
This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 132.72.45.213

This content was downloaded on 24/07/2014 at 12:20

Please note that terms and conditions apply.

Acoustic interactions between inversion symmetric and asymmetric two-level systems

View the table of contents for this issue, or go to the journal homepage for more

2014 J. Phys.: Condens. Matter 26 325401

(http://iopscience.iop.org/0953-8984/26/32/325401)

Home Search Collections Journals About Contact us My IOPscience

iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/26/32
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1 © 2014 IOP Publishing Ltd Printed in the UK

1. Introduction

The existence of two-level tunneling defects as a generic 
property in amorphous systems was postulated four decades 
ago [1, 2] in an attempt to explain the remarkable universality 
in the low energy characteristics of amorphous solids as were 
found earlier by Zeller and Pohl [3]. In what is now known as 
the Standard Tunneling Model (STM) [1, 2, 4] the interaction 
of the tunneling two-level systems (TLSs) with the phonon 
field is given by
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Here = ±S 1/2j
z  denote the two states of the TLS at site 

j, uαβ ≡ ∂uα/∂rβ is the phonon field, where u is the phonon 

amplitude, α, β  ≡  x, y, z, and γ is the TLS-phonon inter-
action parameter. The interaction of the phonon field with 
the tunneling amplitude of the TLS is small, and therefore 
neglected [1, 2].

The TLS-phonon interaction as given in equation (1) gives 
rise to an effective TLS–TLS interaction mediated by the 
phonon field [5, 6], which takes the form
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where Uij is effectively random interaction with 1/r3 depen-
dence for distance r ≫ a0. Here a0 denotes the typical inter-
atomic distance. These TLS–TLS interactions dictate the 
formation of a glassy phase in disordered lattices (see e.g. 
[7]), and various low energy properties of the glassy phase in 
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disordered lattices and amorphous solids. The STM, however, 
assumes that the TLSs are non-interacting, an assumption 
that is sufficient to explain many of the properties of amor-
phous solids in the universal regime, T < TU ≈ 1–3 K (notable 
exceptions are the phenomena of spectral diffusion [5] and the 
dipole gap arising at very low temperatures, T < 0.1 K [8–10]). 
Reconciliation of the assumption of non-interacting TLSs 
with the presence of TLS-phonon interaction is explained 
by the low density of TLSs, and consequent smallness of the 
typical interaction.

Various attempts were made to generalize the STM in an 
effort to explain quantitative universality, as well as phenomena 
such as the plateau in thermal conductivity between ≈ 2–10 K 
shared between all amorphous solids and disordered lattices 
exhibiting the universal behavior. These attempts include spe-
cific theories for the disordered lattices [11–14], theories of 
interacting TLSs [15, 8, 16, 17], and theories introducing soft 
potential modes [18–22].

Recently a new model was suggested, which is based 
on the different properties of the interaction of inversion 
symmetric and inversion asymmetric TLSs with the phonon 
field [23]. A TLS in which the two states are related to each 
other by inversion with respect to a midpoint, e.g. 180° flip 
of CN impurity in a KBr lattice, does not interact with the 
phonon field, but only with the second derivative of the 
phonon amplitude [6]
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where we denote by τ the symmetric TLSs, to differ from the 
asymmetric TLSs denoted by S. This form of the interaction 
leads, in three dimensions, to a long distance dependence of 
1/r4 and 1/r5 for the acoustic mediated S TLS-τ TLS (S–τ) 
effective interactions and τ TLS-τ TLS (τ–τ) effective interac-
tions respectively [6]. In two dimensions similar analysis to 
the one carried in [6] leads to 1/r2, 1/r3, 1/r4 spatial depen-
dence of the S TLS-S TLS (S–S), S–τ, and τ–τ interactions 
respectively.

Where the above is correct for 2 impurities in an otherwise 
pure lattice, the presence of disorder introduces deviations 
from inversion symmetry, and a finite, albeit small interaction 
between a τ-TLS and the phonon field. In [23] it was argued 
that for systems with strong disorder the TLS-phonon interac-
tion can be written as
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The small dimensionless parameter of the theory [23] 
is defined by g  ≡  γw/γs. This parameter is proportional to 
the  deviations from inversion symmetry, and therefore to 
the ratio between the strain and interatomic lattice spacing, 
i.e. in strongly disordered systems g  ≈  0.01  −  0.03. The 
resulting effective elastic TLS–TLS interaction takes the 
form [23]
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where in three dimensions (two dimensions) all interactions 
decay as 1/r3 (1/r2) at distances r ≫ a0, and their typical values 
at near neighbor distance are related by

≈ ≈ττ τU gU g U .S SS
0 0

2
0 (6)

It is further argued [23] that the above long distance power 
law dependence of the interaction persists down to a short 
distance cutoff, which is not much larger than the inter-
atomic spacing, for lack of another relevant length scale in 
the system. The form of the Hamiltonian (5) and (6), i.e. 
the strength and spatial dependence of the three TLS–TLS 
interactions, and its subsequent analysis, allow for an expla-
nation of some long-standing questions related to the low 
temperature universality in glasses [23]. The universality 
and smallness of phonon attenuation [24, 25] are shown 
to be a consequence of the generic characteristics of the τ 
TLSs, and the energy scale of ≈1–3 K dictating the universal 
regime is attributed to the gapping of the S-TLSs below the 
energy of ≈ ≈ ≈τU gU gT 1S SS

0 0 G  – 3 K, where TG is the glass  
temperature3. The enhancement of the single particle S-TLS 
DOS at higher temperatures results in their domination of 
acoustic attenuation, and the limiting of the universal charac-
teristics of amorphous and disordered solids to T < TU.

The two-TLS model further derives, and quantifies, 
some of the central assumptions of the STM. The DOS of 
the relevant TLSs at low temperatures, the τ-TLSs, is found 
to be finite at very low energies and rather homogeneous 
for energies smaller than 3 K [23, 27, 26]. The assumption 
of noninteracting TLSs is supported by the fact that at low 
temperatures the S-TLSs are frozen, and the typical τ–τ 
interaction ≈ττU 0.10   K is smaller by a factor of g in com-
parison to the typical τ-TLS energy, the latter dictating the 
typical energy scale of the universal phenomena. Thus, within 
the two-TLS model TLS–TLS interactions can be neglected 
except at very low temperatures. However, this possibility to 
neglect the interactions does not depend on the small concen-
tration of TLSs, but on the form of the Hamiltonian (5) and 
(6). This is in line with the existence of universal phenomena 
in disordered lattices such as KBr:CN, where there is strong 
evidence to the notion that each CN impurity constitutes a 
two-level system. Thus, the TLS-DOS in disordered lattices is 
not small, but the relevant TLSs are τ-TLSs, between which 
the interaction is small and can therefore be neglected, and 
the experimentally observed smallness of the TLSs DOS is 
related to the fact that only TLSs with appreciable tunneling 
amplitude can be detected. Note that in KBr:CN the TLS is 
formed by each CN low energy state and the state related to 
it by a CN flip [12, 14, 23, 28], and is thus a τ-TLS, where all 
other single particle states of a given CN impurity are much 
higher in energy [26], as they constitute an S excitation with 
respect to the CN low energy state [23].

The two-TLS model, and specifically the Hamiltonian (5), 
was derived microscopically for strongly disordered lattices. 

3 This argument produces the correct energy scale for universality and is  
explicitly verified for KBr:CN [26]. However, the similarity of the universal 
temperature between systems with rather different glass transition temperature is 
stronger than this argument can account for and requires further consideration.
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However, the strong evidence for the equivalence of the phe-
nomenon of the low temperature universality in disordered 
lattices and amorphous solids [29–31, 25], suggests that the 
mechanism leading to universality in disordered lattices 
and amorphous solids is the same. Thus, validation of the 
two-TLS model may prove useful both for the resolution of 
the long standing problem of universality in disordered and 
amorphous solids, and for the advance of our understanding 
of the microscopic structure of amorphous solids. The two 
crucial points of the two-TLS model are the form of the 
Hamiltonian (5), (6), and the resulting structure of the DOS 
of the τ and S TLSs. With regard to the latter, the results in 
[23] are supported by a comprehensive numerical calcula-
tion given in [27, 26]. With regard to the former, a significant 
step was made in [28], where γw, γs were explicitly calculated 
for KBr:CN. The obtained ratio of γw/γs  ≈  0.02 and value 
γw ≈ 0.1 eV are both in agreement with theory [23] and with 
the experimental value for the coupling constant for the rel-
evant TLSs at low temperatures, [32, 33]. These results sup-
port both the two-TLS model and the notion that it is indeed 
CN flips that constitute the TLSs for KBr:CN. However, the 
ab-initio and DFT calculations [28] required the use of very 
small samples, not allowing the study of the effective TLS–
TLS interactions and their distance dependence.

In this paper we use the conjugate gradients method to 
study the magnitude and spatial dependence of the impurity-
impurity interactions in KBr:CN. Calculations are performed 
for S–S, S–τ, and τ–τ interactions in two and three dimensions, 
as a function of distance between the TLSs. The obtained 
distinct magnitude and power law spatial dependence of the 
three interactions, as well as disorder induced change in the 
power law of the S–τ interactions, which occurs at distances 
not much larger than the inter-atomic spacing, are in agree-
ment with the two-TLS model. In section  2 we present the 
calculation setup. Our results are presented in section 3, and 
conclusions in section 4.

2. The model

All our calculations are carried for CN impurities in the 
KBr lattice. We arrange initially a 3D grid of volume 
N  ×  N  ×  N  (N  ×  N in 2D, N is even) of K+ and Br− ions, 
having distance 3.1974 Å (3.2735 Å in 2D) between the ions. 
These distance values are calculated by the energy minimiza-
tion procedure of a pure KBr grid. Then we replace some of 
the Br− ions with CN− ions. The K+ and Br− ions are assumed 
to carry +1 and −1 charges respectively, while the charge of 
the CN− ion is represented by fractional charges qC = − 1.28 
and qN = − 1.37 placed on the carbon and nitrogen atoms, and 
the additional charge qcenter = + 1.65 is placed at the center of 
mass [34]. The C–N bond length is fixed at 1.17 Å, while the 
distances of the carbon and nitrogen atoms from the center 
of mass are fixed at 0.63  Å  and 0.54  Å  respectively [34]. 
Interatomic potential is calculated by the formula:

= − + +αβ αβ αβ
αβ α β

V R A a r
B

r
K

q q

r
( ) exp ( ) .

6 (7)

The interatomic potential parameters Aαβ, aαβ and Bαβ are taken 
from [35] and shown in table 1, and K = 1389.35 Å kJ mol−1.

Non-linear conjugate gradients method (Fletcher–Reeves) 
is used to find the closest local minimum of the system poten-
tial energy U. Periodic boundary conditions are used to simu-
late the infinite crystal.

In order to study the spatial dependence of the CN–CN 
interactions in the KBr:CN crystal we calculate U for KBr:CN 
grids containing first only two CN ions. The CNs are placed 
at some distance R from each other in some direction [x, y, z]. 
For example, if the first CN ion is placed at coordinate [0, 0, 0] 
in the grid (3D array), R = 3 and the direction is [2,2,2], then 
the second CN is placed at [R · x, R · y, R · z] = [6, 6, 6]. For a 
given distance R and direction [x, y, z] we calculate the ener-
gies for several different orientations of CN ions in the grid 
and we use these energies to evaluate the S–S, S–τ and τ–τ 
interactions, as explained in detail below. Because the non-
linear conjugate gradients method is very time consuming for 
large samples, we use both two dimensional and three dimen-
sional grids. The three dimensional grids relate to the relevant 
experimental systems, whereas the two dimensional grids 
allow us to study spatial dependence of CN–CN interactions 
at longer distances, crucial especially for the observation of 
the effects of disorder, see below.

We start by finding the low energy states for a single 
CN impurity in an otherwise pure KBr:CN lattice. In two 
dimensions these low energy states are four-fold degenerate, 
along the square diagonals. In three dimensions these states 
are eight-fold degenerate along the in-space diagonals. We 
emphasize that although for a single CN impurity the ground 
state degeneracy is lifted by tunneling, for strong disordered 
systems (CN concentration 0.2 < x < 0.7) the CN–CN inter-
actions are much larger than the tunneling amplitude, and 
therefore it is the interaction with neighboring CN impuri-
ties that breaks the single impurity ground state degeneracy. 
The treatment of tunneling can then be deferred until the bias 
energies are determined [23]. Since in this paper we are con-
cerned only with the energy bias of the different orientational 
states resulting from interactions with other CN impurities, 
tunneling is neglected altogether. This is also in line with our 
chosen calculation method, which does not allow tunneling 
over large barriers4.

Let us now describe the calculation of the interaction, starting 
with two dimensions, see also figure 1. Both CN ions are placed 
initially at relative distance r, and pointing in directional angles 
ϕ1,2 = π/4 (angles are calculated between the direction of the 

Table 1. Interatomic potential parameters (taken from [35]). 
Cross-interaction parameters were calculated by Aαβ = (AααAββ)1/2, 
aαβ = (aαα + aββ)/2, Bαβ = − (BααBββ)1/2.

αα Aαα (kJ mol−1) aαα (1 Å−1) Bαα (Å6 kJ mol−1)

KK 158 100 2.985 −1464
CC 259 000 3.600 −2110
NN 205 020 3.600 −1803
BrBr 429 600 2.985 −12 410

4 For a discussion of the effect of TLS phonon interaction on the tunneling 
rate of inversion symmetric and inversion asymmetric TLSs see [36].

J. Phys.: Condens. Matter 26 (2014) 325401
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N-C vector and the x-axis). The whole system is then relaxed. 
The CN–CN interaction results in a small shift in the CN posi-
tions (≪ a0) and angles (≪ π). The resulting energy of the 
system, Ur(1) and positions of the CN molecules are recorded. 
We then follow the same procedure to calculate Ur(2) with the 
first CN ion having ϕ1 ≈ π/4 and the second ion is rotated with 
ϕ2 ≈ 3π/4, Ur(3) with the first CN ion rotated having ϕ1 ≈ 3π/4 
and the second ion with ϕ2 ≈ π/4 and Ur(4) having both CN ions 
rotated with ϕ1,2 ≈ 3π/4. Finally, the S-S interaction energy is 
calculated by: Ur(S–S) =  (Ur(1) −  Ur(2)) −  (Ur(3) − Ur(4)).  
S–τ and τ–τ interactions energies are calculated in a similar 
way. The difference in S–τ and τ–τ interactions calculation 
is that Ur(3) and Ur(4) are calculated while the first CN ion 
instead of being rotated is flipped, i.e. ϕ1 ≈ 5π/4. Additionally, 
for the τ–τ calculation the second CN in Ur(2) and Ur(4) is 
flipped: ϕ2 ≈ 5π/4, see figure 1.

In three dimensions the calculations are carried out in a 
similar way. Since the low energy states of a single CN impu-
rity are eight-fold degenerate, each CN impurity, whereas 
it can assume only a single flip, can rotate in six different 
directions. We thus specify for each calculation which of the 
allowed rotations is performed, see table 2.

As mentioned above, the spatial dependence of the S–τ and 
τ–τ elastic interactions is modified in the presence of disorder. 
We therefore repeat the above calculations for CN–CN inter-
actions in the presence of a third impurity. As the purpose of 
the added impurity is to introduce strain disorder, it is placed 
in a given position and orientation, and is then relaxed with 
the whole system for each configuration of the two ‘original’ 
CNs between which the interaction is calculated.

All our calculations are done for the total interaction 
energy, which includes the acoustic mediated interaction and 
the electric dipolar interaction. With regard to the S–S inter-
action and S–τ interaction the electric dipolar interaction is 
significantly subdominant, and thus our results can be directly 
compared to theory done for the acoustic mediated interac-
tion. With respect to the τ–τ interaction, the electric dipolar 
interaction and the acoustic mediated interaction are of similar 
order. Thus, our results for the τ–τ interaction reflect well their 
approximate magnitude, but should be considered with cau-
tion with respect to their functional dependence.

3. Results

The S–S, S–τ, and τ–τ interaction energies [U (S–S), U (S − τ) 
and U(τ–τ)] as functions of distance for two CN impurities 
in an otherwise pure two dimensional lattice are plotted in 
figure  2. The CN impurities are placed in directions [2, 0] 
and [3, 1], and calculations are done for grids of size 50 × 50 
ions (25 × 25 unit cells), up to maximal distance of 11 unit 
cells, as at larger distances boundary condition effects become 
significant.

Since our available distance range is limited, lattice dis-
creteness is expected to play a role. Indeed, the exact values 
of the magnitude of the interactions at short distance and their 
distance dependence depends on details such as the direction 
between the two CN impurities. Still, our numerical results 
strongly support both the typical magnitude of the various 
elastic interactions (S–S, S–τ, τ–τ) at short distance, and their 
spatial dependence, as discussed above.

The magnitude of the interactions we find numerically 
is in agreement with experiments, and with their interpreta-
tion by the two-TLS model. The elastic S–S interaction at 
short distance is of the order of 100  K, which is the same 
order as the glass temperature in KBr:CN. The elastic S–τ 
interaction is of the order of 3 K, which is g times smaller, 
and is characteristic of the temperature below which univer-
sality is observed [23]. The elastic τ–τ interaction is of the 
order of 0.1  K (another factor of g smaller), in agreement 
with the theory of the two-TLS model, and with low energy 

Table 2. Approximate values of ϕ and θ angles of two CN ions in 
the three dimensional grids, used in the calculation of Ur(i) for S–S 
and S–τ interactions.

Interaction Angle Ur1 Ur2 Ur3 Ur4

S–S ϕ(CN1) π/4 3π/4 π/4 3π/4
θ(CN1) 0.955 0.955 0.955 0.955
ϕ(CN2) π/4 π/4 3π/4 3π/4
θ(CN2) 0.955 0.955 0.955 0.955

S–τ ϕ(CN1) π/4 3π/4 π/4 3π/4
θ(CN1) 0.955 0.955 0.955 0.955
ϕ(CN2) π/4 π/4 5π/4 5π/4
θ(CN2) 0.955 0.955 2.186 2.186

Figure 1. S–S, S–τ and τ–τ interactions calculation in 2D grid with two CN ions placed at some distance r from each other. Each pair 
of CN ions in the figure represents the energy Ur reached by local minimization after orienting the CN ions in the direction shown in the 
figure. The interaction energy U for each of the three types of interactions is calculated by U = (Ur(1) −  Ur(2)) −  (Ur(3) −  Ur(4)).

J. Phys.: Condens. Matter 26 (2014) 325401
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experiments reporting interaction phenomena at this energy scale  
[9, 10]. The spatial dependence is also in good agreement with 
theory [6], as the S–S, S–τ, and τ–τ elastic interactions behave 
as 1/rα, with α ≈ 2, 3, 4 respectively. We note that this power 
law dependence of the various interactions persists down to 
very short distances, not much larger than the interatomic 
spacing.

Similar calculations were performed for three-dimensional 
samples of size 20 × 20 × 20 ions (10 × 10 × 10 unit cells), 
for CN impurities in relative directions [1,1,0] and [2,0,0], see 
figure 3. Our calculations in three dimensions are limited to 
distances of six unit cells. Still, good agreement with theory 
is obtained. The typical magnitudes of the S–S, S–τ, and τ–τ 
interactions at short distance are similar to those obtained in 
two dimensions, but the powers of the functional depend-
ence of the interactions is raised by one because of the extra 
dimension.

A crucial component of the two-TLS model is the reduc-
tion in power law for the S–τ interaction upon the inclusion 
of disorder. To study this change in functional dependence we 
repeat our calculations for the interaction of CN impurities at 
relative direction [3,1] with the inclusion of a third impurity. 

The third impurity is placed as a near neighbor in direction 
[1,1] with respect to the ‘τ’-TLS, the one that performs the 
flip, as it is the deviation from local inversion symmetry 
induced by strain disorder at the position of the τ-TLS that 
causes the change in functional dependence of the interac-
tion. As the deviations induced by the third impurity to the 
S–τ interaction are insignificant at very short distances, we 
have performed these calculations on an extended lattice in 
two dimensions, of size 100 × 100 ions (50 × 50 unit cells). 
Enhancement of the interaction resulting from the inclusion 
of disorder is observed already at the rather modest distances 
studied, with a clear shift in the power law of the interaction, 
see figure 4. Our results here also support the theoretical pre-
diction that disorder does not affect the typical magnitude of 
the elastic S–τ interaction at short distance.

4. Conclusions

Using the conjugate gradients method we have calculated the 
elastic interactions between rotations and flips of CN impu-
rities in a KBr lattice. CN flips constitute two states related 
to each other by inversion symmetry, defined as τ TLSs. CN 
rotations constitute asymmetric (S) TLSs. For two CN impu-
rities in an otherwise pure lattice we find that the elastic S–S, 
S–τ, and τ–τ interactions differ both in their magnitude at 
short distances, and in their spatial power law dependence. 
Introducing disorder does not change the relative magnitude 
of the interactions at short distances, but affects the spatial 
dependence of interactions involving a τ-TLS, as inversion 
symmetry is broken. Our results are in agreement with theo-
retical predictions both for the magnitude and the power 
law dependence of the interactions. Further, we find that 
the power law dependence predicted for large distances per-
sists down to very short distances, not much larger than the 
interatomic distance. Our results can serve as a basis for the 
calculation of interaction dominated properties in disordered 

Figure 2. Spatial dependence of the elastic S–S, S–τ and 
τ–τ interactions of 2 CNs placed in directions [2,0] and [3,1] 
in 2D grid of size 50 × 50 ions (25 × 25 unit cells). Here and 
in subsequent figures energies are given in Kelvin units, 1 
(KJ mol−1)/kB = 120.274 K. Solid lines are the best linear fits for 
the log–log plots, where slopes denote the power law distance 
dependence of the interaction.

Figure 3. Spatial dependence of the elastic S–S, S–τ and τ–τ 
interactions of 2 CNs placed in directions [2,0,0] and [1,1,0] in 3D 
grids of size 20 × 20 × 20 ions (10 × 10 × 10 unit cells). Asymptotic 
fits for the data at the largest available distances are given.

Figure 4. Spatial dependence of the elastic S–τ interactions of 
two CNs placed in the direction [3,1] in 2D grid of size 100 × 100 
ions (50 × 50 unit cells) in the absence and in the presence of a 
third impurity. The third impurity is positioned as a near neighbor 
in direction [1,1] with respect to the ‘τ’ impurity (the impurity for 
which we study its flip), and with orientation ϕ = 3π/4. Data for 
2 CNs corresponds to S–τ interaction in a pure KBr lattice. Data for 
3 CNs corresponds to S–τ interaction (calculated for impurities 1 
and 2) in a disordered lattice (disorder is introduced by impurity 3).

J. Phys.: Condens. Matter 26 (2014) 325401
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lattices in both very low concentrations, where disorder can 
be neglected, and in moderate concentrations, where disorder 
plays a significant role.

In addition, the magnitude and spatial dependence of the 
elastic S–τ interactions is a crucial element in the two-TLS 
model [23]. Whereas the two-TLS model is microscopi-
cally derived for the disordered lattices, it explains the small-
ness and universality of the tunneling strength and the energy 
scale ≈1 K as they appear equivalently in disordered lattices 
and amorphous solids. Validation of the applicability of the 
two-TLS model to amorphous solids is thus of much interest, 
and requires the reconciliation of its arguments based on small 
deviations from local inversion symmetry with the non exist-
ence of long range order in amorphous solids and with the 
indications of tunneling states being composed of  ≈  10–50 
atoms in typical amorphous solids [37–40, 22]. Such research 
is now in progress, and if successful, our results here will con-
tribute to the advance of our understanding not only of the 
interactions between tunneling states in disordered solids, but 
also of the microscopic structure of amorphous solids and of 
the low temperature properties of glasses.
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