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Let B ⊂ Rd be the Euclidean d-dimensional unit ball. It is well-known
(see, e.g., [12, Theorem 4.3]) that for any x1, . . . , xn ∈ B, we have the
following upper bound on the Rademacher complexity

Rn :=
1

n
E sup
w∈B

n∑
i=1

σi(w · xi) ≤
1√
n
,

where the expectation is over the Rademacher sequence σ, distributed uni-
formly in {−1, 1}n. Suppose we are interested in the following quantity:

Rn,k :=
1

n
E sup
w1,w2,...,wk∈B

n∑
i=1

σi max{w1 · xi, w2 · xi, . . . , wk · xi}.

It was observed1 in [9] that trivially, Rn,k = O(k/
√
n), and the question of

the optimal dependence on k was posed. It was pointed out by F. Nazarov
therein that Rn,k = Ω(

√
k/n). In this note, we prove the following estimate:

Rn,k = O

(√
k log k · (log n)3

n

)
. (1)

An analogous bound with additional logarithmic factors has been obtained
by S. Mendelson and in [6, Lemma 6]; both communicated to us by Sasha
Rakhlin [13].

The log k factor in (1), in general, cannot be removed — as recently
shown by [4]. It remains an open question whether the log n is necessary.

1Actually, the inner max in [9] was replaced by min but the symmetry of B makes it
immaterial.
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Bounding fat-shattering dimension via the VC-dimension. As a
warm-up, let’s start with the family F of homogeneous hyperplanes, i.e.,
functions of the form fw : x 7→ w · x, where x,w ∈ B. It is a classic fact
(see [2, Theorem 4.6]) that fatγ(F ) ≤ 1/γ2. We now give an alternate and
perhaps simpler proof, which will also be useful in the sequel. Suppose that
F is able to γ-shatter some set S = {x1, . . . , x`}. Now in general, this means
that there is some r ∈ R` such that for each y ∈ {−1, 1}` there is an fw ∈ F
such that

min
i∈[`]

yi(w · xi − ri) ≥ γ. (2)

However, for the specific case of hyperplanes, we can take r ≡ 0 in (2)
without loss of generality — this is the shattering at zero notion defined
and employed in [7, Lemma 2]. Renormalizing the F to enforce |w · x| ≥ 1
for all x ∈ S we obtain F̃ = {x 7→ w · x : x ∈ S, ‖w‖ ≤ 1/γ}. Now S is γ-
shattered by F iff S is 1-shattered by F̃ . Define further F̄ = sgn(F̃ ); now if
F̃ 1-shatters S then certainly F̄ shatters S in the ordinary VC sense. Since
‖x‖ ≤ 1 for all x ∈ S and ‖w‖ ≤ 1/γ for all fw ∈ F̃ , a standard argument
(see, e.g., [12, Theorem 4.2] or [8, Lemma 6]) yields |S| ≤ 1/γ2. This proves
that fatγ(F ) ≤ 1/γ2 via reduction to a VC argument.

Extending to unions of fat hyperplanes. Now define the function class
Fk on B ⊂ Rd as follows. Each f ∈ Fk is parametrized by (w1, . . . , wk) ∈ Bk

and acts on x ∈ B by:

f(x) = max
j∈[k]

wj · x.

Suppose that Fk γ-shatters some S = {xi, i ∈ [`]}. Shattering (at zero, with
r ≡ 0) implies that for each y ∈ {−1, 1}` there is a (w1, . . . , wk) ∈ Bk such
that

min
i∈[`]

yi max
j∈[k]

wj · xi ≥ γ.

Renormalizing by γ as before, we obtain the function class F̃k, which 1-
shatters S. Taking signs as before (note that the sgn and max operators
commute), we convert F̃k to the binary function class F̄k. But now observe
that F̄k is precisely the concept class obtained by k-fold unions of half-spaces.
Formally, let F̄ (j) be the concept class defined by {x 7→ sgn(w · x) : x ∈ S, ‖w‖ ≤ 1/γ}
(thus all of the F̄ (j)’s are the same). Then a concept C belongs to F̄k iff
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C = C1∪C2∪ . . .∪Ck, where Cj ∈ F (j). From above, we know that the VC-
dimension of F (j) is at most 1/γ2. Now we invoke [3, Lemma 3.2.3]: the class
of k-fold unions of concepts taken from a concept class C has VC-dimension
less than 2kVC(C) log(3k). We conclude that

fatγ(Fk) ≤
2k log(3k)

γ2
. (3)

From fat-shattering to Rademacher. As pointed out to us by Sasha
Rakhlin [13], the fat-shattering estimate above can be used to upper-bound
Rn,k by converting the former to a covering number bound and plugging it
into Dudley’s chaining integral [5]:

Rn,k(F ) ≤ inf
α≥0

(
4α+ 12

∫ ∞
α

√
logN (t, F, ‖·‖2)

n
dt

)
, (4)

where N (·) are the `2 covering numbers. A proof of this result as stated in
(4) may be found in [10].

It remains to bound the covering numbers. A simple way of doing so
is to invoke Lemmas 2.6, 3.2, and 3.3 in [1] — but this incurs superfluous
logarithmic factors in n. Instead, we opt for a more advanced tool: [11,
Theorem 1] states that

N (t, F, ‖·‖2) ≤
(

2

t

)K fatct(F )

for all F bounded by 1, where K, c are universal constants. Plugging this
into (4), we get

Rn,k(Fn,k) ≤ inf
α≥0

(
4α+ 12

∫ 1

α

√
logN (t, F, ‖·‖2)

n
dt

)

≤ inf
α≥0

(
4α+ 12c′

√
2k log(3k)

n

∫ 1

α

1

t

√
log

2

t
dt

)

where c′ =
√
K/c. Now∫ 1

α

1

t

√
log

2

t
dt =

2

3

(
log(2/α)3/2 − (log 2)3/2

)
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and choosing α = 1/
√
n yields

Rn,k(Fn,k) ≤
4√
n

+ 8c′
√

2k log(3k)

n

(
log(2

√
n)3/2 − (log 2)3/2

)
= O

(√
k log k · (log n)3

n

)
.

Acknowledgement. Thanks to Idan Attias for pointing out a mistake in
a previous calculation.
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