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Abstract. For a pair of parameters α, β ≥ 1, a spanning tree T of a weighted undirected n-vertex
graph G = (V, E, w) is called an (α, β)-shallow-light tree (shortly, (α, β)-SLT) of G with respect to
a designated vertex rt ∈ V if (1) it approximates all distances from rt to the other vertices up to a
factor of α, and (2) its weight is at most β times the weight of the minimum spanning tree M ST (G)
of G. The parameter α (resp., β) is called the root-distortion (resp., lightness) of the tree T . Shallowlight trees (SLTs) constitute a fundamental graph structure, with numerous theoretical and practical
applications. In particular, they were used for constructing spanners in network design, for VLSIcircuit design, for various data gathering and dissemination tasks in wireless and sensor networks,
in overlay networks, and in the message-passing model of distributed computing. Tight tradeoﬀs
between the parameters of SLTs were established by Awerbuch, Baratz, and Peleg [Proceedings of the
9th Annual ACM Symposium on Principles of Distributed Computing (PODC), 1990, pp. 177–187,
Eﬃcient Broadcast and Light-Weight Spanners, manuscript, 1991] and Khuller, Raghavachari, and
Young [Proceedings of the Fourth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA),
1993, pp. 243–250]. They showed that for any  > 0 there always exist (1 + , O( 1 ))-SLTs and that
the upper bound β = O( 1 ) on the lightness of SLTs cannot be improved. In this paper we show
that using Steiner points one can build SLTs with logarithmic lightness, i.e., β = O(log 1 ). This
establishes an exponential separation between spanning SLTs and Steiner ones. In the regime  = 0
our construction provides a shortest-path tree with weight at most O(log n) · w(M ST (G)). Moreover,
we prove matching lower bounds that show that all our results are tight up to constant factors.
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1. Introduction.
1.1. Main results. A minimum spanning tree (henceforth, MST) of a weighted
+
undirected graph G = (V, E, w),
w : E → R , is a spanning tree T = (V, H, w) of G
with minimum weight w(T ) = e∈H w(e). A shortest-path tree (henceforth, SPT) of
G with respect to a designated vertex rt ∈ V is a spanning tree T = (V, H, w) that
satisﬁes that for every vertex v ∈ V the distance dT (rt, v) between rt and v in T is
equal to the distance dG (rt, v) between them in G. Both the MST and the SPT are
among the most fundamental and well-studied graph constructs (see, e.g., [21, Chaps.
24, 25 and the references therein]).
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The desirability of having a single tree that combines the properties of the MST
and the SPT was realized already in the mid-1980s [13, 33]. The speciﬁc notion of
shallow-light tree (shortly, SLT) was introduced in [6,7,34].1 For a pair of parameters
α, β ≥ 1, a spanning tree T of G with respect to a designated vertex rt ∈ V is
called an (α, β)-SLT if (1) for every vertex v ∈ V , dT (rt, v) ≤ α · dG (rt, v), and
(2) w(T ) ≤ β · w(M ST (G)). A tree T that satisﬁes only the ﬁrst requirement will
be referred to as an α-shortest-path tree (shortly, α-SPT) of G. The parameter α
(resp., β) will be called the root-distortion (resp., lightness) of the tree T . Awerbuch,
Baratz, and Peleg [6, 7] and Khuller, Raghavachari, and Young [34] demonstrated
that for every  > 0 a (1 + , O( 1 ))-SLT exists for every graph G and that this
tradeoﬀ is tight [34]. Since then, SLTs were shown to have numerous applications. In
particular, they were found useful for various data gathering and dissemination tasks
in overlay networks [15, 38, 47], in wireless and sensor networks [10, 22, 45, 48], and in
the message-passing model of distributed computing [6,7]. Other applications of SLTs
include network and VLSI-circuit design [17–19, 44] and routing [50]. SLTs were also
used for constructing spanners [7, 40]. Closely related tree structures, such as light
approximate routing trees and shallow-low-light trees, were investigated in [23, 25, 50].
Moreover, some of the constructions in [23,25,50] are based on constructions of SLTs.
This variety of both theoretical and practical applications testiﬁes that SLTs
constitute a fundamental graph structure of independent interest. In this paper we
explore the impact of Steiner points on SLTs. A Steiner tree for a graph G = (V, E, w)
is a tree T = (V  , H, w ) with V  ⊇ V and w : H → R+ that dominates the metric
MG induced by G, i.e., for every pair of original vertices u, v ∈ V , dT (u, v) ≥ dG (u, v).
For a pair of parameters α, β ≥ 1, we say that the Steiner tree T is a Steiner (α, β)SLT for G with respect to a designated vertex rt ∈ V if (1) for every vertex v ∈ V ,
dT (rt, v) ≤ α · dG (rt, v), and (2) w(T ) ≤ β · w(M ST (G)).2
We demonstrate that using Steiner points one can drastically improve the lightness of SLTs. Speciﬁcally, we show that for every  > 0, every graph G, and every
designated vertex rt in G there exists a (1 + , O(log 1 ))-SLT with respect to rt and
that this result is tight up to a constant factor (hidden by the O-notation). As was
mentioned above, a lower bound of Khuller, Raghavachari, and Young [34] shows that
the lightness of spanning SLTs with the same root-distortion is Ω( 1 ); i.e., we establish
an exponential separation between the lightness of Steiner and spanning SLTs.
A noteworthy point on our tradeoﬀ curve is  = 0, i.e., when we do not allow any
distortion whatsoever. The lightness of our Steiner trees that preserve distances from
a designated vertex (i.e., Steiner SPTs) is O(log n), where n is the number of vertices;
this is again tight up to a constant factor. Note also that there are graphs for which
any spanning SPT has lightness Ω(n). (See Figure 1 for an illustration.)
1.2. Steiner points in other metric structures. The impact of Steiner points
on metric trees was extensively studied in a few related settings. Most notably, it is
a subject of intensive investigation in the context of probabilistic tree embeddings
and average-distortion trees. These two settings are essentially equivalent, and so we
will only discuss the former one. Alon et al. [3] showed that for every n-vertex graph
G = (V, E, w) there exists a probability distribution
D of spanning trees of G such that
√
(u,v)
] = 2O( log n log log n) . Such a distribution is
for every edge e = (u, v) ∈ E, ET ∈D [ dTw(e)
1 Khuller, Raghavachari, and Young [34] called the same notion light approximate spanning tree
(shortly, LAST ).
2 Alternatively, one can require here the weight of T to be no greater than β times the weight
of the minimum Steiner tree of G, SM T (G). However, since 12 · w(M ST (G)) ≤ w(SM T (G)) ≤
w(M ST (G)), these two deﬁnitions are identical up to the constant factor of 2. We will henceforth
ignore this subtlety.
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Fig. 1. All edges incident to rt have weight n, while other edges have unit weight. The SPT
with respect to rt is the star rooted at rt; its weight is n(n − 1). The MST contains a single edge
(rt, vi ) of weight n and the entire path (v1 , v2 , . . . , vn−1 ) of unit-weight edges. Its weight is 2n − 2.
Hence the lightness of the SPT with respect to rt in this example is n
.
2
(u,v)
called probabilistic tree embedding [8], and the value maxe=(u,v)∈E E[ dTw(e)
] is called
the distortion of the embedding. Bartal [8, 9] and Fakcharoenphol, Rao, and Talwar
[26] showed that using Steiner points one can drastically improve the bound of [3],
and they devised probabilistic tree embeddings with distortion O(log n). The bound
O(log n) is also known to be optimal up to constant factors [3,8]. However, Konjevod,
Ravi, and Salman [36] and Gupta [29] demonstrated that the same bounds (up to
constant factors) as those of Bartal [8, 9] and Fakcharoenphol, Rao, and Talwar [26]
can be obtained without Steiner points, i.e., by using only spanning trees of the metric
MG induced by G. (Such spanning trees are, however, allowed to use Steiner edges
rather than Steiner points.) Moreover, more recent studies [1,2,24] showed that nearly
the same bounds can be obtained by using spanning trees of the original graph G.
Therefore, it turns out that neither Steiner points nor Steiner edges can really help
to improve probabilistic tree embeddings.
A similar situation occurs in the context of low-light trees, which combine small
lightness with small depth [23, 25]. It is known that Steiner points do not help in this
context either, i.e., that any Steiner tree T can be converted into a spanning tree with
the same (up to constant factors) lightness and depth as those of T [25].
Steiner points were also studied in the context of graph spanners. Given a graph
G = (V, E, w) and a number α ≥ 1, an α-spanner G = (V, H, w), H ⊆ E, is a
subgraph that satisﬁes dG (u, v) ≤ α · dG (u, v) for every pair of vertices u, v ∈ V .
A Steiner α-spanner G = (V  , H  , w ), V  ⊇ V , is a graph that satisﬁes dG (u, v) ≤
dG (u, v) ≤ α · dG (u, v) for every pair of original vertices u, v ∈ V . Althöfer et al. [4],
extending previous bounds due to Peleg and Schäﬀer [41], showed that for every n1
vertex graph G there exists an α-spanner with n1+O( α ) edges and that there exist
1
n-vertex graphs for which every Steiner α-spanner requires n1+Ω( α ) edges. In other
words, Steiner points cannot help to signiﬁcantly improve the bounds on the number
of edges required for graph spanners in general. The situation is similar in the context
of another variety of spanners called distance preservers [14].
To summarize, Steiner points were studied in many diﬀerent settings in the context of probabilistic tree embeddings, low-light trees, graph spanners, and distance
preservers [4, 14, 25, 29, 36]. In all these settings they are known not to help much in
improving inherent tradeoﬀs between the involved parameters. In this paper we show
that in sharp contrast to all these examples, shallow-light trees can be exponentially
improved by using Steiner points.
Interestingly, we also demonstrate that while Steiner points are very helpful in the
context of SLTs, this is not the case for Steiner edges. In other words, we show that for
any graph G = (V, E, w) and any designated root vertex rt ∈ V every spanning tree T
of the metric induced by G (i.e., T may include Steiner edges but not Steiner vertices)
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can be converted into a spanning tree T  of G whose weight and root-distortion are
bounded by the weight and root-distortion of T , respectively. (Hence there exist
metrics (and not just graphs) for which any (1 + )-SPT has lightness 1 + Ω( 1 ).)
1.3. Related work. Shallow-low-light trees were studied in [23,25]. In addition
to small root-distortion and lightness, these trees have small depth. However, similarly
to the SLTs of Awerbuch, Baratz, and Peleg [6, 7] and Khuller, Raghavachari, and
Young [34], the shallow-low-light trees of [23,25] exhibit inverse-linear tradeoﬀ between
root-distortion 1 +  and lightness Ω( 1 ).
SLTs were also studied from the viewpoint of approximation algorithms [30,37,39].
Some of this research considered Steiner SLTs [16,30,37]. However, the word “Steiner”
is used in these papers with a diﬀerent meaning. Speciﬁcally, as a part of the input
one is given a graph G = (V, E, w) and a subset U ⊆ V of terminals. A Steiner
tree in the context of [16, 30, 37] is a tree that spans U but is allowed to use vertices
from V \ U as well. Online approximation algorithms for SLTs were devised in [28].
Heuristics for ﬁnding SLTs were developed in [35].
There is also a vast literature on the Euclidean minimum Steiner tree [11, 12,
27, 31]. In this context the input graph is a Euclidean one, and Steiner points are
required to belong to the Euclidean plane as well. We remark that although some
of our lower bound examples in this paper are Euclidean, we focus on the general
metric scenario. In particular, even if the input graph is Euclidean, our constructions
may use Steiner points that do not belong to the plane. This is for a good reason,
though; it is easy to see that for a set Cn of n equally spaced points on a circle in the
Euclidean plane any SPT (with respect to an arbitrary vertex rt ∈ Cn ) that uses only
Euclidean Steiner points has lightness Ω(n). More generally, any shallow-light tree
for Cn with root-distortion at most 1 +  (with respect to an
 arbitrary vertex rt ∈ Cn )

that uses only Euclidean Steiner points has lightness Ω( 1 ). (See Appendix B for
details.) These lower bounds are exponentially larger than our logarithmic upper
bounds O(log n) and O(log 1 ) on the lightness of Steiner SPTs and Steiner shallowlight trees, respectively. We remark that lower bounds on the power of Euclidean
Steiner points were shown in [5, 43].
We note that the Steiner trees, of Bartal [8, 9] and of Fakcharoenphol, Rao, and
Talwar [26] have a particularly useful structure; speciﬁcally, they are hierarchically
well-separated trees (HSTs). (See [8] for the deﬁnition.) The Steiner trees that we
devise in the current paper do not have this structure; i.e., they are not HSTs.
1.4. Structure of the paper. In section 2 we present our construction of
Steiner SPTs with logarithmic lightness. The construction of Steiner SLTs with rootdistortion at most 1 +  and lightness O(log 1 ) is described in section 3. Matching
lower bounds for Steiner SPTs and SLTs are provided in section 4. The argument
which shows that Steiner edges do not help appears in section 5. In Appendix A
we prove a technical lemma, used in the lower bounds of section 4. In Appendix
B we show that any construction of SLTs for Euclidean metrics that employsonly
Euclidean Steiner points and has root-distortion at most 1 +  has lightness Ω(

1
 ).

1.5. Preliminaries. Let T = (T, rt) be either a spanning or a Steiner tree of
a graph G = (V, E, w) rooted at some designated point rt. The distortion between
T (u,v)
a pair u, v of vertices in T is deﬁned as ϕT (u, v) = ddG
(u,v) . The root-distortion and
average root-distortion of (T, rt) are deﬁned as
χ(T, rt) = max {ϕT (rt, v) | v ∈ V \ {rt}}
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and


λ(T, rt) =

v∈V \{rt}

ϕT (rt, v)

|V | − 1

,

w(T )
respectively. We denote by Ψ(T ) = w(MST
(G)) the lightness of a spanning or a Steiner
tree T of G. The depth of a tree T rooted at a vertex rt is the maximum unweighted
distance between rt and a vertex v in T . For a pair of points u, v in the plane, denote
by u − v their Euclidean distance. Finally, for a pair k, n of integers, 0 ≤ k ≤ n,
denote the sets {k, k + 1, . . . , n} and {1, 2, . . . , n} by [k, n] and [n], respectively.

2. Steiner SPTs with logarithmic lightness. In this section we show that
for every n-vertex graph G = (V, E, w) and for every vertex rt ∈ V there exists a
Steiner SPT T with respect to rt with logarithmic lightness, i.e., Ψ(T ) = O(log n).
Note that without loss of generality it is enough to prove this for metrics. Indeed, a
Steiner tree of a graph G is also a Steiner tree of the metric MG induced by G, and
vice versa.
In section 3 we harness this construction to produce a construction of Steiner
SLTs.
Let M = (V, dist) be an n-point metric, let rt be a designated (root) point in V ,
and let M  = (V \ {rt}, dist) be the (n − 1)-point metric induced by the point set
V \ {rt}.
Consider an arbitrary Hamiltonian path H  of M  . In what follows we construct
a binary Steiner tree T  = T  (H  ) for M  rooted at a Steiner point rt of weight
w(T  ) = O(log n) · w(H  ). The tree T  will also satisfy the following property. For any
vertex x in T  , there exists a number ρ(x) ≥ 0 such that for any point v in V \ {rt}
that belongs to the subtree Tx of T  rooted at x,
dist(rt, v) − dT  (x, v) = ρ(x).

(1)

Given (1), we have ρ(x) ≤ w(M ST (M )) by the triangle inequality for any vertex x
of T  . In particular, it holds that ρ(rt ) ≤ w(M ST (M )). We show (Proposition 2.8)
that the rooted tree (T, rt), T = T (H  ), obtained by adding to T  an edge (rt, rt ) of
weight w(rt, rt ) = ρ(rt ), is a Steiner SPT of M with respect to rt of weight w(T ) =
O(log n) · w(H  ) + ρ(rt ). (See Figure 2(i) for an illustration.) In particular, if we take
H  to be a Hamiltonian path for M  of weight O(w(M ST (M  ))) = O(w(M ST (M )))
(e.g., if H  is a traveling salesman path for M  ), then the lightness of T will be
Ψ(T ) =

w(T )
O(log n) · w(H  ) + ρ(rt )
=
w(M ST (M ))
w(M ST (M ))
O(log n) · w(H  ) + w(M ST (M ))
= O(log n).
≤
w(M ST (M ))

Write ñ = n − 1 and H  = (p1 , p2 , . . . , pñ ), and suppose for simplicity that ñ is an
integer power of 2. To construct T  , we start by building a skeleton of a full balanced
binary tree rooted at rt with ñ leaves, denoted from left to right by 1 , 2 , . . . , ñ . For
each index i ∈ [ñ], the leaf i corresponds to the point pi . All ñ − 1 inner vertices of
T  are Steiner points.
Before describing the weight assignment of edges in T  , we need to introduce some
notation.
For a vertex x in T  , denote its left child by L(x), its right child by R(x), and the
set of leaves in the subtree Tx of T  rooted at x by Leaves(x). For a leaf x, L(x) =
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dT  (R(x), xR )

xL
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v ∈ V \ {rt}
Fig. 2. (i) The tree (T, rt) is obtained from T  by adding to it an edge (rt, rt ) of weight
ρ(rt ). By (1), dT  (x, v) = dist(rt, v) − ρ(x). Hence dT (rt, x) = dT (rt, v) − dT  (x, v) = (dT (rt, v) −
dist(rt, v)) + ρ(x) = ρ(x). The last equation holds because, as we will show in what follows, T is an
SPT with respect to rt. (ii) The path that connects xL with xR in Tx has weight dT  (L(x), xL ) +
wL (x) + wR (x) + dT  (R(x), xR ).

R(x) = N U LL and Leaves(x) = {x}, whereas for an inner vertex x, Leaves(x) =
Leaves(L(x))∪Leaves(R(x)). Observe that Leaves(rt ) = {p1 , p2 , . . . , pñ } = V \{rt}.
The weight assignment of edges in the tree is computed recursively bottom-up, so that
the weights wL (x) and wR (x) of the two edges (x, L(x)) and (x, R(x)) connecting an
inner vertex x with its two children are computed only after all other edge weights
in the subtree Tx have been computed. We associate with each vertex x in T  three
variables Δx , δx , and ρ(x) and use them to compute the weights wL (x) and wR (x) in
the following way.
If x is a leaf, we set δx = Δx = 0 and ρ(x) = dist(rt, x), and we deﬁne wL (x) =
wR (x) = 0.
For an inner vertex x, we set
δx = ρ(L(x)) − ρ(R(x)).
The variable δx will be referred to as the disbalance of the vertex x. Note that the
disbalance may be negative. Consider a pair of leaves xL ∈ Leaves(L(x)), xR ∈
Leaves(R(x)). Let Δ(xL , xR ) = dist(xL , xR ) − (dT  (L(x), xL ) + dT  (R(x), xR )). To
guarantee that the tree T  will dominate the metric M  , we need to make sure that
the weights wL (x) and wR (x) will satisfy wL (x) + wR (x) ≥ Δ(xL , xR ). (See Figure
2(ii) for an illustration.)
We call Δ(xL , xR ) the distance surplus of the pair (xL , xR ). The distance surplus
of the vertex x, denoted by Δx , is deﬁned as the maximum distance surplus over all
pairs (xL , xR ) with xL ∈ Leaves(L(x)), xR ∈ Leaves(R(x)), i.e.,
Δx = max{Δ(xL , xR ) | xL ∈ Leaves(L(x)), xR ∈ Leaves(R(x))}.
It follows that the choice of the weights wL (x) and wR (x) for the edges (x, L(x)) and
(x, R(x)), respectively, needs to satisfy wL (x) + wR (x) ≥ Δx .
Given the values of disbalance δx and surplus Δx of the vertex x determined as
above, we set the weights wL (x) and wR (x) of its descending edges as follows. (Some
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of the edges in the tree that we construct may have zero weight. This will be easily
corrected later.)
If |δx | ≤ Δx , we set wL (x) = Δx2+δx , wR (x) = Δx2−δx . Otherwise, we set wL (x) =
max{δx , 0}, wR (x) = max{−δx , 0}. (In the latter case, either wL (x) or wR (x) is equal
to zero, and the other parameter is equal to |δx |.) Finally, having computed the weight
assignment for the entire subtree Tx , we pick an arbitrary leaf v in Leaves(x) and set
ρ(x) = dist(rt, v) − dT  (x, v). (Lemma 2.2 below implies that any choice of v leads to
the same value of ρ(x).)
Observation 2.1. For any vertex x in T  ,
1. wL (x), wR (x) ≥ 0,
2. wL (x) + wR (x) = max{Δx , |δx |}, and
3. wL (x) − wR (x) = δx , or equivalently, ρ(L(x)) − wL (x) = ρ(R(x)) − wR (x).
Next we provide some intuition for the construction. When the algorithm assigns


and TR(x)
are already constructed.
weights wL (x) and wR (x), the two subtrees TL(x)
Intuitively, these trees can be viewed as Steiner SPTs rooted at L(x) and R(x),
respectively. Observe that at this stage we are also given two parameters, ρ(L(x))
and ρ(R(x)). Intuitively, ρ(L(x)) (resp., ρ(R(x))) indicates how close the root rt
is to the set of original vertices that belong to Leaves(L(x)) (resp., Leaves(R(x)));
this is not the actual distance between rt and this set of vertices but rather the
value that needs to be assigned to the edge (rt, L(x)) (resp., (rt, R(x))) to obtain a
Steiner SPT for Leaves(L(x)) (resp., Leaves(R(x))); it is convenient to think of this
value as a “distance” between rt and the set Leaves(L(x)) (resp., Leaves(R(x))).


and TR(x)
into a single
Our objective at this point is to merge the two subtrees TL(x)
Steiner SPT rooted at x. As a part of this merging operation we need to balance these
two subtrees. This is done using the disbalance parameter δx = ρ(L(x)) − ρ(R(x)).
If δx > 0, then wL (x) needs to be greater than wR (x). The reason for that is that in
this case the vertices of Leaves(L(x)) are located “farther” from rt than the vertices
of Leaves(R(x)), and so by setting wL (x) to be greater than wR (x) we compensate
for this. The case δx < 0 is symmetric. If δx = 0, then we set wL (x) to be equal to
wR (x). The third statement of Observation 2.1 demonstrates the intuitive meaning
of the disbalance variable δx ; it is the diﬀerence between wL (x) and wR (x).
Our additional concern during this merging step is to ensure that the resulting
tree Tx will dominate the metric distances between the vertices of Leaves(x). To this
end we employ the distance surplus parameter Δx . Speciﬁcally, our choice of values
for wL (x) and wR (x) guarantees that wL (x) + wR (x) ≥ Δx . As was discussed above,
this, in turn, guarantees that Tx dominates the metric distances between the vertices
of Leaves(x).
There are two cases that we encounter in the merging process. The ﬁrst one is
|δx | > Δx , and the second one is the complementary case. In the ﬁrst case we can
assign weights wL (x) and wR (x) regardless of the distance surplus parameter Δx .
(Indeed, in this case |wL (x) − wR (x)| = |δx | > Δx ; since wL (x), wR (x) ≥ 0, we have
wL (x) + wR (x) ≥ |wL (x) − wR (x)| > Δx .) In other words, if |δx | > Δx , then the
balancing operation implicitly takes care of the dominance condition. On the other
hand, if |δx | ≤ Δx , then this is no longer the case. In this case we explicitly make sure
that wL (x)+wR (x) ≥ Δx . In addition, we also need |wL (x)−wR (x)| = |δx | to hold, in
order to balance the two subtrees. These two conditions are achieved simultaneously
by assigning one of the edges weight Δx2+δx and the other one weight Δx2−δx . Since
Δx ≥ |δx |, both these weights are nonnegative.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 08/19/16 to 132.72.42.39. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

STEINER SLTs ARE LIGHTER THAN SPANNING ONES

1003

Finally, we also need to guarantee that the resulting tree has small weight. Interestingly, it turns out that the greedy approach works. Speciﬁcally, we set the edge
weights wL (x) and wR (x) to the minimum values that are possible under the other
limitations; the other limitations are imposed by the requirements that the resulting
tree needs to be a dominating one and that it needs to be an SPT.
Next, we turn to the formal analysis of our construction.
The following lemma shows that the numbers ρ(x) satisfy (1), i.e., that indeed
any leaf v ∈ Leaves(x) can be selected for setting ρ(x).
Lemma 2.2. For any vertex x in T  and any vertex v in Leaves(x), dist(rt, v) −
dT  (x, v) = ρ(x).
Proof. The proof is by induction on the depth h = h(Tx ) of the subtree Tx . The
basis h = 0 is trivial.
Induction step. We assume that the statement holds for the two children L(x)
and R(x) of x, and we prove it for x. Consider an arbitrary pair v, z of vertices in
Leaves(x).
Next, we show that dist(rt, v) − dT  (x, v) = dist(rt, z) − dT  (x, z), which suﬃces.
(Indeed, ρ(x) was set as dist(rt, u) − dT  (x, u) for an arbitrary leaf u ∈ Leaves(x).
Hence, it suﬃces to show that for any leaf u ∈ Leaves(x) the expression dist(rt, u) −
dT  (x, u) is equal to the same value.)


If both v and z belong to TL(x)
or if they both belong to TR(x)
, then the re
sult follows easily from the induction hypothesis. Speciﬁcally, if v, z ∈ TL(x)
, then
dist(rt, v)−dT  (L(x), v) = dist(rt, z)−dT  (L(x), z). However, dist(rt, v)−dT  (x, v) =
(dist(rt, v)−dT  (L(x), v))−wL (x), and similarly, dist(rt, z)−dT  (x, z) = (dist(rt, z)−
dT  (L(x), z)) − wL (x). Hence dist(rt, v) − dT  (x, v) = dist(rt, z) − dT  (x, z), as required. (See Figure 3 for an illustration.)

x
wL (x)
L(x)

v

z

Fig. 3. The case v, z ∈ Leaves(L(x)).


The case when v, z ∈ TR(x)
is analogous.

We may henceforth suppose without loss of generality that v ∈ Leaves(L(x)) and
z ∈ Leaves(R(x)). By construction, dT  (x, v) = dT  (L(x), v) + wL (x) and dT  (x, z) =
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dT  (R(x), z) + wR (x). By the third statement of Observation 2.1 and the induction
hypothesis,
dist(rt, v) − dT  (x, v) = dist(rt, v) − dT  (L(x), v) − wL (x) = ρ(L(x)) − wL (x)
= ρ(R(x)) − wR (x) = dist(rt, z) − dT  (R(x), z) − wR (x)
= dist(rt, z) − dT  (x, z).
Lemma 2.2 shows that for an inner vertex x and a leaf v ∈ Leaves(x), dist(rt, v) =
dT  (x, v) + ρ(x). The next lemma shows that ρ(x) ≥ 0. Hence dist(rt, v) ≥ dT  (x, v).
Eventually we will need to guarantee dist(rt, v) = dT (rt, v), where T = T  ∪ {(rt, rt )}
is our ultimate SPT. Intuitively, the meaning of the value ρ(x) is that if the vertex x
were the root of T  , i.e., if rt = x, then the edge (rt, x) = (rt, rt ) in T would need
to be of weight ρ(x) = ρ(rt ). In general, the distance between rt and x in T would
need to be equal to ρ(x); indeed, to guarantee dist(rt, v) = dT (rt, v), it must hold
that dT (rt, x) = dT (rt, v) − dT  (x, v) = (dT (rt, v) − dist(rt, v)) + ρ(x) = ρ(x). (See
Figure 2(i) for an illustration.)
Lemma 2.3. For any vertex x in T  , ρ(x) ≥ 0.
Proof. The proof is by induction on the depth h = h(Tx ) of the subtree Tx . The
basis h = 0 is trivial.
Induction step. We assume that the statement holds for the two children L(x)
and R(x) of x, and we prove it for x. Suppose without loss of generality that
wL (x) ≤ wR (x). (The complementary case wL (x) > wR (x) is symmetric.) By the
third statement of Observation 2.1, δx ≤ 0, and so |δx | = −δx .
Suppose ﬁrst that |δx | ≤ Δx . By Observation 2.1, wL (x) + wR (x) = Δx and
wL (x) − wR (x) = δx . Hence 2 · wL (x) = Δx + δx . Let xL ∈ Leaves(L(x)) and
xR ∈ Leaves(R(x)) be two vertices for which Δx = Δ(xL , xR ) = dist(xL , xR ) −
dT  (L(x), xL ) − dT  (R(x), xR ). By Lemma 2.2, ρ(L(x)) = dist(rt, xL ) − dT  (L(x), xL )
and ρ(R(x)) = dist(rt, xR ) − dT  (R(x), xR ). Altogether,
2 · wL (x) = Δx + δx = Δx + ρ(L(x)) − ρ(R(x))
= dist(xL , xR ) + dist(rt, xL ) − dist(rt, xR ) − 2 · dT  (L(x), xL )
≤ 2 · dist(rt, xL ) − 2 · dT  (L(x), xL ).
(The last inequality holds by the triangle inequality.) Hence wL (x) ≤ dist(rt, xL ) −
dT  (L(x), xL ).
Otherwise, |δx | > Δx . In this case wL (x) = 0. By Lemma 2.2 and the induction
hypothesis, dist(rt, xL ) − dT  (L(x), xL ) = ρ(L(x)) ≥ 0, and so wL (x) ≤ dist(rt, xL ) −
dT  (L(x), xL ).
We have shown that in both cases wL (x) ≤ dist(rt, xL ) − dT  (L(x), xL ). Also, by
Lemma 2.2, ρ(x) = dist(rt, xL ) − dT  (x, xL ). It follows that
ρ(x) = dist(rt, xL ) − dT  (x, xL ) = dist(rt, xL ) − dT  (L(x), xL ) − wL (x) ≥ 0.
The following lemma shows that the tree T  dominates the metric M  .
Lemma 2.4. For any vertex x in T  and any pair v, z of vertices in Leaves(x),
dT  (v, z) ≥ dist(v, z).
Proof. The proof is by induction on the depth h = h(Tx ) of the subtree Tx . The
basis h = 0 holds vacuously.
Induction step. We assume that the statement holds for the two children L(x)
and R(x) of x, and we prove it for x.
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If both v and z belong to TL(x)
or if they both belong to TR(x)
, then the result
follows immediately from the induction hypothesis.
We may henceforth suppose without loss of generality that v ∈ Leaves(L(x))
and z ∈ Leaves(R(x)). By construction, we have dT  (v, z) = dT  (x, v) + dT  (x, z),
dT  (x, v) = dT  (L(x), v) + wL (x), and dT  (x, z) = dT  (R(x), z) + wR (x). By deﬁnition,
Δx ≥ Δ(v, z) = dist(v, z) − (dT  (L(x), v) + dT  (R(x), z)). By the second statement of
Observation 2.1, wL (x) + wR (x) ≥ Δx . Altogether,

dT  (v, z) = dT  (L(x), v) + wL (x) + dT  (R(x), z) + wR (x)
≥ dT  (L(x), v) + dT  (R(x), z) + Δx ≥ dist(v, z).
Next, we analyze the weight of the tree T  . For a vertex x in T  , let f (x) and
l(x), standing for ﬁrst and last of x, respectively, f (x) ≤ l(x), be the indices in [ñ] for
which Leaves(x) = {pf (x) , pf (x)+1 , . . . , pl(x) }. For a pair i, j of indices in [ñ], i ≤ j, let
j−1
W(i, j) = k=i dist(pk , pk+1 ) denote the sum of all edge weights along the subpath
(pi , pi+1 , . . . , pj ) of H  . We will soon show (in Lemma 2.6) that the sum of weights of
the two edges descending from a vertex x is dominated by the weight of the subpath
(pf (x) , pf (x)+1 , . . . , pl(x) ) of the Hamiltonian path H  traversing all the leaves of the
subtree Tx rooted at x. To this end we ﬁrst argue that there exists a leaf pi of Tx
whose distance from x in Tx is dominated by the weight of the subpath of H  between
pi and pl(x) , and we also argue that there exists another leaf pj , i ≤ j, whose distance
from x in Tx is dominated by the weight of the subpath of H  between pf (x) and pj .
We will later use this technical statement to prove Lemma 2.6.
Claim 2.5. For any vertex x in T  , there exist indices i and j in [f (x), l(x)],
i ≤ j, such that dT  (x, pi ) ≤ W(i, l(x)) and dT  (x, pj ) ≤ W(f (x), j).
Proof. The proof is by induction on the depth h = h(Tx ) of the subtree Tx .
Basis: h = 0. In this case x is a leaf, and there exists an index k in [ñ] such that
x = pk . Thus f (x) = l(x) = k, and for i = j = k we have dT  (x, pi ) = dT  (x, pj ) =
W(i, l(x)) = W(f (x), j) = 0.
Induction step. We assume that the statement holds for the two children L(x)
and R(x) of x, and we prove it for x.
Suppose ﬁrst that |δx | ≤ Δx . By the ﬁrst two assertions of Observation 2.1,
wL (x), wR (x) ≤ max{Δx , |δx |} = Δx . Let pi ∈ Leaves(L(x)) and pj ∈ Leaves(R(x))
be two points for which
Δx = Δ(pi , pj ) = dist(pi , pj ) − (dT  (L(x), pi ) + dT  (R(x), pj )).
Clearly, both i and j are indices in [f (x), l(x)]. It follows that
dT  (x, pi ) = wL (x) + dT  (L(x), pi ) ≤ Δx + dT  (L(x), pi )
= dist(pi , pj ) − dT  (R(x), pj ) ≤ dist(pi , pj ) ≤ W(i, j) ≤ W(i, l(x)).
(The penultimate inequality holds by the triangle inequality.) Similarly, we get that
dT  (x, pj ) = wR (x) + dT  (R(x), pj ) ≤ Δx + dT  (R(x), pj )
= dist(pi , pj ) − dT  (L(x), pi ) ≤ dist(pi , pj ) ≤ W(i, j) ≤ W(f (x), j).
Otherwise, |δx | > Δx . Suppose without loss of generality that wL (x) ≤ wR (x).
In this case we have wL (x) = 0. By the induction hypothesis, there exist indices i
and j in [f (L(x)), l(L(x))], with dT  (L(x), pi ) ≤ W(i, l(L(x))) and dT  (L(x), pj ) ≤
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W(f (L(x)), j). Since wL (x) = 0, we have dT  (x, pi ) = dT  (L(x), pi ) and dT  (x, pj ) =
dT  (L(x), pj ). Also, [f (L(x)), l(L(x))] ⊂ [f (x), l(x)]. Consequently, i and j serve
as two indices in [f (x), l(x)] for which dT  (x, pi ) ≤ W(i, l(L(x))) ≤ W(i, l(x)) and
dT  (x, pj ) ≤ W(f (L(x)), j) ≤ W(f (x), j).
The next lemma is the key to our weight analysis. It shows that for every inner
vertex x in T  the sum of weights of the two edges that descend from x is no greater
than the length of the subpath of the Hamiltonian path H that traverses all vertices
from Leaves(x).
Lemma 2.6. For any vertex x in T  , wL (x) + wR (x) ≤ W(f (x), l(x)).
Proof. The proof is by induction on the depth h = h(Tx ) of the subtree Tx . The
basis h = 0 is trivial.
Induction step. We assume that the statement holds for the two children L(x)
and R(x) of x, and we prove it for x.
Suppose ﬁrst that |δx | ≤ Δx . By Observation 2.1, wL (x) + wR (x) = Δx . Let
pi ∈ Leaves(L(x)) and pj ∈ Leaves(R(x)) be two points for which Δx = Δ(pi , pj ) =
dist(pi , pj ) − (dT  (L(x), pi ) + dT  (R(x), pj )). It follows that
wL (x) + wR (x) = Δx ≤ dist(pi , pj ) ≤ W(i, j) ≤ W(f (x), l(x)).
(The penultimate inequality holds by the triangle inequality.)
Otherwise, |δx | > Δx . Suppose without loss of generality that wL (x) ≤ wR (x).
In this case we have |δx | = −δx , and so wL (x) + wR (x) = −δx = ρ(R(x)) − ρ(L(x)).
By Claim 2.5, there exists an index a in [f (L(x)), l(L(x))] such that dT  (L(x), pa ) ≤
W(f (L(x)), a). By Lemma 2.2, ρ(L(x)) = dist(rt, pa ) − dT  (L(x), pa ) and ρ(R(x)) =
dist(rt, pb ) − dT  (R(x), pb ) for an arbitrary index b in [f (R(x)), l(R(x))]. It follows
that
wL (x) + wR (x) = ρ(R(x)) − ρ(L(x))
= dist(rt, pb ) − dT  (R(x), pb ) − dist(rt, pa ) + dT  (L(x), pa )
≤ dist(rt, pb ) − dist(rt, pa ) + dT  (L(x), pa )
≤ dist(pa , pb ) + W(f (L(x)), a)
≤ W(f (L(x)), b) ≤ W(f (x), l(x)).
(The second and third inequalities hold by the triangle inequality. See Figure 4 for
an illustration.)
Notice that the depth of T  is log ñ. The level of a vertex in T  is deﬁned as its
unweighted distance from rt. We denote by Vi the set of all vertices in T  of level
i for each i ∈ [0, log ñ]. Also, denote by Ei the set of all edges in T  that connect
a vertex in Vi with a vertex in Vi+1 for each index i ∈ [0, log ñ − 1], and denote by
Wi the sum of all edge weights in Ei . Observe that the weight w(T  ) of T  satisﬁes
log ñ−1
w(T  ) =
Wi . The following lemma implies that w(T  ) ≤ log ñ · w(H  ).
i=0
Lemma 2.7. For each index i ∈ [0, log ñ], Wi ≤ w(H  ).
Proof. Fix an arbitrary index i ∈ [0, log ñ]. By deﬁnition, we have
Wi =


e∈Ei

w(e) =



(wL (x) + wR (x)).

x∈Vi

By construction, for any pair x, x of distinct vertices in Vi , Leaves(x) and Leaves(x )
are disjoint, and so either f (x) ≤ l(x) < f (x ) ≤ l(x ) or f (x ) ≤ l(x ) < f (x) ≤ l(x)
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Fig. 4. An illustration for the inequality dist(pa , pb ) + W(f (L(x)), a) ≤ W(f (L(x)), b).


must hold. It follows that x∈Vi W(f (x), l(x)) ≤ W(1, ñ) = w(H  ). Lemma 2.6
implies that wL (x) + wR (x) ≤ W(f (x), l(x)) for any x ∈ Vi . Altogether,


Wi =
wL (x) + wR (x) ≤
W(f (x), l(x)) ≤ w(H  ).
x∈Vi

x∈Vi


Note that the tree T consists of 2ñ − 1 = 2n − 3 = O(n) vertices. Also, it is
easy to verify that given the metric M and the Hamiltonian path H  , the tree T  can
be constructed in O(n2 ) time. (Indeed, the bottleneck in the construction time of T 
is the computation of the Δx values for all vertices x of T  . All these values can be
computed in the obvious way by considering all O(n2 ) distance pairs.)
Next, we consider the tree T that is obtained from T  by adding to it an edge
(rt, rt ) of weight ρ(rt ). Lemmas 2.2, 2.3, 2.4, and 2.7 imply the following result.
Proposition 2.8. The rooted tree (T, rt), T = T (H  ), obtained from T  by
adding to it an edge (rt, rt ) of weight ρ(rt ), is a binary Steiner SPT for M (with
nonnegative edge weights), having weight at most log ñ · w(H  ) + w(M ST (M )) and
O(n) vertices. Moreover, given the Hamiltonian path H  , the tree T can be constructed
in O(n2 ) time.
Proof. First, we argue that all edge weights in T are nonnegative. Indeed, the
ﬁrst statement of Observation 2.1 implies that all edge weights in T  are nonnegative.
The only edge of T that does not belong to T  is (rt, rt ), and its weight ρ(rt ) is
nonnegative by Lemma 2.3.
By Lemma 2.4, for any two points v and z in V \ {rt}, dT (v, z) = dT  (v, z) ≥
dist(v, z). Also, by Lemma 2.2 in the particular case x = rt , for any point v in
V \ {rt} we have dT (rt, v) = dT  (rt , v) + ρ(rt ) = dist(rt, v). It follows that (T, rt) is
a Steiner SPT for M .
To bound the weight of the tree, ﬁrst note that for any point v ∈ V \ {rt},
ρ(rt ) = dist(rt, v) − dT  (rt , v), and so ρ(rt ) ≤ dist(rt, v) ≤ w(M ST (M )). By
Lemma 2.7, we have w(T  ) ≤ log ñ · w(H  ). It follows that w(T ) = w(T  ) +
ρ(rt ) ≤ log ñ · w(H  ) + w(M ST (M )).
Given the bound on the construction time of T  , we conclude that T can also be
constructed in O(n2 ) time, disregarding the time needed to compute the Hamiltonian
path H  .
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Given the metric M = (V, dist), one can construct a Hamiltonian path L(M  ) for
M = (V \ {rt}, dist) with weight at most 2 · w(M ST (M )) = O(w(M ST (M ))) within
O(n2 ) time. To optimize the bounds on the weight and construction time of the tree
T in Proposition 2.8, we take H  to be L(M  ). Then the weight bound is reduced to
O(log n) · w(M ST (M )) and the overall construction time is reduced to O(n2 ).
Theorem 2.9. Given an n-point metric M , the rooted tree (T, rt) returned by
our construction is a binary Steiner SPT with lightness O(log n) and O(n) vertices.
The running time of this construction is O(n2 ).
Remark. The Steiner tree T that we constructed may contain edges of zero
weight. All these edges may be contracted without aﬀecting the lightness and distance
properties of the resulting tree. On the other hand, the maximum degree of the tree
may increase as a result of this operation. See also remarks 3 and 4 after Corollary 3.7.
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3. Steiner shallow-light trees. Theorem 2.9 shows that for any n-point metric
M and a designated point rt there exists a Steiner tree T that preserves the distances
between rt and all other points of M and has lightness at most O(log n). In this
section we generalize Theorem 2.9 and show that for any  > 0 there is a Steiner SLT
that provides a (1 + )-approximation to the distances between rt and all other points
and has lightness O(log 1 ).
This generalization is based on the following ideas. In [7], Awerbuch,
Baratz, and
 
Peleg devised a construction of spanning SLTs with lightness O 1 . Their construction identiﬁes a set B of special points, called break-points, and connects each of the
points B ∈ B to rt via shortest paths. Our construction replaces these shortest paths
by the Steiner SPT for the set B rooted at rt, which was constructed in section 2. It
is pretty obvious that the resulting tree satisﬁes the desired distance properties.
  Also,
by Theorem 2.9, its lightness is O(log |B|). If we could show that |B| = O 1 , this
would ﬁnish the proof. However, it is easy to see that this is generally not the case.
For example, if the metric M is the unit clique and  is some small constant, every
nonroot point will be identiﬁed as a break-point, and we will thus get |B| = n − 1. To
overcome this obstacle we reﬁne the bound 
on w(T ) from Proposition 2.8 and express
it in terms of the sum of all root-distances v∈V \{rt} dist(rt, v) rather than in terms
of the number n of points in M . We then use this reﬁned bound to analyze the weight
of our shallow-light trees.
We start withthe following simple observation.
log ñ−1 log ñ−(i+1)

2
· Wi .
Claim 3.1.
v∈V \{rt} dT  (rt , v) =
i=0
Proof. Fix an arbitrary index i ∈ [0, log ñ − 1], and consider an edge e =
(vi , vi+1 ) ∈ Ei , vi ∈ Vi , vi+1 ∈ Vi+1 . For each vertex v ∈ Leaves(vi+1 ), the edge
e belongs to the path connecting rt with v in T  . Moreover, the edge e does not
belong to paths that connect rt to other vertices z ∈ V \ {rt} \ Leaves(vi+1). Hence,


dT  (rt , v) =
|Leaves(vi+1 )| · w(e),
e=(vi ,vi+1 )∈E(T  )

v∈V \{rt}

where w(e) stands for the weight of the edge e in T  . Observe that for vi+1 ∈ Vi+1 ,
|Leaves(vi+1 )| = 2log ñ−(i+1) . It follows that


|Leaves(vi+1 )| · w(e) =

e=(vi ,vi+1 )∈E(T  )

=

log
ñ−1




i=0

e∈Ei

log
ñ−1


|Leaves(vi+1 )| · w(e)

2log ñ−(i+1) · Wi .

i=0

This completes the proof.
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We are now ready to prove our reﬁned bound on the weight of the SPT T constructed in section 2.

Lemma 3.2. Suppose that v∈V \{rt} dist(rt, v) ≤ ξ · η for some pair ξ ≥ 1, η > 0
of numbers. Then the weight w(T ) of T = T (H  ) satisﬁes
w(T ) ≤ η + log ξ · w(H  ) + w(M ST (M )).

Remark. Observe that v∈V \{rt} dist(rt, v) ≤ (n − 1) · w(M ST (M )), i.e., the
assumption of the lemma holds for ξ = n−1, η = w(M ST (M )). In this case we get an
upper bound of 2 ·w(M ST (M ))+ log(n− 1) ·w(H  ) on w(T ), which is slightly larger
than the upper bound given in Proposition
2.8. On the other hand, we get signiﬁcantly

(n − 1) · w(M ST (M )).
better bounds on w(T ) whenever v∈V \{rt} dist(rt, v)
Proof. Since w(T ) = w(T  ) + ρ(rt ) ≤ w(T  ) + w(M ST (M )), it suﬃces to show
that w(T  ) ≤ η + log ξ · w(H  ). Recall that ñ = n − 1.
Suppose ﬁrst that log ξ ≥ log ñ. By Lemma 2.7, we have w(T  ) ≤ log ñ · w(H  ),
and so
w(T  ) ≤ log ñ · w(H  ) ≤ η + log ξ · w(H  ).
We henceforth assume that log ξ ≤ log ñ − 1.
log ñ−1
By construction, we have w(T  ) = i=0
Wi and


dT (rt, v) =
dT  (rt , v) + ρ(rt ) ≥
v∈V \{rt}

v∈V \{rt}



dT  (rt , v).

v∈V \{rt}

(The last inequality follows from Lemma 2.3.) Since T is an SPT for M , we get that



ξ·η ≥
dist(rt, v) =
dT (rt, v) ≥
dT  (rt , v).
v∈V \{rt}

v∈V \{rt}

v∈V \{rt}

By Claim 3.1,


dT  (rt , v) =

log
ñ−1


v∈V \{rt}

2log ñ−(i+1) · Wi .

i=0

Therefore,
ξ·η ≥


v∈V \{rt}

dT  (rt , v) =
⎛

≥ 2log ξ · ⎝

log ñ−(log ξ+1)

log
ñ−1


2log ñ−(i+1) · Wi ≥

i=0
log ñ−(log ξ+1)



⎞

⎛

Wi ⎠ ≥ ξ · ⎝


i=0

log ñ−(log ξ+1)

i=0



2log ñ−(i+1) ·Wi
⎞

Wi ⎠ .

i=0

(The second inequality holds since ξ ≥ 1.) Hence
log ñ−(log ξ+1)



Wi ≤ η.

i=0

Also, Lemma 2.7 implies that
log
ñ−1


Wi ≤

log ξ · w(H  ).

log ñ−log ξ
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Altogether,
w(T  ) =

log
ñ−1


⎛

log ñ−(log ξ+1)

Wi = ⎝

i=0



⎞

⎛

Wi ⎠ + ⎝

i=0

log
ñ−1


⎞
Wi ⎠

log ñ−log ξ

≤ η + log ξ · w(H  ).
Now we proceed to extending our construction of Steiner SPTs from section 2 to
a construction of Steiner SLTs.
Consider an n-point metric M = (V, dist), let T ∗ = T ∗ (M ) be an MST of M
rooted at an arbitrary point rt ∈ V , and let D be an Euler tour of T ∗ starting at rt.
For every vertex v ∈ V , remove from D all occurrences of v except for the ﬁrst one,
and denote by L = L(M ) the resulting Hamiltonian path of M . It is easy to verify
that L can be constructed in O(n2 ) time, and w(L) ≤ 2 · w(T ∗ ) = 2 · w(M ST (M )).
Fix a parameter θ < 14 . The value of θ will determine the values of the root-distortion
and lightness of the constructed tree. We start with identifying a set of “breakpoints” B = {B1 , B2 , . . . , Bk }, B ⊆ V . The break-point B1 is rt. The break-point
Bi+1 , i ∈ [k − 1], is the ﬁrst vertex in L after Bi such that
dT ∗ (Bi , Bi+1 ) > θ · dist(rt, Bi+1 ).
(It is possible to have just a single break-point B1 = rt.) Let MB be the submetric of
M induced by the point set B. Also, let L = (B2 , . . . , Bk } be the subpath of L that
contains the break-points of B \ {rt}. By the triangle inequality, w(L ) ≤ w(L) ≤
2 · w(M ST (M )). By Proposition 2.8 and Lemma 3.2, we can build a Steiner SPT
TB = TB (L ) of MB rooted at rt with small weight. Denote the set of Steiner points
in TB by SB .
Let G̃ = (V ∪ SB , E(T ∗ ) ∪ E(TB )) be the graph obtained from the union of the
two trees T ∗ and TB .
Finally, we deﬁne S to be an SPT over G̃ rooted at rt.
The following claim implies that the sum of distances in T ∗ , taken over all pairs
of consecutive break-points, is not too large. It follows from the observation that D
visits each edge twice.
k−1
∗
Claim 3.3.
i=1 dT ∗ (Bi , Bi+1 ) ≤ 2 · w(T ) = 2 · w(M ST (M )).
The next lemma bounds the root-distortion of the constructed tree S.
Lemma 3.4. For any vertex v ∈ V \ {rt}, it holds that dS (rt, v) ≤ (1 + 2θ) ·
dist(rt, v).
Proof. Consider an arbitrary vertex v ∈ V . First, recall that S is an SP T over
G̃ rooted at rt, and so dS (rt, v) = dG̃ (rt, v). Clearly, the lemma holds if v is a
break-point, as in this case we have
dS (rt, v) = dG̃ (rt, v) ≤ dTB (rt, v) = dist(rt, v).
We henceforth assume that v is not a break-point. Let i be the index in [k − 1]
such that v is located between Bi and Bi+1 in L. Since Bi is a break-point, it holds
that dG̃ (rt, Bi ) ≤ dTB (rt, Bi ) = dist(rt, Bi ). Clearly, dG̃ (Bi , v) ≤ dT ∗ (Bi , v). By the
triangle inequality, dG̃ (rt, v) ≤ dG̃ (rt, Bi ) + dG̃ (Bi , v). Altogether,
dS (rt, v) = dG̃ (rt, v) ≤ dG̃ (rt, Bi ) + dG̃ (Bi , v) ≤ dist(rt, Bi ) + dT ∗ (Bi , v).
Since v was not identiﬁed as a break-point, necessarily
(2)

dT ∗ (Bi , v) ≤ θ · dist(rt, v),
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and so
dS (rt, v) ≤ dist(rt, Bi ) + θ · dist(rt, v).

(3)

By the triangle inequality and (2),

(4)

dist(rt, Bi ) ≤ dist(rt, v) + dist(Bi , v) ≤ dist(rt, v) + dT ∗ (Bi , v)
≤ dist(rt, v) + θ · dist(rt, v) = (1 + θ) · dist(rt, v).

Plugging (4) in (3), we obtain
dS (rt, v) ≤ (1 + θ) · dist(rt, v) + θ · dist(rt, v) = (1 + 2θ) · dist(rt, v).
Next, we bound the weight
tree S.

 of the constructed
Lemma 3.5. w(S) ≤ 2 · log 2θ + 2 · w(M ST (M )).
Proof. By the choice of break-points, for each index i ∈ [k−1], dist(rt, Bi+1 ) < θ1 ·
k−1
dT ∗ (Bi , Bi+1 ). By Claim 3.3, i=1 dT ∗ (Bi , Bi+1 ) ≤ 2 · w(M ST (M )). Therefore,
k−1


dist(rt, Bi+1 ) <

i=1

k−1
1 
2
·
· w(M ST (M )).
dT ∗ (Bi , Bi+1 ) ≤
θ i=1
θ

Consider the metric MB = (B, dist), and set ξ = 2θ , η = w(M ST (M )). Notice that

B∈B\{rt}

dist(rt, B) =

k−1


dist(rt, Bi+1 ) ≤ ξ · η.

i=1

Since θ ≤ 2, we have ξ ≥ 1. Clearly, η = w(M ST (M )) > 0. Hence, by Lemma 3.2,
the weight w(TB ) of TB = TB (L ) satisﬁes
w(TB ) ≤ η + log ξ · w(L ) + w(M ST (MB ))
 
2
≤ w(M ST (M )) + log
· w(L ) + 2 · w(M ST (M ))
θ
 
2
≤ 3 · w(M ST (M )) + log
· 2 · w(M ST (M )).
θ
By construction, w(S) ≤ w(G̃) = w(T ∗ ) + w(TB ), and so
 
2
w(S) ≤ w(M ST (M )) + 3 · w(M ST (M )) + log
· 2 · w(M ST (M ))
θ


 
2
+ 2 · w(M ST (M )).
=2·
log
θ
Note also that for any metric M the weight of the minimum Steiner tree for M
(denoted by SM T (M )) is greater than or equal to half the weight of the MST
for


M , i.e., w(SM T (M )) ≥ 12 · w(M ST (M )). It follows that w(S) ≤ 4 · log 2θ + 2 ·
w(SM T (M )).
Finally, we analyze the running time of the construction.
Lemma 3.6. The tree S can be constructed in O(n2 ) time.
Proof. First, note that the MST T ∗ for M can be computed within O(n2 )
time. Also, as mentioned above, the Hamiltonian path L can be computed within
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O(n2 ) time as well. It is easy to see that O(n2 ) time suﬃces to identify the set
B = {B1 , B2 , . . . , Bk } of break-points. An additional amount of O(n) time requires one to construct the subpath L of L. By Proposition 2.8, the Steiner SPT
TB = TB (L ) consists of O(k) = O(n) vertices, and given the Hamiltonian path L for
MB , it can be computed within O(k 2 ) = O(n2 ) time. Consequently, the graph G̃ can
be constructed in O(n2 ) time, and it consists of O(n) vertices and edges. The ﬁnal
step of the algorithm is the construction of an SPT over G̃ which can be carried out
in O(n · log n) time. The lemma follows.
Set  = 2θ. Lemmas 3.4, 3.5, and 3.6 imply the following corollary.
Corollary 3.7. For any n-point metric M , a designated point rt ∈ V , and
a number 0 <  < 12 , there exists a Steiner tree S of M rooted at rt having rootdistortion at most 1 + , lightness O(log 1 ), and O(n) vertices. The running time of
this construction is O(n2 ).
Remarks.
1. The Steiner tree S constructed above may contain edges of zero weight. These
edges, however, may be given arbitrarily small positive weights, without violating any of the bounds of Corollary 3.7.
2. Even though the maximum degree of this construction may be large, it can
be easily decreased to O(1) without aﬀecting any of the other parameters.
3. If the input is an n-point metric M , the running time O(n2 ) of our constructions from Theorem 2.9 and Corollary 3.7 is linear in the input size. For the
general case where the input is a graph G rather than a metric M induced
by G, one needs to compute the metric ﬁrst. In this case the running time
of our constructions is dominated by the time needed to compute the metric
M . This task can be carried out in time O(nω ) if G is an unweighted graph,
whereω ≈ 2.3727 is the matrix multiplication exponent [20, 49] and in time

O(n3 logloglogn n ) if G is an arbitrary weighted graph [46].
4. One cannot signiﬁcantly improve the running time of our constructions from
Theorem 2.9 and Corollary 3.7 even in the cell-probe model of computation,
which is perhaps the strongest model of computation for data structures,
subsuming the common word-RAM model; it is assumed that the memory is
divided into ﬁxed-size cells (words), and the cost of an operation is just the
number of cells it reads or writes. (See [42] for a more detailed description
of the cell-probe model.) In this model each distance can be fetched in O(1)
time, and one does not need to spend Ω(n2 ) time just to read the entire input.
Yet, it is known [32] that any deterministic (resp., randomized) algorithm that
computes a spanning tree with lightness β in this model requires Ω(n2 )−O(n·
2
β) = Ω(n2 ) (resp., Ω( nβ )) time. It is easy to see that the lower bound of [32]
extends to Steiner trees as well.

4. Lower bounds for Steiner SLTs. In this section we show that there exist
n-point metrics for which any Steiner SPT has lightness Ω(log n). We then employ
this result and show that for any  > 0 there exist metrics for which any Steiner tree
that approximates all distances from a designated root vertex by a factor of at most
(1 + ) has lightness Ω(log 1 ). In view of our upper bounds from sections 2 and 3,
these lower bounds are tight up to constant factors.
Let Pn be the family of all n-point 1-dimensional Euclidean metrics such that the
distance between any two consecutive points is at least 1. We denote the diameter of
a metric M ∈ Pn by diam(M ) and observe that diam(M ) ≥ n − 1. Given a metric
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M ∈ Pn , a number r ≥ 12 · diam(M ), and a number  > 0, we say that a rooted
Steiner tree (T, rt) of M is an r-tree (resp., (r, )-tree) for M if dT (rt, v) = r (resp.,
r ≤ dT (rt, v) < (1 + ) · r) for every point v in M . Observe that if T is an r-tree and
r > 0, then the root vertex rt of T must be a Steiner point, i.e., rt ∈ M .
Lemma 4.1. Let M be an arbitrary metric in Pn , and let r ≥ 12 · diam(M ) ≥
1
1
2 · (n − 1). Then any r-tree T for M has weight w(T ) at least g(n, r) = r − 2 · (n −
1
1) + 2 · n · log n.
Proof. The proof is by induction on n, n ≥ 1, for all values of r ≥ 12 · diam(M ).
The basis n = 1 is trivial, as g(1, r) = r.
Induction step. We assume that the statement holds for all smaller values of
n, n ≥ 2, and we prove it for n. Let (T, rt) be an r-tree for M with a minimum
number of Steiner points, taken over all r-trees for M of minimum weight. Next, we
show that w(T ) ≥ r − 12 · (n − 1) + 12 · n · log n.
Denote the children of rt in T by c1 , c2 , . . . , ck , with k ≥ 1. Fix an arbitrary index
i ∈ [k]. We denote the subtree of T rooted at ci by Ti and the set of non-Steiner points
in Ti (i.e., those belonging to Pn ) by Vi . Also, we write ni as a shorthand for |Vi | and
k
wi as a shorthand for dT (rt, ci ) = w(rt, ci ). (Clearly, i=1 ni = n.) We argue that
ni ≥ 1; indeed, otherwise the tree obtained from T by removing from it the subtree Ti
is an r-tree for M having weight no greater than that of T and fewer Steiner points,
yielding a contradiction. Consider the metric Mi induced by the point set Vi . Observe
that Mi ∈ Pni , and for every v ∈ Vi , dTi (ci , v) = r−wi . Moreover, diam(Mi ) ≥ ni −1.
Also, note that the subtree Ti of T dominates Mi , and so it must hold that r − wi ≥
1
2 · diam(Mi ). It follows that Ti is an (r − wi )-tree for Mi . Hence, by the induction
hypothesis, we have w(Ti ) ≥ g(ni , r − wi ) = (r − wi ) − 12 · (ni − 1) + 12 · ni · log ni .
k
By construction, w(T ) = i=1 (wi + w(Ti )). Consequently,


k 

1
1
wi + (r − wi ) − · (ni − 1) + · ni · log ni
2
2
i=1

k 

1
1
=
r − · (ni − 1) + · ni · log ni
2
2
i=1


k

1
1
1
=
r − · (n − 1) + · (n − ni ) + · ni · log ni
2
2
2
i=1


k
 1
1
1
· (n − ni ) + · ni · log ni
≥ r − · (n − 1) +
2
2
2
i=1


k

1
1
= r − · (n − 1) + · n · (k − 1) +
(ni · log ni )
2
2
i=1
 k 

  
k

n
1
1
≥ r − · (n − 1) + ·
(ni · log ni )
ni · log
+
2
2
ni
i=1
i=1

w(T ) ≥

1
1 
1
1
· (n − 1) + ·
(ni · log n) = r − · (n − 1) + · n · log n.
2
2 i=1
2
2
k

=r−

(The last inequality follows from Lemma A.1, which appears in Appendix A.)
Consider the 1-dimensional Euclidean metric ζn ∈ Pn that consists of n vertices
v1 , v2 , . . . , vn that lie on the x-axis with coordinates 1, 2, . . . , n, respectively. Now
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extend the metric ζn to include an additional vertex rt such that the distance between
rt and vi is equal to n−1
2 for each i ∈ [n]. Denote the resulting (n + 1)-point metric
by ζ̃n+1 . Lemma 4.1 implies that any Steiner SPT for ζ̃n+1 rooted at rt has lightness
Ω(log n). We remark that ζ̃n+1 is not a Euclidean metric. However, the same bound
of Ω(log n) on the lightness of Steiner SPTs can be obtained for simple Euclidean
2-dimensional point sets. For example, with a slight abuse of notation, let Cn denote
a set of n points that are uniformly spaced on the boundary of a circle with radius
n
2 (rather than unit radius as in section 1.3), centered at the origin (0, 0), and deﬁne
C̃n+1 = Cn ∪ {(0, 0)}. Note that the circular distance between a pair of consecutive
n
points in Cn is equal to π · n−1
≈ π. It is not hard to see that the proof of Lemma 4.1
carries through (with minor adjustments) also if T is an r-tree for Cn . Speciﬁcally,
the properties of M that are needed for carrying out the proof of Lemma 4.1 are
the following: (1) The distance in M between any pair of points is at least 1. (2)
For any subset M  of M with n ≤ n points, diam(M  ) ≥ n − 1. In particular,
diam(M ) ≥ n − 1. (3) Any r-tree of M or any submetric M  of M , with r > 0, has
a Steiner root vertex. It is easy to verify that Cn (deﬁned above) satisﬁes these three
properties. To summarize, any SPT for the point set C̃n+1 rooted at rt = (0, 0) has
lightness Ω(log n).
Theorem 4.2. For any suﬃciently large integer n, there exist a Euclidean 2dimensional n-point metric M and a designated point rt ∈ M such that every Steiner
SPT rooted at rt has lightness Ω(log n). (The statement holds even for trees that can
use non-Euclidean Steiner points.)
Our next objective is to generalize Theorem 4.2 for Steiner SLTs. We ﬁrst prove
a lemma which provides some structural information about (r, 1r )-trees for metrics M
from Pn .
Lemma 4.3. Let M be an arbitrary metric in Pn , and let r ≥ 12 · diam(M ) ≥
1
1
2 · (n − 1). Also, let (T, rt) be an (r, r )-tree for M with a minimum number of Steiner
1
points, taken over all (r, r )-trees for M of minimum weight. Then the following hold:
(1) All leaves of T are non-Steiner points; i.e., they all belong to Pn .
(2) All inner vertices of T are Steiner points.
(3) There are at most 2n − 1 edges in T .
Proof. The ﬁrst assertion of the lemma is obvious.
To prove the second assertion of the lemma, suppose for contradiction that there
is an inner vertex v in T that belongs to M , and let l be some leaf in the subtree
Tv of T rooted at v. The ﬁrst assertion of this lemma implies that l belongs to M .
Since T is an (r, 1r )-tree for M and both v and l belong to M , we have dT (rt, v) ≥ r
and dT (rt, l) < (1 + 1r ) · r = r + 1. However, since T dominates M , it must hold that
dT (v, l) ≥ dM (v, l) ≥ 1, and so
dT (rt, l) = dT (rt, v) + dT (v, l) ≥ r + 1,
yielding a contradiction.
To prove the third assertion, it suﬃces to show that every inner vertex in T , except
for maybe the root vertex rt, has at least two children. Suppose for contradiction that
there is an inner vertex v = rt with only one child u, and let π(v) be the parent of v in
T . Denote by w(e) the weight of an edge e in T . The second assertion of this lemma
implies that both v and its parent π(v) are Steiner points. Thus, we can remove v
from T by replacing the two edges (π(v), v) and (v, u) that are incident to v in T with
a single edge (π(v), u) of the same weight w(π(v), v) + w(v, u). The resulting tree is
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an (r, 1r )-tree for M having fewer Steiner points than T and the same weight, yielding
a contradiction. Lemma 4.3 follows.
Now we are ready to extend Lemma 4.1 to Steiner SLTs.
Lemma 4.4. Let M be an arbitrary metric in Pn , and let r ≥ 12 · diam(M ) ≥
1
1
T for M has weight w(T ) at least g(n, r) − 2n =
2 · (n1 − 1). Then 1any (r, r )-tree

r − 2 · (n − 1) + 2 · n · log n − 2n.
Proof. Let (T, rt) be an (r, 1r )-tree for M with a minimum number of Steiner
points, taken over all (r, 1r )-trees for M of minimum weight.
Let w be the weight function of T , and denote by w(e) the weight of an edge e
in T . Also, denote the vertex-set and edge-set of T by V and E, respectively. For
a vertex v in V , let π(v) denote the parent of v in T , let Ch(v) denote the set of
children of v in T , and denote by δ(v) the maximum distance between v and a leaf
in the subtree Tv of T rooted at v. Consider an arbitrary edge e = (π(v), v) ∈ E.
Observe that
(5)

δ(π(v)) = max{δ(u) + w(π(v), u) | u ∈ Ch(π(v))} ≥ δ(v) + w(π(v), v).

Next, we deﬁne a new weight function w over the edge-set E of T . Speciﬁcally,
for each edge e = (π(v), v) ∈ E, set w (e) = δ(π(v)) − δ(v). For convenience, we
denote by T  the tree induced by the edge-set E of T and the new weight function w .
Claim 4.5. The tree (T  , rt) is a δ(rt)-tree for M . Moreover, its weight w (T  )
is greater by an additive term of at most 2n than the weight w(T ) of the original tree
T , i.e., w (T  ) ≤ w(T ) + 2n.
Proof. First, (5) implies that for every edge e ∈ E, w (e) ≥ w(e). Since T
dominates M , it follows that T  dominates M as well. Also, note that δ(rt) ≥ r ≥
1
2 · diam(M ).
Next, we prove that for every vertex v ∈ V and any leaf l in the subtree Tv of T 
rooted at v, dT  (v, l) = δ(v). The proof is by induction on the depth h = h(v) of v.
The basis h = 0 is trivial.
Induction step. We assume that the statement holds for all children of v, and we
prove it for v. Let u be the child of v such that the leaf l belongs to the subtree Tu of
T  rooted at u. By the induction hypothesis, dT  (u, l) = δ(u). Also, by construction,
dT  (v, l) = w (v, u) + dT  (u, l) = δ(v) − δ(u) + δ(u) = δ(v),
which proves the induction step. It follows that dT  (rt, l) = δ(rt) for every leaf l in T  .
By the ﬁrst two assertions of Lemma 4.3, all points of M are leaves in T  , implying
that the distance in T  between rt and every point of M is δ(rt). Hence, T  is a
δ(rt)-tree for M .
It remains to bound the weight w (T  ) of T  . Since T is an (r, 1r )-tree for M and all
leaves of T belong to M , it follows that r ≤ dT (rt, l) < (1 + 1r ) · r = r + 1 for every leaf
l in T . Consequently, for every two leaves l1 and l2 in T , |dT (rt, l1 ) − dT (rt, l2 )| < 1.
More generally, if l1 and l2 are descendants of some vertex x in T , then we have
(6)

|dT (x, l1 ) − dT (x, l2 )| = |dT (rt, l1 ) − dT (rt, l2 )| < 1.

Consider now an arbitrary edge e = (π(v), v) ∈ E, and let u be a child of π(v) such
that δ(π(v)) = δ(u) + w(π(v), u). Also, let lu (resp., lv ) be a leaf in the subtree Tu
(resp., Tv ) such that δ(u) = dT (u, lu ) (resp., δ(v) = dT (v, lv )). Notice that both lu
and lv are descendants of π(v) in T and dT (π(v), lu ) ≥ dT (π(v), lv ). Thus, (6) yields
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dT (π(v), lu ) − dT (π(v), lv ) < 1. Also, we have dT (π(v), lu ) = δ(u) + w(π(v), u) and
dT (π(v), lv ) = δ(v) + w(π(v), v). Altogether,
w (e) = w (π(v), v) = δ(π(v)) − δ(v) = (δ(u) + w(π(v), u)) − δ(v)
= dT (π(v), lu ) − (dT (π(v), lv ) − w(π(v), v)) < w(π(v), v) + 1.
We have proved that for any edge e ∈ E, w (e) < w(e) + 1. (See Figure 5 for an
illustration.)

π(v)
e
u

v

δ(v)

δ(u)

Tv

Tu
lv

lu

Fig. 5. The vertex π(v) and its two subtrees Tv and Tu .

By the third assertion of Lemma 4.3, there are at most 2n − 1 edges in E, and so



w (T  ) =
w (e) <
(w(e) + 1) =
w(e) + |E| ≤ w(T ) + 2n − 1,
e∈E

e∈E

e∈E

which completes the proof of Claim 4.5.
Claim 4.5 implies that T  is a δ(rt)-tree for M , with δ(rt) ≥ r ≥

w (T  ) ≤ w(T ) + 2n. By Lemma 4.1,
w (T  ) ≥ δ(rt) −

1
2

· diam(M ) and

1
1
1
1
· (n − 1) + · n · log n ≥ r − · (n − 1) + · n · log n,
2
2
2
2

and so
w(T ) ≥ w (T  ) − 2n ≥ r −

1
1
· (n − 1) + · n · log n − 2n.
2
2

Lemma 4.4 follows.
Lemma 4.4 implies that any Steiner tree for ζ̃n+1 rooted at rt with root-distortion
2
has lightness Ω(log n). More generally, consider the metric ζ̃k+1
less than 1 + n−1
that consists of k + 1 points for some parameter k ≤ n. Extend this metric by adding
to it n − k points that are “located” (arbitrarily) at tiny distances from the already
existing points of ζ̃k+1 \ {rt}. Clearly, any Steiner tree for the resulting (n + 1)-point
2
metric rooted at rt with root-distortion less than 1 + k−1
has lightness Ω(log k). Also,
similarly to above, by locating many points of tiny distances from points of Ck we
2
obtain the same bound of Ω(log k) on the lightness of Steiner (1 + k−1
)-SPTs for

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 08/19/16 to 132.72.42.39. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

STEINER SLTs ARE LIGHTER THAN SPANNING ONES

1017

2
simple Euclidean 2-dimensional metrics. Setting  = k−1
, we obtain the following
result.
Theorem 4.6. For any suﬃciently large integer n and any parameter  = Ω( n1 ),
 ≤ 12 , there exists a Euclidean 2-dimensional n-point metric M and a designated
point rt ∈ M such that every Steiner tree rooted at rt with root-distortion at most
1 +  has lightness Ω(log 1 ).
Next, we strengthen Theorem 4.6 in two ways. Speciﬁcally, we present a metric
ϑ = ϑn,k for which the same tradeoﬀ of 1 +  versus Ω(log 1 ) between the rootdistortion and lightness holds for any root vertex. Moreover, we demonstrate that this
tradeoﬀ cannot be improved even if we consider average root-distortion rather than
(worst-case) root-distortion. For the analysis of this metric, we will use Lemma 4.4.
Let n, k be an arbitrary pair of integers such that n ≥ 2k ≥ 4, and let α be some
1
is even
tiny number, with 0 < α
n . In what follows we assume for simplicity that n
k
and k divides n/2, but the general case can be handled similarly. Let V = =1 V
n
k
( )
(1) (2)
and U = =1 U , where for each index ∈ [k], V = {v , v , . . . , v 2k } and
(1)

(

(2)

n

)

U = {u , u , . . . , u 2k }. Deﬁne ϑ = ϑn,k = (V, dist) to be the n-point metric,
where V = V ∪ U , and the distance function dist is set as follows. (See Figure 6 for
an illustration.)
(i)
n
], dist(v ,
1. For any index ∈ [k] and any pair of distinct indices i, j ∈ [ 2k
(j)
(i)
(j)
v ) = dist(u , u ) = α.
n
2. For any pair of distinct indices , q ∈ [k] and any pair of indices i, j ∈ [ 2k
],
(i) (j)
(i)
(j)
dist(v , vq ) = dist(u , uq ) = | − q|.
(i)
n
3. For any pair of indices , q ∈ [k] and any pair of indices i, j ∈ [ 2k
], dist(v ,
(j)
uq ) = k−1
2 .
A point set W ⊆ V (resp., W ⊆ U ) is called V -elementary (resp., U -elementary)
if |W ∩ V | ≤ 1 (resp., |W ∩ U | ≤ 1) for each index ∈ [k]. We say that W is
elementary if it is either V -elementary or U -elementary.
Observation 4.7. For any elementary point set W , the submetric ϑ(W ) of ϑn,k
induced by W belongs to P|W | .
Lemma 4.8. Consider the metric ϑn,k for an arbitrary pair n, k of integers such
that n ≥ 2k ≥ 4, and let T be a Steiner tree of ϑn,k rooted at an arbitrary point
rt ∈ ϑn,k . Then the following hold:
2
(1) If the root-distortion of (T, rt) is less than 1 + k−1
, then its weight w(T ) is at
1
least 2 · k · log k − 2k.
1
, then its weight
(2) If the average root-distortion of (T, rt) is at most 1 + 2·(k−1)
1
w(T ) is at least 4 · k · log k − k.
Proof. Suppose without loss of generality that rt ∈ U .
To prove the ﬁrst assertion, assume that the root-distortion of (T, rt), is less than
2
, and consider an arbitrary V -elementary point set W of size k; for example,
1 + k−1
(1)

(1)

(1)

take W = {v1 , v2 , . . . , vk }. Observation 4.7 implies that ϑ(W ) belongs to Pk . By
deﬁnition, the distance in ϑn,k between rt and any point in W is equal to k−1
2 . Also,
1
≥
·diam(ϑ(W
)).
Since the
note that diam(ϑ(W )) ≤ diam(ϑn,k ) = k −1, and so k−1
2
2
2
k−1
2
root-distortion of (T, rt) is less than 1 + k−1 , it follows that (T, rt) is a ( 2 , k−1
)k−1
tree for ϑ(W ). By Lemma 4.4, the weight w(T ) of T is at least g(k, 2 ) − 2k =
1
1
1
( k−1
2 − 2 · (k − 1) + 2 · k · log k) − 2k = 2 · k · log k − 2k.
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ϑn,k
rt ∈ U3
U1

U2

1

1

U3

Uk−1

1

Uk

k−3

2

k−4

k−1
2

k−1
2

V1

1

V2

1

k−1
2

k−1
2

k−1
2

V3

k−1
2

Vk−1

1

Vk

k−1
Fig. 6. An illustration of the metric ϑn,k . For each index , the circles around V and U
n
designate the ( 2k
)-point sets corresponding to them. The distance between all pairs of points that
1
. All solid lines in
belong to the same set V or U ,  ∈ [k], is equal to some tiny number 0 < α  n
the ﬁgure have length 1. These lines designate the distance between a point in V (resp., U ) and a
point in V+1 (resp., U+1 ),  ∈ [k − 1]. All distances between an arbitrary designated point rt ∈ U3
and some point in U ,  ∈ [k], |3 − | ≥ 2, are depicted in the ﬁgure by dotted lines. Finally, the
. All distances between rt ∈ U3 and
distance between a point in V and a point in U is equal to k−1
2
some point in V ,  ∈ [k], are depicted in the ﬁgure by dashed lines.

Next, we prove the second assertion of the lemma. Assume that the average root1
. Denote by V  the set of all points v in V
distortion of (T, rt) is at most 1 + 2·(k−1)
2
such that ϕT (rt, v) < 1 + k−1 , and deﬁne V  = V \ V  . Also, write V ∗ = V \ {rt}.
Clearly, for each point v in V ∗ \ V  , ϕT (rt, v) ≥ 1, and for each point v in V  ,
2
ϕT (rt, v) ≥ 1 + k−1
. Observe that


ϕT (rt, v)
n−1

 ϕT (rt, v)
v∈V ∗ \V  ϕT (rt, v)
+ v∈V
=
n−1
n−1


2

|V ∗ \ V  | |V | · 1 + k−1
+
≥
n−1
n−1
2
2

∗
|V
|V  | · k−1
|
·
|V |
k−1
+
= 1+
,
=
n−1
n−1
n−1

1
≥ λ(T, rt) =
1+
2 · (k − 1)


v∈V ∗
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implying that |V  | ≤ n/4. Denote
 by I the set of all indices
V  ∩ V = ∅. Observe that V  ⊇ ∈[k]\I V , and so


n/4 ≥ |V  | ≥

∈[k]\I



|V | =

∈[k]\I

in [k] such that

n
n
= (k − |I|) ·
.
2k
2k

It follows that |I| ≥ k/2. For each index ∈ I, let v( ) be an arbitrary point in
V  ∩ V . Consider the V -elementary point set W = {v( ) | ∈ I}, and remove points
2
for each point
from it arbitrarily until |W | = k/2. Note that ϕT (rt, v) < 1 + k−1
v ∈ W , implying that (T, rt) is a Steiner tree for ϑ(W ) with root-distortion less
2
than 1 + k−1
. By Observation 4.7, ϑ(W ) belongs to Pk/2 . Also, by deﬁnition, the
distance in ϑn,k between rt and any point in W is equal to k−1
2 . Finally, note that
k−1
1
diam(ϑ(W )) ≤ diam(ϑn,k ) = k − 1, and so 2 ≥ 2 · diam(ϑ(W )). Consequently,
2
(T, rt) is a ( k−1
2 , k−1 )-tree for ϑ(W ). By Lemma 4.4, the weight w(T ) of T is at least


g

k k−1
,
2
2



−2·

k
=
2
=



k−1 1
− ·
2
2




 
k
k
1 k
− 1 + · · log
−k
2
2 2
2

1
· k · log k − k.
4

Observe that 52 · (k − 1) ≤ w(M ST (ϑn,k )) ≤ 52 · (k − 1) + α · (n − 1) ≤ 52 · (k − 1) + 1.
Substituting k with Θ( 1 ) in Lemma 4.8, we obtain the main result of this section.
Corollary 4.9. For any integer n and any parameter n2 ≤  ≤ 12 , every Steiner
root-distortion
tree T of ϑn,k rooted at an arbitrary point rt ∈ ϑn,k that has average
1
+ 1.
at most 1 +  must have lightness at least Ω(log 1 ), where k = 2
1
. To apply Lemma 4.8, we need
Remarks. (1) Observe that 1 +  ≤ 1 + 2·(k−1)
1
1
1
+
≥ 1, and so k = 2
to have n ≥ 2k ≥ 4. Indeed, since  ≤ 2 , it holds that 2
2
1
2
1
1
1
≥
1
+
1
=
2.
Also,
since
≤

≤
,
we
have
n
≥
=
+
≥
2
·
n
2



1
is
not
Euclidean.
However,
the
same
+
2
=
2k
≥
4.
(2)
The
metric
ϑ
n,k
2
(up to constant factors) lower bound as the one established in this statement can be
obtained also for Euclidean 2-dimensional metrics.
5. Steiner edges do not help. In this section we show that Steiner edges do
not help in the context of shallow-light trees.
We start with a few deﬁnitions. A graph G is called a metric graph if the edge
weights satisfy the triangle inequality. For a metric graph G = (V, E, w), let MG =
(V, dG ) be the metric
 induced by G. In what follows we view MG as the complete
weighted graph (V, V2 , dG ) over V , in which for every pair of vertices u, v ∈ V there
is an edge of weight dG (u, v) between u and v in G. (Notice that an MST for G is
also an MST
  for MG .) An edge that belongs to MG but does not belong to G, i.e., an
edge in V2 \ E, is called a Steiner edge. A spanning tree for the metric MG induced
by G that may contain edges that do not belong to G will be called a metric-spanning
tree of G. To distinguish metric-spanning trees from spanning trees of G (that use
only edges of G), we will call the latter graph-spanning trees of G. A graph-spanning
shallow-light tree (henceforth, spanning SLT ) of G is a graph-spanning tree of G that
has small lightness and root-distortion (with respect to some designated root vertex
rt). Finally, a metric-spanning SLT of G is a metric-spanning tree of G with the same
properties (small lightness and root-distortion).
In what follows we show that the same tradeoﬀs between lightness and rootdistortion that apply to graph-spanning SLTs apply to metric-spanning SLTs as well.
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Lemma 5.1. Let G = (V, E, w) be an arbitrary metric graph, and let rt ∈ V be
an arbitrary designated vertex. Also, let (T, rt) be a rooted metric-spanning tree of
G that contains at least one Steiner edge. Then T can be transformed into a rooted
metric-spanning tree (T  , rt) of G (that may still contain some Steiner edges) having
the following properties:
• The weight of T  is strictly smaller than the weight of T , i.e., w(T  ) < w(T ).
• For every vertex v ∈ V \ {rt}, the stretch between rt and v in T  is no greater
than the stretch between them in T . In particular, both the root-distortion and
the average root-distortion of (T  , rt) are no greater than the root-distortion
and the average root-distortion of (T, rt), respectively.
Proof. Let e = (x, y) be some Steiner edge in T , with x = π(y). Since e does
not belong to G, there is a path Pe of weight dG (x, y) in G between x and y, with
Pe = (v1 = x, v2 = z, v3 , . . . , vk = y), k ≥ 3. Since Pe is a shortest path between x
and y in G, it follows that
(7)

dG (x, z) + dG (z, y) = w(Pe ) = dG (x, y).

Since dG (x, z), dG (z, y) > 0, we conclude that both dG (x, z) and dG (z, y) are strictly
smaller than dG (x, y).
The analysis splits into three cases.
Case 1: z is an ancestor of y in T . (Observe that z = x, but it is possible that
z = π(x).) We transform T into a metric-spanning tree T  of G by removing the edge
(x, y) and adding the edge (z, y), with y becoming a child of z. (See Figure 7(1) for
an illustration.) Observe that w(T  ) = w(T ) − dG (x, y) + dG (z, y) < w(T ). Note also
that dT  (rt, x) = dT (rt, x) and dT  (rt, y) < dT (rt, y). More generally, for any vertex
v that belongs to the subtree Ty of T rooted at y, dT  (rt, v) < dT (rt, v). For other
vertices v, dT  (rt, v) = dT (rt, v).
Case 2: z is a descendant of y in T . (Observe that it is possible that y = π(z).)
We transform T into a metric-spanning tree T  of G by removing the two edges (x, y)
and (π(z), z) and adding the two edges (x, z) and (z, y), with z becoming a child of
x and y becoming a child of z. (See Figure 7(2) for an illustration.) Observe that
w(T  ) = w(T )−dG (x, y)−dG (π(z), z)+dG(x, z)+dG (z, y). Since dG (x, z)+dG (z, y) =
dG (x, y), it follows that w(T  ) = w(T ) − dG (π(z), z) < w(T ). Note also that for any
vertex v that belongs to the subtree Tz of T rooted at z, dT  (rt, v) < dT (rt, v). For
other vertices v, dT  (rt, v) = dT (rt, v).
Case 3: z is neither an ancestor nor a descendant of y. In this case let p denote
the least common ancestor of z and y in T , i.e., p = LCA(z, y). Note that p ∈ {z, y}.
Our analysis splits further into two subcases.
Case 3.a. In the ﬁrst subcase we have
(8)

dT (p, z) + dG (z, y) < dT (p, x) + dG (x, y).

This condition implies that p = x. Indeed, otherwise we get dT (x, z) + dG (z, y) <
dG (x, y), which is a contradiction to the triangle inequality. As in Case 1, we transform
T into a metric-spanning tree T  of G by removing the edge (x, y) and adding the edge
(z, y), with y becoming a child of z. (See Figure 7(3.a) for an illustration.) Exactly
as in Case 1, it follows that w(T  ) < w(T ). Observe also that dT (rt, y) = dT (rt, p) +
dT (p, x) + dG (x, y). On the other hand, dT  (rt, y) = dT (rt, p) + dT (p, z) + dG (z, y).
By (8), dT  (rt, y) < dT (rt, y). It is easy to verify that for all vertices v that belong
to the subtree Ty , dT  (rt, v) < dT (rt, v), and that for all other vertices v, dT  (rt, v) =
dT (rt, v).
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π(z)

π(z)
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z
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p

p

x
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x
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y

π(z)

z

x

y

π(z)

z

x

y

Fig. 7. An illustration of the four cases that are considered in the proof of Lemma 5.1. In
each case it is shown how to transform the tree (T, rt) into another tree (T  , rt) that satisﬁes the
conditions of the lemma. Paths that may contain zero or more edges are depicted by zigzag lines. A
path that must contain at least one edge is depicted by a solid zigzag line, whereas a path that might
be empty is depicted by a dash-dotted zigzag line. Single edges are depicted by straight lines. Newly
added edges are depicted by thick lines, whereas removed edges are depicted by crossed lines.

Case 3.b. In the complementary subcase, i.e., when (8) does not hold, we have
(9)

dT (p, z) + dG (z, y) ≥ dT (p, x) + dG (x, y).

(Observe that it is possible that p = x and/or p = π(z).) Plugging (7) in (9), we
obtain
dT (p, z) + dG (z, y) ≥ dT (p, x) + dG (x, y) = dT (p, x) + dG (x, z) + dG (z, y),
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implying that
(10)

dT (p, z) ≥ dT (p, x) + dG (x, z).

As in Case 2, we transform T into a spanning tree T  of MG by removing the two edges
(x, y) and (π(z), z) and adding the two edges (x, z) and (z, y), with z becoming a child
of x and y becoming a child of z. (See Figure 7(3.b) for an illustration.) Exactly as
in Case 2, it follows that w(T  ) < w(T ). Also, (10) implies that dT  (rt, z) ≤ dT (rt, z).
Hence, for all vertices v that belong to the subtree Tz of T rooted at z, dT  (rt, v) ≤
dT (rt, v). Other distances from the root stay unchanged.
Lemma 5.1 implies the following corollaries.
Corollary 5.2. Let G = (V, E, w) be an arbitrary metric graph, let rt ∈ V be
an arbitrary designated vertex, and let α ≥ 1 be an arbitrary number. Denote by S1
(resp., S2 ) the set of all metric-spanning trees of G rooted at rt with root-distortion
(resp., average root-distortion) at most α. Suppose that S1 (resp., S2 ) is nonempty,
and let (T1∗ , rt) (resp., (T2∗ , rt)) be a tree of minimum lightness among all trees in S1
(resp., S2 ). Then both T1∗ and T2∗ are graph-spanning trees of G.
Proof. Indeed, if T1∗ contains a Steiner edge, then by Lemma 5.1 there exists a
metric-spanning tree T1 ∈ S1 , with w(T1 ) < w(T1∗ ). This contradicts the minimality
of T1∗ . The proof for T2∗ is analogous.
Now are are ready to derive the main result of this section. Informally, it states
that Steiner edges do not help in the context of SLTs.
Corollary 5.3. Let G = (V, E, w) be an arbitrary metric graph, let rt ∈ V be
an arbitrary designated vertex, and let α ≥ 1, β ≥ 1 be an arbitrary pair of numbers.
If there is a metric-spanning tree of G rooted at rt with root-distortion (resp., average
root-distortion) at most α and lightness at most β, then there is also a graph-spanning
tree of G rooted at rt with root-distortion (resp., average root-distortion) at most α
and lightness at most β.
Appendix A. A technical lemma. This appendix is devoted to the proof of
the following technical lemma.
For any positive integers
k n1 , n2 , . . . , nk , k ≥ 1, it holds that
k Lemma A.1.
n
i=1 (ni · log( ni )) ≤ n · (k − 1), where n =
i=1 ni .
Before we prove this lemma, we state the following useful fact.
Fact A.2. Let n be a ﬁxed positive number. Deﬁne f (x) = x · log( nx ) + (n −
n
). (Note that f (·) is a scaling of the binary entropy function H(·), i.e.,
x) · log( n−x
f (x) = n · H( nx ).) Then for all 0 < x < n, f (x) ≤ n.
Next, we turn to the proof of Lemma A.1. The proof
kis by induction on k, k ≥ 1.
Basis: k = 1. In this case we have n = n1 , and so i=1 (ni · log( nni )) = n · log 1 =
0 = n · (k − 1).
Induction step. We assume that the statement
holds for all smaller 
values of
k
k−1
k, k ≥ 2, and we prove it for k. Deﬁne Nk = i=1 (ni ·log( nni )) and Nk−1 = i=1 (ni ·
k
log( n−n
ni )). We need to show that Nk ≤ n · (k − 1). Observe that 1 ≤ nk ≤ n − 1,
and so

 

k−1

n
n
ni · log
+ nk · log
Nk − Nk−1 =
n − nk
nk
i=1

 

n
n
= (n − nk ) · log
+ nk · log
≤ n.
n − nk
nk
(The last inequality follows from Fact A.2.) By the induction hypothesis for k − 1,
we have Nk−1 ≤ (n − nk ) · (k − 2). Consequently,
Nk = (Nk −Nk−1 )+Nk−1 ≤ n+(n−nk )·(k−2) ≤ n+n·(k−2) = n·(k−1).
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Appendix B. SLTs with Euclidean Steiner points. Let Cn denote a set of
n points that are uniformly spaced on the boundary of the unit circle C centered at
the origin, and deﬁne C̃n+1 = Cn ∪ {(0, 0)}. We will show that any (1 + )-SPT (T, rt)
for C̃n+1 rooted at rt= (0, 0) which may use only Euclidean Steiner points must have
lightness at least Ω(

1
 ).


√
Partition the circle C into t = Θ( 1 ) arcs A1 , . . . , At of angle 2π
t = Θ( ) each.
Consider two arbitrary points pi and pj that reside at the middle√of two distinct arcs
Ai and Aj , respectively. They are at circular distance at least Ω( ) from each other.
As the root-distortion is at most 1 + , we know that the distortions in T between rt
and pi and between rt and pj is at most 1 + . The next lemma follows.
Lemma B.1. The paths in T from rt to pi and from rt to pj cannot intersect
within the annulus A with inner radius 12 and outer radius 1 centered at the origin.
Proof. Let qi (resp., qj ) be the point lying in the middle of the segment connecting
rt with pi (resp., pj ); note that qi and qj lie on the boundary of the annulus A. Let
q be the point lying in the middle of the arc connecting qi and q√
j on the boundary
of A. Observe that the circular distance between qi and qj is Ω( ). By symmetry
considerations, if the tree paths between rt and pi and between rt and pj intersect
within the annulus A, the maximum root-distortion is minimized if the intersection
point is q. However, in the latter case, a straightforward calculation shows that the
root-distortion is rt, q + q, pi  = 12 + q, pi  ≥ 1 + Ω(). By setting the constant

hidden by the O-notation in t = O( 1 ) appropriately, we can guarantee here rootdistortion greater than 1 + .
It follows that each point pi at the middle of arc Ai contributes 12 fresh units to

the weight of T for each i = [t]. Since there are t = Θ( 1 ) such arcs, it follows that

the weight of T is at least 12 · t = Ω( 1 ). Note also that the weight of the MST for
C̃n+1 is O(1), which completes the argument.
Remark. The above lower bound for C̃n+1 holds for the speciﬁc choice of root
vertex rt = (0, 0). However, this argument can be easily strengthened to hold for Cn
and any choice of root vertex rt ∈ Cn .
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