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In typical graph minimization problems, we consider a graph G with fixed weights on
the edges of G. The goal is then to find an optimal vertex or set of vertices with
respect to some objective function, for example. We introduce a new framework for graph
minimization problems, where the weights on the graph edges are not fixed, but rather
must be assigned, and the weight is inversely proportional to the cost paid. The goal is
to find a valid assignment for which the resulting weighted graph optimizes the objective
function.

We present algorithms for finding the optimal budget allocation for the center point
problem and for the median point problem on trees. Our algorithms run in linear time,

Budget graphs
Center point
Graph optimization

both for the case where a candidate vertex is given as part of the input, and for the case
where finding a vertex that optimizes the solution is part of the problem. We also present
a hardness result for the center point problem on complete metric graphs, followed by an
O(logz(n)) approximation algorithm in this setting.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A typical graph minimization problem has the following structure: The input includes the edge weights and an objective
function, and the goal is to find a vertex or set of vertices minimizing the objective function. One important problem in this
class is the center point problem, in which the goal is to find one vertex that minimizes the maximum distance between that
vertex and all other vertices in the graph. Henceforth, we refer to this distance as graph radius. Another important problem
in this class is the graph median problem, where the goal is to find the vertex that minimizes the average distance (i.e.,
the sum of the distances) between it and all other vertices in the graph. In this paper we consider a new model for graph
minimization problems, for which both problems are addressed.

1.1. The new model

This paper suggests a new model for budget allocation problems on weighted graphs. The new model addresses the
problem of allocating a fixed budget onto the graph edges where the goal is to find a subgraph that optimizes some
objective function (e.g., minimizing the graph radius). Problems such as center point and median point on trees and graphs
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have been studied extensively [8,13,17,19]. Yet in most cases the input for such problems consists of a given (fixed) graph.
Motivated by well-known budget optimization problems [2,5,10,20,9] raised in the context of communication networks, we
consider the graph to be a communication graph, where the weight of each edge (link) corresponds to the delay time of
transferring a (fixed length) message over the link. We suggest a Quality of Service model for which the weight of each
edge in the graph depends inversely on the budget assigned to it. In other words, paying more for a communication link
decreases its delay time.

More formally, we consider an undirected graph G = (V, E) equipped with a length function ¢(-) on the edges. The
weighted graph (G, ¢) induces a metric space, i.e. the length function £(-) satisfies the triangle inequality. Let B be a
positive value, which we call the budget parameter. In our model, allocating a budget B(e) > 0 to an edge e € E of length
£(e) means that the weight of e will be w(e) = wg(e) = % (in case B(e) =0, we let w(e) = +00).

The distance between two vertices v and u in (G, B) is the sum of weights on the edges of a minimal weighted path
between them, denoted as 8z (v, u). The radius of (G, w) with respect to a designated vertex r (Rad; (G, w)) is the maximum
distance (with respect to the underlying allocation B(-)) between r and any other vertex v in the graph. In the rooted
budget radius problem, we are given a graph G = (V, E), equipped with a length function £(-), a budget parameter B and a
designated vertex r. The goal is to assign non-negative values B(e) to the edges of G that sum up to B (i.e., Zecp(B(e)) = B),
so that the rooted radius of the graph (G, w) with w = % with respect to the vertex r is minimized.

In the unrooted budget radius problem, we are given a graph G = (V, E), equipped with a length function ¢(-), and a
budget parameter B. The goal is to minimize the rooted budget radius problem over all choices of r € V. That is, our goal
is to find a vertex r and a corresponding assignment 3(e) that minimizes the budget radius problem with respect to G, B,
and r. The budget diameter problem is defined analogously, where the goal is to minimize the maximum distance between
any pair of vertices in (G, w).

In the budget median problem, we are given a graph G = (V, E), equipped with a length function £(-), and a budget
parameter B. The goal is to find a vertex r and a corresponding assignment 5(e) that minimize the average distance between
r and other vertices of the graph, defined as % > vev 8B(r, v). The vertex r that minimizes the budget median problem is
called the budget median.

1.2. Motivation

We were motivated by communication optimization problems in which for a fixed ‘budget’ one needs to design the
‘best’ network layout. The quality of service (QoS) of a link between two nodes depends on two main factors: i) The
distance between the nodes. ii) The infra-structure of the link. While the location of the nodes is often fixed and cannot be
changed, the infra-structure type and service can be upgraded - it is a price-dependent service. Quality of service is related
to different parameters such as: bandwidth, delay time, jitter, packet error rate and many others. Given a network graph,
the desired objective is to have the best QoS for a given (fixed) budget.

In this paper we focus on minimizing the maximum and average delay-times using a fixed budget. Informally, consider
the case of an ISP (Internet Service Provider) which would like to maximize the overall QoS of its network using a given
budget. The problem is what links (edges) in the network graph should be upgraded and how to allocate the given budget
over those links. We consider a model in which assigning a budget b to a network link e will imply a delay proportional
to %. One may view our model as a continuous version of a multi-edge graph, in which the QoS of a network link is price
related. Our model is motivated by various network design problems - for example, a better (and more expensive) network
link implies lower delay and better QoS - yet these are commonly modeled as discrete problems, where there are only a
fixed number of possible ‘upgrades’ to the network link. A continuous network design model is commonly used in traffic
network problems (see e.g., [14]), and indeed our price-dependent model is continuous.

1.3. Related work

The problems of center and median points on graphs (networks) have been studied extensively, see [8,17] for a detailed
survey on facility location. There are various optimization problems dealing with finding the best graph; A typical graph or
network improvement problem considers a graph which needs to be improved by adding the smallest number of edges in
order to satisfy some constraint (e.g., maximal radius), see [4,10,20]. Spanner graph problems [15] consider what can be
seen as the inverse case of network improvement problems. In a typical spanner problem we would like to keep the smallest
subset of edges from the original graph while maintaining some constraint, such as low degree or diameter. Observe that
both network improvement and spanner graph problems can be modeled as discrete versions of our suggested new model.
For a general framework for graph optimization and graph layout design see [7].

Lin and Mouratides [11,12] considered the model where each edge weight may be reduced by a some value specific
to that edge, and they minimized the sum of the inter-point distances between source-destination pairs. The upgrading
arc model is one in which any edge weight can be improved by the same fixed factor; minimizing radius, diameter and
median distances have all been studied in this setting [21,2,16]. (There is also a variant of this model in which vertices are
upgraded instead of edges [18].) A continuous weight reduction model with cost linear in the edge weight reduction was
considered in [9,20]. Finally, Carmi and Chaitman-Yerushalmi [3] investigated the influence of Steiner points on the weight
of the minimum spanning tree under the cost model of the current paper.
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Table 1

Notations that are used throughout the paper to present the new budget graph model.
Notation Explanation
G=(V,E) a general undirected graph

(induced by some metric space)

t(e) the (a priori) length of an edge e € E
B(e) the budget fraction allocated to e € E
B={b1,...bg|} an alternative notation for the function B
w(e) = % the (budget implied) weight of e € E
(G, w)=G(B) the budget-graph implied by an allocation B
Sp(v,u) the distance between two vertices in G(B3)

1.4. Our contribution

In this paper we present linear time algorithms for rooted and unrooted budget radius and budget median problems
on trees. We also prove that the budget radius problem is NP-hard on complete metric graphs, and devise an O (log?(n))
approximation algorithm in this setting.

2. Preliminaries

In this section we introduce basic notations and definitions that are used for describing the suggested budget graph

framework. Let G = (V,E) be a graph with some length function € : E — R*. A valid budget allocation B(-) to E is a

non-negative real function, such that 3", B(e) = 1.7 Let E = {e1, ..., e|g}. We denote b; d:efB(ei), and for every E' C E we

denote B(E') = Zeief/ b;. Given a valid budget allocation B to E, the weight of an edge e € E, denoted wg(e), is a function

of £(e) and B(e). Throughout this paper we consider the case where wg(e) def %.

Definition 2.1 (Weighted distance). Let u,v € V be two vertices. The weighted distance between v and u, denoted

dp(v,u), is the minimum weight over all simple paths between u and v. Namely, d5(v,u) def min({}_,.p wp(e) :
P is a simple path from v to u}).

Table 1 summarizes the above notations. In the rest of this section we present two specific facility location problems
in the budget graph framework. In Section 2.1, we describe the budget radius problem and in Section 2.2, we describe the
budget median problem.

2.1. The budget radius problem

We next introduce some definitions and notations to define the setting of the budget radius problem on graphs. In the
first setting we consider, a candidate center node to the graph is given and the goal is to find an optimal budget allocation
that minimizes the radius of graph with respect to the resulting distances between nodes in the graph (the weighted radius).
In a second setting, the candidate center node is not given and the goal is to find both a center node and a budget allocation
that are together optimal with respect to the weighted radius. The formal definitions follow.

Definition 2.2 (Rooted weighted radius). Given a valid budget allocation B to E and a vertex r € V, the weighted radius of G
with respect to r is defined as wrg(r) = wrg(G, ) dzefmax,,ev(ag(r, v)).

Given a graph G = (V, E) (induced by some metric) and a node r € V, we next define what it means for an allocation
to be optimal with respect to the budget radius problem. We usually omit G from the notation whenever it can be derived
from the context.

Definition 2.3 (Rooted budget radius). An optimal allocation for (G, r) with respect to the budget radius problem is a valid
allocation for which the weighted radius with respect to r is minimized. There may be several optimal allocations. We take
an arbitrary optimal allocation and denote it by B; = 3;(G). We further refer to this allocation as the optimal allocation
for (G,r).

The budget radius of G with root r, denoted BR(r) = BR(G, r), is the weighted radius of G with respect to r and B}, i.e,
BR(r) = wrp: ().

2 Here and in the rest of the paper we assume that the total budget B equals 1; this is without loss of generality since an optimal solution with budget
of 1 is easily scaled to any budget B.
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Fig. 1. A few simple examples of a budget graph radius problem on rooted trees (with a given center r). Assume that each edge e has length £(e) = 1.
The total budget is 1 and the optimal budget allocation of each edge is shown as a function of x. In case A, the lower edge is assigned budget x, and so
the upper edge is assigned budget 1 — x. The optimal solution minimizes f(x) = % + ﬁ SO X = % and the radius is 1. In case B, the optimal solution

assigns the same weight x to the two lower edges, and then minimizes f(x) = ﬁ + % So x= and the radius is approximately 5.828. In case C

1
2442
the function is: f(x) = Flﬂ + % SO X = ﬁ and the radius is approximately 7.464. Case D is composed of two instances of B and therefore the radius
is twice the budget radius of case B, 11.656. Case E is composed from cases A, C therefore the radius is the sum of the two radii = 11.464.

We next give the appropriate definitions for the setting where the root is not given as part of the input to the problem.
We call this problem the unrooted budget radius problem, where the goal is to find a node in the graph that minimizes the
radius is sometimes referred to as the center point problem.

Definition 2.4 (Unrooted budget radius). The budget radius of a graph G is the value BR = BR(G) d:Qfmin‘,ev BR(G, v). We refer
to a pair (B*,r*) as the optimal allocation for G (in the unrooted setting) if 5* is a valid allocation to E and r* € V is the
vertex with the smallest corresponding radius, i.e., wrp«(r*) = BR.

We demonstrate the above definitions using a few examples presented in Fig. 1.
2.2. The budget median problem

Given a graph, the general median problem is defined as follows: find a node (m*) in the graph from which the sum of
all weighted distances to all other nodes in the graph is minimized. On budget graphs, the budget median problem is to find
a median node and a corresponding optimal allocation which minimizes the sum of distances between the median node
and all the other nodes in the graph (with respect to the budget allocation).

Definition 2.5 (Rooted weighted budget median). Given a valid budget allocation 3 to E and a vertex m € V, the weighted
median of G with respect to m is defined as wmpg(m) =wmpg(G, m) dzefzvev(ag(m, v)).

Given a graph G = (V, E) (induced by some metric) and a node m € V, we next define what it means for an allocation
to be optimal with respect to the budget median problem.

Definition 2.6 (Rooted budget median). An optimal allocation for (G, m) with respect to the budget median problem is a valid
allocation for which the sum of all weighted distances to m is minimized. There may be several optimal allocations. We
take an arbitrary optimal allocation and denote it by B}, = B;;,(G). We further refer to this allocation as the optimal allocation
for (G, m).

The budget median of G with root m, denoted BM(m) = BM(G, m), is the weighted sum of distances from m to all other
nodes of G with respect to 5y, i.e,, BM(m) = wmpg: (n).

We next give the definitions for the setting where the root is not given as part of the input to the problem. We call this
problem the unrooted budget median problem.

Definition 2.7 (Unrooted budget median). The budget median of a graph G is the value BM = BM(G) def mingpecy BM(G, m). We
refer to a pair (3%, m*) as the optimal allocation for G (in the unrooted setting) if 5* is a valid allocation to E and m* € V
is the vertex with the smallest corresponding sum of distances to all other nodes in the graph, i.e., wmpgs(m*) = BM.
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Fig. 2. (a) Three points in the plane: x, y, z are the nodes of a unit equilateral triangle. (b) Tree: optimal radius (2), non-optimal diameter (4). (c) Cycle
graph: non-optimal radius (3), optimal diameter (3).

3. The budget radius problem for trees

In this section, we present an algorithm for solving the budget radius problem for trees. We start by showing that the
solution to the budget radius problem for a general graph G is always in the form of a tree spanning G. In Section 3.1, we
solve the rooted budget radius problem for trees. In Section 3.2, we turn to the unrooted variant of the problem.

Lemma 3.1. Let G = (V, E) be a connected graph and let £ be a length function on E. An optimal budget allocation (with respect to
the budget radius problem) (B*, r*) for G, has the property that the support graph H = (V, Ep«), where Eg+ = {e; € E : b} > 0} isa
tree spanning G.

Proof. First, assume by contradiction that H is not connected. Then for any center vertex r*, there is a vertex v € V such
that there is no path in H connecting r* to v. In this case, however, any path between r* and v in (G, w) = G(B3*) contains
an edge of infinite weight. Hence, 85+ (r, v) = 0o, and so the radius implied by the budget allocation B* is co. This means
that B* is not optimal, since there are allocations yielding a finite radius, e.g., the uniform allocation, assigning an equal
portion of the budget to each edge (i.e., B(e) = \]TI for all e € E).

Second, assume by contradiction that H contains a cycle. Let H' be a shortest path tree rooted at r*. Hence, there exists
at least one edge e € Ey \ Ey. By definition, B*(e) > 0. We define a new budget allocation B’ distributing the budget
portion allocated to e evenly among all edges in H’. It is easy to verify that the budget radius of B’ is strictly smaller than
that of 5*. This is a contradiction to the optimality of B*. Hence, H is a spanning tree. O

An analogous argument applies to the budget median problem. We note, however, that the above is not true for the
budget diameter problem (see Fig. 2).

The above lemma motivates us to explore the budget radius problem for the subclass of trees, and indeed we present
an algorithm solving this problem. We first consider the case where a designated center node r is given as a part of the
input, and an optimal budget allocation B* is sought. Using standard terminology, we refer to r as the root of the tree (as
opposed to the center). We then consider the general case in trees, where the problem is to find a pair (5%, r*) minimizing
the budget radius of the tree.

3.1. The budget radius problem for rooted trees

We next consider two sub-families of rooted trees that will later be the basis for our recursive construction of an optimal
valid budget allocation to the edges of general trees. First, we consider a tree in which the root has only one child.

Lemma 3.2. Let T be a tree rooted at r, with some length function £ on the edges of T. Assume r has a single child r’ (the root of the
subtree T'), and let R = BR(T’, 1) and q = £(r,1"). Then an optimal budget allocation B* assigns to the edge e = (r,1’) a fraction

—_ 1 44 R _ 2
B= NI of the budget. It follows that BR(T, ) = § + 175 = (/G + VR)2,

Proof. Let E be the set of edges in T and E’ = E\ {e} be the set of edges of T’ (see Fig. 3a). Given any valid budget allocation
B for E, let B’ be the scaling of the restriction of B to E’, defined by B'(e') = f(g(l) for every e’ € E’. Note that with this
scaling, B’ is a valid budget allocation for E’, i.e., D", B'(¢') = 1. Since any path from r to any leaf of T must start with

the edge e = (r, 1), it follows that

q wrp (')
wrg(r) = —— + ————.
Be)  1-Be)
Hence, for B to be optimal for T with root r, we must have B’ be optimal for T’ and r’. In addition, given R’ = BR(T’,r’),
the budget radius of T with root r is obtained by assigning a 8 fraction of the budget to e, for 8 that minimizes the function

wrg(r) = % + %. It follows that BR(T,r) = % + % for g = J;Tfﬁ'
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Fig. 3. (a) The case that r has only a single child. (b) The general case.

We next consider the general family of (rooted) trees (Fig. 3b). Let T = (V, E) be a tree, rooted at r, such that r has
k children rq,r2, ..., 1, where r; is the root of its subtree T; = (V;, E;). Denote by T; = (V{, E) the subtree of T, rooted
at r and containing T;. That is, V,.’ =V;U{r}, and Elf = E; U{(r,rj)}. Clearly, the edge-sets E; are all disjoint. Given a valid
budget allocation B to E, for each index i € {1, 2, .., k} denote by I; € V; the leaf | for which 55(r,]) is the largest within T.
Recall that the weighted radius wrg(r) is determined by the maximum weighted distance to some [;. In other words,
wrpg(r) = maxi<i<k(85(r, I;)). Next, we show that in any optimal budget allocation B* for such T, the fraction of the budget
assigned to the edges of each subtree T/ is directly correlated to its relative weighted radius.

Lemma 3.3. Let T = (V, E) be a tree rooted at r, with some length function ¢ on the edges of T. Assume that r has k children
r,T2,...,T Where r; is the root of the subtree T; = (V;, E;), and let B* be an optimal budget allocation to E. For each 1 <i <k,
let T{ and I; be as in the foregoing discussion (i.e., l; is maximal in T/ with respect to 8« (r,-)). Then, for all 1 <1, j <k we have
83* (T, l,') = 83* (T, lj).

Proof. Assume that for some 1 <1i, j <k, it holds that 8z« (r,l;) > 85+ (r,1j). We show that it is then possible to present a
better budget allocation for T, which is a contradiction. Let p = ‘;‘;(&Id; and consider an alternative budget allocation in
which each edge e in E/j is assigned a p fraction of its current budget, i.e., p - B*(e) (while assignments to all other edges
stay the same as before). The length of each path from r to a leaf in T;. would be multiplied by 1/p. Hence, the maximum
distance from r to any leaf in the T} would be at most 3+ (r, [;). This allocation is therefore as good as B* (with respect
to the weighted radius) although the sum of assigned values is not 1, but rather, 1 — (1 — p) - B* (E;.) < 1. Turn this into a
valid budget allocation by dividing the remaining (1 — p) - B*(E;.) budget equally among all edges in E, we obtain a better
(1-p)-B*(E})
[E|

valid budget allocation to E. That is, we fix a new allocation B’ by setting B'(e) = p - B*(e) +

1—p)-B*(E'
B'(e) =B*(e) + % otherwise. The budget radius of B’ is smaller than that of B*, in contradiction to the optimality

of B*. O

ifee E;, and

The following corollary describes how any optimal valid budget allocation must divide the budget among the disjoint
sets of edges of the subtrees T;.

BR(T/.1)

Corollary 3.4. Let T be a tree as above. Then in any optimal budget allocation B* for E it holds that B*(E}) = SR
j=1 BRU

. Thus, an

optimal solution in this case is given by BR(T,r) = Z’]‘-:] BR(T", r).

Proof. Let I;’s be as above, i.e., l; € V; is the leaf | for which 8§z« (r,I) is maximal within T;. Denote g; = B*(E}) and let B;
be the scaling of the restriction of B* to Ej, defined by bj(e’) = %ie/) for every e’ € E]. Clearly, each B; is a valid budget
allocation to T;. We claim that it is also an optimal one. By Lemma 3.3, for all 1 <i, j <k it holds that 8z« (r,l;) = 85+ (r, ;).
If for some tree-leaf I; it holds that 3] is not optimal for T;, then choose an optimal valid budget allocation B;" for T; and
scale it back to obtain a valid budget allocation B by setting B =B - Bi for each e’ € E/, and Be) = Bj (e) for each
e’ ¢ E{. This reduces the distance of the farthest leaf from r within T;, while the distance to any leaf outside T; stays as
with B*. Specifically, we have wry(r) < wrp«(r). However, by Lemma 3.3, B is not optimal and hence, B* is not optimal
either - a contradiction.

By the above it holds for all 1 <i <k that BR(TI.’, r) =i - dp«(r,l;). Thus, by Lemma 3.3, for all 1 <i, j <k it holds that

/ BR(T!,r) . . . .
BRALD (ﬂ—jr) Since it also holds that Zg‘;l Bi =1, we have that for all 1 <i <k it holds that g; =1— Z#i Bi=1-8i-

Bi
BR(T/,1) ~_ BR(T/.D) . . _ ) :
Z#i R/ Hence, g; = m. Furthermore, since for any 1 <i <k we have that BR(T,r) = dp«(r,l;) (specifically,
BR(T},r)

since BR(T, 1) =8p«(r,l;) = ), it follows that BR(T,r) = Z?‘:l BR(T’,r). O

Bi

Theorem 3.5. Given a tree T rooted at r, an optimal valid budget allocation for T and r can be found in time linear in the size of T.
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Proof. T is a rooted tree, and we will utilize an inductive construction. First, assume T is a single node r. In this case,
no budget is needed and BR(T,r) = 0. Assume T is rooted at r, such that r has k children ry, 19, ..., ;. Denote by T; the
subtree of T rooted at r;j, and containing all vertices (and edges) of the subtree rooted at r; (and only these vertices).
Denote by T/ = (V/, E}) the subtree of T rooted at r, induced by adding the edge (r,r;) to T;. Formally, V{ =V; U {r}, and
E{ =E; U{(r,)}. Thus, each T| is a rooted tree where the root (r) has a single child, no T, T/ for i # j share any vertex
other than r, and E, E;. are disjoint for all i # j.

By Corollary 3.4, if we know BR(T{,r) for all 1 <i <k, we can derive an optimal valid budget allocation for T,r. In order
to obtain a BR(T{, 1), it suffices to have an optimal solution for the subtree of r;, which, by the induction hypothesis can be
done (using Lemma 3.2).

Note that we evaluate the optimal solution for every subtree of every vertex in T exactly once and thus the procedure
runs in linear time. O

Remark 3.6. In the finite precision setting, the algorithm implied by Theorem 3.5 requires words of O (log(nL/€)) bits in
order to compute a solution within a factor 14 € of the true solution, where L =), ¢(e) and we have assumed the
minimum length in the graph is at least 1. To see this, first note that increasing the length of all edges by at most a
factor of 1+ € can increase the budget radius by at most this factor. If the total budget is 1, the optimal budget radius
cannot be greater than nL, as this radius can be achieved by assigning each edge e a budget of Y& Hence, it must be that
H < B*(e) <1 or else the optimal budget radius is not achieved. It follows that a word of O(log(nL/e)) bits is sufficient to
record an edge budget assignment to within a factor of 1+ €. The rounding down due to limited precision is equivalent to
increasing the length of that edge by a factor of at most 1 + €, and the resulting budget radius by at most this factor.

The following lemma will prove helpful below, but is interesting in its own right. It captures some of the tricky nature of
the budget radius problem, as it shows the connection between two seemingly unrelated quantities. The first is the weight
of a minimum spanning tree (MST) of a given graph and the second is the optimal solution for the budget radius problem
for that graph.

Lemma 3.7. Given a tree T = (V, E) rooted at r, with some length function ¢ on E, the budget radius of T is at least the sum of lengths
of the edges of T, i.e, BR(T, 1) > Y, £(e).

Proof. We prove the above lemma by induction. If T has no edges, then both values are 0. If r has only one child r’
(the root of the subtree T’), then by Lemma 3.2, since any optimal allocation * must assign B*((r,r")) > 0, we have
BR(T,r) > £((r,1")) + BR(T’, ), which, by the induction hypothesis is at least )", £(e). Otherwise, assume r has k children
(r1...1¢) and denote T; the subtree induced by r and the vertices of the subtree of rj. By 3.4 BR(T,r) = fﬂ BR(Tj, r).
Hence, by the induction hypothesis, the lemma follows. O

3.2. The budget radius for unrooted trees

In this section we consider the budget radius problem for unrooted trees, i.e., where the root of the tree is not given
as part of the input. Clearly, one can invoke the algorithm from Theorem 3.5 with every vertex v as a candidate center
vertex r, and select the vertex v for which BR(T, v) is minimal. However, this naive algorithm requires O (n?) time. We next
show how to construct a linear time algorithm for this problem (in fact, for a tree T, our algorithm computes BR(T, v) for
every v in T).

Lemma 3.8. Let T = (V, E) be a tree rooted at r, with some length function £ on E. Let v € V be a neighbor (a child) of r. Denote by
Ty = (Vy, Ey) the subtree of v, and denote by T,, the subtree of v augmented by the edge e = (r, v) (i.e, T, =(V, Ur, E, Ue)). It is
possible to compute, in constant time, BR(T, v) given BR(T, ), BR(Ty, v), and BR(T},, 1), see Fig. 4.

Proof. Denote by T the tree obtained by omitting T, from T, formally, T = (¥, E‘) where V = VA(Vy\ {v}) and E= E\E,.
In addition, denote by T’ the tree obtained by omitting the edge e = (r, v) from T, ie, T/ = (V\ {v}, I:J\ {e}).

It can be easily derived from Corollary 3.4 that BR(T, v) = BR(T,, v) +BR(T v). By Lemma 3.2, we can compute BR(T V)
from BR(T/ r) and £(e), in constant time. Finally, we compute BR(T", v), using Corollary 3.4 again, to obtain BR(T’ r) =
BR(T,r) —BR(T}.,r). O

Roughly, our algorithm will traverse the tree twice. First, we traverse the tree, computing the algorithm of Theorem 3.5
for an arbitrary root r (say, r = v1). Recall that this algorithm traverses the tree in a bottom-up fashion, i.e., from the leaves
to the root, and that an optimal solution for each vertex is calculated, with respect to the subtree below it. We then traverse
the tree in a top-down fashion, while for each vertex v that is a child of v/, we compute an optimal budget radius for the
tree with root v, given an optimal budget radius for the tree with root v’ and the information stored in v from the first
traversal.
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(a) (0)

Fig. 5. (a) The original tree rooted at r. (b) Considering v as the root of the tree. Computation of an optimal budget allocation for the tree rooted at v can
be done in constant time, given an optimal budget allocation for the tree rooted at r.

Theorem 3.9. Given a tree T = (V, E) with some length function £ on E, it is possible to compute an optimal allocation for T, i.e.,
a pair (B*, r*), such that wrg= (r*) = BR(T). Furthermore, this can be done in linear time in the size of T (see Fig. 5).

Proof. Our algorithm traverses the tree twice. In the first pass, we set an arbitrary vertex r to be the root (say, r = v{) and
traverse the tree in a bottom up manner, following the algorithm described in Theorem 3.5.

For any vertex v € V, denote by T, = (V,, E,) the subtree of v, and denote by p(v) the parent of v. Denote by T, the
subtree of v augmented by the edge (p(v), v), i.e, T, = (V, U{p(v)}, Ey U{(p(v), v)}). We compute for each vertex v the
value of an optimal budget radius with respect to the subtree of v, i.e., BR(Ty, v). Recall that in order to do so, we compute
for each child u of v, not only the budget radius for T, (i.e.,, BR(Ty, u)), but also the budget radius for the augmented
subtree of u (with root v), i.e., BR(T}, v). Here, we also store the two local values, BR(Ty, v) and BR(Tpv), p(v)), for each
node v we traverse.

In the second pass we traverse the tree in a top—-down manner, starting at the root r and moving from each vertex to all
its children. For each vertex v, we compute the budget radius for the whole tree T with root v (i.e.,, BR(T, v)). By Lemma 3.8,
we can do so in constant time since we have already computed BR(T, p(v)), as well as BR(Ty, v) and BR(Tp(v), p(v)). The
algorithm returns the pair (3*,r*), for which the budget radius is minimal. O

4. Generalization to median point

In this section we generalize the center point algorithms to median point. We begin with the rooted weighted budget
median. First, as was done for budget radius (Lemma 3.2), we consider a tree in which the root has only one child.

Lemma 4.1. Let T be a tree rooted at r, with some length function ¢ on the edges of T. Assume r has a single child r’ (the root of the
subtree T’ of sizen=|T'| =|T| — 1), and let M’ = BM(T’, ') and q = £(r,1’). Then an optimal budget allocation 3* assigns to the

edge e = (r,1’) a fraction p = ﬁ/— of the budget. It follows that BM(T, 1) = "q + & = (yng + VR~

Proof. Let E be the set of edges in T and E’ = E\ {e} be the set of edges of T’ (see Fig. 3a). Given any valid budget allocation
B for E, let B’ be the scaling of the restriction of B to E’, defined by B'(e’) = fg()e) for every e’ € E’. Note that with this
scaling, B’ is a valid budget allocation for E’, i.e., D, B'(¢') = 1. Since any path from r to any leaf of T must start with

the edge e = (r, 1), it follows that

n wmyg (1’
wmpg(r) = M + A.
Be) 1-—B(e)
Hence, for B to be optimal for T with root r, we must have B’ be optimal for T and r’. In addition, given M’ = BM(T’, '),
the budget median of T w1th root r is obtained by a551gmng a B fraction of the budget to e, for 8 that minimizes the

function wms (1) = % + %5 It follows that BM(T, 1) = % + ¥ for g = JJE—

We next consider the general family of (rooted) trees (Fig. 3b). Recall the definitions that preceded Lemma 3.3.
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(a) (b) ()

Fig. 6. Using an MST-like heuristic may lead to an O (n%%) approximation ratio with respect to the center point problem (minimum radius). (a) A grid based
set of points. (b) A path-like MST. (c) A solution with radius O (n%%).

Lemma 4.2. et T = (V, E) be a tree rooted at r, with some length function ¢ on the edges of T. Assume that r has k children

1,12, ...,y Wherer; is the root of the subtree T; = (Vj, Ej). Let Ti’ denote the subtree of T rooted at r and containing also T;. Let X; =
BM(T{, r). Then an optimal budget B* assigns to edge e; = (rj, 1) a fraction ﬁ of the budget, and so BM(R, 1) = (le‘:l \ /Xj)z,
j=1 i

Proof. Recall that the value of X; is given in Lemma 4.1. Then the budget between all subtrees can be normalized using the
following minimization problem: min(g—} + f,f—; +...+ g—’;) where B1 + By + ...+ B = 1. The result follows. O

Theorem 4.3. Given a tree T rooted at r, an optimal valid budget allocation for the rooted and unrooted budget median problem on T
and r can be found in time linear in the size of T.

Proof. The rooted case follows immediately from Lemma 4.2. For the unrooted case, consider an edge connecting two
vertices v1, v and their respective disjoint subtrees T1, T,. Note that if |Tq| < |T2|, then v; cannot be the optimal median:
the cost of taking v, as a median is less than the cost of taking v1, since then edge e = (v, v2) will be traversed only
|T1| times instead of |T,| times. It follows that the optimal median is a ‘middle’ vertex of the graph, one possessing the
property that for all edges incident to it, it is always a member of the heavier subtree. A middle vertex can be found in
linear time. O

5. Budget radius - on complete metric graphs

In this section we consider the problem of optimizing the budget radius for a complete graph over n vertices, induced
by some metric space M = (V,d). We present a hardness proof showing that in this setting the budget radius problem is
NP-hard. We then present an O (log?(n)) approximation algorithm for this problem.

In order to demonstrate the non-triviality of a logarithmic approximation factor, we start by showing that a naive Min-
imum Spanning Tree (MST) heuristic may lead to an O (n°?) approximation factor (see Fig. 6). Assume we have n points
on a square uniform grid. Its MST may have a path like shape, with §€2(n) radius. Hence its budget radius is §2(n%). On the
other hand, each of the n points may be connected to the center with a path of length 0 (n°>). Hence, the budget radius of
this metric is 0 (n'~).

5.1. Hardness results

In this section we present a reduction showing that finding the optimal budget allocation for radius budget problem on
general metric graphs is an NP-hard problem. We prove the following theorem:

Theorem 5.1. For complete metric graphs, the decision version of the rooted budget radius problem is NP-hard, and its minimization
version is APX-hard.

Before proving Theorem 5.1, we require a preliminary lemma and technical observation:

Lemma 5.2. Let G = (V, E) be a star graph with V = {r, s, v1, ..., v¢}. Let s be the center of the star, and let edge e = (r, s) have
length £(e) = 1 and the k edges e; = (s, v;) (fori =1, ..., k) have length £(e;) = x. Then in the optimal solution to the rooted budget
radius problem on G the radius equals (1 + v/xk)2.

Proof. First note that for the budget radius problem on the subgraph rooted at s and excluding r, the optimal solution for a
budget of 1 assigns each edge equal weight, and has a budget radius of kx. Then the result follows from Lemma 3.2 scaled
down by the larger budget B. O
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Fig. 7. The radius budget of the right tree (b) is smaller than the left tree (a).

Observation 5.3. Consider Fig. 7. The optimal allocations for the left tree (a) and the right tree (b) are not the same; the right tree has
a smaller budget radius. In fact, the optimal allocation of tree (a) can be used on the right tree (b) leading to the same radius (allocating
to b3 = by = by and bs = bg = by ). The optimal budget allocation for both trees is presented in Fig. 1 cases: D, E).

We now return to the proof of Theorem 5.1:

Proof. The theorem is proved via reduction from Set Cover, in particular the version in which each set consists of three
elements, while an element appears in exactly two sets. This version of Set Cover is NP-hard, and its minimization version
is APX-hard [6]. In the reduction, we will assume that in the minimum radius problem the target radius is fixed to 1 and
the goal is to find the minimum cost B - by scaling, this is equivalent to the scenario where B is fixed as the goal is to
minimize the radius.

Given a set cover instance (S, E) of sets and elements, we create a graph G as follows. First create root node n;. For
each element e; in the set cover instance, create a single node n.;. We call these nodes element-nodes. For each 3-Set Sj =
{eq, ep, ec}, we create seven nodes called set-nodes. Choose x so that (14 +/x)2 =2.1 (x ~0.202), y so that (1+/2y)% =3.1
(y ~0.289), and z so that (1 ++/32)2 =4.1 (z~ 0.350).

1. Set-node ng; ¢, is connected to root n by an edge of length 1, and to element-node ne, by an edge of length x. Set-nodes
ns; ey and Ns; e are similarly connected to n,, and respectively to element-nodes n., and ne,. These set-nodes will
represent the solution case where set S; is needed to cover only a single element.

2. Set-node ng; ¢, e, is connected to root n; by an edge of length 1, and to element-nodes ne, and ne, by edges of length x.
Set-nodes N5} eq.ec and ns; ey.e. are similarly connected to n,, and respectively to element-node pairs ne, and ne, or 1,
and ne . These set-nodes will represent the solution case where set S; is needed to cover exactly two elements.

3. Set-node 1S eq,ep.6c is connected to root n, by an edge of length 1, and to each of element-nodes ne,, ne, , e, by an edge
of length z. This set-node represents the solution case where set S; is needed to cover all three elements.

Complete the metric graph by adding all missing edges. The length of each added edge is simply the distance between its
endpoints on the original graph.

Recall that we wish to achieve weighted radius 1, and we will show that finding the minimum cost B achieving this
radius on G is equivalent to solving 3-Set Cover on the input instance. Now in any optimal solution, the following hold:

e For each set-node, weight is assigned to the edge connecting it to the root, and no weight is assigned to edges con-
necting it to other set-nodes.

e For each element-node, weight is assigned to an edge connecting it a single set-node, and to no other edges incident
on the element-node.

For the first item, some weighted path must exist from the root to the set-node, while the edge from the root to the
set-node is shorter than all other edges incident to the set-node. So an optimal solution places weight on that edge. Since
an optimal solution has no cycles (Lemma 3.1), it places no weight on edges connecting set-nodes.

For the second item, first note that an element-node cannot be connected to more than one set-node, as then the
graph would contain a cycle. An element node cannot be connected to another element-node, since the edge connecting
two element-nodes is longer than the edge connecting the element-node to the root. And in fact, the edge connecting
the element-node to the root cannot be used in the optimal solution: Let the element-node be n., and consider some
set-node ns; ¢,. Then separately connecting the element-node and set-node to the root incurs a cost of at least (1 + x) +
1 ~2.202, while by Lemma 5.2 connecting the element-node to the set-node incurs a cost of only (1 + /x)% =2.1.

Given a sub-optimal solution that does not obey the above items, we can easily create a solution that does: First, weight
placed on edges connecting two set-nodes is transfered evenly to the two edges connecting the set-nodes to the root, and
this cannot increase the weighted radius. Second, the weight on all edges incident on an element-node is shifted to the
path that achieves the smallest weighted radius, and this cannot increase the weighted radius. Henceforth, we will assume
that any solution we consider obeys the above two items. Hence, we assume that the weighted edges of any solution form
a tree, itself a set of star-graphs connected at the root.



B. Ben-Moshe et al. / Theoretical Computer Science 627 (2016) 13-25 23

Now let the set of set-nodes for S; be N;. Consider a set N; of set-nodes for set Sj, and all edges incident on this set.
Suppose there are exactly ¢ element-nodes whose minimum paths are routed through set-nodes of N;. Clearly 0 <c <3.

1. If ¢ =0, then weight is assigned only to the length 1 edges connecting the seven set-nodes of N; directly to the root,
at a total cost of 7.

2. If c =1, then since x < y < z, weight is assigned to the length x edge connecting the relevant element-node ne, to
set-node ns; ¢,. Consider the star graph formed by nodes ny, ns; ¢, ne,: By Lemma 5.2, to achieve a path length of 1
the total weight assigned to the two graph edges is (1 + +/x)® = 2.1. The other six edges connecting n, to Nj are each
assigned weight 1, for a total cost of 8.1.

3. If ¢ =2, the optimal solution will assign weight to the length y edges connecting the relevant element-nodes ne,, ne, to
set-node ns; eq,ep- Consider the star graph formed by nodes n;, N5} eq,ep> Neg» e, * By Lemma 5.2, to achieve path lengths
of 1 the total weight assigned to the three graph edges is (1 + +/2y)? = 3.1. The other six edges connecting n, to N;
are each assigned weight 1, for a total cost of 9.1.

Another option would have been to assign weight to the two edges connecting ne, to ns; ¢, and ng, to ns;e,. In this
case, the total cost is 5+ 2(1 + +/x)2 =9.2 > 9.1, so this assignment is suboptimal.

4. If ¢ =3, the optimal solution will assign weight to the length z edges connecting element-nodes ne,, 1, , e to set-node
ns; eq.ec Consider the star graph formed by nodes Ny, NS eq.ep.ec0 Negs ey » M. * By Lemma 5.2, to achieve path lengths of
1 the total weight assigned to the three graph edges is (1 4+ +/3z)2 = 4.1. The other six edges connecting n, to N j are
each assigned weight 1, for a cost of 10.1.

Another option would have been to assign weight to three edges connecting ne, to ns;.eq» Ney 10 N5 ey, and ne, to ns; e
In this case, the total cost is 4 4+ 3(1 + +/x)*> = 10.3 > 10.1, so this assignment is suboptimal. If we would assign
weight to the edges connecting ne, to ns; e, and both ne,,ne. to set-node ns; ep.ec0 then the total weight would be

54 (14 /%)% + (1+4/2y)2=10.2 > 10.1, so this assignment is suboptimal.

Recall that in the optimal solution, each element-node is incident on a single edge with non-zero weight, and this edge
connects the element-node to a set-node. We will say that the set-node covers this element node. As above, for a given
set Nj, at most one set-node in N; covers some element-nodes. In this case we say that N; is used, and that N; covers
these element-nodes.

We may then view the above cost assignment as follows: For each set N, if the set is not used we pay a single overhead
cost of 7, and if the set is used we pay a overhead cost of 11—0 plus a cost of 1 for each element-node covered by N;. Then the

total cost for the graph is an overhead charge of 7|S|+|E| plus a cost of 11—0 for each used set. The minimum cost is achieved

by using the minimum number of set-nodes to cover all element-nodes. This is equivalent to solving the Set Cover problem

on the input. Since each element appears in at most two sets, |S| < 2|E| and so 7|S|+ |E| < 15|E|. Since each set covers
IE|

at most 3 elements, the number of used sets is between 5 and |E|, and so the constant-factor inapproximability of the

minimum Set Cover instance implies a constant-factor inapproximability for the minimization of the weighted radius. O

5.2. Approximation algorithm - budget radius on complete metric graphs

5.2.1. The special case of a line

We first consider a setup in which M is defined by some n points all residing on the interval [0, 1], where for any two
points pq, p2 within this interval, d(p1, p2) is the Euclidean distance between p1 and p,. Let G = (V, E) be the complete
graph induced by M. We present a valid budget allocation B to E with budget radius at most log?n + 1 and such that the
graph induced by {e: B(e) > 0} is a tree spanning V.

Lemma 5.4. Let G = (V, E) be the complete graph described above, then BR(G) < log®n + 1.

Proof. Let P ={p1, p2,..., pn} be a set of n points on the interval [0, 1] (in increasing order). Assume for the moment that
n is a power of 2, and we construct a full binary tree T over P. Its root is pu, and the root’s children are pr and P3n etc.

The set of possible solutions for the budget radius problem for T is a subset of the set of possible solutions for the
budget radius problem for G. Thus, it suffices to present a solution for T with budget radius at most log?(n), that is, a pair
of the form (B, 1), where B is a valid budget allocation to E7 and 1’ € V;, such that, wrp(r’) < log?(n). Clearly, fixing r' =r
only further restricts the set of solutions we allow. We next describe one such solution.

We first divide the edges of T into sets, defined by the depth of a given edge from the root r. Formally, if e is an edge
in T, we say that e is at level i in T if one of its vertices has depth i and the other has depth i + 1. We denote the set of
all edges in T of level i by S;. For every edge e € S; we set B(e) = «e, Where «, def log%%.

that this allocation is valid and sums up to at most 1. This is true since for every level i, we divide a @ fraction of the

budget among the edges in S;. Since there are no more than log(n) levels, we do not exceed our budget.

We first need to show
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To bound the budget radius of T under this allocation, observe that as T is a search tree, it holds for every i that

Ze/es,- £(e’) < 1. Thus, for every edge e of T, we have o, > lfé—f%). Now, let P be a simple path from r to some leaf £. The
weighted length of P (the weighted distance between r and ¢) is >, p wp(€) =D .cp %) <Y ecplog(n), which is at most

log2 (n) since P consists of at most log(n) edges.
If n is not a power of 2, we can pad the set with points on the end of the interval, resulting in fewer than 2n total
points, and the result follows. O

5.2.2. Complete metric graphs

We next define an approximation algorithm 4, such that given a complete graph G = (V, E), induced by some metric
space M = (V, d), approximates the Budget Radius problem for G by a factor of O (log?n). Assume that a minimum spanning
tree for G has a total weight LB, we proceed as follows:

1. Find an Hamiltonian path (HP) visiting all nodes with weight no more than 2 - LB.

2. Let G’ be the result of unfolding HP to a straight line, i.e., G’ is defined by n points, situated on an interval, such that,
the distance between every two points is the length of the path between them on the Hamiltonian path HP (specifically,
the length of the whole interval is exactly the length of HP).

. Scale the above (HP) interval length to 1.

. Build a balanced binary search tree (BT) over G'.

5. Apply the algorithm of Theorem 3.5 to BT. Assign the appropriate budget to all edges in BT and 0 to all other edges

in E.

AW

Theorem 5.5. Let G = (V, E) be a complete graph induced by some metric space M = (V, d). Then algorithm A results in a valid
budget allocation to the edges of E that approximates BR(G) by a 2(10g2 (n) + 1) factor.

Proof. First note that finding an Hamiltonian path (HP) with weight no more than 2 - LB is feasible using an MST for G.
More importantly, note that by Lemma 3.7, it holds that LB is a lower bound on the optimal solution (i.e., on BR(G)). This
is true since an optimal budget allocation defines a tree (see Lemma 3.1), which has a total weight of at least LB (by the
minimality of an MST). Thus, algorithm A yields an optimal budget allocation for BT, which by Lemma 5.4 yields a budget
radius of at most 2 - LB -(logz(n) +1) <2-BR(G) - (logz(n) +1). O

6. Conclusion and future work

The paper introduces a new model for optimization problems on graphs. The suggested budget model was used to define
facility location problems such as center and median point. For the tree case, optimal algorithms are presented for both
aforementioned problems. For the metric center point problem, an O (log?(n)) approximation algorithm is presented. The
new model raises a set of open problems e.g.: i) Complexity: there is still a considerable gap between the hardness result
and the approximation factor in the complete metric graphs case of budget radius. ii) Facility location: Find approximation

algorithms for the k-center and k-median problems on general graphs. iii) Graph optimization: minimizing the diameter of

the budget graph. iv) Cost functions: It would be interesting to investigate the cost function w(e) = % for 0 <a<1.

The general approach we presented for trees carries over to this setting as well, although our approximation algorithm for
complete metric graphs (Lemma 5.4) does not.
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