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ABSTRACT

The focus of this paper is on quantum distributed computa-
tion, where we investigate whether quantum communication
can help in speeding up distributed network algorithms. Our
main result is that for certain fundamental network problems
such as minimum spanning tree, minimum cut, and shortest
paths, quantum communication does mot help in substan-
tially speeding up distributed algorithms for these problems
compared to the classical setting.

In order to obtain this result, we extend the technique of
Das Sarma et al. [SICOMP 2012] to obtain a uniform ap-
proach to prove non-trivial lower bounds for quantum dis-
tributed algorithms for several graph optimization (both ex-
act and approximate versions) as well as verification prob-
lems, some of which are new even in the classical setting,
e.g. tight randomized lower bounds for Hamiltonian cycle
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and spanning tree verification, answering an open problem
of Das Sarma et al., and a lower bound in terms of the
weight aspect ratio, matching the upper bounds of Elkin
[STOC 2004]. Our approach introduces the Server model
and Quantum Simulation Theorem which together provide
a connection between distributed algorithms and communi-
cation complexity. The Server model is the standard two-
party communication complexity model augmented with ad-
ditional power; yet, most of the hardness in the two-party
model is carried over to this new model. The Quantum Sim-
ulation Theorem carries this hardness further to quantum
distributed computing. Our techniques, except the proof of
the hardness in the Server model, require very little knowl-
edge in quantum computing, and this can help overcom-
ing a usual impediment in proving bounds on quantum dis-
tributed algorithms. In particular, if one can prove a lower
bound for distributed algorithms for a certain problem using
the technique of Das Sarma et al., it is likely that such lower
bound can be extended to the quantum setting using tools
provided in this paper and without the need of knowledge
in quantum computing.

Categories and Subject Descriptors

C.2.4 [Computer Systems Organization]: Computer Com-
munication Networks — Distributed Systems; F.2.0 [Analysis
of Algorithms and Problem Complexity]: General;
G.2.2 [Mathematics of Computing]: Discrete Mathe-
matics — Graph Theory

General Terms
Algorithms, Theory

Keywords

distributed computing; graph algorithms; quantum commu-
nication; time complexity; lower bound, CONGEST model

1. INTRODUCTION

The power and limitations of distributed (network) com-
putation have been studied extensively over the last three
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decades or so. In a distributed network, each individual node
can communicate only with its neighboring nodes. Some dis-
tributed problems can be solved entirely via local commu-
nication, e.g., maximal independent set, maximal matching,
coloring, dominating set, vertex cover, or approximations
thereof. These are considered “local” problems, as they can
be shown to be solved using small (i.e., polylogarithmic)
communication (e.g., see [44] 53} [61]). For example, a maxi-
mal independent set can be computed in O(logn) time [45].
However, many important problems are “global” problems
(which are the focus of this paper) from the distributed
computation point of view. For example, to count the total
number of nodes, to elect a leader, to compute a spanning
tree (ST) or a minimum spanning tree (MST) or a short-
est path tree (SPT), information necessarily must travel to
the farthest nodes in a system. If exchanging a message
over a single edge costs one time unit, one needs Q(D) time
units to compute the result, where D is the network diam-
eter [53]. If message size was unbounded, one can simply
collect all the information in O(D) time, and then compute
the result. However, in many applications, there is band-
width restriction on the size of the message (or the number
of bits) that can be exchanged over a communication link in
one time unit. This motivates studying global problems in
the CONGEST model [53], where each node can exchange
at most B bits (typically B is small, say O(logn)) among
its neighbors in one time step. This is one of the central
models in the study of distributed computation. The design
of efficient algorithms for the CONGEST model, as well as
establishing lower bounds on the time complexity of vari-
ous fundamental distributed computing problems, has been
the subject of an active area of research called (locality-
sensitive) distributed computing for the last three decades
(e.g., |53, 201 18], B2, [61], 13]). In particular, it is now estab-
lished that Q(D++/n) is a fundamental lower bound on the
running time of many important graph optimization (both
exact and approximate versions) and verification problems
such as MST, ST, shortest paths, minimum cut, ST verifi-
cation etc [13].

The main focus of this paper is studying the power of dis-
tributed network computation in the quantum setting. More
precisely, we consider the CONGEST model in the quantum
setting, where nodes can use quantum processing, communi-
cate over quantum links using quantum bits, and use exclu-
sively quantum phenomena such as entanglement (e.g., see
[17, 6, 25]). A fundamental question that we would like to
investigate is whether quantumness can help in speeding up
distributed computation for graph optimization problems;
in particular, whether the above mentioned lower bound of
Q(D++/n) (that applies to many important problems in the
classical setting) also applies to the quantum setting.

Lower bounds for local problems (where the running time
is O(polylogn)) in the quantum setting usually follow di-
rectly from the same arguments as in the classical setting.
This is because these lower bounds are proved using the
“limited sight” argument: The nodes do not have time to get
the information of the entire network. Since entanglement
cannot be used to replace communication (by, e.g., Holevo’s
theorem [28] (also see |51} [50])), the same argument holds
in the quantum setting with prior entanglement. This argu-
ment is captured by the notion of physical locality defined

1() and O notations hide polylogarithmic factors.
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by Gavoille et al. [25], where it is shown that for many
local problems, quantumness does not give any significant
speedup in time compared to the classical setting.

The above limited sight argument, however, does not seem
to be extendible to global problems where the running time is
usually ©Q(D), since nodes have enough time to see the whole
network in this case. In this setting, the argument developed

n [I3] (which follows the line of work in [54] 43| 2] 36])
can be used to show tight lower bounds for many problems
in the classical setting. However, this argument does not
always hold in the quantum setting because it essentially
relies on network “congestion”: Nodes cannot communicate
fast enough (due to limited bandwidth) to get important
information to solve the problem. However, we know that
the quantum communication and entanglement can poten-
tially decrease the amount of communication and thus there
might be some problems that can be solved faster. One ex-
ample that illustrates this point is the following distributed
verification of disjointness function defined in [I3] Section
2.3].

EXAMPLE 1.1. Suppose we give b-bit string x and y to
node u and v in the network, respectively, where b = \/n.
We want to check whether the inner product (x,y) is zero
or not. This is called the Set Disjointness problem (Disj).
It is easy to show that it is impossible to solve this problem
in less than D /2 rounds since there will be no node having
the information from both u and v if u and v are of dis-
tance D apart. (This is the very basic idea of the limited
sight argument.) This argument holds for both classical and
quantum setting and thus we have a lower bound of Q(D) on
both settings. [13, Lemma 4.1] shows that this lower bound
can be significantly improved to Q(b) = Q(/n) in the clas-
sical setting, even when the network has diameter O(logn).
This follows from the communication complexity of Q(b) of
Disj /2,131, 3, [57] and the Simulation Theorem of [13]. This
lower bound, however, does not hold in the quantum set-
ting since we can simulate the known O(v/b)-communication
quantum protocol of [1] in O(v/bD) = O(n'/*D) rounds. [J

Thus we have an example of a global problem that quan-
tum communication gives an advantage over classical com-
munication. This example also shows that the previous tech-
niques and results from [I3] does not apply to the quantum
setting since [I3] heavily relies on the hardness of the above
distributed disjointness verification problem. A fundamen-
tal question is: “Does this phenomenon occur for natural
global distributed network problems?”

Our paper answers the above question where we show that
this phenomenon does not occur for many global graph prob-
lems. Our main result is that for fundamental global prob-
lems such as minimum spanning tree, minimum cut, and
shortest paths, quantum communication does not help sig-
nificantly in speeding up distributed algorithms for these
problems compared to the classical setting. More precisely,
we show that Q(D + /n) is a lower bound for these prob-
lems in the quantum setting as well. An O(D + /n) time
algorithm for MST problem in the classical setting is well-
known [38]. Recently, it has been shown that minimum cut
also admits a distributed (1 + €)-approximation algorithm
in the same time in the classical setting [27, [60, 46, [49].
Also, recently it has been shown that shortest paths ad-
mits an O(D + /nDY*)-time (1 + ¢)-approximation and



O(y/n + D)-time O(logn)-approximation distributed clas-
sical algorithms [4I} 47]. Thus, our quantum lower bound
shows that quantum communication does not speed up dis-
tributed algorithms for MST and minimum cut, while for
shortest paths the speed up, if any, is bounded by O(D*)
(which is small for small diameter graphs).

In order to obtain our quantum lower bound results, we
develop a uniform approach to prove non-trivial lower bounds
for quantum distributed algorithms. This approach leads
us to several non-trivial quantum distributed lower bounds
(which are the first-known quantum bounds for problems
such as minimum spanning tree, shortest paths etc.), some
of which are new even in the classical setting. Our ap-
proach introduces the Server model and Quantum Simula-
tion Theorem which together provide a connection between
distributed algorithms and communication complexity. The
Server model is simply the standard two-party communica-
tion complexity model augmented with a powerful Server
who can communicate for free but receives no input (cf.
Def. . It is more powerful than the two-party model,
yet captures most of the hardness obtained by the current
quantum communication complexity techniques. The Quan-
tum Simulation Theorem (cf. Theorem is an extension
of the Simulation Theorem of Das Sarma et al. [I3] from the
classical setting to the quantum one. It carries this hardness
from the Server model further to quantum distributed com-
puting. Most of our techniques require very little knowledge
in quantum computing, and this can help overcoming a usual
impediment in proving bounds on quantum distributed al-
gorithms. In particular, if one can prove a lower bound for
distributed algorithms in the classical setting using the tech-
nique of Das Sarma et al., then it is possible that one can
also prove the same lower bound in the quantum setting in
essentially the same way — the only change needed is that
the proof has to start from problems that are hard on the
server model that we provide in this paper.

2. THE SETTING
2.1 Quantum Distributed Computing Model

We study problems in a natural quantum version of the
CONGEST(B) model [53] (or, in short, the B-model), where
each node can exchange at most B bits (typically B is small,
say O(logn)) among its neighbors in one time step. The
main focus of the current work is to understand the time
complexity of fundamental graph problems in the B-model
in the quantum setting. We now explain the model. We refer
the readers to full version for a more rigorous and formal
definition of our model.

Consider a synchronous network of processors modeled by
an undirected n-node graph, where nodes model the proces-
sors and edges model the links between the processors. The
processors (henceforth, nodes) are assumed to have unique
IDs. Each node has limited topological knowledge; in par-
ticular, it only knows the IDs of its neighbors and knows no
other topological information (e.g., whether its neighbors
are linked by an edge or not). The node may also accept
some additional inputs as specified by the problem at hand.

The communication is synchronous, and occurs in discrete
pulses, called rounds. All the nodes wake up simultaneously
at the beginning of each round. In each round each node v is
allowed to send an arbitrary message of B bits through each
edge e = (u,v) incident to u, and the message will arrive at
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v at the end of the current round. Nodes then perform an
internal computation, which finishes instantly since nodes
have infinite computation power. There are several mea-
sures to analyze the performance of distributed algorithms,
a fundamental one being the running time, defined as the
worst-case number of rounds of distributed communication.

In the quantum setting, a distributed network could be
augmented with two additional resources: quantum com-
munication and shared entanglement (see e.g., [I7]). Quan-
tum communication allows nodes to communicate with each
other using quantum bits (qubits); i.e., in each round at most
B qubits can be sent through each edge in each direction.
Shared entanglement allows nodes to possess qubits that are
entangled with qubits of other nodeﬂ Quantum distributed
networks can be categorized based on which resources are
assumed (see, e.g., [25]). In this paper, we are interested
in the most powerful model, where both quantum commu-
nication and the most general form of shared entanglement
are assumed: in a technical term, we allow nodes to share
an arbitrary n-partite entangled state as long as it does not
depend on the input (thus, does not reveal any input in-
formation). Throughout the paper, we simply refer to this
model as quantum distributed network (or just distributed
network, if the context is clear). All lower bounds we show
in this paper hold in this model, and thus also imply lower
bounds in weaker models.

2.2 Distributed Graph Problems

We focus on solving graph problems on distributed net-
works. We are interested in two types of graph problems:
optimization and verification problems. In both types of
problems, we are given a distributed network N modeled by
a graph and some property P such as “Hamiltonian cycle”,
“spanning tree” or “connected component”.

In optimization problems, we are additionally given a (pos-
itive) weight function w : E(N) — Ry where every node in
the network knows weights of edges incident to it. Our goal
is to find a subnetwork M of N of minimum weight that sat-
isfies P (e.g. minimum Hamiltonian cycle or MST) where
every node knows which edges incident to it are in M in the
end of computation. Algorithms can sometimes depend on

the weight aspect ratio W defined as W = maxeg B(N) w(€)

minge g(n) w(e)

In verification problems, we are additionally gix(/er)l a sub-
network M of N as the problem input (each node knows
which edges incident to it are in M). We want to determine
whether M has some property, e.g., M is a Hamiltonian
cycle (Ham(NN)), a spanning tree (ST(V)), or a connected
component (Conn(N)), where every node knows the answer
in the end of computation.

2Roughly speaking, one can think of shared entanglement as a
“quantum version” of shared randomness. For example, a well-
known entangled state on two qubits is the EPR pair [19}[4] which
is a pair of qubits that, when measured, will either both be zero or
both be one, with probability 1/2 each. An EPR pair shared by
two nodes can hence be used to, among other things, generate a
shared random bit for the two nodes. Assuming entanglement im-
plies shared randomness (even among all nodes), but also allows
for other operations such as quantum teleportation [51], which re-
places quantum communication by classical communication plus
entanglement.



We useE' Q5 (Ham(N)) to refer to the quantum time
complexity of Hamiltonian cycle verification problem on net-
work N where for any O-input M (i.e. M is not a Hamilto-
nian cycle), the algorithm has to output zero with probabil-
ity at least 1 —€o and for any 1-input M (i.e. M is a Hamilto-
nian cycle), the algorithm has to output one with probability
at least 1 —e1. (We call this type of algorithm (eo, €1)-error.)
When € = €1 = ¢, we simply write Q2™ (Ham(N)). Define

=N (ST(N))) and Q%Y (Conn(NN)) similarly.

We also study the gap versions of verification problems.
For any integer § > 0, property P and a subnetwork M of
N, we say that M is 5—fa7ﬁ from P if we have to add at least
6 edges from N and remove any number of edges in order to
make M satisfy P. We denote the problem of distinguishing
between the case where the subnetwork M satisfies P and is
o-far from satisfying P the -P problem (it is promised that
the input is in one of these two cases). When we do not want
to specify §, we write Gap-P. Other graph problems that we
are interested in are those in [I3] and their gap versions. See
full version for precise definitions.

3. OUR CONTRIBUTIONS

Our first contribution is lower bounds for various funda-
mental verification and optimization graph problems, some
of which are new even in the classical setting and answers
some previous open problems (e.g. [I3]). We explain these
lower bounds in detail in Section [3.2] The main implication
of these lower bounds is that quantum communication does
not help in substantially speeding up distributed algorithms
for many of these problems compared to the classical setting.
Notable examples are MST, minimum cut, s-source distance,
shortest path tree, and shortest s-t paths. In Corollary

n
Blogn

we show a lower bound of Q( ) for these problems

which holds against any quantum distributed algorithm with
any approximation guarantee. Due to the seminal paper of
Kutten and Peleg [38], we know that MST can be computed
exactly in O(y/n + D) time in the classical setting, and thus
we cannot hope to use quantum communication to get a
significant speed up for MST. Recently, Ghaffari and Kuhn
[27] showed that minimum cut can be (2 + €)-approximated
in O(y/n + D) time in the classical setting, and Su [60] and
Nanongkai [46] independently improved the approximation
ratio to (1 4+ €); this implies that, again, quantum communi-
cation does not help. More recently, Nanongkai [47] showed
that s-source distance, shortest path tree, and shortest s-t
paths, can be (1 + o(1))-approximated in O(y/nD/* 4+ D)
time in the classical setting; thus, the speedup that quan-
tum communication can provide for these problems, if any, is
bounded by O(D/ ). Moreover, if we allow higher approx-

3We mention the reason behind our complexity notations. First,
we use * as in @* in order to emphasize that our lower bounds
hold even when there is a shared entanglement, as usually done in
the literature. Since we deal with different models in this paper,
we put the model name after *. Thus, we have Q*V for the case
of distributed algorithm on a distributed network N, and Q*<¢
and Q*°" for the case of the standard communication complexity
and the Server model (cf. Subsection , respectively.

4We note that the notion of d-far should not be confused with the
notion of e-far usually used in property testing literature where
we need to add and remove at least € fraction of edges in order to
achieve a desired property. The two notions are closely related.
The notion that we chose makes it more convenient to reduce
between problems on different models.
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imation factor, the result of Lenzen and Patt-Shamir [41]
implies that we can O(logn)-approximate these problems in
O(yv/n + D) time; this upper bound together with our lower
bound leaves no room for quantum algorithms to improve
the time complexity. Besides the above lower bounds for
optimization problems, we show the same lower bound of
Q(
Sarma et al. [I3] showed that these problems, except least-
element list verification, can be solved in O(y/n + D) time
in the classical setting; thus, once again, quantum commu-
nication does not help.

Our second contribution is the systematic way to prove
lower bounds of quantum distributed algorithms. The high-
level idea behind our lower bound proofs is by establishing
a connection between quantum communication complexity
and quantum distributed network computing. Our work is
inspired by [13] (following a line of work in [54] [43] 211 [36])
which shows lower bounds for many graph verification and
optimization problems in the classical distributed comput-
ing model. The main technique used to show the classical
lower bounds in [13] is the Simulation Theorem (Theorem
3.1 in [13]) which shows how one can use lower bounds in
the standard two-party classical communication complexity
model [37] to derive lower bounds in the “distributed” ver-
sion of communication complexity. We provide techniques
of the same flavor for proving quantum lower bounds. In
particular, we develop the Quantum Simulation Theorem.
However, due to some difficulties in handling quantum com-
putation (especially the entanglement) we need to introduce
one more concept: instead of applying the Quantum Sim-
ulation Theorem to the standard two-party communication
complexity model, we have to apply it to a slightly stronger
model called Server model. We show that working with this
stronger model does not make us lose much: several hard
problems in two-party communication complexity remain
hard in this model, so we can still prove hardness results us-
ing these problems. Quantum Simulation Theorem together
with the Server model give us a tool to bring the hardness
in the quantum two-party setting to the distributed setting.
In Section [3:1} we give a more comprehensive overview of
our techniques. Along the way, we also obtain new results
in the standard communication complexity model, which we
explain in Section [3.3]

ﬁgn) for verification problems in Corollary |3.7l Das

3.1 Lower Bound Techniques for Quantum Dis-
tributed Computing

The high-level idea behind our lower bound proofs is es-
tablishing a connection between quantum communication
complexity and quantum distributed network computing via
a new communication model called the Server model, as
shown in two middle columns of Fig. [l This model is
a generalization of the standard two-party communication
complexity model in the sense that the Server model can
simulate the two-party model; thus, lower bounds on this
model imply lower bounds on the two-party network models.
More importantly, we show that lower bounds on this model
imply lower bounds on the quantum distributed model as
well. This is depicted by the rightmost arrows in Fig.
In addition, we prove quantum lower bounds in the server
model, some of which also imply new lower bounds in the
two-party model for problems such as Hamiltonian cycle and
spanning tree, even in the classical setting. This is done by
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Figure 1: Our proof structure. Lines in gray show the implications of our results in communication complezity.

showing that certain techniques based on mnonlocal games
can be extended to prove lower bounds on the Server model
as depicted by leftmost arrows in Fig. [1} and by reductions
between problems in the Server models (cf. Section [5]) as
depicted by middle arrows in Fig.

DEFINITION 3.1
ers in the server model: Carol, David and the server. Carol
and David recetve the inputs x and y, respectively, and want
to compute f(x,y) for some function f. (Observe that the
server recetves no input.) Carol and David can talk to each
other. Additionally, they can talk to the server. The catch
here is that the server can send messages for free. Thus, the
communication complexity in the server model counts only
messages sent by Carol and David.

We let Q%% (f) denote the communication complexity
— in the quantum setting with entanglement — of com-
puting function f where for any i-input (an input whose
correct output is ¢ € {0,1}) the algorithm must output ¢
with probability at least 1 — ¢;. We will write Q7 °(f)
instead of Q7" (f). For the standard two-party commu-
nication complexity model [37], we use Q7;%, (f) to denote
the communication complexity in the quantum setting with
entanglement.

To the best of our knowledge, the Server model is differ-
ent from other known models in communication complexity.
Clearly, it is different from multi-party communication com-
plexity since the server receives no input and can send infor-
mation for free. Moreover, it is easy to see that the Server
model, even without prior entanglement, is at least as strong
as the standard quantum communication complexity model
with shared entanglement, since the server can dispense any
entangled state to Carol and David. Interestingly, it turns
out that the Server model is equivalent to the standard two-
party model in the classical communication setting, while it
is not clear if this is the case in the quantum communication
setting. This is the main reason that proving lower bounds
in the quantum setting is more challenging in its classical
counterpart.

To explain some issues in the quantum setting, let us
sketch the proof of the fact that the two models are equiva-
lent in the classical setting. Let us first consider the deter-
ministic setting. The proof is by the following “simulation”
argument. Alice will simulate Carol and the server. Bob
will simulate David and the server. In each round, Alice

(SERVER MODEL). There are three play-
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will see all messages sent from the server to Carol and thus
she can keep simulating Carol. However, she does not see
the message sent from David to the server which she needs
to simulate the server. So, she must get this message from
Bob. Similarly, Bob will get from Alice the message sent
from Carol to the server. These are the only messages we
need in each round in order to be able to simulate the pro-
tocol. Observe that the total number of bits sent between
Alice and Bob is exactly the number of bits sent by Carol and
David to the server. Thus, the complexities of both mod-
els are exactly the same in the deterministic case. We can
conclude the same thing for the public coin setting (where
all parties share a random string) since Alice and Bob can
use their shared coin to simulate the shared coin of Carol,
David and the server.

The above argument, however, does not seem to work in
the quantum setting. The main issue with a simulation along
the lines of the one sketched above is that Alice and Bob can-
not simulate a “copy” of the server each. For instance one
could try to simulate the server’s state in a distributed way
by maintaining the state that results by applying CNOT to
every qubit of the server and a fresh qubit, and distribute
these qubits to Alice and Bob. But then if the server sends a
message to Carol, Bob would have to disentangle the corre-
sponding qubits in his copy, which would require a message
to Alice.

While we leave as an open question whether the two mod-
els are equivalent in the quantum setting, we prove that
many lower bounds in the two-party model extend to the
server model, via a technique called nonlocal games.

Lower Bound Techniques on the Server Model. We
show that many hardness results in the two-party model
(where there is no server) carry over to the Server model.
This is the only part that the readers need some background
in quantum computing. The main difficulty in showing this
is that, the Server model, even without prior entanglement,
is clearly at least as strong as the standard quantum com-
munication complexity model (where there is no server) with
shared entanglement, since the server can dispense any en-
tangled state to Carol and David. Thus, it is a challenging
problem, which could be of an independent interest, whether
all hard problems in the standard model remain hard in the
server model.



While we do not fully answer the above problem, we iden-
tify a set of lower bound techniques in the standard quantum
communication complexity model that can be carried over to
the Server model, and use them to show that many problems
remain hard. Specifically, we show that techniques based on
the (two-player) nonlocal games (see, e.g., [39} 40} B3]) can
be extended to show lower bounds on the Server model.

Nonlocal games are games where two players, Alice and
Bob, receive an input x and y from some distribution that is
known to them and want to compute f(z,y). Players cannot
talk to each other; instead, they output one bit, say a and
b, which are then combined to be an output. For example,
in XOR games and AND games, these bits are combined as
a®b and aAb, respectively. The players’ goal is to maximize
the probability that the output is f(z,y). We relate nonlocal
games to the server model by showing that the XOR- and
AND-game players can use an efficient server-model protocol
to guarantee a good winning chance:

LEMMA 3.2. (SERVER MODEL LOWER BOUNDS VIA NON-
LOCAL GAMES) For any boolean function f and €o,e1 > 0,
there is an (two-player nonlocal) XOR-game strateqy A’ (re-
spectively, AND-game strategy A" ) such that, for any input
(z,y), with probability 472057 (‘f), A’ (respectively, A")
outputs f(x,y) with probability at least 1 — €f(y,) (i-e. it
outputs 1 with probability at least 1—e1 and 0 with probability
at least 1 — g ); otherwise (with probability 1 — 47295 \),
A" outputs 0 and 1 with probability 1/2 each (respectively,
A" outputs 0 with probability 1).

Roughly speaking, the above lemma compares two cases: in
the “good” case A" outputs the correct vaue of f(z,y) with
high probability (the probability controlled by €y and €;1) and
in the “bad case” A’ simply outputs a random bit. It shows
that if Q2% (f) is small, then the “good” case will happen
with a non-negligible probability. In other words, the lemma
says that if Q7;°¢, (f) is small, then the probability that the
nonlocal game players win the game will be high.

This lemma gives us an access to several lower bound tech-
niques via nonlocal games. For example, following the 72-
norm techniques in [42} 59, 40] and the recent method of [33],
we show one- and two-sided error lower bounds for many
problems on the server model (in particular, we can obtain
lower bounds in general forms as in [568}[59] [40]). These lower

bounds match the two-party model lower bounds.

Graph Problems and Reductions between Server-
Model Problems (Details in Section . To bring the
hardness in the Server model to the distributed setting, we
have to prepare hardness for the right problems in the Server
model so that it is easy to translate to the distributed set-
ting. In particular, the problems that we need are the fol-
lowing graph problems.

DEFINITION 3.3  (SERVER-MODEL GRAPH PROBLEMS).
Let G be a graph of n nodesﬂ We partition edges of G to
Ec(G) and Ep(G), which are given to David and Carol,
respectively. The two players have to determine whether G

5To avoid confusion, throughout the paper we use G to denote
the input graph in the Server model and N and M to denote
the distributed network and its subnetwork, respectively, unless
specified otherwise. For any graph H, we use V(H) and E(H) to
denote the set of nodes and edges in H, respectively.
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has some property, e.g., G is a Hamiltonian cycle (Hamnﬂ
a spanning tree (STy), or is connected (Conny). For the
purpose of this paper in proving lower bounds for distributed
algorithms, we restrict the problem and assume that in the
case of the Hamiltonian cycle problem Eg(C) and Ep(C)
are both perfect matchings.

We also consider the gap version in the case of commu-
nication complexity. The notion of §-far is slightly different
from the distributed setting (cf. Section in that we can
add any edges to G instead of adding only edges in N to M.
The main challenge in showing hardness results for these
graph problems is that some of them, e.g. Hamiltonian cy-
cle and spanning tree verification, are not known to be hard,
even in the classical two-party model (they are left as open
problems in [I3]). To get through this, we derive several new
reductions (using novel gadgets) to obtain this:

THEOREM 3.4. (SERVER-MODEL LOWER BOUNDS FOR Ham,, )

There exist some constants €, > 0 such that for any n,
$e¥(Hamy,) and Qq2¥ ((6n)-Hamy,) are Q(n).

We prove Theoremusing elementary (but intricate) gadget-
based reductions. Thus, no knowledge in quantum comput-
ing is required to understand this proof. Theorem also
leads to lower bounds that are new even in the classical two-
party model. We discuss this in Section [3.3]

Quantum Simulation Theorem: From Server Model
to Distributed Algorithms. To show the role of the
Server model in proving distributed algorithm lower bounds,
we prove a quantum version of the Simulation Theorem of
[13] which shows that the hardness of graph problems of our
interest in the Server model implies the hardness of these
problems in the quantum distributed setting (the theorem
below holds for several graph problems but we state it only
for the Hamiltonian Cycle verification problem since it is
sufficient for our purpose):

THEOREM 3.5 (QUANTUM SIMULATION THEOREM). For
any B, L, T' > logL, B > 0 and eo,e1 > 0, there exists
a B-model quantum network N of diameter ©(log L) and
O(T'L) nodes such that if Q%" ((BT)-Ham(N)) < £ —2 then

€0,€1
*,N

((BT)-Hamr) = O((Blog L)Q¢; e, ((BT')-Ham(N))).

In words, the above theorem states that if there is an (eo, €1)-
error quantum distributed algorithm that solves the Hamil-
tonian cycle verification problem on N in at most (L/2) — 2
time, i.e. Q&N (Ham(N)) < (L/2) — 2, then the (eo,€1)-
error communication complexity in the Server model of the
Hamiltonian cycle problem on I'-node graphs is Q7;%, (Hamr) =
O((Blog L)Q:M, (Ham(N))) . The same statement also holds
for its gap version ((ST')-Ham(NNV)). We note that the above
theorem can be extended to a large class of graph problems.
The proof of the above theorem does not need any knowl-
edge in quantum computing to follow. In fact, it can be
viewed as a simple modification of the Simulation Theorem
in the classical setting [I3]. The main difference, and the
most difficult part to get our Quantum Simulation Theorem
to work, is to realize that we must start from the Server

model instead of the two-party model.

*,50V
€0,€1

6Ham,, is used for the Hamiltonian cycle verification problem in
the Server models, where n denotes the size of input graphs, and
Ham(N) is used for the Hamiltonian cycle verification problem
on a distributed network N (defined in Section .
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cal communication [13]
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Figure 2: Previous and our new lower bounds.

We note that n is the number of nodes in the network in the case of distributed

network and the number of nodes in the input graph in the case of communication complezity.

3.2 Quantum Distributed Lower Bounds

We present specific lower bounds for various fundamental
verification and optimization graph problems. Some of these
bounds are new even in the classical setting. To the best of
our knowledge, our bounds are the first non-trivial lower
bounds for fundamental global problems.

1. Verification problems. We prove a tight two-sided
error quantum lower bound of Q(y/n) time, where n is the
number of nodes in the distributed network and ©(z) hides
poly log z, for the Hamiltonian cycle and spanning tree veri-
fication problems. Our lower bound holds even in a network
of small (O(logn)) diameter.

THEOREM 3.6
B and large n, there exists ¢ > 0 and a B-model n-node net-
work N of diameter ©(logn) such that any (e, €)-error quan-
tum algorithm with prior entanglement for Hamiltonian cy-

cle and spanning tree verification on N requires Q(, /5 1Zgn)

time. That is, Q::Y (Ham(N)) and Q=N (ST(N)) are ( n
Our bound implies a new bound on the classical setting
which answers the open problem in [I3], and is the first ran-
domized lower bound for both graph problems, subsuming
the deterministic lower bounds for Hamiltonian cycle ver-
ification [13], spanning tree verification [13] and minimum
spanning tree verification [36]. It is also shown in [I3] that
Ham can be reduced to several problems via deterministic
classical-communication reductions. Since these reductions
can be simulated by quantum protocols, we can use these
reductions straightforwardly to show that all lower bounds
in [13] hold even in the quantum setting.

COROLLARY 3.7. The statement in Theorem[3.6 holds for
the following verification problems: Connected component,
spanning connected subgraph, cycle containment, e-cycle con-
tainment, bipartiteness, s-t connectivity, connectivity, cut,
edge on all paths, s-t cut and least-element list. (See [13]
and the full version for definitions.)

Fig. [2| compares our results with previous results for verifi-
cation problems.

2. Optimization problems. We show a tight Q(min(W/a,
v/n))-time lower bound for any a-approximation quantum
randomized (Monte Carlo and Las Vegas) distributed algo-
rithm for the MST problem.

Blogn

(VERIFICATION LOWER BOUNDS). For any
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).

Time T(n, W)

0(y/n) (Kutten-Peleg PODC’95)

A o‘\‘:’ Q(y/n) (Das Sarma et al STOC'11)
Y

W = 0(ayn)
W = 0(an)

Figure 3: Previous and our new bounds (cf. Theorem and
Comllary for approxzimating the MST problem in distributed
networks when N and « are fized. The dashed line (in blue) rep-
resents the deterministic upper bounds (Algorithms). The dotted
line (in red) is the previous lower bound for randomized algo-
rithms. The solid line (in black) represents the bounds shown in
this paper. Note that the previous lower bounds hold only in the
classical setting while the new lower bounds hold in the quantum
setting even when entanglement is allowed.

THEOREM 3.8
n, B, W and a < W there ezists e > 0 and a B-model ©(n)-
node network N of diameter ©(logn) and weight aspect ra-
tio W such that any e-error a-approximation quantum algo-
rithm with prior entanglement for computing the minimum
spanning tree problem on N requires Q(ﬁ min(W/a,
\/n)) time.

This result generalizes the bounds in [13] to the quantum
setting. Moreover, this lower bound implies the same bound
in the classical model, which improves [I3] (see Fig. |3) and
matches the deterministic upper bound of O(min(W/a, y/n))
resulting from a combination of Elkin’s a-approximation
O(W/a)-time deterministic algorithm [2I] and Peleg and
Rubinovich’s O(y/n)-time exact deterministic algorithm [24]
[38] in the classical communication model. Thus this bound
is tight up to a ©(y/Blogn) factor. It is the first bound that
is tight for all values of the aspect ratio W. Fig. [8|compares
our lower bounds with previous bounds. By using the same
reduction as in [13], our bound also implies that all lower
bounds in [I3] hold even in the quantum setting.

(OPTIMIZATION LOWER BOUNDS). For any



COROLLARY 3.9. The statement in Theorem[3.8 also holds
for the following problems: minimum spanning tree, shallow-
light tree, s-source distance, shortest path tree, minimum
routing cost spanning tree, minimum cut, minimum s-t cut,
shortest s-t path and generalized Steiner forest. (See [13]
and the full version for definitions.)

3.3 Additional Results: Lower Bounds on Com-

munication Complexity

In proving the results in previous subsections, we prove
several bounds on the Server model. Since the Server model
is stronger than the standard communication complexity
model (as discussed in Subsection , we obtain lower
bounds in the communication complexity model as well.
Some of these lower bounds are new even in the classical
setting. In particular, our bounds in Theorem lead to
the following corollary. (Note that we use Q%;%, (Pn) to de-
note the communication complexity of verifying property P
of n-node graphs on the standard quantum communication
complexity model with entanglement.)

COROLLARY 3.10. For any n and some constants €,[3 >
0, Qe (Pn) = Q(n), and Qy*((Bn) — Pn) > Q" ((Bn) —
Pn) = Q(n), where P, can be any of the following verifica-
tion problems: Hamiltonian cycle, spanning tree, connectiv-
ity, s-t connectivity, and bipartiteness.

To the best of our knowledge, the lower bounds for Hamil-
tonian cycle and spanning tree verification problems are the
first two-sided error lower bounds for these problems, even in
the classical two-party setting (only nondeterministic, thus
one-sided error, lower bounds are previously known [56]).
The bounds for Bipartiteness and s-t connectivity follow
from a reduction from Inner Product given in [2], and a lower
bound for Connectivity was recently shown in [30]. We note
that we prove the gap versions via a reduction from recent
lower bounds in [33] and observe new lower bounds for the
gap versions of Set Disjointness and Equality.

4. OTHER RELATED WORK

While our work focuses on solving graph problems in quan-
tum distributed networks, there are several prior works fo-
cusing on other distributed computing problems (including
communication complexity in the two-party or multiparty
communication model) using quantum effects. We note that
fundamental distributed computing problems such as leader
election and byzantine agreement have been shown to solved
better using quantum phenomena (see e.g., [I7, 63} 5]). En-
tanglement has been used to reduce the amount of communi-
cation of a specific function of input data distributed among
3 parties [12] (see also the work of [9] [16] [62] on multiparty
quantum communication complexity).

There are several results showing that quantum commu-
nication complexity in the two-player model can be more ef-
ficient than classical randomized communication complexity
(e.g. [7,55]). These results also easily extend to the so-called
number-in-hand multiparty model (in which players have
separate inputs). As of now no separation between quan-
tum and randomized communication complexity is known
in the number-on-the-forehead multiparty model, in which
players’ inputs overlap. Other papers concerning quantum
distributed computing include [}, [T}, [34] [35] (52| 23].
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Figure 4: The construction of gadget G;. If z; =0
then Alice adds dashed thin edges (in red); other-
wise she adds solid thin edges (in red). If y; = 0 then
Bob adds dashed thick edges (in blue); otherwise he
adds solid thick edges (in blue).

5. SERVER-MODEL LOWER BOUNDS FOR
Ham, (THEOREM 3.4)

In this section, we prove Theorem which leads to new
lower bounds for several graph problems as discussed in Sec-
tion [3.3] The proof uses gadget-based reductions between
problems on the Server model. This illustrates our point
that no knowledge in quantum computing is needed after a
lower bound in the Server model is obtained. We will reduce
from the IPmod3,,: two players, Carol and David, are given
n-bit strings = and y, respectively, and they have to output
1if (357, zsys) mod 3 = 0 and 0 otherwise. We use the
following lower bound, which is proved in the full version.

THEOREM 5.1. For some (,e¢ > 0 and any large n,
2" (IPmod3y) = Q(n).

We first sketch the lower bound proof of Q7" (Ham,,) and
show later how to extend to the gap version. We will show
that for any 0 < € < 1 and some constant ¢, Q5" (IPmod3,,) =
O(QI:2"(Hamey)). The theorem then immediately follows
from the fact that Q75" (IPmod3,) = Q(n).

Letz =x1...2p andy = y1 ... yn be the input of IPmod3,,.
We construct a graph G which is an input of Ham., as
follows. The graph G consists of n gadgets, denoted by
Gi,...,Gn. For any 1 < i < n —1, gadgets G; and G;+1
share exactly three nodes denoted by v?,v},v2. Each gad-
get GG; is constructed based on the values of x; and y; as
outlined in Fig.[d] The following observation can be checked
by drawing G; for all cases of z; and y; (as in Fig. ,

OBSERVATION 5.2. For any value of (z:,y:), Gi consists

of three paths where v?_| is connected by a path to v,
for any 0 < j < 2. Moreover, Alice’s (respectively Bob’s)
edges, i.e. thin (red) lines (respectively thick (blue) lines)
in Fig. form a matching that covers all nodes except v}
(respectively v!_,) for all 0 < j < 2.

Thus, when we put all gadgets together, graph G will con-
sist of three paths connecting between nodes in {v}}o<;<2
on one side and nodes in {v} }o<;j<2 on the other. How these
paths look like depends on the structure of each gadget G
which depends on the value of x; - y;. The following lemma
follows trivially from Observation [5.2]

LEMMA 5.3. G consists of three paths P°, P' and P?

where for any 0 < j < 2, P? has vg as one end vertex

(1+> 1<i<n ®i'yi) mod 3
Un ==

and as the other.

(j+zi-y;) mod 3
J
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Figure 5: Gadget G, for different values of x; and y;,. The main observation is that if z;-y; = 0 then G, consists

of paths from v/ | to v/ for all 0 < j < 2. Otherwise, it consists of paths from v} | to v

o B B Gt B i
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Xy #1
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Figure 6: The graph G consists of gadgets G1,...Gn.
The solid thick edges (in gray) linking between v}
and v, for 0 < j < 2 represent the fact that ’Ug =l
Lines that appear in each gadget G; depicts what we
observe in Observation solid thin lines (in red)
represent paths that will appear in G; if z; - y; = 0,
and dashed thick lines (in blue) represent paths that
will appear in G; if x; -y; = 1.

Now, we complete the description of G by letting vg =)
for all 0 < j < 2. It then follows that G is a Hamiltonian
cycle if and only if >, .., @i - ys mod 3 # 0 (see Fig. @
Thus we can check th§t721<i<n z; - y; mod 3 is zero or
not by checking whether GG is a Hamiltonian cycle or not.
Theorem [B.4] now follows from Theorem [5.11

6. CONCLUSION AND OPEN PROBLEMS

In this paper, we derive several lower bounds for impor-
tant network problems in a quantum distributed network.
We show that quantumness does not really help in obtain-
ing faster distributed algorithms for fundamental problems
such as minimum spanning tree, minimum cut, and shortest
paths. Our approach gives a uniform way to prove lower
bounds for various problems. Our technique closely follows
the Simulation Theorem introduced by Das Sarma et al.
[13], which shows how to use the two-party communication
complexity to prove lower bounds for distributed algorithms.
The main difference of our approach is the use of the Server
model. We show that many problems that are hard in the
quantum two-party communication setting (e.g. IPmod3)
are also hard in the Server model, and show new reductions
from these problems to graph verification problems of our
interest. Some of these reductions give tighter lower bounds
even in the classical setting.

Since the technique of Das Sarma et al. can be used to
show lower bounds of many problems that are not covered
in this paper (e.g. [22] 29| (48| (41l [14] 26| [10]), it is in-
teresting to see if these lower bounds remain valid in the
quantum setting. Since most of these problems rely on a
reduction from the set disjointness problem, the main chal-
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(j+1) mod 3
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lenge is to obtain new reductions that start from problems
that are proved hard on the Server model such as IPmod3.
One problem that seems to be harder than others is the ran-
dom walk problem [48] [15] since the previous lower bound
in the classical setting requires a bounded-round communica-
tion complexity [48]. Proving lower bounds for the random
walk problem thus requires proving a bounded-round com-
munication complexity in the Server model as the first step.
This requires different techniques since the nonlocal games
used in this paper destroy the round structure of protocols.

It is also interesting to better understand the role of the
Server model: Can we derive a quantum two-party version
of the Simulation Theorem, thus eliminating the need of the
Server model? Is the Server model strictly stronger than
the two-party quantum communication complexity model?
Also, it will be interesting to explore upper bounds in the
quantum setting: Do quantum distributed algorithms help
in solving other fundamental graph problems ?
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