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Abstract

We provide a new proof that the expected error rate of consistent support
vector machines matches the minimax rate (up to a constant factor) in its
dependence on the sample size and margin. The upper bound was originally
established by [1], while the lower bound follows from an argument of [2] together
with reasoning about the VC dimension of large-margin classifiers. Our proof
differs from the original in that many of our steps concern reasoning about the
primal space, while the original carried out these steps by reasoning about the
dual space. Our approach provides a unified framework for analyzing both the
homogeneous and non-homogeneous cases, with slightly better results for the
former. The fact that our analysis explicitly handles the non-homogeneous case
offers significant improvements in the bounds compared to the usual textbook
approach of reducing to the homogeneous case. We also extend our proof to
provide a new upper bound on the error rate of transductive SVM, which yields
an improved constant factor compared to inductive SVM. In addition to these
bounds on the expected error rate, we also provide a simple proof of a margin-
based PAC-style bound for support vector machines, and an extension of the
agnostic PAC analysis that explicitly handles the non-homogeneous case.

Keywords: Statistical learning theory; Support vector machine; PAC
learning; Margin bound; Classification; Generalization bound

1. Introduction

Margin and VC-dimension based sample complexity bounds are a crown
jewel of the PAC theory of supervised binary classification. In particular, a con-
siderable amount of theory has been devoted to linear classifiers. The agnostic
case is well-understood: if all but a few of m labeled data points residing on the
n-dimensional unit sphere are linearly separated with margin at least v (the few
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exceptions being treated as sample errors) then the expected excess risk decays
as [3, 4] © (\/min {n, 1/72}/m> . For the separable case, in which there exists

a hyperplane in R” consistent with the m sample points and having margin at
least +, it follows from known results that the best guarantee on the expected
risk by any learning algorithm is lower-bounded by

Q(min{n, 1/v%}/m). (1)

Similarly, any generalization bound that holds with probability 1 — ¢ is lower
bounded by

Q ((minfn, 1/72} + log (1/5)) /m) . (2)

For completeness, a proof sketch of the lower bound is included in Ap-
pendix it follows by combining a result of [2] with a simple shat-
terability argument for 1/92 coordinate vectors by ~-margin separators. The
proof of follows from analogous arguments, except replacing the lower bound
of [2] with that of [5].

The work of [I] establishes that the support vector machine indeed achieves
an expected error rate guarantee of the form , as its expected error rate on
m samples is at most a value proportional to

Elmin{n + 1,1/, ,,}]/(m + 1), (3)

where 7y,,+1 is the maximum margin achievable by a linear separator for m + 1
random data points (which is a random variable). Standard results in vari-
ous textbooks (e.g., [6]) also state an upper bound on the error rate for the
homogeneous support vector machine holding with probability 1 — §:

0 (;L <min{n, 1/} log (min{n " 1/v2}) log(m) + log (;))) @

Main results. Our present work serves to fill some of the gaps in the known
results. First, we sharpen the upper bound , removing a factor log(m) from
the first term in this bound to getﬂ

0 <;L (min{n +1,1/7} log (mm{n f‘L 1/72}> +log (;))) . 5)

It remains a major open problem to determine whether the SVM achieves an
upper bound matching up to constant factors. This stronger guarantee is

L1We note that proofs of this type of refinement have been known in “folklore” form for some
time. In particular, we thank John Shawe-Taylor [7] for sharing unpublished lecture notes on
a technique for achieving this (via bounding the covering numbers). However, we also note
that our proof is significantly simpler and leads to smaller constant factors, compared to these
folklore proofs.
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I%lready known to hold for an algorithm based on the Perceptron learning rule.

Second, our proof of the bound directly addresses the presence of the
bias term in the support vector machine. As is well known (both in prac-
tice and in theory), the non-homogeneous linear separation problem (allowing
a nonzero bias term) can be represented as a homogeneous linear separation
problem in one additional dimension (augmenting each example with an addi-
tional “dummy” feature, whose value is fixed to 1). The traditional approach to
analyzing large margin separators focuses on homogeneous separators, suppos-
ing that this transformation has already been applied. However, we note that
the value of the margin can change dramatically under this transformation.
The margin appearing in the bound is the geometric margin, which involves a
normalized weight vector. By transforming to the homogeneous case, we must
include the bias term in the vector being normalized, which can increase the
norm by an arbitrary amount. In constrast, the (non-homogeneous) support
vector machine maximizes the margin without including the bias term in the
normalization. The margins appearing in our results correspond to this latter
notion of margin, which therefore are better representations of the behavior of
the SVM.

Additionally, this work provides a new proof of the upper bound on the
expected error rate of SVM. Unlike the existing proof of [I], our proof treats
both the homogeneous and non-homogeneous cases simultaneously, and in a
unified way (and without reduction to the homogeneous case). Furthermore, the
argument extends in a natural way to provide the first published bounds on the
expected error rate of transductive SVM matching the form (again, for both
the homogeneous and non-homogeneous cases)ﬂ The bounds for transductive
SVM offer improvements over those for inductive SVM in the constant factors.
In addition to these results for the realizable case, we also derive an agnostic PAC
bound relevant to SVM. As with our results for the realizable case, our agnostic
PAC bound differs from the standard treatment in that it explicitly accounts
for the bias term in non-homogeneous SVM, and this fact offers significant
quantifiable improvements in the bound, compared to the standard approach
of reducing to the homogeneous case. These results for the agnostic case are
presented in Section

2. Definitions and Notation

We consistently use m to denote sample size, with [m] := {1,...,m}, and
n > 2 to denote the dimension of the Euclidean instance space. Vectors are
denoted in boldface (x = (z1,...,2,)), and are capitalized when random. The

2In particular, Littlestone’s online-to-batch conversion [§] combined with Novikoff’s Per-
ceptron mistake bound [9] yields the upper bound matching .

3We note, however, that one can modify the argument of [I] to obtain a similar result
for transductive SVM (though again, that argument would only apply to non-homogeneous
SVM).



69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

standard inner product is denoted by (x,z) = Y., ®;z;, and induces the Eu-

clidean norm ||x||* = (x,x). We write x; to mean the i*" vector in a sequence,
and x;; to denote its 4™ component, should the need ever arise. Sequences
(x1,...,%Xm) will occasionally be abbreviated to x7*. Set cardinalities are de-
noted by card(-) and 1[-] denotes the 0-1 truth value of the predicate inside the
brackets. For a € R™, its support is defined by supp(a) = {i € [m] : a; # 0}
and |af, := card(supp(a)). The nonnegative reals are denoted by Ry :=
[0,00), the extended reals are denoted by R = RU{—00, 00}, and the Euclidean
unit sphere is denoted by S* = {x € R" : ||z| = 1}. Additionally, for any ¢ € R,
we denote sign(t) = 21[¢ > 0] — 1.

As per the standard consistent-PAC setting, X, Xs,... will be an i.i.d.
sequence of data points, drawn from an arbitrary fixed distribution on R™,
and labeled by a target hyperplane. Throughout the paper, a dataseﬁ D is
always understood to contain example-label pairs (x,y) € R™ x {—1,1}, either
randomly generated (when capitalized) or else arbitrarily chosen, and will always
be assumed to be strictly linearly separable (in a sense defined below), except
in the results on agnostic learning. To indicate that the i*" data point has been
omitted, we will write D_; := D\ {(x;,¥;)}. All probabilities and expectations
will be with respect to the fixed distribution or its appropriate k-fold products,
as will be clear from context.

Homogeneous Case vs Non-homogeneous Case. The support vector ma-
chine can be formulated in two distinct ways, depending on whether we allow
a bias term. Specifically, in the homogeneous case, the support vector machine
produces a vector w € R", and classification of a point x € R™ is determined by
sign((w,x)). In contrast, in the non-homogeneous case, the support vector ma-
chine produces a vector w € R" and a value b € R, and classification of a point
x € R” is determined by sign({w,x) +b). As is well-known, the latter case can
easily be represented as a special case of the former, simply by the addition of
one dimension, by fixing all data points to have a constant nonzero component
in that extra dimension. However, the addition of a bias term can significantly
affect the support vector machine algorithm and margin-based analysis thereof.
Specifically, the notion of the margin of a point x used in the definition of the
w,X)+b
: HW>H+ ’
corresponding to the Euclidean distance to the separating hyperplane. Since
the bias term b is not included in the norm in the denominator, the definitions
and results in the margin-based theory for non-homogeneous separators cannot
quite be reduced to the homogeneous case by adding another dimension.

For this reason, throughout the presentation below, we will treat both the
homogeneous and non-homogeneous cases in a unified fashion, by introducing a
global parameter ¢ € {0,1}. The case ¢ = 0 will correspond to the homoge-
neous case, while ¢ = 1 will correspond to the non-homogeneous case. In order
to present both types of results simultaneously, we find it simplest to suppose

support vector machine and analysis thereof is the geometric margin,

4 We should more properly be referring to D as an ordered sequence of pairs (%4,yi), but
have opted for this slight imprecision to retain the familiar phrase “dataset”.
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the bias term b is always present, but that classification of a point x € R" is
determined by sign({w, x) + ¢b), so that the bias term b is simply ignored in the
homogeneous case.

2.1. Maz-Margin Hyperplanes

Definition 1 (Max-Margin Hyperplanes). For m € N, and a dataset D =
{(xi,y;) € R" x {—1,1} : i € [m]}, we will write (W,b,v) = MMH(D) to mean
that (W, b) represents the mazimum-margin separator,

(W,b) = argmax min y; ((w,x;) + cb)
weS™ beR i€[m]

and v is the margin, v = min;c(,,) Y; ((\?v, x;) + cl;) . Af e =0, for simplicity we

define b= 0, and in this case MMH(D) is well-defined and unique as long as
v > 0. If c =1, MMH(D) is well-defined and unique as long as {y : (x,y) €
D} = {-1,1}; for completeness, when this is not the case, we define w € S™
arbitrarily, b= Y1 - 00, and ¥y = 0.

Generally, if we wish to leave v unspecified, we will simply write (VAV,IA)) =
MMH(D). Alternatively, if we wish to leave (\?v,l;) unspecified, we will write
~v = marg(D).

Throughout this paper (with the exception of Sectionon agnostic learning),
we assume that (by definition of the term “dataset”) any dataset D is strictly
linearly separable — i.e., marg(D) > 0. When ¢ = 1, this is equivalent to linear
separability, but for ¢ = 0 it imposes an additional restriction.

Definition 2 (Marginal Vectors). Suppose that D is a dataset of m points, and
(W,b,7) = MMH(D). We say that j € [m] is a marginal index if y;((W,x;) +
cb) = v, and write D™& C D to denote the set of all (x4,y;) € D such that j
is a marginal index; these are the marginal vectors. The marginal vectors are

uniquely determined by D — an immediate consequence of (W, 13) being uniquely
defined.

3. Main Results

This section summarizes the main results of this work.

3.1. Inductive SVM Error Bounds

Fix a distribution over R™ and a target (w*,b*) € S” x R. The latter induces
the target concept f* : R™ — {—1,1} via f*(x) = sign((w*,x) + cb*). Let
Xq,...,X;n+1 be points be drawn i.i.d., labeled with Y; = f*(X;), for ¢ € [m—+1].
Denote by D,, 11 the full dataset consisting of the m + 1 labeled points and by
Dy, this same dataset with the (m+1)" labeled example omitted. The inductive
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SVM hypothesis iLmApredicts the label of X, 11 based on D, using the max-
margin hyperplane: A, (x;D,,) = sign((W, x) + ¢b), where (W, b) = MMH(D,,).
Associated with h,, is its error

ert(hm) = P(hm (Xons1; Dm) # Yist | X1, .. Xon) (6)

and its expected error Elerr(h,,)], where the expectation is over the Xy, ..., X,,.
So that this classifier is uniquely defined, and a margin-based bound on its error
rate is meaningful, we assume that the distribution of the X; samples is such
that marg(D,,+1) > 0 almost surely. This is true of every distribution when
¢ = 1 (and hence is not really an assumption at all in that case), but it does
impose a restriction on the distribution when ¢ = 0.

We prove the following two results. The first provides a PAC generalization
bound for the SVM, while the second bounds the expected error rate of the
SVM.

Theorem 3. Suppose that an iid sample D = {(x;,y;) € R™ x {=1,1} : i € [m]}
is contained in a ball of radius R and (W,b,y) = MMH(D). Then, with proba-
bility at least 1 — §, we have

~ 2 R1? emy? ™ [R]?
err(h) < - (5 [’y—‘ log, R + log, (95 [7—‘ ,

where h : R™ — {—1,1} is defined by h(x) = sign((w,x) + b).

Remark:. To our knowledge, the bounds appearing in published literature have
a logQ(m) /m dependence on sample size, from which the above result shaves off
a logarithmic factor. John Shawe-Taylor [7] informs us that such a result follows
from Zhang’s bounds on covering numbers for linear function classes [I0], but
the argument we will give is considerably more elementary and yields better
constants.

Theorem 4. For D,,, D11, and Ry as defined above, let 1 = marg(Dy,41),
and let 71 = MaX;eimqn) || Xil|. Then

2+ 6c)r,2n+1 }
) 3

) 1
]P’(hm Xoni1:Dp) % Yo ‘ tls i ) < — mindn+e
(Xen+1;Dm) # Yont1 | Yma1;Tme1 ) < 1 ~

(7)

! (s)

E [err(ﬁm)} < ——

2 + 6¢)r2
E[min{n+c, %H .

er—i—l

As discussed above, in the case ¢ = 1, this result was first established by
[1], via a different argument (see below for discussion of the differences). To
our knowledge, this is the first publication establishing this result for the case
¢ = 0, which (as discussed above) is in many respects quite a different setting.
Our proof is able to handle both cases simultaneously. Our new proof of this
result is presented in Section [6] below.



169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

Deficiencies in Reducing the Non-homogeneous Case to the Homogeneous Case.
As mentioned above, the margin analysis that one finds in most standard treat-
ments only addresses the homogeneous case, reasoning that one can always
reduce the non-homogeneous case to the homogeneous case simply by adding
a dimention and fixing that coordinate to 1 in all the data points. With the
above bounds in hand, we can now discuss quantitatively why that approach
sometimes leads to significantly larger bounds on the error rate. Specifically,
first consider a data set D, of points (x},y;) with ||x}|| = 1, such that for
(w', b, +") MMH(D,,), we have b = 0. Now Theorem [3| would supply a

bound O (% (ﬁ log(m(v")?) + log ﬁ)), regardless of whether we treat

this as the homogeneous or non-homogeneous solution (as both have zero bias).
However, if we were to uniformly shift this dataset, without changing the ge-
ometric margin of the SVM solution, we suddenly find a dramatic difference
between the direct analysis of the non-homogeneous case in Theorem [3]and the
naive reduction technique implicit in the traditional analysis. Specifically, let
D, be the dataset of points (x;,y;), where x; = x; + (R — 1)w’, where R is
a large positive value. Then letting (W, b,~7) = MMH(D,,), we may note that
(W,B, v) = (w',1 — R,+'). Thus, since the geometric margin is unchanged,
and the samples are contained in a ball of radius R, Theorem [3| provides a

bound O (% (%j log ”p; +log %)). However, if we were instead to add a
dimension, with coordinate value fixed to 1, and treat this scenario in the ho-

mogeneous case, then the maximum margin separator would have weight vec-
#,1-R .
(w1 _R) iy (9,1 = R), (1)) =

CASIE and would have margin min;
Thus, with this naive reduction-to-homogeneous approach, for

tor

~

V1+(1-R)2’

large R, the bound one obtains by plugging into a result such as Theorem
is O ( L (5—24 log my? + log g—i)» which is larger than the result above directly

m R*
analyzing the non-homogeneous case by roughly a factor of R?. Thus, we see
that it can be extremely important to explicitly treat the bias term separately
when bounding the error rate. Furthermore, as mentioned above, the value of
the margin in the above bounds corresponds to the same value appearing in the
objective function of the support vector machine (i.e., the geometric margin),
while this is not the case if we treat the bias term as part of the weight vector (as
in the reduction-to-homogeneous approach). Thus, in addition to sometimes be-
ing quantitatively tighter, the bounds above obtained by treating the bias term
separately directly motivate the support vector machine optimization problem.

3.2. Transductive SVM Error Bounds

Our strategy for the transductive error bound shares several features with
the inductive case. We begin with the same setting as in Section [6.2} a target
(w*,b*) € S* x R with its induced target concept f* : R® — {—1,1}, and the
iid. dataset D41 = {(X;,Y;) 17 € [m + 1]}, as well as its “abridged” version
D,.. We also continue the assumption that, in the case ¢ = 0, the distribution
of X is such that marg(D,,+1) > 0 almost surely.
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The transductive SVM hypothesis B, predicts the label of X,,,+1 based on
D,,, as follows:

hm(x; Dyy) = argmax  sup min{y ((w,x) +cb),

min Y; ((w, X;) + cb)} .
ye{—1,1} weSn,beR i€ [m

i€[m)]

The error rate, err(hy,), of this classifier is defined as above in ().
We establish the following result bounding the expected error rate of the
transductive SVM.

Theorem 5. For Dy, Dyt1, ha as defined above, letting ~vm+1 = marg(D,41),
and rmy1 = MaxXemq1) || Xil|, we have

P<iLm(Xm+1aDm) 7£ Yerl”Yerlarerl) S

(1+3c)r2, 4
m + ’

1 . {
min 4 n—+c,
1 V41

(9)
(10)

E [err(ﬁm)} <

1 1+3 2
E |:Illi]l {n + C, ( 20)T7ﬂ+1 }:| .

’ym-i-l

The proof of this result follows a similar outline as the analysis of inductive
SVM, and is presented in Section [7}

In particular, recalling the lower bound , which applies to learning margin-
v homogeneous linear separators, the bound in Theorem [5] implies that in the
homogeneous case, the transductive SVM is asymptotically minimax optimal.

4. SVM PAC Generalization Bound

The main result of this section is a proof of Theorem To facilitate the
proof, we define the following parametrized family of concepts. For R, A > 0,
consider all A : R" x {—1,1} — {—1,1} of the form

xy) {sign<y<<w,x>+b>>, Il < R (w.x) + ] > 1
’ -1, else,

where (w,b) € R™ x R range over all ||[w|| < A (and b is arbitrary).

A hypothesis h € Cg 5 is said to be consistent with a labeled sample D,,, =
{(X;,Y;) :i € m]} if h(X;,Y;) =1 for all ¢ € [m]. These are essentially the
gap-tolerant classifiers [11].

Lemma 6. The VC-dimension of Cg a is at most (2RA + 1)%.

Remark: To establish this lemma, we will closely follow the proof of [4, Theo-
rem 4.2]. The differences are that the latter (i) does not allow a bias term b, (ii)
defines a sample-dependent concept class, which precludes invoking standard
PAC bounds (which require that the concept class be fixed in advance of seeing
the sample) and (iii) has a concept class defined over the points x as opposed
to pairs (x,y).
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Proof of Lemma[6 Suppose that Cg s shatters some set {(x1,y1),. .., (Xa,ya)}
of pairs, for some d € N. This implies, in particular, that ||x;|| < R, i € [d]. Tt
also implies that, for all s € {—1,1}%, there is a (w,b) € R" xR, ||w|| < A, such
that

1 < si(yi((w,xi) + b)) = si((w, yixi) + bys), i € [d].
Note that, for any (w, b) satisfying this inequality with ||w| < A, if b > RA+1,
then 1 < s;(y;((w,x;) + RA + 1)) as well, and if b < —(RA 4+ 1), then 1 <

si(yi((w,x;) — (RA 4 1))) as well. Thus, without loss of generality, we may
suppose |[b] < RA + 1. Summing up the inequalities over ¢ € [d], we have

d< Z (W, yix;) + by;) = < Z slyzxz> +bz SiYi

i€[d] i€(d]

<A Z siyixi|| + (RA+1) Z SiVil -
i€[d] i€[d]

Letting s be uniformly drawn from {—1, l}d and taking expectations (noting
that the {s;} are independent and E[s;] = 0), we have

d < AE +(RA+DE[S siys

2
=A ZHyzsz DN

(RA + 2
< ARVd+ (RA 4+ 1)Vd = (2RA + 1)Vd.

E SiYiX;
i

< AL E + (RA+1)

Solving, d < (2RA + 1)%. O

Proof of Theorem[3 Recall a classic VC-based generalization bound for consis-
tent binary classifiers [I2]: with probability at least 1 — ¢, a classifier consistent
with a sample of size m chosen from a concept class with VC-dimension d
achieves generalization error at most 2 (dlog, 24 + log, 2) .

Our learner’s task is to match the function f: R" x {—1,1} — {—1,1} given
by f(x,y) = 1 on the labeled sample using concepts h € Cra. We are going
to invoke a standard (double) stratification argument [I3] over |w| and ||x]|.
Define the lattice of concept classes C; j, where C; ; C C;r_j» whenever ¢ <’ and
j < j'. This lattice is defined in advance of seeing any sample. Now consider a
learner who receives a training sample S C R", contained in some ball of radius
R. There exists a consistent hyperplane with margin -y iff there is a consistent
h € Crr,11/+1- Define p; = 6/(mi)?, for i = 1,2,..., and ¢; analogously.
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Then, by the stratification argument, with probability at least 1 — §, any
~v-margin hyperplane consistent with a sample of size m contained in radius R
achieves generalization error at most

2
2 1 2 2
" <(2 (R [3] 1) Tots ooy +Log: 5qrmpm/ﬂ’> ’

from which the stated bound follows immediately, using 2uv < 2 [u] [v] +1
5 [uv], which is valid for all w,v > 0.

OIA

5. Representation by Lagrange multipliers

The following lemma summarizes some well-known facts about max-margin
hyperplanes and their induced support vectors. They may be seen as conse-
quences of the strong duality and complementary slackness [14] 5], see also
[16, 4]. The representation of MMH(D) in terms of Lagrange multipliers
and properties thereof, as described in this lemma, will be vital to our analysis
below.

Lemma 7. For any m € N, consider a data set D = {(x1,y1), -+, (Xm,Ym)},
and put z; = y;x; € R" i € [m]. Suppose that (W,I;, ~v) = MMH(D) with
0 <y <oo. Then:
(i) There exists an o € R such that w =" | a;z;
(meaning: the normal vector W of the maz-margin hyperplane lies in the
conical hull of the data vectors).

(i) The a in (ﬂ) may be chosen to satisfy a; #0 = (W, z;)+yich = v,i€[m]
(meaning: the margin is achieved at the support vectors).

(#ii) The a in may be chosen to satisfy ¢ v, a;y; =0
(meaning: in the non-homogeneous case, the sums of a multipliers for
positive and negative examples are equal).

(iv) For any a as in , putting D¥UPP = {(x;,y;) : i € supp(ax)}, we have
(W, b, ) = MMH(Dsrp)
(meaning: the non-support vectors may be omitted from the data set with-
out affecting the maz-margin hyperplane).

(v) Assuming m > 1, choose i € [m] and let (W_;,b_;,v_;) = MMH(D_;).
Then

Yoi> = (Wog, b)) # (W, b) = 5i((W,x,)+cb) =7 <= (x4,1;) eD™™®

(meaning: omitting the i™™ example increases the margin iff it changes the
optimal hyperplane, and this implies that the omitted point was a marginal
vector).

Given any a € R™ as described in Lemma |z| , we generally denote
DsvPP = {(x;,y;) : i € supp(a)}, the set of support vectors (with respect to «).
Note, however, that as the vector e in Lemma[7]is not guaranteed to be unique,
or even to have unique support, the set D3"PP is generally not uniquely defined.

10
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6. Inductive SVM Expected Error Bound

Before getting into the details of our proof, we first briefly discuss some
important similarities and differences in our approach compared to the previous
proof of [I]. The proof of [I] studies the leave-one-out cross validation error of
the algorithm, which is known to be an unbiased estimator of the error rate.
They bound this value in terms of the number of “essential” support vectors
(whose inclusion is required by any solution to the SVM optimization problem),
and then bound this number by 1/42 ;. The proof of this latter bound lower-
bounds the Lagrange multiplier for any data point counted as a mistake in the
leave-one-out estimator. It does so by considering the effect on the Lagrange
multipliers of the other points induced by fixing that point’s multiplier to 0
in the SVM dual optimization problem, and analyzing the effect on the dual
objective function.

Like the original proof of [1], our new proof also examines the leave-one-out
cross validation error of the SVM, and relates this to the number of essential
support vectors, which we then bound by a value o 1/v2,; by lower-bounding
the Lagrange multipliers of points counted as a mistake in the leave-one-out
estimator. However, our proof diverges from that of [I] in this last step. Specif-
ically, rather than analyzing the Lagrange multipliers of the solution to the SVM
dual optimization problem with the point held out, we are able to lower-bound
the Lagrange multipliers of mistake points by analyzing the effect of leaving out
that point, in terms of the weight vector in the solution to the primal optimiza-
tion problem. This yields new insights into the behavior of the primal solutions
in support vector machines, which may themselves be of interest.

Our approach is also quite flexible, and in particular allows us to simultane-
ously analyze the homogeneous (zero bias term) and non-homogeneous variants
of SVM, yielding smaller constant factors in the former case, which was not
covered by the original proof of [1].

As we will see in the next section, the approach also easily extends to the
analysis of transductive SVM, where we also obtain bounds on the expected
error rate, for both the homogeneous and non-homogeneous cases, which match
the lower bound up to constant factors. To our knowledge, this is the first
publication of a proof that transductive SVM obtains the minimax rate. We
note, however, that one can modify the argument of [I] to obtain a similar result
for transductive SVM, though again only for the non-homogeneous case.

6.1. Bounding the Number of Leave-one-out Mistake Vectors

As mentioned, our basic strategy toward bounding the expected error rate
of the SVM is to analyze its leave-one-out cross validation error rate, which
(when the test point is included in the data set) is known to be an unbiased
estimator of the expected error rate. Toward this end, we now define the set of
leave-one-out mistake vectors — corresponding to the data points on which a
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mistake is made when they are held out. [

Definition 8 (Leave-one-out Mistake Vectors). Given a dataset D as above, we
say that ¢ € [m] is a leave-one-out mistake index if (W_;z,b_p) = MMH(D_,)
satisfies yo | (W_g,X¢) + C?),g> < 0. In other words, upon removing x; from D,
the resulting mazimum margin separator misclassifies x; (or possibly has xg on
the separator). Let D“°°™ C D denote the set of all (x4,y¢) € D such that

¢ € [m] is a leave-one-out mistake index; these are the leave-one-out mistake
vectors.

The rest of this section is devoted to proving the following theorem, which
bounds the number of leave-one-out mistake vectors in terms of the dimension
n and the margin ~.

Theorem 9. Fiz anym € N withm > 2, and any D = {(x1,y1), -+, (Xm, Ym) },
and let (W,b,7) = MMH(D). Let r € Ry be such that max;cim) ||xil| < 7.

Assuming v > 0, we have card(D"°°™) < min {n +ec, (2?726)7“2} .

The proof of this theorem relies on the following lemma, which lower-bounds

the Lagrange multipliers @ from Lemmal7]associated with vectors whose margin
can be reduced without reducing the margin on the remaining points.

Lemma 10. Let D, {z;}, (W,b), v, and a be as in Lemma @, and
suppose 0 < v < oo. Let r € (0,00) be such that max;cpy ||x:l| < r. Fiz

any € € (—00,7), and if ¢ = 1, then also suppose ¢ > v — 4r%/~y. For any
d € [m], if there exists (Wq,bq) € S™ x R such that yq ((Wq,x4) + cbg) < € and
Minem\{d} ¥5 ((Wa,X;) + cba) > 7, then ag > W(V —€).

Proof. Let 74 = ya ((Wq4,X4) + cba), and note that v4 < € < ~. Lemma [7)(iii)
and Lemma [L8] imply that

m

(W, wa) =Y 0 (Wa,2)) = ag (Wa,2a) + Y, 0 (Wa,2;)
Jj=1 JElm\{d}
= aa(va — yacha) + > a; (Wa,2;) > aa(ya — yacba) + Y (v — yjcha)

jelm\{d} jelm]\{d}

= aq(va—") +’Yzaj - deZOéjyj =ag(ya—7)+ L.
j=1 j=1

If it is also true that (W, wg) <1 — m(v —74)?, then altogether we have

1 1

adZW(V—’m)Z (

2 + 6¢)r? (y=e)

5For simplicity, we also include data points (x;,;) which, when held out, are borderline
predictions (i.e., those on the MMH(D_;) separator). Since our purpose below is to upper
bound the number of leave-one-out mistakes, this relaxation is benign.
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Otherwise, if (W, wg) > 1 — m(y — ~va)?, then supposing [|x4| > 0,

1- m(y —v)? > 1 m(y — 74)?, so that Lemma from Ap-
pendix implies

. 1
,2q) — (Wa,2q) < —— (7 — 7a)-

(W,24) — (Wa,24) 1+ 0(7 Va)

This inequality is also trivially satisfied if [|x4]| = 0. But since (W, zg)+yach > ~

and (wq,2q) + yacbq = Y4, this implies

yac(b —ba) > ((W,2a) +yacb) — ((Wq, Za) + yacbg) — %H(V )

> (Y= — %ﬂ(v — ) = lijc(v —Yd)-

In particular, since this can only occur with ¢ = 1, this completes the proof
for the case ¢ = 0. Now for the case ¢ = 1, suppose j € [m] \ {d} is such that
y; = ya. If [x;]| > 0, then since (W, wa) > 1—glz(y=7a)* = 1 gz (Y= 7a)*
Lemma |16| from Appendix implies (wq,z;) — (W,2;) < %(’y —Yd)-
This inequality is also trivially satisfied if ||x;|| = 0. Thus, we have

. . . - 1 1
() + 15 = ) b > () = 50 7)) + (vaba+ 5= 20))
= (wa,2j) +y;ba > .

In particular, this implies (x;,y;) ¢ D™*®. Together with Lemma , this
implies (x;,y;) ¢ D"PP (defined with respect to a). Thus, if (W, wq) > 1 —
25 (v — 7a)?, then every j € [m] \ {d} with a; > 0 has y; # ya4. But together
with Lemma E and Lemma this implies

- 1
Qg = E ozj:—ad—l—g ;= — — Qg,
Jj=1

jelmi\{d} 7
so that ad:%2$(7—e). O

In particular, this straightforwardly implies the following corollary, lower-
bounding the oy values for leave-one-out mistake indices ¢.

Corollary 11. Let D, {z;}, (\?v,l;), v, a, and v be as in Lemma . Then
(X¢,y) € DM = ap > W% £ € [m).

Proof. The claim is vacuously true if D" = () or v = 0 (since a € RY"), so
suppose that D*°°M contains some (xg,y¢), and that v > 0. Next, note that
the fact that v < oo implies that there exist 7,5’ € [m] with y; # y;. In
particular, this means 37 € [0, 1] such that, denoting x, = 7x; + (1 — 7)x;/,
(W, x,) + cb = 0. Thus, since x — | (W, x) + cb| is the Euclidean distance from
x to the closest point xo with (W, xq) + cb = 0, a triangle inequality implies
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[ (W,35) + b + [(W,xj) + b < [Jx5 = x| + [l = x| = [l — x50 <
1351 = [0 | < 2r. Since [ (W, x;) +cb| + | (W, X;r) +cb| > 2, this implies y <.
Let (W_g,b_¢) = MMH(D_;), and note (from Definition |8) that

Ye (<\i/'_g,xg> + Cb_g) <0,
and, since removing a point cannot decrease the maximum achievable margin,

i ((W_p,x;) + b ) > .
iy (oo o) 20
Thus, since 0 < v < r implies 0 € [y — 472 /7,7), the result follows from
Lemma |10| (taking € = 0). O

We are now ready for the proof of Theorem [J]

Proof of Theorem[9 If v = oo (which can only happen if ¢ = 1), then it must
be that every (x;,y;) € D has the same y;. Since m > 2, this implies that
every i € [m] has (W_;,b_;) = MMH(D_;) with b_; = y100 = y;00, so that
Yi ((vAv_i,xl) + cé_i) = 0o > 0, and hence (x;,y;) ¢ D“°°M: that is, D*°°M = ().
The result trivially follows in this case. Furthermore, note that if r = 0 (which
again can only happen if ¢ = 1, due to the v > 0 assumption), then every
(xi,y:) € D has the same x;. Together with the linear separability assumption,
this again implies that every (x;,y;) € D has the same y;, so that v = oo, and
hence, as just established, the result trivially holds in this case.

For the remaining case, suppose 0 < v < oo and r > 0, and put k =
card (D~°°™). The claim is trivial if k = 0, so assume k > 1 and let {i1,..., i} C
[m] be the leave-one-out mistake indices:

DM = {(Xil ) yi1)7 R (Xik’yik)}'

Put z; = y;x;, ¢ € [m]. Lemma |17 implies the existence of a € R’} satisfying
the conditions (iliiilfiil)) of Lemma (7], such that the vectors {(x;,c) : i € supp(a)}
are linearly independent. Furthermore, Corollary [L1] implies that for any such
a, o, > my > 0, j € [k]. Thus, any leave-one-out mistake index i;
must be in supp(a), and hence

{(xi;¢) = (%i,93) € DM} C {(x4,¢) i € supp(e)} .

This implies that the vectors {(x;,c¢) : (x;,y;) € D*°°M} are linearly indepen-
dent; since these are contained in R™ x {¢}, which has a span of dimension n+c¢,
we obtain that kK < n 4+ c¢. Invoking Lemma we have

R b k 1 1
- = i > i 2 =k ,
5 ;O‘ *;ai ;(zwc)rﬂ 2+ 60)r2
2
2+$2c)7“ ) O

which implies k < (
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6.2. Proof of the error bound
We are now ready for the proof of Theorem

Proof of Theorem[]} Define the function + : (R™)™+! — {0,1} by

O = o (i {0, £ () 2 € [m]}) # £ ()|
<2 (o1, S (o)) € DV

where D = {(x;, f*(x;)) : i € [m + 1]} is determined by the arguments into 1
(the formal dependence of ¥ on the values y; = f*(x;) is suppressed, since these
are determined by the x; points and the fixed target f*). For each ¢ € [m + 1],
define the permutation o; : [m + 1] — [m + 1] to be the one that swaps t and
m + 1 while leaving the remaining elements fixed (and in particular, o,,11 is
the identity map and o(X7"*) = (X,, 1), - - - » Xoy (ma1)))- Since Xy, ..., Xpi1
are exchangeable, and marg(D,11) and max(x y)ep,,,, |X[| are invariant under
permutations,

IP (ilm(XnH»l; Dm) 7& Yerl "Yerlv rm+1)
m—+1

1
=BT ] = 25 | D voXET)
t=1

'Ym+1a7‘m+1‘| . (11)

Since for any dataset, the mistake vectors D"°°™ are invariant under permuta-
tions of D, the last expression in is at most 1/(m + 1) times

> 1[X; € Dy
t

= E[card (Dy20") [Ym1, Tms1] -

E

Zl[xat(erl) S Dfnof]fv[] Ym+1, Tm-ﬁ—l] =E Ym+1, Tm-ﬁ—l]
t

To show (7)), we invoke Theorem [J (recalling y,+1 > 0 almost surely), to
2
obtain E [card (DEOM) [Ym41, "m+1] < min {n +ec, %} . The validity

m+1

of then follows by the law of total expectation and monotonicity of the
expectation. O

7. Transductive SVM Expected Error Bound

7.1. Bounding the number of pivotal vectors

Similarly to the above, our strategy for bounding the expected error rate of
the transductive SVM is to bound the number of leave-one-out cross validation
errors. In this case, however, the specification of which points correspond to
such mistakes is slightly different. We refer to such points as pivotal vectors,
and define them formally as followsﬁ

6 As in the definition of leave-one-out mistake vectors, we also include the borderline points
in this set, which suffices for our purposes of obtaining an upper bound on the number of
leave-one-out prediction mistakes.
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Definition 12 (Pivotal Vectors). Given a dataset D with v = marg(D), we say
that p € [m] is a pivotal index if

in (—1)2=Ply, ((w,x;) + ¢b) > .
Wi BTt 4 ) 2

In other words, upon flipping the label of x,,, the data remains linearly separable
with margin at least . Let DPY°" C D denote the set of all (x,,y,) € D such
that p € [m] is a pivotal indez; these are the pivotal vectors.

The rest of this section is devoted to proving the following theorem, which
bounds the number of pivotal vectors in terms of the dimension n and the margin
7. The proof follows the same outline as that of Theorem [J] above.

Theorem 13. Fiz any m € N with m > 2, and D = {(x1,y1), -+, (Xm, Ym) },
and let (W,b,7) = MMH(D). Let r € Ry be such that max;cim) ||xil| < 7.

Assuming v > 0, we have card(DP°") < min {n T, (1+§,20)r2 } .

To prove this, we first note the following corollary, lower-bounding the «,
values for pivotal indices p; it follows straightforwardly from Lemma

Corollary 14. Let D, {z;}, (v?/,l;), v, a, and r be as in Lemma . If v < o0,
then (xp,yp) € DPVO' — q, > W% p € [m].

Proof. Suppose v < oo. The claim is vacuously true if DPIVo' = () or v = 0
(since a € R7"), so suppose that DPIV°' contains some (X, yp), and that y > 0.
Also, recall from the proof of Corollary [L1|that v < o0 = v < r.

From Definition [12] 3(w,,b,) € S™ x R such that

Yp ((Wp, Xp) +cby) < —v

and

min i ((wy,x;) +cby) > 7.
j€[m]\{p}yj(< prXj) p) >

Thus, since 0 < v < r implies —y € [y — 472 /7,7), the result follows from
Lemma [10| (taking e = —~). O

We are now ready for the proof of Theorem

Proof of Theorem[13 If v = oo (which can only happen if ¢ = 1), then it
must be that every (x;,y;) € D has the same y;. Since m > 2, flipping any
label yields a data set with at least one of each label, and hence finite margin:
that is, Vi € [m], marg((D \ {(x:,v:)}) U {(xi,—¥:)}) < oo = 5. Thus, if
v = 00, DPIVot — () 50 that the result trivially follows in this case. Furthermore,
note that if » = 0 (which again can only happen if ¢ = 1, due to the v > 0
assumption), then every (x;,y;) € D has the same x;. Together with the linear
separability assumption, this again implies that every (x;,y;) € D has the same

16



425

426

427

428

429

430

431

432

yi, so that v = oo, and hence, as just established, the result trivially holds in
this case.

For the remaining case, suppose 0 < v < oo and r > 0, and put k =
card (Dpi"Ot). The claim is trivial if k = 0, so assume k > 1 and let {i1,...,ix} C
[m] be the pivotal indices: DPV' = {(x;,,9i,),- - -, (Xip, ¥y, ) }- Put z; = y;x;,
i € [m]. Lemma implies the existence of o € R satisfying the conditions
of Lemma [7} such that the vectors {(x;,c) : i € supp(e)} are linearly
independent. Furthermore, Corollary [14] implies that for any such «, a;;, >
Wv >0, j € [k]. Thus, any pivotal index 4; must be in supp(a), and
hence {(x;,¢) : (x4,y;) € DPV°'} C {(x4,¢) : i € supp(ex)}. This implies that
the vectors {(x;,¢) : (x;,y;) € DPIV°'} are linearly independent; since these are
contained in R™ x {c}, which has a span of dimension n + ¢, we obtain that
k < n+ c. Invoking Lemma we have

1 m k k 1 1
- = P 2 i 2 =k )
¥ ;a _;a"_;(l—l—&:)ﬂ’y (1+3c)r2’y

which implies k < (1':37;%2 O
7.2. Proof of the transductive SVM error bound

We are now ready for the proof of Theorem
Proof of Theorem[5 The proof is nearly identical to that of Theorem [d] except

based on pivotal vectors instead of leave-one-out mistake vectors. Define the
function ¢ : (R™)™*! — {0,1} by

Bt Xmi1) = 1 [ o {3, £(x0)) 11 € [m]}) # £ (k1)

<1 |:(Xm+17f*(Xm+1)) < ﬁpiwt} ’

where D = {(x;, f*(x;)) : i € [m 4 1]} is determined by the arguments into .
Define the permutation o, : [m + 1] — [m + 1], t € [m + 1], as in the proof of
Theorem [

Since X1, ..., X,,+1 are exchangeable random variables, and both marg(D,,,+1)
and max(x ,)ep,,., X[ are invariant under permutations,

P (ﬁm(ijLl; Dm) # Yerl ‘7m+1; rm+1) =E [w(Xh e 7Xm+1)|7m+17 rm+1}

m—+1
1
= —— Y E[¢Xsa---, X s T
m4+1 i [1/)( ot(1)s 5 at(m+1))|’7 41,7 +1]
1 m—+1
m-+1 ;1/’( o (1) ) Ut(m+1)) TYm41,T +1] (12)
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Since for any dataset, the pivotal vectors DPV°! are invariant under permuta-
tions of D, the last expression in is at most

m—+1 )
> 1 [Xogmen) € DAY
t=1

m—+1 )
> 1[x e piy]
t=1

1
—FE
m—+1

Ym+1> Tm+1‘|

1
—EFE
m+1

1
m+1

Ym+1, rm+1]

E [card (DETD ”Ymﬂ, Tm+1] .

To show @7 we invoke Theorem (recalling that 7,41 > 0 almost surely) to
obtain
v . 1+ 3c)r?
E [card (Dg_ﬁt) ‘7m+17 Tm+1] < min {n +c, (2)m+1} )
’merl
The validity of then follows by the law of total expectation and monotonic-
ity of the expectation. O

Remark. The above argument can equivalently be interpreted as arguing that
transductive SVM corresponds to predicting with the one-inclusion graph pre-
diction strategy of [2], with an orientation of the graph having out-degree of the
target node at most min{n + ¢, (14 3¢)/v241}-

8. Agnostic Case

Here we extend the results above to the agnostic case. In this case, there is a
distribution Pxy over R x {—1,1}, the data (X;,Y;) are i.i.d. Pxy-distributed
samples, and the error rate err(h) of a classifier h is defined as P(h(X) # Y)
for (X,Y) ~ Pxy. Again, the advantage of the results here over the standard
treatment in textbooks is the explicit handling of the nonhomogeneous case. As
discussed above, this explicit treatment of the bias term can dramatically im-
prove the bounds compared to the naive approach of adding an extra dimension
and bounding the risk in terms of the homogeneous-case margin bounds in the
resulting n + 1 dimensional problem: specifically, improving the dependence on
R, the magnitude of the data.

In the agnostic case, the support vector machine corresponds to the following
optimization problem.

minimize |w|? + C Zfi
i=1
subject to Yi({w, X)) +b) >1-&,Vi<m

& >0,Vi < m.

We are therefore interested in expressing the generalization bound in terms of
|w||* and }_." | & at the solution. In particular, we have the following theorem.
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Theorem 15. Let (1]),1;, é) denote the values at the solution of the above opti-
mization problem, and let h,, denote the resulting classifier x — sign({(W, x)+b).
Then with probability at least 1 — 6, letting R = max;¢c () || X,

- 2 I (TRl

Proof. The proof of this follows a standard argument (see e.g., [4]), with a few
modifications to explicitly account for the bias term (which does not appear in
the bound). First, for any w € R and b € R, for (x,y) € R” x {—1,1}, define
hew p(x) = sign({(w, x) + b) and ly p(x,y) = min{max{1 — y((w,x) +b),0},1}.
Then define Hy = {lwy : ||W]] < A,b € R} for any A > 0. Now we note that,
for any w, b, err(hwyp) < E[lw (X, Y)] for (X,Y) ~ Pxy. Thus, it suffices to
bound E[t,, (X, Y)W, b].

Fix any A, R > 0. Theorem 3.1 of [4] implies that, with probability at least
1 -4, every ly » € Hy satisfies

1 — In(2
Ellw (X, Y)] < - 2€W,b(Xi, Y;) + 2Rademacher(Hy ) + 3 %,
where

1
Rademacher(Hy) =E | sup — Z €ifw (X4, Yi)
fw,beHA m i=1

{(Xz’aYi)}ie[m]‘|

and €1, . .., €, are independent Uniform({—1, 1}) random variables, independent
from {(X,Yi)}iem]- Now note that, if max;ep,, [|X;|| < R, then for any w € R”
Wlth lw|| <A, for any b > RA+1, £y, b(XZ,YZ) = lw ra+1(X;,Y;), and for any
—(RA+1), by p(X;,Y;) = by, —(RA+1)(X17Y) Thus, when max;e [, [|X]| <
R HA can equivalently be defined as {lyw 1 : [|[W| < A, |b| < RA+1}. Also note
that the function ¢y ,(x,y) is 1-Lipschitz in (x,y) — y((w x) 4+ b). Combining
these two facts with Lemma 4.2 of [4] implies Rademacher(Hy ) is at most

" w,b: Hw\|<SEI|)b\<RA+1 m lzlel Z /Y {(X“Y)}lew]
=k w,b: HWH<S/1\HIDb\<RA+1 % iez o X + )i }LE[m]]
- %E |S$v1|p<A< ZGZXZ> ’ b:lb\séulg)AHb;Q {Xi}idm]]
< %E _A ieix {Xitiemm)| + RAJF 1 i

L =1 =1
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Jensen’s inequality implies this is at most
9 1/2 97 1/2
L RAHLL -

{Xi}icpm] Z

and the fact that the ¢; variables have zero mean and are independent implies
this is equal

m

Z GiX

=1

Ag
m

1/2

m

m 11/2
S e, . z&]
=1 =1

m 1/2
A RA 1 RA+1 RA +1)2
= (E 6§|Xi||2> i vm < —VmRQ i <2 (RA+1) :
m \ = vm m

Thus, for any 0r,a € (0, 1), with probability at least 1 —dp A, if max;epm [|X]| <
R, then every (w,b) € R" x R with ||w|| < A satisfies

[ (RA
err(hw,p <—Z€wb X, Vi) +4 (RA+1

Now let p; = ¢; = 6/(mi)? for i € N, and define 6p o = prgad for R,A € N.
Then by a union bound, with probability at least 1 -3, > xcyOrA =10,
the above claim holds simultaneously for all R,A € N. In particular, on this
event, taking R = [max;c(, [|X]|] and A = [||w]|], we have

1 m A 1 4R2A2
err(hwb < —Z (X, Y5) +41/ (RA + 185
m \/

and that £, ;(X;,Y;)

< max{1 - Y;((W, X;) + b),0}, and by the constraints in the optlmlzatlon prob-
lem, we know & > max{1 — Y;((w,X;) + b),0}, so that - o7 2oy Ly 5(X3, Vi) <

1=1
% 2111 & [
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Appendix A. Technical lemmas
Lemma 16. Vu € R", Vv,w € S™, V0 > 0,

52

[(u,v) —(u,w)| > 4§ = (v,w)<1-— TR

Proof. Suppose |[(u,v) — (u,w)| > § > 0. First note that, in particular, this
implies ||lul| > 0, so that ﬁ is well-defined. Denote o = ||ul|. By rotational
symmetry, there is no loss of generality in assuming u = oe;, where e; denotes
the first canonical orthonormal basis vector. Hence, (u,v) = ov; and (u,w) =

owsi, so that we have that
"Ul—ﬂ)l| 25/0 (A].)

Furthermore, since ||v|| = ||w|| = 1, the Cauchy-Schwarz inequality implies
(v,w) <viwy + /(1 —v?)(1 —w?).

It remains to show that the right-hand side of the above display is at most
2

1 — (v1 — wi)?/2; together with (A7I), this will imply (v,w) < 1 — 25, as

claimed. To this end, we claim that

1
st++/(1—s2)(1—12) < 1—5(3—75)2, 0<s,t<1. (A2
Put L = /(1 — 52)(1 — t2) and R = 1—(s—t)?/2—st; clearly, (A.2) is equivalent

to the assertion that L? < R%. Now

(s2 — 12)2
2 >0.
1 =

This proves (A.2)). O

RQ_LZZ

Appendix B. Facts about support vectors

The next two results are known, but we reprove them here to establish them
in the particular form we require for their use in the proofs of our other results.

Lemma 17. Let D, {z;}, (v?f,l;), and v be as in Lemma B Then the o € R

in. Lemma [(dédizd) may be chosen so that the vectors {(x;,c) : i € supp(a)}
are linearly independent.

Remark: Obviously, whenever (W,0) € span({(z;,cy;)}), there exist linearly
independent {(z},cy.)} C {(zi,cy;)} such that (W,0) € span({(z},cy;)}). What
makes the claim nontrivial is the extra condition of nonnegativity on cx.
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Proof. This argument is essentially taken from [I7]. Let o € R} be such that
|||, is minimal, subject to the conditions in Lemma [7|(iliiiliii). Put & = |||,
and let {i1,...,ix} = supp(e). For the sake of obtaining a contradiction, sup-
pose the vectors (x;,,¢),...,(x;,,c) are not linearly independent. This implies
that (z,,9i,¢),-.., (2, ¥i,c) are also not linearly independent. Thus, there
exist scalars §;, € R, ¢ € [k], not all equal zero, such that

Z B’iz (Ziwyizc) = 07

Le k]

where here 0 is the (n+ 1)-dimensional vector of 0’s. Now for each ¢ € R, define
al) € R™ as

Oé,gt) _ {0, Z¢{Zl,,lk}

Oti—tﬂi, iE{’il,...7ik}'

Then
Sl (@i yie) = - i (i yie) — Y Biy(2iy, yi,0) = (W,0) — 0 = (W, 0),
i=1 L€k Le(k]

so that a(?) also satisfies the conditions (ilfiiil) of Lemma [7| aside from the non-
negativity requirement (a® € RT). Furthermore, any i € [m] with ozl(.t) # 0
has i € {i1,...,ix}, so that a; > 0, and hence condition ({ii)) of Lemma [7|implies
(xi,y;) € D™28; therefore, a® also satisfies condition (i) of Lemma [7}

Next, for each ¢ € [k] with 8;, # 0 (of which there is at least one), define
te = a;,/Bi,. Since each «;, is strictly greater than 0, and f;, is finite, each
of these values t, is a nonzero finite value. Let t* denote the value t;« for the
value £* € [k] with smallest |ty| among ¢ € [k] with 8;, # 0. Then note that
every ¢ € [k] has O‘S*) = a;, — t*;, > 0, so that a!*) € R7. Furthermore,
0%(5:) = aj,. —teBi,. = 0. Thus, o) € RT. However, [|a)| < e, — 1.
Altogether, we have that alt’) ¢ R! satisfies the conditions | ,D of Lemma
while [|a(t”) Ho < ||e|y- This violates the minimality of |||, stipulated in our
choice of e, resulting in a contradiction. We therefore conclude that, for any
a € R with minimal |||, subject to the constraints in Lemma [7|(iliiliii), the
vectors {(x;,¢) : i € supp(a)} are linearly independent. Since the existence of
such a is guaranteed by Lemma [7|(iliiiliiii)) (and the fact that |||, can take only
finitely many different values), the result follows. O

The following result establishes a connection between the Lagrange multi-
pliers @ and the margin v. The result is well known, but we include a proof
(taken from [4]) for completeness, and since our definitions are slightly different
(in the normalization).
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Lemma 18. Let {z;}, (W,b), and  be as in Lemma@ with o € R satisfying

therein. Then
m
1
i=1 7

Proof. This proof is taken from [4]. Conditions (illii) of Lemma [7| imply that,
for any i € supp(«),

ch + Zajyj (x;,%i) = cb+ (W, x;) 4 cb = y;y.
j=1

Multiplying by «;y;, we have

m
cbogyi + Z ey (X5, Xi) = QY = iy
j=1

Furthermore, this is trivially also satisfied for any ¢ ¢ supp(a), since the ex-
pressions are all equal zero in that case. Thus, summing over all i € [m], we

obtain
m m m m
bcz Qiyi + Z Z GOy Y (X5, %) =Y Z Q.
i=1 i=1 j=1 i=1
Conditions (iliiii) of Lemma [7|imply that the left hand side of the above equals

0+ (w,w) =1, so that v>_." | a; = 1, or equivalently, >\, o; = % O

Appendix C. Lower Bounds

Here we sketch a proof of the lower bound . In particular, combined with
the above upper bounds, this establishes that the support vector machine (in
both the inductive and transductive variant) achieves the minimax expected
error rate in the limit, up to constant factors.

Theorem 19. For any learning algorithm A, there exists a data distribution and
target function such that the mazimum margin homogeneous linear separator for
m samples has margin at least vy (almost surely), and the expected error rate of
A (with these m samples as input) is at least

min{1/9%,n} — 1
2e(m + 1)

Proof Sketch. It was proven in [2] that, for any space X and any concept space
H of a given VC dimension d, there exists a distribution on X such that, for
any learning algorithm A, there exists a choice of target function in A such that
the expected error rate of A is at least (d—1)/(2e(m+1)), given m iid samples.
Furthermore, the distribution of the data in that proof can be supported on
an arbitrary shatterable set of size d. We establish our result by reduction to
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this one. Specifically, we note that the first k = min{1/9?,n} basis vectors
are shatterable by homogeneous linear separators having margin at least v with
respect to these k points. Thus, restricting to a concept space of 2* homogeneous
linear separators with margin at least v on these k points, the VC dimension
is k, which establishes a lower bound (k — 1)/(2e(m + 1)) for this subspace.
Since these separators are contained in the larger space of all linear separators,
and the lower bound also applies to improper learning algorithms, this lower
bound also holds for the full space of linear separators. Furthermore, we have
established this lower bound while restricting the target concept to be among
these 2% separators, each of which has margin at least v on the points in the
support of the data distribution, and therefore (almost surely) has margin at
least v on the m data points. O
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