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Abstract In the standard agnostic multiclass model, <instance, label> pairs are
sampled independently from some underlying distribution. This distribution induces
a conditional probability over the labels given an instance, and our goal in this paper
is to learn this conditional distribution. Since even unconditional densities are quite
challenging to learn, we give our learner access to<instance, conditional distribution>
pairs. Assuming a base learner oracle in this model, we might seek a boosting algo-
rithm for constructing a strong learner. Unfortunately, without further assumptions,
this is provably impossible. However, we give a new boosting algorithm that succeeds
in the following sense: given a base learner guaranteed to achieve some average ac-
curacy (i.e., risk), we efficiently construct a learner that achieves the same level of
accuracy with arbitrarily high probability. We give generalization guarantees of sev-
eral different kinds, including distribution-free accuracy and risk bounds. None of
our estimates depend on the number of boosting rounds and some of them admit
dimension-free formulations.
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1 Introduction

The goal of multi-class supervised learning is to produce a classification rule given
labeled examples drawn independently from some unknown distribution. The per-
formance of a classifier is measured by its generalization error: the probability of
misclassifying an example drawn from the underlying distribution. A much more
daunting task is to learn the full conditional class probability function (rather than
just the most likely class). Formally, a distribution D over X × Y (where X and Y
are the instance and label spaces, respectively) induces the conditional distribution
px = Pr[· |X = x], and our goal is to learn the map p∗ : X 3 x 7→ px ∈ R|Y|. Given
the difficulty of the task — even learning unconditional high-dimensional densities is
notoriously hard — we consider the more benign setting where the learner is allowed
to observe a training sample consisting of pairs (X, pX). This scenario is not entirely
idealized: some part-of-speech induction techniques work implicitly in this setting [4,
19], and px may also be estimated empirically from the more standard data arriving
as (X,Y ) pairs.

Given a hypothesis f : X → R|Y|, we consider loss functions of the gen-
eral form `(f, p∗) = ‖f − p∗‖, where ‖·‖ is some norm on distributions bounded
above by 1. A η-base learner is an algorithm that, given a sample

(
X, pX

)
X∈S and

any distribution w ∈ RS as inputs, produces a hypothesis h : X → R|Y| whose
loss is bounded by η in w-weighted expectation over S; formally, Ew

∥∥h− pX∥∥ =∑
x∈S wx ‖h(x)− px‖ ≤ η. One might perhaps attempt to convert a η-base learner

(for fixed η) to one that achieves arbitrarily small expected sample loss. Unfortu-
nately, as we show in Preliminaries, this is generally impossible to achieve by boost-
ing in the standard sense. However, we are able to boost the learner in the following
sense: given oracle access to a η-base learner, we construct an efficient learner that
achieves PrS [

∥∥h(X)− pX
∥∥ > η] < exp(−O(T )), where T is the number of boost-

ing rounds. For comparison, note that Markov’s inequality yields the trivial estimate
PrS [

∥∥h(X)− pX
∥∥ > η] ≤ η−1ES

∥∥h(X)− pX
∥∥, which can be arbitrarily close to

1 and is insensitive to the number of boosting rounds.

Main results. We propose a new boosting algorithm, Adacond (Figure 1), for learn-
ing conditional distributions. Adacond efficiently converts a learner that is accurate
on average to one that is accurate with high probability: the sample probability of the
boosted learner exceeding the base loss η on any training example decays exponen-
tially with the number of boosting rounds (Theorem 1).

We give distribution-free generalization guarantees of several different kinds, in-
cluding accuracy (Theorems 2 and 3) and risk bounds (Theorem 4). None of our
estimates degrade with the number of boosting rounds and some of them admit
dimension-free formulations (i.e., independent of |Y|, Theorem 5).

The accuracy bounds are in terms of the fat-shattering dimension of the base
learner [1]. For the risk bounds, we take X to be a metric space with finite doubling
dimension and the hypothesis class satisfies a natural Lipschitz condition.

Formally, let D be a distribution over X ×Y , where X is the feature space and Y
is a finite set of classes (or labels). Let (X,Y ) ∈D (X ,Y) be the random variables as-
sociated with this probability space. The goal, given a training set, is to come up with
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an estimator for the conditional probability Pr[Y = y |X = x]. That is, given x ∈ X
(drawn according to D), we wish to output a probability vector that is close (under
some notion of distance between distributions) to the true distribution Pr[· |X = x].

Remark 1 For clarity of presentation, we assume that the training set consists of pairs
(X, pX) where pX is the exact conditional distribution over the labels given X . In a
more realistic scenario, we would only receive an approximation to this distribution
(e.g., we might estimate it from a large labeled sample drawn from X × Y). In such
scenarios, our bounds would still hold, but with an additional additive error term
corresponding to the noise in the conditional distribution.

Related work. Boosting is by now a standard tool in supervised learning. The gen-
eral paradigm is to combine many simple, weakly accurate classification rules into a
single, highly accurate, classifier. The Adaboost algorithm was introduced in the
seminal work of Freund and Schapire [8]. Loosely speaking, given a training set,
Adaboost iteratively asks a weak learner to generate classifiers with respect to dif-
ferent distributions over the training set. The final classifier is a convex combination
of the weak classifiers generated during the iterations. The analysis in [8] shows that if
the weak learner is able to produce at each iteration a classifier that does only slightly
better than a random guess, then the training error of the final classifier decays expo-
nentially with the number of iterations. Following [8], many variants of Adaboost
has been suggested.

Boosting in the context of estimating conditional class probabilities has also been
studied although to a much lesser degree. Friedman et al. [9] showed that Adaboost
can be interpreted as an algorithm for stagewise fitting an additive logistic regression
model. They argue that substituting the result of the final classifier into the logistic
regression formula gives a good estimate for the conditional class probability. Mease
et al. [16] argue, on the other hand, that since Adaboost classifies at the 50th per-
centile of the conditional class distribution (for two-class problems), it tends to put
all the weight on the most likely class and thus performs badly as an estimator for this
distribution, whether this is done directly or via a logistic regression link function as
in [9]. Mease et al. support their arguments with simulations on synthetic data. As
an alternative approach, they suggest estimating conditional class probability by run-
ning Adaboost multiple times to produce classifiers on a grid of percentiles using
under/over sampling to achieve different ratios between class labels. They show via
simulations that their approach works well but do not provide a theoretical analysis.
A similar approach uses cost sensitive boosting such as Adacost [7] as an alterna-
tive to under/over sampling. In [13], Kanamori proposes a new class of loss functions
for multi-class classification. A boosting algorithm, minimizing this loss function is
presented. If the sample size tends to infinity, it is shown that the conditional proba-
bility can be calculated using the obtained decision function. The rate of convergence
is not discussed and generalization bounds are not obtained.

In this paper we study the question of boosting conditional class probability es-
timators from a theoretical (and rigorous) point of view. In the spirit of Adaboost,
we seek a general framework for improving the quality of estimators regardless of
whether the data fits a certain model (say, logistic regression). As a first step, let us
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define more precisely what we mean by “improving the quality of estimators”. For
concreteness, throughout the paper we measure distances between distributions by the
variational distance (also known as the statistical `1 distance). A training set consists
of pairs (X, pX) where px is the conditional class probability vector Pr[· |X = x]. In
practice px will be an empirical approximation of the real probability vector. Ideally,
we would like to achieve the following: suppose we are given a base learner which,
for every specified distribution D over the training set, generates a class probability
estimator which in expectation over D is η-close to the true conditional distribution.
After running T boosting iterations, we combine the base estimators into a single one
which is ε-close to the true distribution with high probability, where for any fixed η,
ε decays to 0 as T increases. Unfortunately, this is too ambitious a goal — as we
formally demonstrate in the Preliminaries. A more realistic goal might be the follow-
ing: given a base learner that on every specified distribution D over the training set
produces an estimator that is η-close in expectation, the combined estimator after T
boosting iterations is η-close with high probability. Furthermore, the probability that
the combined estimator is more than η-far should decrease with T .

In this paper we show how to modify Adaboost to achieve this goal. We prove
that the probability over the training set of being more than η-far from the correct
distribution decays exponentially with the number of boosting iterations. Thus the
bound on the training error takes a form of a probability concentration bound which
is in line with the variance reduction view of Adaboost [3]. We then prove gener-
alization bounds, i.e. bounds on the probability of being η-far on a new example. We
give two types of such bounds. One is general, and is in terms of the fat-shattering
dimension of the base learner [1]. The other depends on smoothness conditions. Cru-
cially, both bounds are independent of the number of boosting iterations.

Our variant of Adaboost may also be viewed as a tool for boosted regression [6],
although our choice of penalty makes the conditional distribution interpretation more
natural.

Paper outline. This paper is organized as follows. We set down the key definitions
and discuss the problem setup in Section 2. Our boosting algorithm is presented in
Section 3 and its performance on the training sample is analyzed in Section 4. Vari-
ous generalization bounds are given in Section 5, and a dimension-free extension in
Section 6.

2 Preliminaries

The learning problem we have described in the Introduction is formalized as follows.
Our instance space X is a measurable space and the label set Y is finite. A training
sample S =

(
Xi, p

Xi
)n
i=1

is generated by drawing n points in X independently from
some unknown distribution D and labeling each example Xi with pXi = p∗(Xi),
where the target function p∗ : X → R|Y| has the interpretation of being the condi-
tional probability over the labels: p∗(x) = Pr[· |X = x].

The sample S induces the following (so-called empirical) distribution: PrS =
1
n

∑n
i=1 δXi

, where δXi
is a point mass of weight 1 at Xi. Unless a different distribu-



Boosting Conditional Probability Estimators 5

tion over S is explicitly specified, PrS and ES denote the probability and expectation,
respectively, under the empirical distribution. Random variables are capitalized and
concrete values they take are written lowercase.

In this paper, all norms on probability distributions will be assumed to take val-
ues in [0, 1]. One example of such a norm is the total variation: for two stochastic
vectors ξ, ψ, this quantity is half of their `1 distance: ‖ξ − ψ‖TV = 1

2 ‖ξ − ψ‖1 =
1
2

∑
i |ξi − ψi|.

A η-base learner (with respect to some fixed norm ‖·‖) is an oracle that, given a
sample S and a distribution w ∈ RS as inputs, produces a hypothesis h : X → R|Y|
whose loss is bounded by η in w-weighted expectation over S: Ew

∥∥h− pX∥∥ ≤ η.
We mentioned in the Introduction that it is in general impossible to boost a η-base
learner to one that achieves arbitrarily small expected sample loss. Indeed, suppose
a base learner always returns a hypothesis h that on every training element always
outputs the same distribution and this distribution is exactly η away from the target
function. Then for every distribution w over S, Ew ‖h− p∗‖ = η, which means that
it is a η-base learner. Clearly, any convex combination of hypotheses generated by
this η-base learner will also have a sample loss of exactly η, and there is no hope
of proving a general theorem which guarantees an arbitrarily small expected sample
loss. This motivates our alternate goal of boosting the learner from being η-close on
average to being η-close with arbitrarily high probability (Theorem 1).

3 The boosting algorithm

Our variant of Adaboost, Adacond, is given in Figure 1. It works for any norm ‖·‖
on the space of probability vectors taking values in [0, 1]; one example of such a norm
is ‖·‖TV.

4 Bounding Adacond’s training error

Given a sample
(
X, pX

)
X∈S , our variant of Adaboost efficiently converts a learner

achieving a sample loss of at most η on average into one that achieves this with high
probability:

Theorem 1 If Adacond is given oracle access to a η-base learner and run for T
boosting rounds, it will output a hypothesis h : X → R|Y| that satisfies

Pr
X∼S

[∥∥h(X)− pX
∥∥ > η

]
≤

T∏
t=1

εt(1− εt)
((1− η)εt)1−η(η(1− εt))η

.

The bound on the training error given in Theorem 1 vanishes at an exponential
rate if each term in the product on the right-hand side is bounded away from 1. To
see this, put γt = η − εt ≥ 0. It is straightforward to verify that for 0 < η ≤ 1

2 ,
0 ≤ γt ≤ η, we have

εt(1− εt)
((1− η)εt)1−η(η(1− εt))η

≤ exp

(
− γ2t
2η(1− η)

)
≤ exp

(
−2γ2t

)
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Input:

– training sample S =
(
Xi, p

Xi
)n
i=1

– η-base learning oracle BaseLearn
– number of boosting rounds T ∈ N

Initialize: t := 1; weight vector wt
i := 1/n for 1 ≤ i ≤ n.

The algorithm: for t = 1 to T :

1. call BaseLearn on the sample S with distribution wt
i/
∑n

j=1 w
t
j ;

get back a classifier ct : X → Rk

2. calculate the average loss of ct:
εt :=

∑n
i=1 w

t
i

∥∥ct(Xi)− pXi
∥∥ /∑wt

j

3. βt := ((1− η)εt)/(η(1− εt))

4. update wt+1
i := wt

iβ
1−‖ct(Xi)−pXi‖
t

Output: seta Z :=
∑T

t=1 log(1/βt), output the hypothesis

h(x) :=
1

Z

T∑
t=1

log(1/βt)ct(x)

a In the degenerate case that βt = 1 for all t, we have Z = 0. This happens precisely when εt = η for all
rounds. In this case, we simply take the (unweighted) average of the T base classifiers: h = 1

T

∑T
t=1 ct.

Fig. 1 The algorithm Adacond for boosting conditional class probabilities estimators.

and hence,

Pr
S

[∥∥h(X)− pX
∥∥ > η

]
≤ exp

(
−
∑T
t=1 γ

2
t

2η(1− η)

)
≤ exp

(
−2

T∑
t=1

γ2t

)
,

which decays exponentially with T if γt ≥ γ > 0 for all t. In this case, Adacond is
guaranteed to output a hypothesis that achieves a loss of at most η on every training
example provided that T > 2η(1− η) log(n)/γ2.

The proof of Theorem 1 follows the outline of the proof from [8] with the appro-
priate adjustments to our setting. The following simple consequence of the convexity
of a norm will be useful:

∥∥∥∥∥
T∑
t=1

αtw
t − v

∥∥∥∥∥ ≤
T∑
t=1

αt
∥∥wt − v

∥∥ (1)

holds for all vectors v,w1, . . . ,wT and all α ∈ [0, 1]T with
∑
t αt = 1.

Proof (Proof of Theorem 1)
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By the update rule of the weight vector we have

n∑
i=1

wt+1
i =

n∑
i=1

wtiβ
1−‖ct(Xi)−pXi‖
t

≤
n∑
i=1

wti(1− (1− βt)(1−
∥∥ct(Xi)− pXi

∥∥)
=

(
n∑
i=1

wti

)
(1− (1− εt)(1− βt)).

Here we used the fact that 0 ≤
∥∥ct(Xi)− pXi

∥∥ ≤ 1 and Bernoulli inequality: αr ≤
1− (1− α)r for any α ≥ 0 and 0 ≤ r ≤ 1.

Unraveling the recurrence on t, we get the following bound on the final weight
function:

n∑
i=1

wT+1
i ≤

T∏
i=1

(1− (1− εt)(1− βt)). (2)

The final hypothesis h is more than η-far from the correct probability vector on
the ith example if ∥∥∥∥∥ 1Z

T∑
t=1

log(1/βt)ct(Xi)− pXi

∥∥∥∥∥ > η. (3)

Since log(1/βt) ≥ 0 for every 1 ≤ t ≤ T , Inequality (1) implies∥∥∥∥∥ 1Z
T∑
t=1

log(1/βt)ct(Xi)− pXi

∥∥∥∥∥ ≤ 1

Z

T∑
t=1

log(1/βt)
∥∥ct(Xi)− pXi

∥∥ .
Combining with Inequality (3), we have

T∑
t=1

log(1/βt)
∥∥ct(Xi)− pXi

∥∥ ≥ ηZ = η

T∑
t=1

log(1/βt),

which implies

T∏
t=1

β
−‖ct(Xi)−pXi‖
t ≥

(
T∏
t=1

βt

)−η
. (4)

By the update rule for the weights, we get

wT+1
i =

1

n

T∏
t=1

β
1−‖ct(Xi)−pXi‖
t . (5)
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Let ε = PrS [
∥∥h(X)− pX

∥∥ > η]. Combining Equations (4) and (5) we get
n∑
i=1

wT+1
i ≥

∑
i:‖h(Xi)−pXi‖>η

wT+1
i

≥

 ∑
i:‖h(Xi)−pXi‖>η

1

n

( T∏
t=1

βt

)1−η

= ε ·

(
T∏
t=1

βt

)1−η

.

Combining this with Inequality (2) we get the following bound on ε:

ε ≤
T∏
t=1

1− (1− εt)(1− β)
β1−η
t

. (6)

Choosing each βt to minimize the tth factor in the product yields βt = ((1 −
η)εt)/(η(1− εt)). Plugging this into Inequality (6) gives us the desired bound

ε ≤
T∏
t=1

εt(1− εt)
((1− η)εt)1−η(η(1− εt))η

.

ut

5 Generalization bounds

For the analysis, we specialize to a particular choice of norm over probability vectors
— namely, the total variation norm ‖·‖TV, which in some sense, is the most natural
norm in this setting [5,10].

We henceforth take |Y| = k and consider a hypothesis class H of conditional
probability estimators for the k-class problem. That is, h ∈ H is of the form h :

X → [0, 1]k, where
∑k
i=1[h(x)]i = 1. We denote byHi the projection ofH onto the

ith coordinate. For positive integers N,T we define the T -convex hull ofH to be

convT (H) =

{
T∑
t=1

αtht : α1, . . . , αT ∈ [0, 1],

T∑
t=1

αt = 1, h1, . . . , hT ∈ H

}
and the set of N -averages overH to be

AvgN (H) =

{
1

N

N∑
i=1

hi : h1, . . . , hN ∈ H

}
;

in both definitions, multiple appearances of the same h ∈ H are allowed in the sum.
Note that the final hypothesis of Adacond is in the class convT (H) where H is the
class of hypotheses generated by the base learner.

We will need the following concentration bound in Hilbert spaces, which is a
simple consequence of McDiarmid’s inequality [15]:
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Lemma 1 Let X1, . . . , Xn be i.i.d. random variables taking values in a separable
Hilbert space with norm ‖·‖H . Suppose further that E[Xi] = 0 and ‖Xi‖H ≤ 1 for
every 1 ≤ i ≤ n. Then for any t ≥ 4

√
n,

Pr[‖X1 + · · ·+Xn‖H ≥ t] ≤ e
− t2

8n .

Corollary 1 LetX1, . . . , Xn be i.i.d. random variables taking values in Rk. Suppose
further that E[Xi] = 0 and ‖Xi‖1 ≤ 1 for every 1 ≤ i ≤ n. Then for any t ≥ 4

√
nk,

Pr[‖X1 + · · ·+Xn‖1 ≥ t] ≤ e
− t2

8nk .

Proof By Lemma 1 and the fact that ‖Xi‖2 ≤ ‖Xi‖1 ≤ 1, we have that for any
t ≥ 4

√
n,

Pr[‖X1 + · · ·+Xn‖2 ≥ t] ≤ e
− t2

8n .

Since ‖X‖1 ≤
√
k ‖X‖2, we get that for any t ≥ 4

√
nk,

Pr[‖X1 + · · ·+Xn‖1 ≥ t] ≤ Pr

[
‖X1 + · · ·+Xn‖2 ≥

t√
k

]
≤ e−

t2

8nk .
ut

5.1 Finite hypothesis classes

The proof of the following theorem as well as the infinite case (Theorem 3) is based
on the proof technique of [17] with the appropriate adjustments to our setting.

Theorem 2 Let H be a finite hypothesis class of probability estimators and D the
sampling distribution. For every 0 < ε, ε′, δ < 1, with probability at least 1− δ over
the choice of a training sample S of size n, for every f ∈ convT (H)

Pr
D
[‖f(x)− p(x)‖TV > ε+ ε′] < Pr

S
[‖f(x)− p(x)‖TV > ε] +

O

(√
1

n

(
k log n log |H|

ε′2
+ log

1

δ

))
.

Remark: The bound does not depend on T but does depend on k and thus is not
dimension-free. In the section titled Dimension-free bounds, we discuss additional
conditions that yield dimension-free bounds.

Proof Fix f ∈ convT (H). We can write it as f =
∑T
i=1 αihi for some probabil-

ity vector α = (α1, . . . , αT ) and h1, . . . , hT ∈ H. We define a distribution over
AvgN (H) as follows: chooseN elements h1, . . . , hN fromH independently accord-
ing to the distribution α and output g = 1

N

∑N
i=1 hi. Denote this distribution by A.
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For every g chosen according to A it holds that

Pr
D

[
‖f(x)− p(x)‖TV > ε+ ε′

]
≤ Pr

D

[
‖g(x)− p(x)‖TV > ε+ ε′/2

]
+

Pr
D

[
‖g(x)− p(x)‖TV ≤ ε+ ε′/2, ‖f(x)− p(x)‖TV > ε+ ε′

]
.

In particular, this holds when we take expectation over the choice of g:

Pr
D
[‖f(x)− p(x)‖TV > ε+ ε′] ≤ EA

[
Pr
D

[
‖g(x)− p(x)‖TV > ε+ ε′/2

]]
+

EA
[
Pr
D

[
‖g(x)− p(x)‖TV ≤ ε+ ε′/2, ‖f(x)− p(x)‖TV > ε+ ε′

]]
= EA

[
Pr
D

[
‖g(x)− p(x)‖TV > ε+ ε′/2

]]
+

ED
[
Pr
A

[
‖g(x)− p(x)‖TV ≤ ε+ ε′/2, ‖f(x)− p(x)‖TV > ε+ ε′

]]
,

where the last equality follows from independence of A and D.
We bound the two terms above separately, starting with the probability inside the

expectation of the second summand. Fix an x ∈ X and let h1, . . . , hN be the func-
tions chosen independently in the construction of g. Consider the random variables
Zi = 1

2 (hi(x) − f(x)). These Rk-valued random variables are i.i.d. and have ex-
pectation 0 (since f(x) = E[hi]), and ‖Zi‖1 = ‖hi − f‖TV ≤ 1. Thus, Corollary 1

applies: for ε′ > 16
√

k
N we have

Pr
A
[‖g(x)− f(x)‖TV > ε′/2] = Pr[‖Z1 + · · ·+ ZN‖1 > Nε′/4] ≤ exp

(
−Nε

′2

128k

)
.

Using the triangle inequality, we get

Pr
A
[‖g(x)− p(x)‖TV < ε+ ε′/2, ‖f(x)− p(x)‖TV > ε+ ε′] ≤ Pr

A
[‖g(x)− f(x)‖TV > ε′/2]

< exp

(
−Nε

′2

128k

)
.

In order to bound the first summand, EA[PrD[‖g(x)− p(x)‖TV > ε+ ε′/2]], we will
relate the error of g with respect to D to its error on the training set S. For any fixed
g ∈ AvgN (H) and any 0 < ε2 ≤ 1, it follows from Hoeffding’s inequality that with
probability at most 2 exp(−2ε22n) over the choice of the set S, we have∣∣∣Pr

D
[‖g(x)− p(x)‖TV > ε+ ε′/2]− Pr

S
[‖g(x)− p(x)‖TV > ε+ ε′/2]

∣∣∣ > ε2.

Here we used the fact that elements in S are chosen independently from D. By the
union bound, the probability that this event happens for some g is at most

2 |AvgN (H)| exp(−2ε22n) = 2 |H|N exp(−2ε22n).
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Next, we relate the error of g on S to the error of f on any fixed S (and therefore
the bound below will also hold for a randomly chosen S). Similar to the argument
above,

Pr
A,S

[‖g(x)− p(x)‖TV > ε+ ε′/2] ≤ Pr
S
[‖f(x)− p(x)‖TV > ε] +

Pr
A,S

[‖g(x)− p(x)‖TV > ε+ ε′/2, ‖f(x)− p(x)‖TV < ε].

The second term can be bounded as before by exp
(
−Nε

′2

128k

)
.

Putting it all together, we have that with probability at least 1−2 |H|N exp(−2ε22n)
over the choice of S, it holds that for every f ∈ convT (H)

Pr
D
[‖f(x)− p(x)‖TV > ε+ ε′] ≤ Pr

S
[‖f(x)− p(x)‖TV > ε] + 2 exp

(
−Nε

′2

128k

)
+ ε2.

Setting δ = 2 |H|N exp(−2ε22n) gives ε2 =
√

1
2n (1 +N log |H|+ log 1

δ ). We then

set N = 128k logn
ε′2 (this enforces the requirement ε′ > 16

√
k
N ). For these values of δ

and N , the last display implies that

Pr
D
[‖f(x)− p(x)‖TV > ε+ ε′] ≤ Pr

S
[‖f(x)− p(x)‖TV > ε] +

2

n
+√

1

2n

(
1 +

128k log n log |H|
ε′2

+ log
1

δ

)
= Pr

S
[‖f(x)− p(x)‖TV > ε] +

O

(√
1

n

(
k log n log |H|

ε′2
+ log

1

δ

))
holds with probability at least 1− δ.

ut

5.2 Infinite hypothesis classes

Extending our results to infinite function classes will require some machinery from
covering numbers and fat-shattering dimensions. We refer the reader to [1] — espe-
cially since one of their key results will be used in our proof. We define the γ-fat
shattering dimension of a function class F , denoted fatγ(F), to coincide with Pγ in
[1].

Let M = (S, ρ) be a metric space. For E ⊆ S , we say that C ⊆ E is an ε-cover
of E if for every s ∈ E there exist an s′ ∈ C such that ρ(s, s′) ≤ ε.

We consider real-valued function classes F = {f : X → [0, 1]}. For xn =
(x1, . . . , xn) ∈ Xn, we denote by F|xn the functions in F restricted to xn. We
define the ε-covering number of F at sample size n with respect to the `∞ norm:

N∞(ε,F , n) = max
xn

min
C
{|C| : C is an ε-cover of F|xn w.r.t. `∞}.
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If for some xn there is no finite ε-cover, then N∞(ε,F , n) = ∞. The following
uniform convergence lemma is implicit in [2].

Lemma 2 LetF be a function class from a domainX to R. Let η > α > 0 and ε > 0
and letD be a distribution overX . Let S = (x1, . . . , xn) be a sample drawn indepen-
dently according toD. Then with probability at least 1−2N∞(α/2, πα(F), 2n) exp(−ε2n/2)
over the choice of S, for every f ∈ F

Pr
D
[f(x) > η] ≤ Pr

S
[f(x) > η − α] + ε,

where the function πα : R → R is identity on (−α, α) and constant −α,+α to the
left and to the right, respectively.

Theorem 3 Let H be a hypothesis class of probability estimators. For every 0 <
ε, ε′, δ < 1, with probability at least 1 − δ over the choice of a training set S of size
n, for every f ∈ convT (H)

Pr
D
[‖f(x)− p(x)‖TV > ε+ ε′] < Pr

S
[‖f(x)− p(x)‖TV > ε] +

O

(√
1

n

(
dk2 log n

ε′2
log2

(
nk

ε′

)
+ log

1

δ

))

where d = max1≤i≤k{fatε′/32(Hi)}.

Proof The proof follows the arguments of the proof of Theorem 2 until the point
where we need to bound the term EA[PrD[‖g(x)− p(x)‖TV > ε + ε′/2]]. Consider
the function class F = {fg(x) = ‖g(x)− p(x)‖TV : g ∈ AvgN (H)}, and let Fi =
{f ig(x) = |[g(x)]i − [p(x)]i| : g ∈ AvgN (H)} be the function class induced by the
ith component in the loss g − p. By Lemma 2, for any ε2 > 0, with probability at
least 1− 2N∞(ε′/8, πε′/4(F), 2n) exp(−ε22n/2) over the choice of S, we have

Pr
D
[fg(X) > ε+ ε′/2] ≤ Pr

S
[fg(X) > ε+ ε′/4] + ε2 (7)

for every fg ∈ F . We bound the covering number of F in terms of (among other
parameters) the fat-shattering dimension ofH. Let d = maxi{fatε′/32(Hi)}.

N∞(ε′/8, πε′/4(F), 2n) ≤ N∞(ε′/8,F , 2n) ≤ max
i
{N∞(ε′/8k,Fi, 2n)}k

≤ max
i
{N∞(ε′/8k,AvgN (Hi), 2n)}k ≤ max

i
{N∞(ε′/8k,Hi, 2n)N}k

≤ 2kN
(
512nk2

ε′2

)dkN log(32enk/(dε′))

.

The first four inequalities follow from standard facts regarding covering numbers,
and the last from [1].

We conclude that with probability at least 1−2kN
(
512nk2

ε′2

)dkN log(32enk/(dε′))
exp(−ε22n/2)

over the choice of S Equation (7) holds.
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Similar to the proof of Theorem 2, we have

Pr
A,S

[‖g(X)− p(X)‖TV > ε+ ε′/4] ≤ Pr
S
[‖f(X)− p(X)‖TV > ε] +

Pr
A,S

[‖g(X)− p(X)‖TV > ε+ ε′/4, ‖f(X)− p(X)‖TV < ε].

The second term can be bounded as before by exp
(
−Nε

′2

512k

)
.

Putting it all together we have that with probability at least

1− 2kN
(
512nk2

ε′2

)dkN log(32enk/(dε′))

exp(−ε22n/2)

over the choice of S, for every f ∈ convT (H) it holds that

Pr
D
[‖f(X)− p(X)‖TV > ε+ ε′] ≤ Pr

S
[‖f(X)− p(X)‖TV > ε] + 2 exp

(
−Nε

′2

512k

)
+ ε2. (8)

Setting

δ = 2kN
(512nk2

ε′2
)dkN log(32enk/(dε′))

exp(−ε22n/2)

gives

ε2 =

√
2

n

(
kN + dkN log

(
512nk2

ε′2

)
log

(
32nk

dε′

)
+ log

1

δ

)
.

Letting N = 512k logn
ε′2 and substituting into (8), we get that with probability at least

1− δ over the choice of S, for every f ∈ convT (H)

Pr
D
[‖f(X)− p(X)‖TV > ε+ ε′] ≤ Pr

S
[‖f(X)− p(X)‖TV > ε] +

O

(√
1

n

(
dk2 log n

ε′2
log2

(
nk

ε′

)
+ log

1

δ

))
.

ut

5.3 Risk bounds for Lipschitz functions in doubling spaces

We will make the following structural assumption about the instance space X and
the hypothesis class H. We take (X , ρ) to be a metric space and endow the space of
distributions on Y with the ‖·‖TV metric. Then our assumptions are

(i) the target hypothesis p∗ and all members of H are Lipschitz-continuous with
respect to ρ and ‖·‖TV: there is an L > 0 such that

‖h(x)− h(x′)‖TV ≤ Lρ(x, x
′), x, x′ ∈ X (9)

holds for each h ∈ H
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(ii) (X , ρ) has a finite doubling dimension: ddim(X ) <∞ [12,14].
To define the latter quantity, let λ = λ(X ) be the smallest number such that every
open ball in X can be covered by λ open balls of half the radius, where all balls
are centered at points of X . Formally,

λ(X ) = min
{
λ ∈ N : ∀x ∈ X , r > 0 ∃x1, . . . , xλ ∈ X : Br(x) ⊆ ∪λi=1Br/2(xi)

}
.

Then λ is the doubling constant ofX , and the doubling dimension ofX is ddim(X ) =
log2 λ.

Given our collection H of L-Lipschitz conditional distributions, consider an h ∈
H and its ‖·‖TV loss with respect to the target conditional distribution function p∗ :
X → [0, 1]Y on an instance x ∈ X :

fh,p∗(x) = ‖h(x)− p∗(x)‖TV . (10)

For a fixed conditional distribution function p∗, define Fp∗ = {fh,p∗ : h ∈ H} to be
the collection of all such functions; each has a Lipschitz constant of at most 2L. It
follows from Corollary 3 in [11] that

fatγ(Fp∗) ≤
⌈
Ldiam(X )

γ

⌉ddim(X )+1

,

where ddim(X ) is the doubling dimension of X .
Define the sample risk of a hypothesis h by

Rn(h) =
1

n

n∑
i=1

∥∥h(Xi)− pXi
∥∥

TV

and the expected risk by R(h) = ERn(h).
Then we have, via [1], that the empirical risk cannot exceed the true risk by much:

Theorem 4 For all ε ≥
√

2/n,

Pr

[
sup
h∈H

(R(h)−Rn(h)) > ε

]
≤ 24n

(
288n

ε2

)d log(24en/ε)
exp(−ε2n/36),

where d = fatε/24(Fp∗) ≤
⌈
24L diam(X )

ε

⌉ddim(X )+1

.

Note that this bound is both distribution- and dimension-free.

Remark 2 Recall that since in general we cannot guarantee a training error (sample
risk) less than the base learner’s η, we also cannot guarantee a true (expected) risk
less than η. However, in case we were lucky and obtained a much smaller sample
risk, Theorem 4 says that the true risk has to be close to that.
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6 Dimension-free bounds

We remarked that the accuracy bound in Theorem 2 is not dimension-free since it de-
pends on the number of labels k = |Y|. This quantity enters the bound via Corollary
1, which states that for i.i.d. vectors Zi ∈ Rk with E[Zi] = 0 and ‖Zi‖1 ≤ 1, we
have

Pr

[∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
1

> t

]
≤ exp

(
− t2

8nk

)
for t ≥ 4

√
nk. Thus, the key to obtaining a dimension-free accuracy bound is a

Banach-space version of Hoeffding’s inequality. Such a result was obtained by [18]:

Pr

[∣∣∣∣∣
∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
1

− E

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
1

∣∣∣∣∣ > t

]
≤ C exp

(
−ct

2

n

)
(11)

for some universal constants c, C > 0.
In order to make use of (11), we need some estimate on Vn = E ‖

∑n
i=1 Zi‖1.

Recall that in our applications, Zi = hi(x)−f(x) is the deviation between a random
element of h ∈ H and f ∈ convT (H). Thus, in some sense, Vn is a proxy for the
variance of the random process. We would like for Vn to be o(n), but this cannot be
guaranteed in general. Indeed, suppose that k � n and Zi = ±ej chosen uniformly
at random, where ej is the jth basis element of Rk. Since k is large, cancellations in
the sum can be made arbitrarily improbable, and in this case Vn = Ω(n).

This example, however, is degenerate, since the Zi are extremely “peaked” or
“concentrated”. The situation becomes better if we make a smoothness assumption:

Theorem 5 Let Zi be i.i.d. random variables in Rk with E[Zi] = 0 and ‖Zi‖∞ =
O(1/k). Then E ‖

∑n
i=1 Zi‖1 = O(

√
n).

Remark: We thank Gideon Schechtman for this result and the example above.

Proof Our probability space is actually the Hilbert space L2(`
k
2) with the inner prod-

uct 〈Zi, Zj〉 = E[Zi · Zj ], where Zi · Zj , is the standard dot product in Rk. By
independence and E[Zi] = 0, we have 〈Zi, Zj〉 = E[Zi] · E[Zj ] = 0 for i 6= j, and
so the Zi are orthogonal as elements of L2(`2). Thus,(

E

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
2

)2

≤ E

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
2

2

= E
n∑
i=1

‖Zi‖22 = O
(n
k

)
where the first inequality is Jensen’s, the first identity follows by orthogonality, and
the estimate O(n/k) holds since ‖Zi‖∞ = O(1/k). Now ‖Z‖1 ≤

√
k ‖Z‖2, and so

E

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
1

≤
√
kE

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
2

≤

√√√√kE

∥∥∥∥∥
n∑
i=1

Zi

∥∥∥∥∥
2

2

= O(
√
n).

ut
Thus, if we can guarantee E ‖

∑n
i=1 Zi‖1 = O(

√
n) (either via the assumption

‖Zi‖∞ = O(1/k) or by exploiting some special structure) we can remove the depen-
dence on k from the accuracy bound in Theorem 2.
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7 Technical lemmata

We establish some simple properties of covering numbers.

Lemma 3 Let F be a real-valued function class as above and let p : X → [0, 1] be
a fixed function. Consider the function class F ′ = {f ′(x) = f(x)− p(x) : f ∈ F}.
Then

N∞(ε,F ′, n) ≤ N∞(ε,F , n).

Proof Let C be an ε-cover of F|xn then the set of points C ′ = {c− p|xn : c ∈ C} is
an ε-cover of F ′|xn .

Lemma 4 Let F be a real-valued function class. Consider the function class F ′ =
{|f(x)| : f ∈ F}. Then

N∞(ε,F ′, n) ≤ N∞(ε,F , n).

Proof Let C be an ε-cover of F|xn then the set of points C ′ = {|c| : c ∈ C} is an
ε-cover of F ′|xn . This follows from the inequality

∣∣|α| − |β|∣∣ ≤ |α− β| for every
α, β ∈ R, and the fact that the metric in question is `∞.

Lemma 5 LetF , G be real-valued function classes. Consider the function classH =
{h(x) = f(x) + g(x) : f ∈ F , g ∈ G}. Then for all α, β > 0,

N∞(α+ β,H, n) ≤ N∞(α,F , n) · N∞(β,G, n).

Proof Let CF be an α-cover of F|xn and CG be a β-cover of G|xn . Then {c(x) =
c1(x) + c2(x) : (c1, c2) ∈ CF × CG} is an (α + β)-cover of H|xn . Indeed, for
every f, g and x ∈ X , let (cf , cg) ∈ CF × CG be such that |f(x)− cf (x)| ≤ α
and |g(x)− cg(x)| ≤ β. Then |f(x) + g(x)− cf (x)− cg(x)| ≤ |f(x)− cf (x)| +
|g(x)− cg(x)| ≤ α+ β.

Lemma 6 Let F be a real-valued function class. For α ∈ R, consider the function
class αF = {αf : f ∈ F}. Then

N∞(αε, αF , n) ≤ N∞(ε,F , n).

Proof Let C be an ε-cover of F|xn then the set of points Cα = {c(x) = αc(x) : c ∈
C} is an αε-cover of Fα|xn .

For α > 0, define the function πα : R→ R as follows:

πα(x) =


−α, x ≤ −α
x, −α < x < α

α, x ≥ α
.

For a class of real-valued functions F we define,

πα(F) = {πα ◦ f : f ∈ F}.
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Lemma 7 Let F be a real-valued function classes, and α > 0. Then

N∞(ε, πα(F), n) ≤ N∞(ε,F , n).

Proof πα is a contraction on R: for any x, x′ ∈ R, |πα(x)− πα(x′)| ≤ |x− x′|.

The following claim is used in establishing Theorem 4:

Lemma 8 Let F be the collection of all {fh,p∗} as defined in (10). Then each f ∈ F
is 2L-Lipschitz in the sense of (9).

Proof For x, x′ ∈ X , we have

|fh,p∗(x)− fh,p∗(x′)| =
∣∣‖h(x)− p∗(x)‖TV − ‖h(x

′)− p∗(x′)‖TV

∣∣
≤ ‖[h(x)− p∗(x)]− [h(x′)− p∗(x′)]‖TV

= ‖h(x)− h(x′)− p∗(x) + p∗(x′)‖TV

≤ ‖h(x)− h(x′)‖TV + ‖p
∗(x′)− p∗(x)‖TV

≤ 2L.
ut
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