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SYNONYMS: Lower-Stretch Spanning Trees.
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PROBLEM DEFINITION

Consider a weighted connected graph G = (V, E, ω), where ω is a function from the edge set E of
G into the set of positive reals. Given a spanning tree T of V , we define the distance in T between
a pair of vertices u, v ∈ V , dist T (u, v), to be the sum of the lengths of the edges on the unique path
in T between u and v. We can then define the stretch of an edge (u, v) ∈ E to be
stretch T (u, v) =

dist T (u, v)
,
ω(u, v)

and the average stretch over all edges of E to be
avestr T (E) =

1 X
stretch T (u, v) .
|E|
(u,v)∈E

The average stretch of a graph G = (V, E, ω) is defined as the smallest average stretch of a spanning
tree T of G, avestr T (E). The average stretch of a positive integer n, avestr (n), is the maximum
average stretch of an n-vertex graph G. The problem is to analyze the asymptotic behavior of the
function avestr (n).
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KEY RESULTS

The problem was introduced by Alon et al. [1], who showed that
p
Ω(log n) = avestr (n) = exp(O( log n · log log n)) .
Elkin et al. [5] improved the upper bound and showed that
avestr (n) = O(log 2 n · log log n) .
Dhamdhere et al. [4] further improved the upper bound of [5] to O(log 2 n).
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APPLICATIONS

The main currently known application of low stretch spanning trees is for solving symmetric diagonally dominant linear systems of equations. Boman and Hendrickson [2] were the first to discover
the surprising relationship between these two seemingly unrelated
problems. They applied the
√
log
n
log
log n) log(1/). Spielman and
3/2
O(
spanning trees of [1] to design solvers that run in time m 2
1

Teng [7] improved their results by showing how to use the spanning trees of [1] to solve diagonallydominant linear systems in time
m2O(

√
log n log log n)

log(1/).

By applying the low-stretch spanning trees developed in [5], the time for solving these linear
systems reduces to
m log O(1) n log(1/),
and to O(n(log n log log n)2 log(1/)) when the systems are planar. Applying a recent reduction of
Boman, Hendrickson and Vavasis [3], one obtains a O(n(log n log log n) 2 log(1/)) time algorithm
for solving the linear systems that arise when applying the finite element method to solve twodimensional elliptic partial differential equations.
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OPEN PROBLEMS

The most evident open problem is to close the gap between the upper bound of O(log 2 n) and
the lower bound of Ω(log n) on avestr (n). Another intriguing subject is the study of low-stretch
spanning trees for various restricted families of graphs. Progress in this direction was recently
achieved by Emek and Peleg [6].
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