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Abstract—The semantics of temporal logic is usually defined
with respect to a word representing a computation path over a set
of atomic propositions. A temporal logic formula does not control
the behavior of the atomic propositions, it merely observes their
behavior. Local variables are a twist on this approach, in which
the user can declare variables local to the formula and control
their behavior from within the formula itself.

Local variables were introduced in 2002, and a formal se-
mantics was given to them in the context of SVA, the assertion
language of SystemVerilog, in 2004. That semantics suffers from
several drawbacks. In particular, it breaks distributivity of the
operators corresponding to intersection and union. In this paper
we present a formal semantics for local variables that solves that
problem and others, and compare it to the previous solution.

I. INTRODUCTION

The semantics of temporal logic is usually defined with
respect to a word representing a computation path over a set of
atomic propositions. A temporal logic formula does not control
the behavior of the atomic propositions, it merely observes
their behavior. Local variables are a twist on this approach, in
which the user can declare variables local to the formula and
control their behavior from within the formula itself.

Local variables were introduced at the same time indepen-
dently by Havlicek et al. [11] and by Oliveira and Hu [16]. The
latter’s work was based on work by Seawright and Brewer [18]
that introduced the related concept of action blocks. Since
then, local variables have made their way into SVA, the
assertion language of SystemVerilog [2,14]. The semantics
of [2,14] consider a temporal logic based on semi-extended
regular expressions, which is at the core of the IEEE standard
temporal logics SVA [2,14] and PSL [3,13]. In this paper, we
term that core logic DRE (where the D stands for dynamic
modalities and the RE for regular expressions) and use it as
our base logic in a formal semantics for local variables that
solves serious problems with those of [2,14].

The logic DRE is composed of standalone semi-extended
regular expressions (SEREs) and the application of dynamic
modalities and Boolean operators to them. The set of SEREs is
built from atoms which are Boolean expressions and includes
the standard operators concatenation, union, intersection and
Kleene closure. If r is a SERE then r! is a DRE formula that
holds on words containing a non-empty prefix in the language
of r. For example:

{true∗ · a · b∗ · c∗ · d}! (1)

holds on any word containing the letter a followed by some
number of b’s followed by some number of c’s and then a d.

There are two dynamic modalities in DRE: → (suffix
implication) and its dual ♦→ (suffix conjunction). If r is a
SERE and ϕ is a DRE formula then r → ϕ and r ♦→ ϕ are
DRE formulas.1 The formula r → ϕ holds on a word w if for
every prefix v of w that is in the language of r, the suffix
of w starting from the last letter of v satisfies ϕ; the formula
r ♦→ ϕ holds on a word w if there exists a prefix v of w that
is in the language of r and the suffix of w starting from the
last letter of v satisfies ϕ. For example, consider the following
DRE formula:

{true∗ · a · b∗ · c∗ · d} → {e=6}! (2)

Informally, Formula 2 holds if whenever we see a word in the
language of the SERE {a · b∗ · c∗ · d}, we get that e=6 holds
on the final letter of that word.

If we want to see e=6 only when the number of b’s and c’s
is equal, DRE extended with local variables would allow us to
do so like this:2

{new(i←0, j←0) (3)

true∗ · a · (b, i ++)∗ · (c, j ++)∗ · (d ∧ i=j)} → {e=6}!
Note that we use ← for local variable assignment, and =
for equality. That is, i←0 is an assignment while e=6 is a
Boolean expression that uses the equality operator. We use
i ++ and i -- as abbreviations for the assignments i←i+1 and
i←i − 1, respectively. In Formula 3, local variables i and j
are initialized to 0, and are incremented when we see a b or
a c, respectively. At the occurrence of d, i is compared to j,
and a word is in the language of the left-hand SERE only if
they are equal.

The “locality” of a local variable stems from the fact that
different “matches” of the same SERE can be considered to
have different “copies” of the local variables. This is similar to
programming languages in which each invocation of a function
has its own copy of a local variable, even if those invocations

1In Dynamic Logic [8,10], r → ϕ and r ♦→ ϕ correspond to [r]ϕ and
〈r〉ϕ, respectively.

2It might seem like we are increasing the expressive power to that of context
free languages, but we limit ourselves to finite domains and therefore the
expressive power does not increase. For simplicity, in this paper we omit the
declaration of the domain and simply assume that it is finite.



occur concomitantly (e.g., in recursion). Consider Formula 3
on a word such that a holds on the first letter and d on the
fourth and sixth. If both b and c hold on all letters, then there
are two ways to satisfy the formula by “matching” the left
operand of the → . In one “match” we see one b and one c,
thus at the occurrence of d we have that i=j=1. In another
“match” we see two b’s and two c’s, thus at the occurrence of
d we have that i=j=2.

It thus follows that on a word w such that a and b hold on
the first letter and do not hold on any other letter, we expect
that the following formulas should not hold:3

(new(v←0) {(a, v ++)∗ · (b, v --)∗ · ¬b} → {v= 1}!) (4)

(new(v←0) {(a, v ++)∗ · (b, v --)∗ · ¬b} → {v=− 1}!) (5)

This, because the left-hand SERE may match the first letter
either by matching a or by matching b. When matching a,
v is assigned 1 and when matching b it is assigned −1.
According to the semantics of the suffix implication operator
→ , for every prefix in the language of the left-hand side

there should exist a suffix matching the right-hand side. Since
v may be assigned either 1 or −1 on the left-hand side, neither
Formula 4 nor 5 should hold on w. The following formula,
however, should hold on w:

(new(v←0) {(a, v ++)∗ · (b, v --)∗ · ¬b} → (6)
{(v=1) ∨ (v=− 1)}!)

Intuitively, local variables can be seen as a mechanism
for both declaring quantified propositions [19] and constrain-
ing their behavior. While adding quantified propositions to
LTL [17] increases its expressive power from ω-star-free
regular expressions to ω-regular expressions [19], it does not
increase the expressive power of DRE [2,15], which is ω-
regular to begin with [1,15].

As stated earlier, the temporal logic DRE is at the core of the
IEEE standard assertion languages SVA and PSL. The former
standard includes local variables, while the latter is in the
process of adding them. The motivation for local variables in
these standards is pragmatic: while they do not add expressive
power, they can ease formulation and readability. Formal
semantics for local variables were first presented in [14,
Annex E]. A closely related semantics was presented and its
complexity analyzed in [2], where DRE is denoted SVAb+i.

The semantics of [2,14] suffer from major drawbacks, the
main one being that the union and intersection operators
do not completely conform to the notions of set union and
intersection, and thus break distributivity of ∪ over ∩. For
example, as shown by [12, p. 49], the semantics of [14] give
that {true ∪ {false ∩ {(true, v←1)}} is not equivalent to
{true ∪ false} ∩ {true ∪ {(true, v←1)}}, and the same is
easily shown for the similar semantics of [2]. We examine this
issue in depth in Sections IV and V.

Breaking standard algebraic properties such as distributivity
is quite a serious problem, as most tools use heuristics that

3The examples of Formulas 4, 5 and 6 are due to Johan Mårtensson.

assume, for instance, that A ∪ {B ∩ C} can be rewritten into
{A ∪ B} ∩ {A ∪ C}, and thus breaking distributivity breaks
the tools. Of course, tools can be fixed, but even worse is
that most users intuitively assume that the standard algebraic
properties hold, and use them without thinking. Thus a logic
that breaks them is at great risk of being misused.

In this paper we propose a formal semantics for augmenting
DRE with local variables that solves the problems of [2,14]. In
our semantics the standard operators on semi-extended regular
expressions (concatenation, union, intersection and Kleene
closure) are exactly as usual, and thus preserve conventional
algebraic properties such as distributivity. In our solution,
syntax explicitly determines the scope of a local variable and
we assume that variables are not used (referenced or assigned)
out of scope. Combining an explicit notion of scope with the
standard interpretation of the SERE operators gives us a simple,
elegant and intuitive semantics of the same complexity as those
of [2,14], but without breaking distributivity or other standard
algebraic properties.

As mentioned earlier, the addition of local variables to DRE
does not increase expressive power, but may ease formulation
of properties in certain cases. In this paper we do not motivate
the addition of local variables to temporal logic, and it is
not our intention to advocate for their use. Rather, we accept
that others have found them useful [2, 11, 14, 16, 18] and in
particular note that local variables are already a part of SVA
and are in the process of being incorporated into PSL. Thus,
given the widespread and growing use of these IEEE standard
assertion languages, we feel it is important to get the definition
of local variables right, and that is the goal we concentrate on
in the sequel.

Our proposed solution is quite simple, which is on the one
hand a virtue but on the other hand may give the impression
that the problem itself was not a difficult one. However, we
note that lack of distributivity has been a known issue in SVA
since 2004, but never previously solved.

The remainder of this paper is structured as follows. In
the following section we present the logic LVDRE — an
extension of DRE with local variables. In Section III we show
characteristics of our semantics, in Section IV we compare
our semantics to previous work. In Section V we discuss in
depth the intersection operator, which is the source of the
problems of [2,14] and the motivation for our operator free.
In Section VI we conclude. The proofs of all propositions are
given in the full version of the paper.4

II. THE LOGIC DRE AUGMENTED WITH LOCAL VARIABLES

We now present the logic LVDRE, which is the logic DRE
extended with local variables. We define LVDRE formulas with
respect to a non-empty set of atomic propositions P , a set of
local variables V with domain D, a set of (not necessarily
Boolean) expressions E over P ∪ V , and a set of Boolean
expressions B ⊆ E . For simplicity we do not specify the syntax

4The full version of the paper is accessible at http://www.cs.huji.ac.il/
∼danafi/publications/lv full.pdf.



Definition 1 (Semi-extended regular expressions (SEREs)):
• If b ∈ B is a Boolean expression, X a sequence of local variables and E a sequence of expressions of the same

length as X, then the following are SEREs:
• b • (b, X←E)

• If r, r1, and r2 are SEREs, X a sequence of local variables and E a sequence of expressions of the same length as
X, then the following are SEREs:
• λ • r1 · r2 • r1 ∪ r2 • r1 ∩ r2 • r∗ • {new(X) r} • {new(X←E) r} • {free(X) r}

Definition 2 (LVDRE formulas): If ϕ and ψ are LVDRE formulas, r a SERE, X a sequence of local variables and E a
sequence of expressions of the same length as X then the following are LVDRE formulas:

• ¬ϕ • ϕ ∧ ψ • r! • r → ϕ • r ♦→ ϕ • (new(X) ϕ) • (new(X←E) ϕ)

Fig. 1: The syntax of LVDRE

of expressions, but rather assume that a set of expressions is



Definition 3 (Tight satisfaction): Let Z ⊆ V , and let γ1
Z∼ γ2 (read “γ1 agrees with γ2 relative to Z”) denote that for

every z ∈ Z we have that z(γ1) = z(γ2). The notation v |≡Z r means that v models tightly r with respect to controlled
variables Z.

• v |≡Z b ⇐⇒ |v| = 1 and b(v0|σγ) = T and v0|γ′ Z∼ v0|γ
• v |≡Z b, X←E ⇐⇒ |v| = 1 and b(v0|σγ) = T and v0|γ′ Z∼ [X←E](v0|σγ)

• v |≡Z λ ⇐⇒ v = ε

• v |≡Z r1 · r2 ⇐⇒ ∃v1, v2 such that v = v1v2 and v1 |≡Z r1 and v2 |≡Z r2

• v |≡Z r1 ∪ r2 ⇐⇒ v |≡Z r1 or v |≡Z r2

• v |≡Z r1 ∩ r2 ⇐⇒ v |≡Z r1 and v |≡Z r2

• v |≡Z r∗ ⇐⇒ either v = ε or ∃v1, v2 such that (v1 6= ε and v = v1v2 and v1 |≡Z r and v2 |≡Z r∗)

• v |≡Z {new(X) r} ⇐⇒ v |≡Z∪X r

• v |≡Z {new(X←E) r} ⇐⇒ either (v=ε and ε |≡Z r) or 〈v0|σ, [X←E](v0|σγ), v0|γ′〉v1.. |≡Z∪X r

• v |≡Z {free(X) r} ⇐⇒ v |≡Z\X r

Fig. 2: The semantics of SEREs

particular, we assume that Boolean disjunction, conjunction
and negation behave in the usual manner.

Given a local variable x and an expression e we write
[x←e](σ, γ) to denote the valuation γ̂ such that x(γ̂) = e(σ, γ)
and for every local variable v ∈ V \{x} we have that v(γ̂) =
v(γ). Given a sequence of local variable X = x1, . . . , xn and
a sequence of expressions E = e1, . . . , en of the same length
we write [x1←e1, . . . , xn←en](σ, γ) to denote the recursive
application [x2←e2, . . . , xn←en](σ, [x1←e1](σ, γ)). We write
X←E to abbreviate x1←e1, . . . , xn←en.

Semantics of SEREs The semantics of SEREs is defined with
respect to a finite good word over Λ and a set of local variables
Z ⊆ V , and is given in Definition 3 in Figure 2. The role
of Z, which we call the set of controlled variables, is to
support scoping. Any variable in Z (this will correspond to
the variables in scope) must keep its value if not assigned and
take on the assigned value otherwise, whereas any variable not
in Z (this will correspond to the variables not in scope) is free
to take on any value.

Examine the light gray section of Definition 3. A SERE b
holds on an extended word if the word consists of exactly one
letter such that b holds on that letter and the γ′ components
of the letter record no assignments (that is, the post-value of
every local variable in scope is the same as its pre-value).
The SERE (b, X←E) holds on an extended word if the word
consists of exactly one letter such that b holds on that letter,
and the γ′ components of the letter record the assignments
X←E.

The dark gray section of Definition 3 shows the operators
new and free, which are used to declare a variable (and thus
add it to the current scope) and to free a variable (remove it
from the current scope), respectively.

Examine now the medium gray section of Definition 3. The

semantics of the empty SERE λ and of SERE concatenation,
union, intersection and Kleene closure are exactly as usual.

Semantics of formulas The semantics of formulas, shown
in Definition 4 in Figure 3, is defined with respect to a
finite/infinite word over Σ, a valuation γ of the local variables
and a set Z ⊆ V of local variables. The role of Z is to support
scoping, exactly as in tight satisfaction. The role of γ is to
supply a current valuation of the local variables.

Examine the light gray section of Definition 4. When
evaluating a formula containing a SERE over a word w we
quantify over enhancements to w with respect to γ, where
informally, an extended word w enhances w with respect to
γ, denoted w A 〈w, γ〉, if w preserves w on w|σ and uses γ as
the starting pre-value (this is defined formally in the preamble
of the definition). If we are evaluating a formula of the form r!
or r ♦→ ϕ, then the quantification is existential, to match the
existential quantification on prefixes of w in the semantics of
DRE without local variables. If we are evaluating a formula of
the form r → ϕ, then the quantification is universal, to match
the universal quantification on prefixes of w in the semantics
of DRE without local variables. For → and ♦→ we use the
post-value of the last letter that “matched” r as the starting
valuation of ϕ. For example, in the following formula:

(new(i) {true∗ · (a, i←0) · (b, i ++)∗ · c} → (7)
{(d, i --)∗ · (e ∧ i=0)}!)

the post-value of i at the end of the “match” of the left operand
records the number of b’s that were seen, and is the starting
point for the evaluation of the right operand. Thus, we get that
Formula 7 holds on words such that if we see an a followed
by some number (call it i) of b’s followed by a c, then starting
from the letter that “matched” c we should see i d’s followed
by an e.



Definition 4 (Satisfaction): We say that a word w over Λ enhances 〈w, γ〉, denoted w A 〈w, γ〉, iff w is good, w|σ = w,
and w0|γ = γ. The notation 〈w, γ〉 |=Z ϕ means that the word w satisfies ϕ with respect to controlled variables Z ⊆ V
and current valuation of variables γ.

• 〈w, γ〉 |=Z r! ⇐⇒ ∃w A 〈w, γ〉, j < |w| such that w0..j |≡Z r

• 〈w, γ〉 |=Z r → ϕ ⇐⇒ ∀w A 〈w, γ〉 and j < |w|: if w0..j |≡Z r then 〈wj..,wj|γ′〉 |=Z ϕ

• 〈w, γ〉 |=Z r ♦→ ϕ ⇐⇒ ∃w A 〈w, γ〉, j < |w| such that w0..j |≡Z r and 〈wj..,wj|γ′〉 |=Z ϕ

• 〈w, γ〉 |=Z ¬ϕ ⇐⇒ 〈w, γ〉 |=/Z ϕ
• 〈w, γ〉 |=Z ϕ ∧ ψ ⇐⇒ 〈w, γ〉 |=Z ϕ and 〈w, γ〉 |=Z ψ

• 〈w, γ〉 |=Z (new(X) ϕ) ⇐⇒ 〈w, γ〉 |=Z∪X ϕ
• 〈w, γ〉 |=Z (new(X←E) ϕ) ⇐⇒ 〈w, [X←E](w0, γ)〉 |=Z∪X ϕ

Fig. 3: The semantics of LVDRE formulas

The dark and medium gray sections of Definition 4 show
the new operator, similar to that of tight satisfaction, and the
operators ¬ and ∧, which have the usual semantics.

Semantics with respect to a model Given a model M and
a computation path π of M we use L(π) to denote the word
over Σ that results from mapping each state in M to a letter
in Σ in the obvious way. The notation M |= ϕ means that for
every computation path π of M , and every γ ∈ Γ we have
〈L(π), γ〉 |=∅ ϕ. By universally quantifying over all contexts
of local variables we consider all possible initial values for
them. The set Z is initially empty, as a variable is in scope
only if it was declared (and not freed).

Extending the definition of local variables to all of PSL and
SVA Our formal semantics is easily extendable from LVDRE to
all of PSL and SVA, although the details of doing so are beyond
the scope of this paper. The extension to PSL includes LTL-
style temporal operators [17], the fusion operator [3,13], weak
SEREs [5], clock [7,9] and abort [6] operators and is detailed
in [4]. The extension to SVA, which includes a subset of the
features in [4], is similar.

III. CHARACTERISTICS

In this section we state several properties of the proposed
semantics (all are proven in the full version of the paper).

Proposition 1: Let r be a SERE and ϕ be an LVDRE
formula. Let P be the set of atomic propositions in r (resp.
ϕ). Let V be the set of local variables in r (resp. ϕ) and let
D be their domain. Let Σ = 2P and Γ = DV . Let Z ⊆ V and
γ ∈ Γ.
• There exists a non-deterministic finite automaton (NFW)

NZ,γ(r) with O(D|r|·2|V|) states that accepts exactly the
set of words v such that v |≡Z r and v0|γ = γ.

• There exists an alternating Büchi automaton (ABW) Bγ
ϕ

with O(D|ϕ|·2|V|) states that accepts exactly the set of
words w such that 〈w, γ〉 |=Z ϕ.

When the domain of local variables is {T, F} we get that
the NFW and ABW are of sizes O(2|r|·2|V|) and O(2|ϕ|·2|V|),

respectively (the source of the exponent in the size of the
SERE/formula is the SERE intersection operator). Thus the
automata that we build here are slightly bigger than those
of [2] for which there exists an NFW (ABW) recognizing a
given SERE (formula) of size O(2|r|·|V|) (resp. O(2|ϕ|·|V|).
This is since our automata need to take into account the set
Z of controlled local variables. At any rate, the complexity of
the satisfiability and model checking problems is exactly as
in [2], as stated in Proposition 2. The proof follows that of [2,
Theorems 1 and 2].

Proposition 2: The satisfiability and model checking prob-
lems for properties in LVDRE are EXPSPACE-complete.

Proposition 3 below shows that our semantics preserves
standard algebraic properties and in particular distributivity.
Proposition 4 shows that idempotence for union and inter-
section is exactly as usual and that the identity element for
union and concatenation is exactly as usual, while the identity
element for intersection (usually true∗) changes slightly under
our semantics, because we need to take all local variables out
of scope explicitly using free.

Proposition 3: The following properties hold for the se-
mantics of LVDRE.
• The operators ∩ and ∪ are commutative.
• The operators ∩, ∪, · are associative.
• The operator ∩ distributes over the operator ∪.
• The operator ∪ distributes over the operator ∩.

Proposition 4: Let r be a SERE and let V be the set of
local variables. Then the following equivalences hold for the
semantics of LVDRE.

• r ≡ {r ∩ r} • r ≡ {r ∪ r}
• r ≡ {{free(V) true}∗ ∩ r} • r ≡ {false ∪ r}
• r ≡ {λ · r} ≡ {r ·λ}

IV. COMPARISON WITH PREVIOUS APPROACHES

We now compare our semantics to those of [2,14]. Due to
space limitations, we show only the semantics of the SERE
intersection operator (given in Figure 4). The comparison is
done along two axes, substance and style.



w, L0, L1 |≡ r1 ∩ r2 ⇐⇒ ∃L′, L′′ such that w,L0, L
′ |≡ r1 and w,L0, L

′′ |≡ r2 and
L1(v) = L′(v) if v is assigned in r1 and L1(v) = L′′(v) otherwise

w, L0, L1 |≡ r1 ∩ r2 ⇐⇒ ∃L′, L′′ s.t. w, L0, L
′ |≡ r1 and w, L0, L

′′ |≡ r2 and L1 = L′|D′ ∪ L′′|D′′ , where
D′ = flow(dom(L0), r1)− (block(r1 ∩ r2) ∪ sample(r2))
D′′ = flow(dom(L0), r2)− (block(r1 ∩ r2) ∪ sample(r1))

Fig. 4: The semantics of [2] (shown in light gray) and of [14] (shown in medium gray) for SERE intersection

• sample(r1 ∩ r2) = sample(r1) ∪ sample(r2)
• block(r1 ∩ r2) = block(r1) ∪ block(r2) ∪ (sample(r1) ∩ sample(r2))
• flow(X, r1 ∩ r2) = (flow(X, r1) ∪ flow(X, r2))− block(r1 ∩ r2)

Fig. 5: The functions sample, block and flow of [2,14] for SERE intersection

Regarding substance, we first note that the non-standard
semantics of the intersection operator in [2,14] gives startlingly
unintuitive interpretations in some cases. For example, con-
sider the following SEREs:

{v=4} ∩ {v=13} (8)

{r1 · v=4} ∩ {r2 · v=13} (9)

Intuitively, the language of SERE 8 should be empty, as should
the language of SERE 9 for any SEREs r1 and r2. In the
semantics of [2,14], the language of SERE 8 is indeed empty,
but there exist r1 and r2 such that the language of SERE 9 is not
empty. For example, letting r1 = (true, v←4) and r2 = true
results in a satisfiable SERE which when concatenated with
v=4 gives the following satisfiable SERE:

{{(true, v←4) · v=4} ∩ {true · v=13}} · v=4 (10)

For example, SERE 10 is satisfiable by 〈w, L0, L1〉 such that
w is any word of length 2, in L0 we have that v=13 and in
L1 we have that v=4.

Informally, in the semantics of [2,14] assignment to a local
variable on one or both operands of an intersection operator
“splits” it into two copies. If it is assigned on only one operand,
then the value assigned by that operand is the one that “flows
out” of the intersection. If both operands make an assignment,
then “syntactic restrictions” are intended to prevent the use
of the local variable until it has been reassigned. Under our
semantics, all of SEREs 8, 9 and 10 are unsatisfiable.

If we omit the ∩ operator, our semantics and those of [2,14]
are equivalent.5 For formulas containing the ∩ operator, the
semantics are different: in our semantics ∩ is pure intersection,
while [2,14] uses existential quantification in order to get that
the same local variable may be assigned different values in
each operand of ∩. For this reason the semantics of [2,14]

5To be precise, without ∩ and modulo the fact that in our logic the user
has to declare the variables, our semantics is equivalent to those of [2]. The
semantics of [14] differ subtly from that of [2] for the ∪ operator, for a reason
related to the sample, block and flow rules; the details are beyond the scope
of this paper.

break distributivity, while ours does not. Nevertheless, the
two semantics are of the same expressive power (because
adding local variables with a finite domain does not change
the expressive power, which is ω-regular to begin with).

Regarding style, the semantics of [14] are clearly quite
complicated (recall that the dark gray section of Figure 4
gives only the semantics of intersection). In addition it is
obvious that a violation of the sample, block and flow rules,
whose intention is to provide the above mentioned syntactic
restrictions, results in a specific truth value rather than an
illegal formula. The semantics of [2] (shown in the light gray
section of Figure 4) appear to be somewhat simpler. Note
however the asymmetry between r1 and r2, which according
to [2] is supposed to be resolved by the sample, block and flow
rules. While intuitively the intention of this is clear, the details
are hazy. The stated intent of the restrictions is to prevent a
reference to a local variable at places where it does not have a
well-defined value. However, the sample, block and flow rules
were designed for semantic use (see the dark gray section
of Figure 4) and the exact details of their use as syntactic
restrictions are not obvious and are never defined.

In our semantics, on the other hand, there is a single,
purely syntactic restriction — that a variable is not used out
of scope — that is extremely easy to check. The simplicity
of our semantics stems from the fact that treatment of local
variables is restricted to the operators that explicitly refer to
local variables, and the semantics of the SERE operators that
correspond to standard operations on automata is exactly as in
standard automata theory.

V. DISCUSSION

In this section we explain why we chose to give explicit
control of the scope to users (by introducing the new and free
operators) instead of determining it automatically as done in
[2,14].

The SERE intersection operator presents a difficulty. On
the one hand it should completely preserve the notion of
intersection, but on the other hand, doing so seems to restrict
the usefulness of local variables. For example, suppose we



want a SERE whose language includes only words where the
number of a’s between s and e equals the number of b’s
between s and e. Trying:

{new(i←0) {s · {¬a∗ · (a, i ++)}∗ · e} ∩ (11)
{s · {¬b∗ · (b, i ++)}∗ · e} }

gives us a language that includes only words where the a’s
and b’s occur simultaneously. That is, we get the language of
{s · {¬(a ∨ b)∗ · (a∧b)}∗ · e} rather than the language we are
looking for. If we try to base our solution on

{ {new(i1←0) {s · {¬a∗ · (a, i1 ++)}∗ · e}} ∩ (12)
{new(i2←0) {s · {¬ b∗ · (b, i2 ++)}∗ · e}} }

we are left with a SERE where i1 and i2 cannot be compared
because their scope is disjoint. We might try this:

{new(i1←0, i2←0) (13)
s · { {¬a∗ · (a, i1 ++)}∗ ∩

{¬ b∗ · (b, i2 ++)}∗ } · e ∧ (i1=i2)}
but the result is a SERE that does not hold tightly on any word
containing at least one a or one b, because the left-hand side of
the intersection increments i1 while the right-hand side does
not and vice-versa for i2.

One way to get what we want is to keep the restricted scope
of i1 and i2 as in SERE 12 while adding a third local variable
whose scope is the whole SERE. Thus,

{new(i) (14)
{new(i1←0) {s · {¬a∗ · (a, i1 ++)}∗ · (e, i←i1)}} ∩
{new(i2←0) {s · {¬ b∗ · (b, i2 ++)}∗ · (e, i←i2)}}}

gives us what we want. By assigning both i1 and i2 to i, we
get that the SERE will “match” only if i1 and i2 are equal.

Another way is to use the free operator. It provides a way
to change the context Z by removing a local variable from the
set Z, thus “freeing” it to take on any value. Using the free
operator, we can express our desired property as follows:

{new(i1←0, i2←0) (15)
s · { {free(i2) ¬a∗ · (a, i1 ++)}∗ ∩

{free(i1) ¬ b∗ · (b, i2 ++)}∗} · e ∧ (i1=i2)}
The local variable i2 is free to take on any value at all in
the left operand of the intersection, and in particular the same
value as in the right. And vice-versa, i1 is free to take on any
value at all in the right operand, and in particular the same
value as in the left.

It might seem at first glance that control over the scope
should be taken care of automatically. For example, define Z
to be exactly the set of local variables used in the SERE, and
ensure that at least one of the operands of ∩ “takes responsi-
bility” for the variable, as shown in the alternative semantics
of Figure 6 (which uses existential quantification and thus is
somewhat similar in spirit to the semantics of [2,14]).

For r = {b} ∩ {(c, v←3)} the semantics of Figure 6 works
as follows. Let the full set of local variables Z be {v}. Then

v |≡Z r1 ∩ r2 ⇐⇒ ∃Z1, Z2 s.t. Z1 ∪ Z2 = Z

and v |≡Z1 r1 and v |≡Z2 r2

Fig. 6: An alternative semantics for SERE intersection

we can let Z1 be ∅ and Z2 be {v}. Thus we get that under
the context Z, r holds tightly on a word consisting of a single
letter a where both b and c hold, and v(a|γ′) = 3.

The problem with this approach is that it breaks distributiv-
ity. Consider the following SEREs (these are the examples used
to illustrate the lack of distributivity of [14] as given in [12,
p. 49]):

{true} ∪ {false ∩ {(true, v←1)}} (16)
{true ∪ false} ∩ {true ∪ {(true, v←1)}} (17)

Let v be a word consisting of a single letter a such that
v(a|γ) = 0 and v(a|γ′) = 1. Then under the semantics of
Figure 6, for the context Z = {v}, SERE 17 holds tightly on
v, and SERE 16 does not. To see this, note that SERE 17 can
choose Z1 to be ∅ and Z2 to be the set {v}, so both sides of
the ∩ hold. Whereas SERE 16 must give the full set Z to both
sides of the ∪, and thus v satisfies neither {true} (because
v is not assigned a value by it, yet we have that v(a|γ) and
v(a|γ′) differ), nor {false ∩ {true, v←1}} (because of course
it does not satisfy false). We cannot solve this by letting the
∪ operator divide the responsibility between its operands in a
similar way that ∩ does in Figure 6 above. This is since we
are going to see either the left side of the ∪ operator or the
right side, and in both cases we need one operand to take full
responsibility.

Note that all semantics (including those of [2,14]) that try to
automatically divide the responsibility for the set Z between
r1 and r2 will have similar problems. This should be clear,
because the semantics of Figure 6 is general in that it says
simply that there exist suitable Z1 and Z2. If there do not
exist Z1 and Z2 that work for SEREs 16 and 17, then being
more specific cannot help.

Since the scoping cannot be determined automatically with-
out breaking important algebraic properties, our logic includes
the new and free operators that allow explicit control of
the scope. Having the scoping determined by the syntax,
and the SERE operators adhering to their standard semantics,
we get a semantics that preserves distributivity as well as
other standard algebraic properties. This is of course very
important, since we want the user (and the algorithms and
tools) to be able to use intuitive and standard rewrites such as
r1 ∪ {r2 ∩ r3} ≡ {r1 ∪ r2} ∩ {r1 ∪ r3} without having to
stop and consider carefully the implications that would entail
with an alternative definition that breaks distributivity such as
that of Figure 6 or of [2,14].

We note that the basic utility of local variables is available
without the free operator. The purpose of the free operator
is only to provide added flexibility for easy expression of
properties such as that expressed by Formula 15. The se-



mantics of [2,14] obtain that flexibility by using non-standard
semantics for the intersection operator and so breaking dis-
tributivity, whereas we have chosen to preserve distributivity
at the expense of giving explicit control of the scope to the
user.

VI. CONCLUSIONS

We have presented a relatively simple semantics for local
variables that solves serious problems in the widely used
industry standard assertion language SVA. In SVA, the non-
standard semantics of the intersection operator cause dis-
tributivity to be broken, so that users of the logic cannot
use the standard intuitions such as that A ∪ {B ∩ C} ≡
{A∪B}∩{A∪C}. In our semantics, distributivity and other
standard algebraic properties are preserved, so that the user can
freely use his or her existing intuitions when working with the
logic.

Our solution is based on the understanding that the scope
of local variables cannot be determined automatically by
the semantics without breaking important algebraic properties
(and as a consequence exhibiting unintuitive interpretations in
certain cases). We thus require the user to explicitly control
the scope and so equip our logic with operators new(x)
and free(x) that add and remove x from scope, respectively.
The standard operators of semi-extended regular expressions
(concatenation, union, intersection, and Kleene closure) have
their usual semantics. This separation between the parts of
the semantics that explicitly deal with local variables and the
usual operators on SEREs is the key to preserving algebraic
properties and not breaking intuition.

Our aim was to solve the drawbacks of [2,14] while
maintaining the same complexity. Indeed, though the automata
constructed for recognizing our semantics are slightly bigger
than those of [2], the satisfiability and model checking prob-
lems for formulas in LVDRE have the same complexity under
our semantics as under the semantics of [2,14].

We remind the reader that our motivation was not to
advocate the use of local variables in temporal logic, but rather
to fix a serious problem in SVA, and to prevent a similar
problem in PSL. Our solution is easily extendable to cover all
of the features in these widely used IEEE assertion languages.
As shown in [4], our semantics are easily extendable to all
of PSL, including LTL-style temporal operators, the fusion
operator, weak SEREs, clocks, and the abort operators; the
extension to all of SVA, which includes a subset of the features
in [4], is similar.
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APPENDIX

Proposition 1, item 1. Let r be an SERE and ϕ be a LVDRE
formula. Let P be the set of atomic propositions in r (resp.
ϕ). Let V be the set of local variables in r (resp. ϕ) and let
D be their domain. Let Σ = 2P and Γ = DV . Let Z ⊆ V
and γ ∈ Γ. There exists a non-deterministic finite automaton
(NFW) NZ,γ(r) with O(D|r|·2|V|) states that accepts exactly the
set of words v such that v |≡Z r and v0|γ = γ.

Proof. Let r, r1, r2 be SEREs, b ∈ B a boolean expression
e ∈ E an expression, all over V ∪P . Let z be a local variable,
and Z a set of local variables. Let γ ∈ Γ be a valuation of
the local variables. The following is an inductive definition of
an NFW NZ,γ(r) that accepts all the words v over Λ such that
v |≡Z r and v0|γ = γ. The states of NZ,γ(r) are triples of the
form 〈q, γ, Z〉 where q corresponds to the traditional state in
a construction of an NFW for a regular expression, γ denotes
the current valuation of the local variables and Z records the
set of controlled variables.6

For the base cases we have:
• NZ,γ(b) = 〈Λ, Sb, Ib, ρb, Fb〉 where

− Sb = {〈q0, γ, Z〉} ∪ ({q1} × Γ× Z),
− Ib = {〈q0, γ, Z〉} and Fb = ({q1} × Γ× Z)
− (〈q0, γ, Z〉,a, 〈q1, γ

′, Z〉) ∈ ρb if
a|γ = γ, a|γ′ = γ′, b(a|σ,a|γ) = T and a|γ′ Z∼ a|γ

• NZ,γ(b, X←E) = 〈Λ, Sb, Ib, ρb,X←E, Fb〉 where
− Sb, Ib and Fb are as above and
− (〈q0, γ, Z〉,a, 〈q1, γ

′, Z〉) ∈ ρb,X←E if
a|γ = γ, a|γ′ = γ′, b(a|σ,a|γ) = T and a|γ′ Z∼
[X←E](a|σ,a|γ)

• NZ,γ(λ) = 〈Λ, {〈q0, γ, Z〉}, {〈q0, γ, Z〉}, ∅, {〈q0, γ, Z〉}〉
For the inductive steps we have
• NZ,γ({r}) = NZ,γ(r)
• NZ,γ({new(X) r}) = N

Z∪X,γ(r)
• NZ,γ({free(X) r}) = N

Z\X,γ(r)
• NZ,γ(r1 · r2) = NZ,γ(r1)¯NZ,γ(r2)
• NZ,γ(r1 ∪ r2) = NZ,γ(r1) d NZ,γ(r2)
• NZ,γ(r1 ∩ r2) = NZ,γ(r1) e NZ,γ(r2)
• NZ,γ(r∗) = NZ,γ(r)~

where the operations ¯,}, d,e and ~ are operators on NFWs
defined as follows. Assume N = 〈Λ, S, I, ρ, F 〉 and Ni =
〈Λ, Si, Ii, ρi, Fi〉 for i ∈ {1, 2}. Assume further that the sets
S1 and S2 are disjoint. Then:
• N1 ¯N2 = 〈Λ, S1 ∪ S2, I

′, ρ1 ∪ ρ2 ∪ ρ′, F2〉 where
− I ′ = I1 ∪ I2 if I1 ∩ F1 6= ∅ and I ′ = I1 otherwise

6The differences between this construction and the one of [2] is that (a)
our automaton runs on extended words (word over Σ× Γ× Γ) whereas [2]
runs on words over Σ, (b) we have the third component that records the set of
controlled variables, (c) [2] makes use of an external function mapping states
of the automaton to possible valuations of local variables to resolve the value
of a local variable in case it is assigned by both operands of ∩ whereas we
need no such a function since the resolution is determined by the intersection
itself, and (d) this construction provides a clear separation between the part
dealing with local variables and the standard operations on automata.

− ρ′ =



(s1,a, s2)

∣∣∣∣∣∣

s2 = 〈q2, γ2, Z2〉 ∈ I2 s.t.
γ2 = a|γ′and ∃s′ ∈ F1 s.t.
(s1,a, s′) ∈ ρ1





• N1 d N2 = 〈Λ, S1 ∪ S2, I1 ∪ I2, ρ1 ∪ ρ2, F1 ∪ F2〉
• N1 e N2 = 〈Λ, S1 × S2, I1 × I2, ρ

′, F1 × F2〉 where
ρ′ = {(〈s1, s2〉,a, 〈s′1, s′2〉) | (s1,a, s′1) ∈ ρ1 and
(s2,a, s′2) ∈ ρ2}

• N~ = 〈Λ, S, I, ρ ∪ ρ′, F ∪ I〉 where
ρ′ = {(s,a, s′) | s ∈ F and ∃s′′ ∈ I s.t. (s′′,a, s′) ∈ ρ}

¤

Proposition 1, item 2. Let r be an SERE and ϕ be a LVDRE
formula. Let P be the set of atomic propositions in r (resp.
ϕ). Let V be the set of local variables in r (resp. ϕ) and let
D be their domain. Let Σ = 2P and Γ = DV . Let Z ⊆ V and
γ ∈ Γ. There exists an alternating Büchi automaton (ABW)
Bγ

ϕ with O(D|ϕ|·2|V|) states that accepts exactly the set of
words w such that 〈w, γ〉 |=Z ϕ.

Proof. The construction follows that of [1, Proposition 3.10],
which provides semantics for PSL interpreted over finite as
well as infinite words. Thus it uses automata of the form
〈Σ, S, S0, δ, F, A〉 where the sets F and A are used to de-
termine acceptance for finite and infinite words, respectively.
That construction uses the fact that r! can be given by means
of ♦→ as follows: r! ≡ r ♦→ true. Thus, we only need to
treat → and ♦→ .

In order to account for local variables, the automaton
remembers in each state also the current valuation γ ∈ Γ and
the set of controlled variables Z.

Following [1] we first replace each occurrence of a subfor-
mula of the form r ♦→ ψ in ϕ by 〈NZ,γ(r), ψ〉. Let S be the
set of tuples (p, γ, Z, ψ) where p ∈ {0, 1} is a parity bit, γ ∈ Γ
is a valuation of the local variables, Z is a set of controlled
variables and ψ satisfies at least one of the following: i. ψ is
a subformula of ϕ, ii. ψ ∈ {TRUE, FALSE, NONEMPTY}, iii. ψ
is of the form 〈NZ,γ(r)q, ϑ〉, where 〈NZ,γ(r), ϑ〉 is a subformula
of ϕ, q is a state of the NFW NZ,γ(r) and for an NFW N and
a state q of N , we use Nq to denote the automaton obtained
from N by replacing the set of initial states with {q}. Note
that if q is the initial state of N , then Nq = N . The initial
state is (0, γ0, ∅, ϕ).

The set A of accepting states is produced by the following
rules:
i. A contains all states of the form: (1, γ, Z, NONEMPTY),
(0, γ, Z, TRUE), (1, γ, Z, FALSE), (1, γ, Z, 〈Nq

Z,γ , ψ〉).
ii. (p, γ, Z,¬ψ) ∈ A iff (1− p, γ, Z, ψ) ∈ A.
iii. (0, γ, Z, ψ ∧ ϑ) ∈ A iff both (0, γ, Z, ψ) ∈ A and
(0, γ, Z, ϑ) ∈ A, and (1, γ, Z, ψ ∧ ϑ) ∈ A iff either
(1, γ, Z, ψ) ∈ A or (1, γ, Z, ϑ) ∈ A.
The set F of final states is equal to A.

The transition relation ρ is defined as follows, where Nq
Z,γ =

(Σ, SN , {q}, ρN , FN ).
• ρ((p, γ, Z, NONEMPTY), `) = (p, γ, Z, TRUE)



• ρ((p, γ, Z, TRUE), `) = (p, γ, Z, TRUE)
ρ((p, γ, Z, FALSE), `) = (p, γ, Z, FALSE)

• ρ((0, γ, Z, ψ ∧ ϑ), `) =
ρ((0, γ, Z, ψ), `) ∧ ρ((0, γ, Z, ϑ), `)
ρ((1, γ, Z, ψ ∧ ϑ), `) =
ρ((1, γ, Z, ψ), `) ∨ ρ((1, γ, Z, ϑ), `)

• ρ((0, γ, Z,¬ψ), `) = ρ((1, γ, Z, ψ), `)
ρ((1, γ, Z,¬ψ), `) = ρ((0, γ, Z, ψ), `)

• ρ((0, γ, Z, 〈Nq
Z,γ , ψ〉), `) =

∨
a that enhances 〈`,γ〉 next0(q,a)

where next0(q,a) =





∨
q′∈ρN (q,a)(0, 〈Nq′

Z,γ , ψ〉)∨
ρ((0,a|γ′ , Z, ψ), `) if ρN (q,a) ∩ FN 6= ∅∨

q′∈ρN (q,a)(0, 〈Nq′
Z,γ , ψ〉) otherwise

ρ((1, γ, Z, 〈Nq
Z,γ , ψ〉), `) =

∧
a that enhances 〈`,γ〉 next1(q,a)

where next1(q,a) =





∧
q′∈ρN (q,a)(1, 〈Nq′

Z,γ , ψ〉)∧
ρ((1,a|γ′ , Z, ψ), `) if ρN (q,a) ∩ FN 6= ∅∧

q′∈ρN (q,a)(1, 〈Nq′
Z,γ , ψ〉) otherwise

• ρ((p, γ, Z, new(X) ϕ), `) = ρ((p, γ, Z ∪ X, ϕ), a)

The correctness of the constructions is proven similar to the
correctness of the constructions in the proof of [1, Proposition
3.10]. The main difference with [1, Proposition 3.10] is
the conjuncts/disjuncts that quantifies over all letters a that
enhance 〈`, γ〉 that appear in the last two bullets. This is since
the semantics of r → ϕ (resp. r ♦→ ϕ) universally (resp.
existentially) quantifies over all words w enhancing the given
word 〈w, γ〉. In addition the recursive call to ρ in these cases
updates the second component to a|γ′ i.e. to the evaluation of
local variables resulting at the end of the SERE. Note that the
NFW itself checks that the enhanced word w is good. ¤

Proposition 2. The satisfiability and model checking problems
for formulas in LVDRE are EXPSPACE-complete.

Proof. The proof of the upper bound follows exactly that of [2,
Theorem 1] using the first item of Proposition 1 instead of
Lemmas 5 and 6 of [2] and the second item of Proposition 1
instead of Lemma 7 of [2]. The proof of the lower bound
follows exactly that of [2, Theorem 2]. ¤

Lemma 1: Let Z be a set of local variables and z ∈ Z a
local variable. Let r be an SERE such that r does not assign
to z nor free z using the free operator. Let v be a good word
over Λ such that v |≡Z r. Then v0|γ(z) = v|v|−1|γ′(z).
Proof. By induction on the structure of r.

1) v |≡Z b ⇐⇒ |v| = 1 and b(v0|σ, v0|γ) = T and v0|γ′ Z∼
v0|γ
Thus for any z′ ∈ Z we have v0|γ(z) = v0|γ′(z). In

particular for the z in question. Since |v| − 1 = 0 we
are done.

2) v |≡Z (b, X←E) ⇐⇒ |v| = 1 and b(v0|σ, v0|γ) = T and
v0|γ′ Z∼ [X←E](v0|σ, v0|γ)
By the definition of [X←E](v0|σ, v0|γ) if γ̂ =
[X←E](v0|σ, v0|γ) then for every v ∈ V \ X we have
γ̂(v) = γ(v) and thus we are done.

3) Cases λ, {r} are trivial.
4) v |≡Z {new(X) r} ⇐⇒ v |≡Z ∪ X r

We have increased the set of local variables with respect
to which the semantics is tested. In particular z is still a
member of this set, thus by the induction we are done.

5) v |≡Z {free(X) r} ⇐⇒ v |≡Z \ X r
We have decreased the set of local variables with respect
to which the semantics is tested. However, z is still a
member of this set, thus by induction we are done.

6) Cases r1 · r2, r1 ◦ r2, r1 ∪ r2, r1 ∩ r2 and r∗ follow by
induction.

¤
Lemma 2: Let Z be a set of local variables. Let w be a

finite word over Λ. Then
1) w |≡Z {free(V) true}∗
2) w |≡Z/ false.

Proof.

1) w |≡Z {free(V) true}∗ ⇐⇒ w |≡∅ true∗.
Clearly this holds.

2) Trivial.
¤

Proposition 3, item 1. The operators ∩ and ∪ are commu-
tative.
Proof. Clear from the definitions of these operators being
symmetric in r1 and r2. ¤

Proposition 3, item 2, part a. The operators ∩ and ∪ are
associative.
Proof.

• v |≡Z r1 ∪ {r2 ∪ r3} ⇐⇒
v |≡Z r1 or v |≡Z {r2 ∪ r3} ⇐⇒
v |≡Z r1 or v |≡Z r2 or v |≡Z r3 ⇐⇒
v |≡Z {r1 ∪ r2} or v |≡Z r3 ⇐⇒
v |≡Z {r1 ∪ r2} ∪ r3

• v |≡Z r1 ∩ {r2 ∩ r3} ⇐⇒
v |≡Z r1 and v |≡Z {r2 ∩ r3} ⇐⇒
v |≡Z r1 and v |≡Z r2 and v |≡Z r3 ⇐⇒
v |≡Z {r1 ∩ r2} and v |≡Z r3 ⇐⇒
v |≡Z {r1 ∩ r2} ∩ r3

¤

Proposition 3, item 2, part b. Concatenation is associative.



Proof. v |≡Z r1 · {r2 · r3}
⇐⇒ ∃v1, v23 s.t. v = v1v23, v1 |≡Z r1, and v23 |≡Z {r2 · r3}
⇐⇒ ∃v1, v23, v2, v3 s.t. v = v1v23, v23 = v2v3, v1 |≡Z r1,

and v2 |≡Z r2 and v3 |≡Z r3

⇐⇒ ∃v1, v2, v3 s.t. v = v1v2v3, v1 |≡Z r1, and v2 |≡Z r2 and
v3 |≡Z r3

⇐⇒ ∃v12, v1, v2, v3 s.t. v12 = v1v2, v = v12v3, v1 |≡Z r1,
and v2 |≡Z r2 and v3 |≡Z r3

⇐⇒ ∃v12, v3 s.t. v = v12v3, v12 |≡Z {r1 · r2}, and v3 |≡Z r3

⇐⇒ v |≡Z {r1 · r2} · r3

¤

Proposition 3, item 3. The operator ∩ distributes over the
operator ∪.
Proof. v |≡Z {r1 ∩ r2} ∪ r

⇐⇒ v |≡Z {r1 ∩ r2} or v |≡Z r

⇐⇒ (v |≡Z r1 and v |≡Z r2) or v |≡Z r

⇐⇒ (v |≡Z r1 or v |≡Z r) and (v |≡Z r2 or v |≡Z r)
⇐⇒ v |≡Z {r1 ∪ r} ∩ {r2 ∪ r}
¤

Proposition 3, item 4. The operator ∪ distributes over the
operator ∩.
Proof. v |≡Z {r1 ∪ r2} ∩ r

⇐⇒ v |≡Z {r1 ∪ r2} and v |≡Z r

⇐⇒ (v |≡Z r1 or v |≡Z r2) and v |≡Z r

⇐⇒ (v |≡Z r1 and v |≡Z r) or (v |≡Z r2 and v |≡Z r)
⇐⇒ v |≡Z {r1 ∩ r} ∪ {r2 ∩ r}
¤

Proposition 4, items 1 and 2.
• r ≡ {r ∩ r}
• r ≡ {r ∪ r}

Proof. Immediate from the definition. ¤

Proposition 4, items 3 and 4.
• r ≡ {{free(V) true}∗ ∩ r}
• r ≡ {false ∪ r}

Proof. Let w be a word over Λ. By Lemma 2 we have that
w |≡Z {free(V) true}∗ and w |≡Z/ false.

• w |≡Z {{free(V) true}∗ ∩ r} iff w |≡Z {free(V) true}∗
and w |≡Z r iff w |≡Z r.

• w |≡Z {false ∪ r} iff w |≡Z false or w |≡Z r iff w |≡Z r.
¤

Proposition 4, item 5. r ≡ {λ · r} ≡ {r ·λ}
Proof. v |≡Z {λ · r}

⇐⇒ ∃v1, v2 such that v = v1v2, v1 |≡Z λ, and v2 |≡Z r

⇐⇒ ∃v1, v2 such that v = v1v2, v1 = ε, and v2 |≡Z r

⇐⇒ v |≡Z {r}
⇐⇒ ∃v1, v2 such that v = v1v2, v1 |≡Z r, and v2 = ε

⇐⇒ ∃v1, v2 such that v = v1v2, v1 |≡Z r, and v2 |≡Z λ

⇐⇒ v |≡Z {r ·λ}
¤
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