear code C' the proba-
bility measure 4 on [0, 1], with the CDF

f@)=1Cr - {ueCl ful <na}l.

We are interested in the typical behavior of this measure when C' is chosen at
random. In this context, our random variable X corresponds to the PDF of p at
the point . Note that p is typically concentrated in the range % + O(n‘% ), so that
our questions correspond to large deviations in .

Many further problems concerning p suggest themselves. What can be said
about correlations between y’s PDF at two or more different points? Also, clearly,
1 1s binomial in expectation, but how far is it from this expectation in terms of
moments, CDF, or other standard measures of similarity? We believe that the
framework developed in this paper can be used to tackle these questions.
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