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Abstract

The problems of connectivity and Minimum Spanning Tree (MST)
have been well studied in the distributed setting. Recently, more interest
has been found with these problems in the Congested Clique model as
a consequence of Lenzen Routing [16]. The problems were also reduced
as it was shown that solving the connectivity problem can help solve the
MST problem (and obviously MST solves connectivity). Spanners can
help with solving connectivity. In fact, spanners are interesting by their
own merit. It was shown that a (2k − 1)-additive-spanner has a lower

bound on the size of Ω(n1+ 1
k ) for k > 2 [23]. The lower bound for the

multiplicative spanner is still a conjuncture made by Erdos [11] and is
yet to be proven. Not much progress has been done to provide with a
linear size spanner deterministically, not even in the Congested-Clique.
Thus, we show in this paper some interesting results. The first one shows
that the connectivity problem can be solved deterministically using a lin-
ear size spanner within constant running time on graphs with bounded
neighborhood independence. Much more than this, our result works in the
CONGEST model. It also immediately leads to a constant time deter-
ministic solution for the connectivity problem in the Congested-Clique.
Our second result provides a linear size spanner in the CONGEST model
for graphs with bounded diversity. Here too our result has constant run-
ning time and is deterministic. The difference is that the spanner we
provide has also a small stretch which is a desired property from a span-
ner. More specifically, the spanner we provide has a constant stretch in
bounded diversity graphs.

1 Introduction and Related Work

The distributed setting is a well studied setting in which we have a graph in
which each vertex is treated as a processor and each edge is a communication
line. In this setting there are several models which are of interests; The LOCAL
model, where the running time is counted as the number of rounds of messages
one needs to perform in order to achieve some task, and where the size of mes-
sages is not limited and local computations are not counted towards the running
time; The CONGEST model, which is much like the LOCAL but with a limit
on the size of each message that can be passed on each edge in the graph. This
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limit is usually considered to be O(log n) bits; And the Congested-Clique model,
which is sometimes referred to as all-to-all communication, is one where, like
the CONGEST , the size of messages is limited but each vertex is connected
with a communication line to all other vertices in the graph, thus forming a
clique. Sometimes the input in the Congested-Clique model is a subgraph of
the clique on which one wishes to solve a certain problem. this model attracted
much attention in recent years.

The problem of spanning a graph is a well-studied problem in the distributed
setting, and a lot of research was done in the direction of solving spanners or
the more lenient problem of connectivity [?]. A spanner is a subgraph H in
which each vertex has a path to each of its neighbors in the input graph G.
The connectivity problem, given a connected input graph G = (V,E), and a
subgraph G′ = (V,E′ ⊆ E), is whether any two vertices in V are connected
by a path in G′. An (α, β)-spanner H of a graph G is one where the distance
between each two vertices v, u is such that dH(v, u) ≤ α · dG(v, u) + β where d
is the distance between two vertices. One can consider a spanner where α = 1,
called an additive spanner or one where β = 0, called a multiplicative spanner.

The publication of Lenzen Routing [16] brought much focus to the research
of many problems in the Congested-Clique, among them the MST problem.
Later, Hegeman et al. [14] obtained reductions between the MST problem and
the connectivity problem in the congested clique, which result inO(log log log n)-
time randomized algorithms for these problems. Then, Korhonen [18] showed
a deterministic variant to a randomized procedure used in [14]. However, due
to certain assumptions required to employ this procedure, the deterministic
running time becomes O(log log n). This matches the time of the determin-
istic MST algorithm for congested cliques of Lotker et al. [?]. But still, to
the best of our knowledge, no constant time deterministic algorithm exists for
solving the connectivity problem in the Congested-Clique model. When consid-
ering randomized solutions the situation is much better. In fact, a randomized
constant time solution for the MST problem itself was recently published by
Jurdziński and Nowicki [15] which constitutes an optimal randomized solution
in this model for both MST and connectivity. We note though that the prob-
lem of a small stretch spanner remains open. And yet the best deterministic
result for MST (and connectivity) in the Congested-Clique is that of Lotker et
al. [17]. We devise a simple deterministic solution for spanning a graph in the
more general CONGEST model for graphs with bounded neighborhood indepen-
dence. Specifically, our solution enjoys constant running time on such graphs.
Roughly speaking, the neighborhood independence of a vertex v is the largest
independent subset of vertices one can choose from the 1-hop neighborhood of v.

In this paper we focus on spanners. Specifically, multiplicative spanners
which, in turn, help to solve the connectivity problem in the Congested-Clique.
In general, spanners are used in many aspects of the distributed settings as they
are a sparse counterpart of the original graph and yet retain certain traits. Thus
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they are used in constructing network synchronizers [19], compact routing tables
[1, 2, 21] and distance labeling schemes [22]. There are several constructions of
additive and multiplicative spanners but yet none of them enjoy both linear size
and a constant stretch, both important characteristics of a spanner and usually
one can see a trade-off between the two.

A lower bound on the size of a (2k − 1)-additive-spanner is known. Specif-

ically, Woodruff [23] showed that such a spanner has a size of Ω(n1+
1
k ) thus

ending the search for such linear size additive spanner for the general case.
In the case of multiplicative spanners, there was already much research done.
Elkin [10] showed a randomized algorithm for an O(log n)-spanner of linear size
with O(log3 n) running time. Pettie [20] devised a randomized algorithm for

an O(2log
∗ n log n)-spanner with linear size with running time of O(log1+o(1) n).

A randomized result was achieved by Elkin and Neiman [12] where they con-
structed a (2k − 1)-spanner of size O(n1+1/k/ε) for some ε > 0 with probabil-
ity 1 − ε in O(k) running time. Furthermore, their spanners are sparse when
k = ω(log n). Specifically, they achieved spanners of size n(1 + o(1)) with prob-
ability 1− o(1) in that case.

Deterministic results were also achieved for multiplicative spanners. Derbel
et al. [8] devised a construction of a (2k− 1)-spanner with size O(kn1+1/k) and
running time of O(k). Derbel et al. [6] devised a construction of an O(klog 5)-

spanner with size O(log kn1+1/k) but with a running time of O(n1/
√

logn). An-
other result from the same authors [7] devised a k-round algorithm for con-
structing (2k − 1)-spanners with optimal size. We note that all the mentioned
deterministic results were achieved using message size of O(n) or unbound. The
situation of algorithms using small-sized messages is more complex. Barenboim
et al. [3] showed a construction of an O(logk−1 n)-spanner of size O(n1+1/k) and
running time ofO(logk−1 n). Derbel, Mosbah and Zemmari [9] showed a (2k−1)-
spanner of optimal size but in O(n1−1/k) time. These results use messages of
small size. Grossman and Parter [13] showed that a 3-multiplicative-spanner
can be computed in Õ(1) time in the CONGEST model with size O(n3/2).
Furthermore, this result works for the weighted case. Their more generalized
result is a (2k − 1)-spanner of size O(n1+

1
k ) with running time of O(

√
n) for

some constant k > 2 for the unweighted case. Their results are deterministic.
Much earlier, Erdos [11] conjectured the same lower bound for the multiplica-
tive spanner case which by many is regarded to be true although still remains
unproven. If indeed the Erdos conjecture is correct, then this will also close the
search for a linear size small stretch multiplicative spanner for the general case
making the existence of such spanners in certain families of graphs that much
more interesting.

In this paper we show that a linear size multiplicative spanner not only exists
but can also be computed in constant time in graphs with bounded diversity in
the CONGEST model. The diversity of a vertex v is the number of maximal
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cliques v belongs to in the input graph.

1.1 Our Contribution

In this paper we offer a couple of results, both for the CONGEST model and
thus fitting to work in all three main models of the distributed setting.

The first result is the spanning of the input graph G within O(K) running
time using a spanner of size O(Kn) where K denotes the neighborhood inde-
pendence of G. Our result is deterministic. It is thus clear that for graphs with
K = O(1) we have a constant time algorithm that spans the graphs using a
linear size spanner. This is helpful in the Congested-Clique model since one can
send all the edges of such a spanner to a centralized vertex in the clique using
Lenzen Routing and compute a spanning tree locally which is of much interest
by itself.

The second result we present is where we wish to achieve a spanner of a
bounded stretch. Specifically, we show that an O(D)-multiplicative-spanner
of O(D2n) size can be computed deterministically within O(D2) running time
where D denotes the diversity of the input graph. For graphs with bounded
diversity, this offers a constant time constant stretch spanner of this type in the
CONGEST model and the first such solution for any family of graphs. If Erdos
conjecture is indeed true, and a lower bound of Ω(n1+ε) for some ε > 0 exists
for all constant stretch multiplicative spanners, then finding families of graphs
where it is possible to find linear size small stretch spanner is that much more
interesting and our result is the first of this kind. We note that the family of
bounded diversity graphs include the line-graphs and the unit-disc-graphs which
play important role in the motivation of the distributed setting.

1.2 On Diversity

Diversity is a relatively new graph parameter, introduced in [4]. Although the
well-defined parameter was presented in that paper, the concept was already
known much earlier in the study of line-graphs in graph theory. It is long
known that if G is a line-graph then there exists a clique cover of the vertices of
G, such that each vertex belongs to at most 2 cliques. This has been the target
of research in various papers in regard to graph th Barenboim, Elkin and Mai-
mon [4] showed that diversity is a useful parameter for solving vertex-coloring
and edge-coloring, two of the most well-studied symmetry breaking problems
in the distributed setting. Recently, Barenboim and Maimon [5] showed that it
is also useful for solving maximal matching and ruling-sets. Maximal matching
is another one of the core symmetry breaking problems in this setting. In this
paper we add spanners to the list of problems which diversity helps resolve.
Furthermore, we do so in the bandwidth-restricted model of CONGEST .
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2 Preliminaries

An (α, β)-spanner is a subgraph H of the input graph G where for every two
vertices v and u we have dH(v, u) ≤ α · dG(v, u) + β.
The neighborhood independence of a vertex v is the largest independent
subset of vertices one can choose from Γ(v) where Γ(v) is the 1-hop neighborhood
of v. Naturally, the neighborhood independence of a graph G is the maximum
between all neighborhood independences of all the vertices of G.
The diversity 1 of a vertex v is the number of maximal cliques v belongs to in
the input graph. The diversity of a graph G = (V,E) is defined as the maximum
between diversities of all vertices in V .

3 Spanning a Graph in the CONGEST model

Let G be a graph in the CONGEST model which one wants to span with a span-
ning forest, a tree for each connected component. For graphs with neighborhood
independence K we offer a deterministic O(K)-time algorithm for constructing
a spanning subgraph of size O(Kn). For graphs with constant neighborhood
independence, this gives a simple linear size spanner which can be used to solve
the connectivity problem in the Congested Clique.

Each vertex initializes a set of vertices Lv = Γ(v) and an empty set of edges
Êv = ∅. The sets Êv are going to be used for storing the solution. The algorithm
proceeds to executing K iterations. In each iteration, each vertex v chooses the
vertex with the highest ID, denoted as c(v), out of Lv and adds the edge (v, c(v))
to Êv. Then v sends ID(c(v)) to all of its neighbors. Each neighbor reports
to v if it is connected to c(v). For each neighbor u of v which is connected to
c(v), v removes u from Lv. v also removes c(v) from Lv. This concludes the
description of the algorithm. After K iterations, v returns Êv as the result.
Denote G′ = {∪Êv|v ∈ G}. Since there are K iterations, each of which adds
a single edge to Êv for each v ∈ V , we obtain |G′| = O(Kn). The following
lemma shows that G′ spans G.

Lemma 3.1. G’ spans G.

Proof. Let (v, u) be an edge in G. Denote v = v0, u = u0. If for some iteration
c(v0) = u0 then it is clear that (v0, u0) ∈ G′. Otherwise, let v1 be the vertex v0
selects in some iteration that had u0 removed from Lv0 . Thus, v1 is a common
neighbor of v0 and u0. Therefore, ID(v1) > ID(u0) and (v0, v1) ∈ G′.

Now, either the edge (v1, u0) ∈ Êu0 and thus in G′, or on some iteration u0
selects a neighbor u1 that had v1 removed from Lu0

. Thus we have ID(u1) >
ID(v1) > ID(u0), and (u0, u1) ∈ G′. Now, again, either the edge (u1, v1) ∈
Êv1 and thus in G′, or on some iteration v1 selects a neighbor v2 that had u1

1Diversity can be also defined with respect to a clique cover of a given graph. Then, the
diversity of a vertex is the number of maximal cliques in the cover that the vertex belongs to.
In this paper, however, we do not employ clique covers, and so the diversity is defined as the
number of maximal cliques in the input graph.
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removed from Lv1 . Thus we have ID(v2) > ID(u1) > ID(v1) > ID(u0) and
(v1, v2) ∈ G′. This cannot last infinitely. At some point the path of v0, v1, . . .
and the path u0, u1, . . . either meet, or there is an edge (vi, ui) ∈ G′ or an edge
(ui, vi+1) ∈ G′. In either case we have a path from v to u. Since this is true for
every edge in G, we have that G′ spans G.

In the Congested Clique model, it is now possible for each vertex v to send Êv
to some central vertex. One can thus conclude an O(K) runtime deterministic
algorithm for computing a spanning tree of a subgraph G in the Congested
Clique. We note that, to the best of our knowledge, ours is the first result which
does not depend on n and thus not growing in running time as the number of
vertices grow. We summarize the results.

Theorem 3.2. There is an O(K) runtime deterministic algorithm for comput-
ing a spanning skeleton of size O(Kn) in the CONGEST model.

Corollary 3.3. There is an O(K) runtime deterministic algorithm for solving
the connectivity problem in the congested clique model by finding a spanning tree
of the input subgraph.

4 A Small Size Small Stretch Spanner in Bounded
Diversity Graphs

It is also of importance to find a spanning subgraph of a bounded stretch. Even
though spanners have been well-studied, even in the congested-clique model, to
the best of our knowledge, there is no known algorithm for constructing a span-
ner of linear size and a small stretch for any family of graphs deterministically.
The algorithm we devised in the previous section did not guaranteed a bounded
stretch.
A lower bound on the size of a (2k − 1)-spanner is conjectured for the general
case by Erdos [11] and was proven for the additive spanner case [23]. Specifically,
the lower bound states that there are graphs for which such spanner requires
Θ(n1+

1
k ) edges. This makes finding families of graphs which allow spanners of

linear size and small stretch of much interest.

We start with a simple result to show that in the LOCAL model diversity
is strongly tied to spanning. One can achieve an O(Dn) size 2-spanner within 1
round of communication. This is done as follows. Each vertex shares its 1-hop
neighborhood with all its neighbors. Thus, each vertex can compute locally
what are the maximal cliques it belongs to and what is the highest ID vertex
in each such clique (which we call the master of the clique). Each vertex then
connects only to the master in each clique. If (v, u) is an edge in G then v
and u are connected with a path at most 2 through the master of the clique
containing the edge (v, u) (if there are more than one such clique then v and
u are surely connected through the master with the highest ID among all the
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masters of these cliques). The size of such spanner is O(Dn) as each vertex is
connected to at most D masters.

Theorem 4.1. In the LOCAL model one can computed a linear size 2-spanner
within 1 round of communication in graphs with constant diversity.

We now show the more interesting result which is that for graphs with di-
versity D one can find a (D + 1)-stretch spanner of size O(D2n) within O(D2)
running time in the CONGEST model. For simplification, we first show our
algorithm in the Congested Clique and later we will show that the all-to-all
communication is not required.
We begin each iteration with each vertex v choosing a neighbor with the highest
ID, denote c(v), from all vertices it is yet to be connected to in the solution. v
sends c(v) to all vertices in G. Let u be a neighbor of v and c(u) the chosen
vertex of u. We denote C = {c(u) | {u, c(u)} ∈ Γ(v)} to be all the choices v
receives from its neighbors in G such that they, the choices, are also neighbors
of v in G. Let P denote all neighbors of v which made the choices in C. That
is P = {u | c(u) ∈ C}. In other words, if a neighbor w of v chose a vertex c(w)
which is not neighbor of v, that is c(w) /∈ Γ(v), then w is not in P . We would
now like to connect v to all vertices in P with path of size at most i+ 1 where
i denotes the current iteration. We will show that v needs only to choose D
vertices out of C ∪ P to achieve this. After choosing a subset Ê, v broadcasts
Ê to all vertices in G. All vertices maintain their own copy of the result so far,
denoted R, which represents all the edges accumulated so far. It is this R that
each vertex uses to choose a small subset of C ∪P . This completes the descrip-
tion of the algorithm. Its pseudocode appears below. We prove its correctness
in the following lemmas.
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Algorithm 1 CongestSpanner(G,D)

1: S = Γ(v)
2: R = ∅
3: for D iterations do
4: Choose the highest ID vertex c(v) in S
5: Add the edge (v, c(v)) to R.
6: Send ID(c(v)) to all neighbors.
7: Remove c(v) from S.
8: C = all choices c(u) sent to v by its neighbors such that c(u) ∈ Γ(v).
9: P = all neighbors u of v which have a choice in C.

10: Choose the smallest subset T ⊆ C ∪ P with the following condition: Let
E(T ) be the set of edges between v and the vertices in T . E(T ) ∪ R
connects v to all vertices in P .

11: Send the chosen subset of T to all vertices in G. Add T to R. This
requires |T | rounds.

12: Remove all vertices in P from S.
13: end for
14: return R.

Lemma 4.2. Let u,w be two neighbors that select c(u), c(w), respectively, such
that u,w, c(u), c(w) belong to the same clique. Then, if c(u) 6= c(w) there is a
path in R between u and w of length i+ 1 in the end of iteration i.

Proof. The proof is by induction on the iteration i.
Base (i = 1): in the first iteration, if two vertices in the same clique make
choices within that clique, then both select the vertex with the maximum ID in
that clique. Consequently, c(u) = c(w) and u is connected to w in R by a path
of length 2. Step: In iteration i, suppose that u,w make choices in the same
clique, but u selects a neighbor c(u) with a smaller ID than that of the selection
c(w) of w. This means that u already has a path in R to c(w). This path was
computed in a previous iteration, and so its length is at most i, by induction
hypothesis. Hence, by the end of iteration i, the vertex u is connected to w
through c(w) by a path of length at most i+ 1.

Lemma 4.3. At each iteration i, there is a subset in C ∪ P of size at most D
which v can choose that connects v to each u ∈ P with a path of size at most
i+ 1.

Proof. Denote L = G(C ∪ P ) as the induced subgraph of G over the subset of
vertices C ∪ P in iteration i. The diversity of L is less than or equals that of G
since each distinct clique in L is a sub-clique of a distinct clique in G. Thus, v
can belong to at most D distinct maximal cliques in L.
Let Q be a clique containing v. Denote all pairs of neighbors u, c(u) which
are in Q as (u1, c(u1), . . . , (uq, c(uq))). Note that P consists of u1, u2, . . . , uq.
W.L.O.G, assume that ID(c(u1)) ≤ . . . ≤ ID(c(uq)). Then by Lemma 4.2, for
each 1 ≤ j ≤ q there is a path of length at most i between uj and c(uq). Thus
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by connecting v to c(uq) we obtain paths from v to all the vertices u1, . . . , uq of
length at most i+ 1 each. This means we require only a single additional edge,
(v, c(uq)), per clique which v belongs to in L. Hence at most D edges per vertex
per iteration.

Since Lemma 4.3 ensures the existence of a subset of small size which con-
nects v to all of its neighbors in P , surely v can find this subset locally and use
it or maybe a smaller size subset. (Recall that in each iteration, v is aware of
the entire solution R for G in that stage, since the up-to-date information about
R is made available to all vertices in the congested clique.)

In the next lemmas we shows that each iteration of our algorithm makes a
certain distinct clique of a vertex v to be spanned by a subgraph of bounded
diameter. Consequently, within D iteration each vertex has paths of bounded
length in R to all its neighbors in G. We prove this by analyzing the clique of
v that contains the edge (v, c(v)) of the choice of v in that iteration.

Lemma 4.4. Let Q be a maximal clique containing the edge (v, c(v)) in iteration
i. Then, within D rounds (performed during the execution of line 11), in the
output R there is a path from v to any vertex in Q of length at most i+ 1.

Proof. Let u be a vertex in Q. Since (v, c(v)) ∈ Q then u is connected to v in G
and also is connected to c(v) in G. Hence, v ∈ P as computed by u. By Lemma
4.3, u connects to all vertices in P . Specifically, u makes sure to connect to v
with a path of length at most i+ 1.

Lemma 4.5. For i = 1, 2, . . . , D, within i iterations (of the outer loop), there
are paths in the output R between v and all vertices of i cliques containing v.

Proof. Denote ci(v) as the choice v makes at iteration i. Denote Q1, . . . , Qi−1
the maximal cliques which contain the edges (v, c1(v)), . . . , (v, ci−1(v)) respec-
tively. By Lemma 4.4, at each iteration of the outer loop the output contains a
path between v and all of its neighbors in at least one maximal clique containing
v. At each following iteration, v chooses the vertex with the highest ID c(v)
such that v is not yet connected to in the output. Hence, the edge (v, ci(v))
cannot belong to any of the cliques Q1, . . . , Qi−1 since v already knows of a
connection to all vertices in these cliques. Thus, a different distinct maximal
clique Qi must contain the edge (v, ci(v)). Again, by Lemma 4.4, the entire
clique Qi will be connected to v at iteration i. Hence, within i iterations (of the
outer loop), there are paths in the output between v and all vertices of i distinct
maximal cliques containing v. Specifically, after D such iterations, v will be left
with no maximal cliques to choose a neighbor from, and will be connected to
all of its neighbors.

Since at each inner round each vertex adds at most D edges to the solution
and since there are D outer iterations, we conclude with the following result.

Theorem 4.6. There is an O(D2) running time deterministic algorithm for
computing a spanner of size O(D2n) and stretch at most D + 1.
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Now we note that the information used by a vertex v in order to decide on
a subset Ê of the graph L is weather or not a neighbor u which sent a choice
c(u) is already connected to some vertex c(w), a vertex chosen by w, another
neighbor of v, in a clique in L that contains the vertices u, c(u), w, c(w) and v.
In the Congested Clique model, this knowledge can be aggregated at v in each
iteration. This is not necessary as v can query u about the reason why it chose
c(u) instead c(w) in case their IDs are different; is it because u is not connected
to c(w) in G or is it because u is already connected to c(w) in the output. To
achieve this, each vertex is required to register locally with which neighbors it
is already connected to in the output. Unlike before, at each iteration i, R will
contain the neighbors v is connected to in the output with a path at most i+ 1.
Another difference is that v is now required to build up the subset Ê edge by
edge for O(D) rounds depending on the responses it gets from querying. (Note
that we refer to this inner loop as rounds and to the outer loop as iterations.)
It will first choose the vertex with highest ID from C, c(w), and then query all
vertices in P whether they are connected to c(w) already. For all those who are,
v will remove their choices from C, register them in R as connected to v with
a path of length at most i + 1 as v adds the edge (v, c(w)) to Ê, and choose
the next available vertex with the highest ID in C. v needs to repeat this for
at most D rounds until we can be sure it is connected to all vertices in P with
paths of length at most i + 1 in accordance to Lemma 4.3. We provide the
pseudocode of this variant for the CONGEST model in Algorithm 2 below. We
summarize this discussion with the next theorem.

Theorem 4.7. There is an O(D2) runtime deterministic algorithm for com-
puting a spanner of size O(D2n) and stretch at most D + 1 in the CONGEST
model.
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Algorithm 2 CongestSpanner(G,D)

1: S = Γ(v)
2: R = ∅
3: for D iterations do
4: Choose the highest ID vertex c(v) in S
5: Add the edge (v, c(v)) to R.
6: Send ID(c(v)) to all neighbors.
7: Remove c(v) from S.
8: C = all choices c(u) sent to v by its neighbors such that c(u) ∈ Γ(v).
9: P = all neighbors u of v which have a choice in C.

10: for D rounds do
11: Choose the highest ID vertex w from C.
12: Remove w from S and from C.
13: Add (v, w) to R.
14: Query all vertices in P if they already registered w as connected to

them in their solution.
15: For each neighbor u which replied ’yes’, remove u from S and from P .

Register that v is connected to u.
16: C = all choices of vertices which are still in P .
17: Register that v is connected to w in the solution R.
18: end for
19: end for
20: return R.

4.1 Conclusion

As we showed in this paper, diversity helps to efficiently find a linear size 2-
spanner in the LOCAL model as well as a linear size small stretch spanner in
the CONGEST model for graphs with bounded diversity. As noted these results
are added to the efficiency of distributed algorithms for graphs with bounded
diversity for well-studied problems.

Hence we believe that bounded diversity graphs are indeed an interesting
family of graphs as this family is not a trivial one and yet has deterministic poly-
logarithmic solutions for many of the well-studied problems in the distributed
setting. Currently, out of the four major symmetry breaking problems in this
setting, only MIS (Maximal Independent Set) remains open without such a so-
lution for graphs with bounded diversity. We believe it would be of interest to
find such a solution.
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