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ABSTRACT
We are interested in the relation between weak and strong
temporal operators. We would like to find a characteriza-
tion that shows what it means for an operator to be the
weak or strong version of another operator, or more gener-
ally for a formula to be a weak or strong version of another
formula. We show that the weak version of a formula is not
the same as Alpern and Schneider’s safety component. By
working over an extended alphabet, we show that their topo-
logical characterization of safety can be adapted to obtain a
topological characterization of weakness. We study the re-
sulting topology and the relations between weak and strong
formulas. Finally, we apply the method to show the inter-
nal consistency of a logic containing both weak and strong
versions of regular expressions.

Categories and Subject Description
F.4.1 [Mathematical Logic and Formal Languages]:
Mathematical Logic - Temporal Logic

General Terms
Languages, Theory, Verification

Keywords
safety, liveness, safety component, weak and strong compo-
nents, semantically weak and strong formulas, syntactically
weak and strong formulas, temporal weakness and strength
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Some temporal logic operators come in weak and strong
versions. The strong form requires that some condition
eventually occur, while the weak form makes no such re-
quirement. For instance, the ltl [15] formula p U q (read p
strong-until q) states that p holds until q holds, and in addi-
tion, that q eventually holds. The weak version, p W q (read
p weak-until q) states that p holds until q holds, but makes
no statement about whether or not q eventually holds (if it
does not, then p must hold forever).

We are interested in the relation between weak and strong
temporal operators. We would like to find a characterization
that shows what it means for an operator to be the weak or
strong version of another operator, or more generally for a
formula to be a weak or strong version of another formula.
Our motivating example will be the pair of ltl operators
weak-until (W) and strong-until (U). That is, we are looking
for a characterization that will let us say that two formulas,
ϕ and ϕ′, are related in the same way as the pair ψ = p W q
and ψ′ = p U q, and furthermore, that the weak version of
any new temporal operator in some extension of ltl is re-
lated to its strong version in the same way that W is related
to U. Although our work is theoretical, our motivation is
practical: we would like to create a framework under which
we can test whether the weak and strong operators of a new
extension of ltl have a solid theoretical basis.

We begin by noting that the weak/strong dichotomy is re-
lated to another dichotomy in temporal logic, that of safety
vs. liveness properties. The distinction between safety and
liveness plays an important role in the design and analy-
sis of reactive systems, and, as noted in [14], introductory
textbooks on distributed computing now cover the issue.
Loosely speaking, a safety property claims that “something
bad” does not happen, while a liveness propery claims that
“something good” eventually happens. Some properties are
neither safety nor liveness. For instance, the property de-
scribed by the formula G p is a safety formula, the prop-
erty described by the formula F q is a liveness formula, and
the property described by the formula p U q, equivalent to
(p W q) ∧ F q, is neither.

Alpern and Schneider [1] showed that any property can be
decomposed into a safety property and a liveness property
whose conjunction is the original. Their proof is based on
the observation that the safety properties are the closed sets
of the Cantor topology on the space of infinite words and
the liveness properties are the dense sets in this topology.
In [2] they refer to the safety property obtained by taking the
closure in this topology as the safety component. Intuitively,
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their safety component should give a weak version of the
original property. However, this does not hold in all cases.
For example, p W false is the weak version of p U false, but
the safety component of the property described by p U false
is the empty set.

As we discussed in [6], many verification methods can ex-
amine only a finite prefix of an infinite execution. Therefore
we are interested in a characterization that includes finite
as well as infinite words. We show that Alpern and Schnei-
der’s topological ideas can be generalized to the set of finite
and infinite words, and that the desired weak component can
be obtained by taking the closure in an analogous topology
where the alphabet is extended with two special letters, >
and ⊥. The resulting framework allows us to show inter-
esting relationships between weak and strong operators and
formulas. For example, we show that the set of semantically
weak formulas is exactly the set of “good” safety properties,
thus strengthening the result in [11]. Finally, we apply the
method to show the internal consistency of a logic containing
both weak and strong versions of regular expressions.

Outline
The remainder of the paper is organized as follows. In Sec-
tion 2 we provide an extension of ltl to both finite and
infinite words. In Section 3 we extend the topological char-
acterization of Alpern and Schneider to the space of finite
and infinite words. Section 4 is the heart of the paper
in which we characterize weakness and strength, present
some basic results, and show the relation of our work to
that of [1] and [11]. In Section 5 we apply our ideas to
test the relation between weak and strong regular expres-
sions. In Section 6 we discuss related work and in Sec-
tion 7 we conclude. The propositions are given here without
proofs. The proofs appear in the full version of the paper,
which is available on http://www.wisdom.weizmann.ac.il/
∼dana/podc05/full.ps.

2. PRELIMINARIES
We denote a letter from a given alphabet Γ by `, and an

empty, finite, or infinite word from Γ by u, v, or w. The
concatenation of u and v is denoted by uv. If u is infinite,
then uv = u. The empty word is denoted by ε, so that
wε = εw = w. If w = uv, we define w/u = v and we say
that u is a prefix of w, denoted u ¹ w, that v is a suffix of
w, and that w is an extension of u, denoted w º u.

We denote the length of word v as |v|. The empty word ε
has length 0, a finite word v = (`0`1 · · · `n) has length n+1,
and an infinite word has length ω.1 We use i, j, and k to
denote non-negative integers. For i < |v| we use vi to denote
the (i + 1)st letter of v (since counting of letters starts at
zero). We denote by vi.. the suffix of v starting at vi. We
denote by `k the word of length k, each letter of which is `,
and by `ω the infinite-length word, each letter of which is `.

We denote a set of finite/infinite words by U , V or W
and refer to them as properties. The concatenation of U
and V , denoted UV , is the set {uv | u ∈ U, v ∈ V }. Define
V 0 = {ε} and V k = V V k−1 for k ≥ 1. The Kleene closure of

V , denoted V
∗
, is the set V

∗
=

⋃
k<ω V k. The notation V +

is used for the set
⋃

0<k<ω V k. The infinite concatenation
of V to itself is denoted V ω. The union V ∗ ∪ V ω is denoted

1Here ω denotes the first transfinite ordinal number.

V∞. For a letter ` we use `∗, `+, and `∞ as abbreviations
of {`}∗, {`}+ and {`}∞, respectively.

2.1 LTL over Finite and Infinite Paths
We use a simple extension of ltl over finite as well as

infinite and empty as well as non-empty words, which we
denote eltl. To do so, the syntax of ltl is extended to in-
clude two next-time operators, one weak (X) and one strong
(X!) [13, pp. 272-273]. The semantics distinguish between
the weak and strong versions only on the last letter of a
word: X ϕ holds on the last letter of any word for any ϕ,
and X! ϕ does not. Similarly, since we interpret the logic
over the empty word as well, we define weak and strong
boolean expressions, so that the strong boolean expression
is satisfied over a word if the first letter satisfies the boolean
expression, and the weak boolean expression is satisfied also
if there is no first letter, i.e. if the word is empty.

We define eltl formulas with respect to a non-empty set
of atomic propositions P , and a set of boolean expressions

B over P , which we identify with 22P

, as follows:

Definition 2.1 (ELTL Formulas). Let b be boolean
expression. The set of eltl formulas is recursively defined
as follows:

ϕ ::= b! | b | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ |

X! ϕ | X ϕ | ϕ U ϕ | ϕ W ϕ

Additional syntactic operators are defined as follows:

• F ϕ
def
= true U ϕ • G ϕ

def
= ϕ W false

Here true and false denote the elements 2P and ∅ of B,
respectively.

The semantics of eltl is defined inductively with respect
to the alphabet Σ = 2P . For a boolean expression b ∈
B = 22P

and a letter ` ∈ Σ = 2P we define the boolean
satisfaction relation by ` b iff ` ∈ b.

Definition 2.2. The relation |= is defined as follows, where
v denotes a word, b denotes a boolean expression, and ϕ and
ψ denote eltl formulas.

1. v |= b! ⇐⇒ |v| > 0 and v0 b

v |= b ⇐⇒ either v |= b! or |v| = 0

2. v |= ¬ϕ ⇐⇒ v |=/ ϕ

3. v |= ϕ ∨ ψ ⇐⇒ v |= ϕ or v |= ψ

v |= ϕ ∧ ψ ⇐⇒ v |= ϕ and v |= ψ

4. v |= X! ϕ ⇐⇒ |v| > 1 and v1.. |= ϕ

v |= X ϕ ⇐⇒ either v |= X! ϕ or |v| ≤ 1

5. v |= ϕ U ψ ⇐⇒ ∃k < |v| : vk.. |= ψ and ∀j < k : vj.. |= ϕ

v |= ϕ W ψ ⇐⇒ either v |= ϕ U ψ or ∀k < |v| : vk.. |= ϕ
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3. SAFETY AND LIVENESS
In this section we show an extension of the topological

characterization of Alpern and Schneider [1] to the set of fi-
nite and infinite words. We further show a number of topo-
logical ideas that come out of this framework. We assume
that the reader has some familiarity with elementary topol-
ogy and refer to [10] for background.

Intuitively, a formula ϕ is said to define a safety property
iff any word violating ϕ contains a finite prefix all of whose
extensions violate ϕ. A formula ϕ is said to define a live-
ness property iff any arbitrary finite word has an extension
satisfying ϕ. The formal definitions for safety and liveness
in the literature correspond to reasoning over infinite words
alone. Our definitions modify those of [13] to reason about
finite words as well.

Definition 3.1 (Safety,Liveness). Let W ⊆ Γ∞.

• W is a safety property if for all w ∈ Γ∞ − W there
exists a finite prefix u ¹ w such that for all v º u,
v ∈ Γ∞ −W .

• W is a liveness property if for all finite u, there exists
v º u such that v ∈ W .

A formula is said to be a safety (liveness) formula iff its
language is a safety (liveness) property. Some formulas are
neither safety nor liveness. For instance, G p is a safety
formula, F q is a liveness formula, and p U q, equivalent to
(p W q) ∧ F q, is neither.

Alpern and Schneider showed in [1] that any property on
infinite words can be decomposed into a safety property and
a liveness property whose conjunction is the original. Their
proof is based on the observation that the safety properties
are the closed sets of the Cantor topology on Γω and the
liveness properties are the dense sets in this topology. In [2]
they refer to the safety property obtained by taking the clo-
sure in such a topology, where Γ is set to Σ = 2P , as the
safety component. The following proposition asserts that the
same decomposition exists when considering the space of fi-
nite and infinite words, with the above definitions of safety
and liveness.

Proposition 3.2. The safety properties are the closed sets
of a topology on Γ∞ and the liveness properties are the dense
sets in this topology. Furthermore, every property on Γ∞ can
be decomposed into a safety and a liveness property whose
conjunction is the original.

We understand Γ∞ to be topologized in this way. From
now on, whenever we say “the topology of Γ∞” we refer to
the topology given in Proposition 3.2. Note that we may
use arbitrary alphabets for Γ.

3.1 Topological Characteristics
In the following we define the closure and interior of a set

of finite and infinite words over a given alphabet Γ.

Definition 3.3. Let V be a property of Γ∞. Define

• cl(V ) = {w ∈ Γ∞ | ∀ finite u ¹ w : ∃v º u : v ∈ V }
• int(V ) = {w ∈ Γ∞ | ∃ finite u ¹ w : ∀v º u : v ∈ V }

The following proposition asserts that the above defini-
tion characterizes the closure and interior operators in the
topological space Γ∞.

Proposition 3.4.

• cl(·) is the closure operator in the topology of Γ∞

• int(·) is the interior operator in the topology of Γ∞

Thus, by Propositions 3.2 and 3.4 a property U is safety iff
cl(U) = U and it is liveness iff cl(U) = Γ∞ or equivalently,
int(Γ∞ − U) = ∅.

We characterize the topology on the space of finite and
infinite words in terms of prefix closed sets and extension
closed sets.

Definition 3.5 (Prefix/Extension Closed Sets).
Let V ⊆ Γ∞.

• V is prefix closed if u ¹ v ∈ V implies u ∈ V .

• V is extension closed if w º v ∈ V implies w ∈ V .

Since we are interested in both finite as well as infinite
words, we need the following notions as well.

Definition 3.6 (Limit Closed, Finite Witnesses).
Let V ⊆ Γ∞.

• V is limit closed if: forall w ∈ Γ∞, if all finite prefixes
of w are in V then w ∈ V .

• V has finite witnesses if: forall w ∈ V , there exists
finite u ¹ w such that u ∈ V .

We observe that prefixed closed sets and extension closed
sets are dual to each other. That is, V is prefix closed iff
Γ∞ − V is extension closed. Similarly, V is limit closed iff
Γ∞ − V has finite witnesses.

The notions of prefix/extension closed are stronger than
the notions of limit closed and finite witnesses in the follow-
ing sense. If V is prefix closed then V has finite witnesses.
And, if V is extension closed then V is limit closed.

The following proposition shows that closed and open sets
can be defined alternatively using the above concepts.

Proposition 3.7. Let V ⊆ Γ∞.

1. V is (topologically) closed iff V is both prefix closed
and limit closed.

2. V is open iff V is extension closed and has finite wit-
nesses.

3.2 Examples
We consider the following set of properties, which are

slight modifications of Rem’s examples [16] (see also [14]).
In these examples, P denotes the set of atomic propositions,

Σ = 2P is the alphabet, B = 22P

is the set of boolean ex-
pressions, and a,b,c denote particular boolean expressions in
B − {true, false}.
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P0: The empty set (∅)
P1: The empty word ({ε})
P2: The set of non-empty finite words (Σ+)

P3: The set of finite words (Σ∗)
P4: The set of infinite words (Σω)

P5: The set of finite and infinite words (Σ∞)

P6: There are at most 3 letters. The first (resp., second,
third) letter, if it exists, satisfies a (resp., b, c).
(abc ∪ ab ∪ a ∪ {ε})

P7: There are at least 3 letters. The first and third letters
satisfy b and the second satisfies c (bcbΣ∞)

P8: The first letter satisfies a and there exists a letter that
does not satisfy a (aΣ∗(Σ− a)Σ∞)

P9: The number of letters satisfying a is finite
(Σ∗(Σ− a)∞)

P10: The number of letters satisfying a is infinite ((Σ∗a)ω)

P11: There is a letter satisfying b and every prior letter
satisfies a (a∗bΣ∞)

For each property Pi above we give an eltl formula ϕi

such that Pi = {w ∈ Σ∞ | w |= ϕi}.
ϕ0: false!
ϕ1: false
ϕ2: F X false
ϕ3: false ∨ F X false
ϕ4: true! ∧ G X! true
ϕ5: true
ϕ6: a ∧ X (b ∧ X (c ∧ X false))
ϕ7: b! ∧ X! c ∧ X!X! b
ϕ8: a! ∧ F ¬a
ϕ9: ϕ3 ∨ F G ¬a
ϕ10: ϕ4 ∧ G F a
ϕ11: a U b

For each of these properties we state whether it is prefix
closed, extension closed, limit closed, has finite witnesses.
Properties P0 and P5 have all 4 qualities. Properties P3

and P9 are prefix closed and (so) have finite witnesses but
are neither extension closed nor limit closed. Property P2

is limit closed and has finite witnesses but is neither prefix
closed nor extension closed. Properties P4 and P10 are ex-
tension closed and (so) limit closed but are neither prefix
closed nor have finite witnesses. Properties P7, P8 and P11

have all qualities but being prefix closed. Finally, properties
P1 and P6 have all qualities but being extension closed.

Thus by Proposition 3.7, P0, P1, P5 and P6 are closed
and P0, P5, P7, P8 and P11 are open. It follows that ϕ0, ϕ1,
ϕ5, ϕ6 are safety. The closure of properties P2, P3, P4, P5,
P9, and P10 is Σ∞ and thus ϕ2, ϕ3, ϕ4, ϕ5, ϕ9 and ϕ10 are
liveness. Properties ϕ7, ϕ8 and ϕ11 are neither safety nor
liveness (the closure of P7 is {ε} ∪ b∪ bc∪ P7, the closure of
P8 is {ε} ∪ aΣ∞, and the closure of P11 is a∞ ∪ P11). Note
that P0 and P5 are both open and closed, and that ϕ5 is
both safety and liveness.

4. WEAKNESS AND STRENGTH

4.1 The Characterization
Our goal is to define the weak component of an eltl for-

mula ϕ, such that p W q is the weak component of p U q,
X p is the weak component of X! p, and such that the weak

component of an eltl formula ψ is related to ψ in the same
way that p W q is related to p U q.

First we note that Alpern and Schneider’s safety compo-
nent does not achieve our goal. Their safety component is
the closure in the topology of Γω, where Γ is set to Σ = 2P .
Thus, the property described by p W q is not the safety com-
ponent of p U q if q is set to false. Eliminating boolean ex-
pressions equivalent to false does not solve the problem. For
instance, the safety component of (true U Gp)∧(true U G¬p)
≡ false! is the empty set, while we would like the weak
component to be the property described by (true W Gp) ∧
(true W G¬p) ≡ true.2

Furthermore we note that it is not possible to define the
weak component of a property in a way that meets our goal.
The reason is that p U false ≡ X! false (that is, both formulas
define the same property), but our goal dictates that their
weak components be different. Nonetheless, we would like
to obtain a semantic rather than syntactic characterization,
so that it will capture the essence of the relation between
weak and strong formulas and so that it can be applied to
any new temporal operator.

On the one hand, we want a characterization that distin-
guishes between two formulas which are syntactically dis-
tinct, but semantically equivalent. On the other hand, we
want a characterization that is semantic, rather than syn-
tactic. It seems that we have set ourselves an impossible
task. Our approach is to enhance the set of models over
which formulas are interpreted such that previously equiva-
lent formulas for which our goal dictates different weak com-
ponents are no longer equivalent, in such a way that such
formulas remain equivalent when restricted to the original
set of models.

Our solution is based on noticing that the “problem” with
Alpern and Schneider’s safety component is that the prop-
erty described by p U false is the empty one. We therefore
augment the set of models of a formula in such a way that no
formula describes the empty property, while ensuring that
the satisfiability over the original set of models ((2P )∞) is
not compromised. We accomplish this by augmenting the
alphabet with two special letters > and ⊥, such that >ω

models every formula and ⊥ω models no formula.
Formally, we define the semantics of eltl over an en-

hanced alphabet Σ̂ = 2P ∪ {>,⊥}. We use w to denote
the word obtained by replacing every > with a ⊥ and vice
versa. For a property W , we use W to denote the property
{w | w ∈ W}. 3 We call w (W ) the dual word (property) of
w (W ). For a property W , we denote by W c the property

Σ̂∞ − W . We refer to W c as the complement property of
W .

We augment the boolean satisfaction relation to all of

Σ̂ by defining > b and ⊥ / b for any boolean expression b.

Definition 4.1. The semantics of eltl over the alphabet

Σ̂ are exactly as in Definition 2.2, but using the augmented
boolean satisfaction relation and using the dual word in the
semantics of negation as follows:

v |= ¬ϕ ⇐⇒ v |=/ ϕ

.

2ϕ ≡ ψ denotes that {w | w |= ϕ} = {w | w |= ψ}.
3Note that the notation W should not be confused with the
topological closure of W , which we denote cl(W ).
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We denote the set {w ∈ Σ̂∞ | w |= ϕ} by [[ϕ]].

Note that in particular we get that>|= false and⊥|=/ true.
The inductive definition guarantees that >ω satisfies every
formula and ⊥ω satisfies no formula.

Proposition 4.2. Let ϕ be an eltl formula. Then >ω |= ϕ

and ⊥ω |=/ ϕ.

Moreover, if a word w satisfies a formula ϕ then the word
obtained from w by replacing some of w’s letters with >
will also satisfy ϕ. Similarly, if w does not satisfy ϕ then by
replacing some of w’s letters with ⊥ we get a word that does
not satisfy ϕ. We say that word w is finitely consistent
with ϕ if for every finite prefix u ¹ w, u>ω satisfies ϕ.
For finite w, it follows that w is finitely consistent with ϕ
iff w>ω |= ϕ. For example, bc is finitely consistent with
ϕ7 : b! ∧ X! c ∧ X!X! b, and both aaa and aω are finitely
consistent with ϕ11 : a U b. Similarly we say that word w
finitely establishes ϕ if w has a finite prefix u such that u and
all its extensions, including u⊥ω, satisfy ϕ. For example bcb
and bcbaa finitely establish ϕ7, and aab finitely establishes
ϕ11.

We are now ready to define the weak and strong compo-
nents of a formula. We do so directly, and then show the
relation to [1]. In analogy with the notions of weak and
strong satisfaction in [6], we let the weak component of a for-
mula ϕ consist of all words that are finitely consistent with
ϕ, and we let the strong component consist of all words that
finitely establish ϕ. Formally,

Definition 4.3 (Weak and Strong Components).
Let ϕ be an eltl formula. Its weak and strong components,
denoted weak(ϕ) and strong(ϕ) respectively, are defined as
follows.

• weak(ϕ) = {w ∈ Σ̂∞ | ∀ finite u ¹ w :u>ω ∈ [[ϕ]]}
• strong(ϕ) = {w ∈ Σ̂∞ | ∃ finite u ¹ w :u⊥ω ∈ [[ϕ]]}

The safety component of Alpern and Schneider is obtained
by taking the closure in the Cantor topology on the set of
infinite words over the alphabet Σ = 2P , where the closed
sets are the safety properties. The following proposition
states that our weak component is obtained by taking the
closure in a topology on both finite and infinite words over

the augmented alphabet Σ̂ = Σ ∪ {>,⊥}, and that dually,
the strong component is obtained by taking the interior in
the same topology.

Proposition 4.4. Let ϕ be an eltl formula. Then,

• cl([[ϕ]]) = weak(ϕ)

• int([[ϕ]]) = strong(ϕ)

From basic results in topology we conclude:

Corollary 4.5. Let ϕ be an eltl formula.

strong(ϕ) ⊆ [[ϕ]] ⊆ weak(ϕ)

We say that a formula is semantically weak iff it is equiv-
alent to its weak component. We say that a formula is se-
mantically strong iff it is equivalent to its strong component.

Definition 4.6 (Semantically Weak/Strong). Let
ϕ be an eltl formula.

• ϕ is semantically weak iff weak(ϕ) = [[ϕ]]

• ϕ is semantically strong iff strong(ϕ) = [[ϕ]]

The following proposition asserts that semantically weak
and strong formulas are dual to each other.

Proposition 4.7. Let ϕ be an eltl formula. Then, ϕ
is semantically strong iff ¬ϕ is semantically weak.

To see that the above definitions capture our intuition,
we would like to state that the weak operators are the weak
components of their strong counterparts. In other words
that what is syntactically weak (strong) is also semantically
weak (strong). We will first give a formal definition of syn-
tactically weak/strong formulas similar to that of [17], then
state the desired result.

Definition 4.8 (Syntactically Weak/Strong). Let
b be a boolean expression.

• The set of syntactically weak eltl formulas is recur-
sively defined as follows:

ϕ ::= b | ϕ ∧ ϕ | ϕ ∨ ϕ | X ϕ | ϕ W ϕ

• The set of syntactically strong eltl formulas is recur-
sively defined as follows:

ϕ ::= b! | ϕ ∧ ϕ | ϕ ∨ ϕ | X! ϕ | ϕ U ϕ

The following proposition shows that for each formula in
positive normal form, weakening/strenthening each of the
operators results in the weak/strong component, respec-
tively.

Proposition 4.9. Let ϕ be an eltl formula in positive
normal form. Let ϕw be the formula obtained by weakening
all operators (replacing X! with X, U with W, and b! with b
for a boolean expression b). Let ϕs be the formula obtained
by strengthening all operators. Then,

• [[ϕw]] = weak(ϕ)

• [[ϕs]] = strong(ϕ).

It follows that if an eltl formula ϕ is syntactically weak,
then it is semantically weak. And similarly if ϕ is syntacti-
cally strong, then ϕ is semantically strong.

The eltl operators X!, X and U, W are not only strong/weak
versions of one another, they are also duals of one another.
That is, X! ϕ ≡ ¬(X ¬ϕ) and ϕ U ψ ≡ ¬[¬ψ W (¬ϕ∧¬ψ)].
The following proposition shows that this result generalizes
to any weak/strong components of a formula.

Proposition 4.10. Let ϕ be an eltl formula. Then,

• weak(¬ϕ) = (strong(ϕ))c

• strong(¬ϕ) = (weak(ϕ))c

4.2 The Relation to Classification of Safety
Formulas

The usual definitions of safety and liveness (e.g., [12]) are
typically used with an alphabet such that some ltl formu-
las describe the empty property. Previously we have shown
that in our augmented alphabet, >ω satisfies every formula.
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As a result, some formulas that are safety in the unaug-
mented alphabet are no longer safety in the new alphabet.
For instance, the formula p U false is a safety formula for the
alphabet Σ = 2P , but is not a safety formula for the alpha-

bet Σ̂ = Σ∪{>,⊥}. In this section, we examine the relation
of our work to the classification of safety formulas proposed
in [11], and we will use the term safety formula to denote
formulas that are safety under the original, unaugmented
alphabet Σ.

It follows from Propositions 4.4 and 3.7 that weak(ϕ) is
both prefix closed and limit closed and strong(ϕ) is both
extension closed and has finite witnesses. The finite wit-
nesses quality of strong(ϕ) can be understood in terms of
the definitive prefix of [6] and the informative bad prefixes
of [11]. The definitive prefix of a word w with respect to
a formula ϕ is the shortest finite prefix u ¹ w such that
either u and all its extensions satisfy ϕ or u and all its ex-
tensions fail to satisfy ϕ. Such a finite prefix need not exist.
The minimal finite witness of a word w ∈ strong(ϕ) is the
definitive prefix of w with respect to ϕ.

The concept of an informative prefix is defined syntacti-
cally in [11]. In [6] we gave a semantic definition, which, as

shown in [8], can be restated in terms of the alphabet Σ̂ as
follows:

Definition 4.11 (Informative Bad Prefix). Let v be
a finite word and ϕ an eltl formula. Then, v is an infor-
mative bad prefix for ϕ iff v⊥ω |= ¬ϕ.

It follows that the finite words in strong(¬ϕ) are exactly
the informative bad prefixes for ϕ. It is shown in [6] that
the definitive prefix of w with respect to ϕ (if it exists) is
the shortest informative bad prefix for either ϕ or ¬ϕ.

The relation to informative prefixes is interesting since it
helps us show that semantically weak formulas are not only
safety formulas, but are also of a “good kind”. Kupfer-
man and Vardi [11] classify safety formulas according to
whether all, some, or none of their bad prefixes are infor-
mative, and name them intentionally safe, accidentally safe
and pathologically safe, respectively. It is shown in [11] that
non-pathologically safe formulas (the set of formulas that are
intentionally or accidentally safe) are easier to verify than
pathologically safe formulas and that a syntactically safe
formula is non-pathologically safe. The proposition below
strengthens this result by showing that the same and the
converse hold for semantically weak formulas.

Proposition 4.12. Let ϕ be an eltl formula.

1. ϕ is semantically weak iff ϕ is non-pathologically safe.

2. ϕ is semantically strong iff ¬ϕ is non-pathologically
safe.

Thus the notion of weakness captures semantically exactly
the set of “good” safety properties − that is, those that are
computationally easy to verify.

5. AN APPLICATION
One of our motivations was to provide a characterization

of weakness that would allow us to check whether a proposed
weak version of some new temporal operator is related to its
strong version in a way that maintains the internal consis-
tency of the logic. We illustrate the use of our characteriza-
tion on the logic reltl, which adds weak and strong regular

expressions to eltl. We will define the semantics of weak
and strong regular expressions directly, then show that the
direct definitions achieve our goal.

We first define regular expressions (res) and the syntax
of reltl.

Definition 5.1 (Regular Expressions (RE s)). Let
b be a boolean expression. The set of regular expressions
(res) is recursively defined as follows:

r ::= b | r·r | r ∪ r | r∗

Definition 5.2 (RELTL Formulas). Let r be a reg-
ular expression. The set of reltl formulas is recursively
defined as follows:

ϕ ::= r! | r | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ |

X! ϕ | X ϕ | ϕ U ϕ | ϕ W ϕ

Note that weak and strong boolean expressions are included
in the logic by means of weak and strong regular expressions.

We first define the semantics of regular expressions, then
those of reltl formulas. The semantics of regular expres-
sions come in plain and weak versions, and are given below.
The plain version L(·) is the obvious extension of the usual
semantics of regular expressions (e.g. as in [9]) to a syntax in
which the atoms are boolean expressions. The weak version
Lweak(·) is reminiscent of Harel and Sherman’s loop(·) [7].
Intuitively, a word v that is not in the language of a regu-
lar expression r is in the weak language of r iff v does not
“contradict” r, and either v is finite but “too short” to be
in the language of r, or v is infinite and “stuck in a starred
sub-expression” of r.

In the following, b denotes a boolean expression and r, r1,
r2 denote regular expressions.

Definition 5.3 (The Language of REs). The lan-
guage of a regular expression is recursively defined as fol-
lows:

1. L(b) = {` ∈ Σ̂ | ` b }
2. L(r1·r2) = L(r1)L(r2)

3. L(r1∪r2) = L(r1) ∪ L(r2)

4. L(r∗) = L(r)∗

Definition 5.4 (The Weak Language of REs). The
weak language of a regular expression is recursively defined
as follows:

1. Lweak(b) = {ε} ∪ L(b)

2. Lweak(r1·r2) = Lweak(r1) ∪ (L(r1)Lweak(r2))

3. Lweak(r1 ∪ r2) = Lweak(r1) ∪ Lweak(r2)

4. Lweak(r∗) = (L(r)∗Lweak(r)) ∪ L(r)ω

In reltl we have regular expressions instead of boolean
expressions at the base of the inductive definition. In eltl
we defined that > satisfies every boolean expression and ⊥
satisfies no boolean expression. The following proposition
generalizes this for res.

Proposition 5.5. Let r be an re. Then
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• ∃k > 0 such that >k ∈ L(r)

• ∀k > 0, ⊥k /∈ L(r)

We are now ready to define the semantics of reltl (over

the extended alphabet Σ̂). The semantics of the operators
common to eltl are as given in Definition 4.1. The seman-
tics of the new operators, r! and r, are given as follows:

Definition 5.6. Let r be an re, and v a word over Σ̂.

• v |= r! ⇐⇒ ∃ non-empty u ¹ v : u ∈ L(r)

• v |= r ⇐⇒ either v |= r! or v ∈ Lweak(r)

Intuitively, r is a weak version of r!. As a sanity check, it
is easy to see that p∗q! is equivalent to p U q, and that p∗q
is equivalent to p W q. The following proposition states the
relation between r and r! formally:

Proposition 5.7. Let r be an re. Then,

• [[r]] = weak(r!)

• [[r!]] = strong(r)

The proof of this proposition makes use of the following char-
acterization of Lweak(·): A word w is in Lweak(r) if and only
if for every finite prefix u ¹ w, u has an extension (over the

alphabet Σ̂) in L(r). The following proposition states this
formally using the notion of closure given in Definition 3.3.

Proposition 5.8. Let r be an re. Then

Lweak(r) = cl(L(r))

The following proposition states that all the results of
Section 4.1 for eltl carry over into reltl.

Proposition 5.9. If the definition of syntactically weak/
strong formulas is extended to include the formulas r and r!
in the obvious way, and if the logic eltl is replaced by the
logic reltl in the statement of Propositions 4.2, 4.4, 4.7,
4.9, 4.10, the propositions continue to hold.

If we include a regular expression intersection operator,
Proposition 5.5 does not hold: the re a∩ (a·a), for example,
is not satisfied by >k for any k. As a result, Propositions 4.2,
5.7, 5.8 and 5.9 do not hold for such a logic. We believe
this can be fixed by defining L(b) from Definition 5.3 as

{` ∈ Σ̂ | ` b } ∪ >+, and that with this new definition all
the propositions (in particular 5.5, 4.2, 5.7, 5.8 and 5.9) hold
as well for the logic with an intersection operator on res.

6. RELATED WORK
At the level of automata, Alpern and Schneider’s safety

component can be achieved by considering all states of a
Büchi automaton to be accepting [2]. Vardi and Wolper’s
looping acceptance condition [18] does exactly this, and it is
observed that an automaton with looping acceptance defines
a safety property. However, the particular safety property
that results from applying looping acceptance depends on
the form of the automaton, not just on its original language,
in the same way that our weak component depends on the
form of the ltl formula, not just on the property (in the orig-
inal alphabet Σ = 2P ) that it represents. For instance, con-
sider the Büchi automaton consisting of a single (not final)

state and no transitions. Obviously, its language is empty.
Now add a single transition on the letter a. Since the single
state is not final, we have not changed the language of the
automaton, which remains empty. However, applying the
looping acceptance condition of [18] to the original and the
modified automata will result in different languages. Thus
our weak component can be made equivalent to the loop-
ing acceptance condition for logics which associate a spe-
cific Büchi automaton with each temporal operator, that is,
for logics whose semantics are presented in the form of au-
tomata construction. Our topological approach eliminates
the need to specify the particular automaton associated with
each operator, and thus allows the characterization of weak-
ness to be applied to logics without regard to the form in
which their semantics are presented, as we have done above
for the denotational semantics of eltl and reltl.

By considering the augmented alphabet Σ̂, our weak com-
ponent distinguishes between formulas such as p U false and
false!, which are equivalent under the unaugmented alpha-
bet Σ, while the safety component of [2] does not. Thus the
difference between Alpern and Schneider’s safety component
and our weak component is reminiscent of the difference be-
tween the abort semantics and the reset semantics examined
by Armoni et al in [3]. Their goal was a complexity analysis,
whereas ours is a characterization of weakness.

The ideas of weakness and strength examined in this pa-
per are very closely related to the ideas of weak and strong
satisfaction that we first examined in [6]. In that paper, we
were concerned with the problem of reasoning on truncated
paths, that is, over paths that are finite, but not necessarily
maximal. In this paper, we are concerned with providing
a semantic characterization of weakness for the purposes of
verifying the internal consistency of a logic with weak and
strong operators.

In [12] Maier gives a characterization of intuitionistic safety
and liveness properties for ltl interpreted over finite as
well as infinite words. He works with prefix closed sets of
non-empty words. His safety properties are the subsets of
Σ+ ∪Σω that are closed in the Scott topology defined from
the prefix partial order. The Scott topology coincides with
our topology on Σ∞, and so his characterization of safety for
properties over Σ is obtained from ours by eliminating the
empty word. Since his properties are all prefix closed, his
notion of liveness is distinct from ours. He does not consider
the relationship of weakness to safety, and his framework of
prefix closed properties is not suited to discussion of the dual
notion of strength.

In [14] Manolios and Trefler gave an elegant character-
ization of safety and liveness using lattices, which unifies
previous results on safety and liveness, including the results
for the linear time and the branching time frameworks and
for ω-regular string and tree languages. Our Proposition 3.2
can be proved by showing that cl(·) from Definition 3.3 is a
lattice closure on 〈Σ∞,∩,∪〉. Thus, our extension of Alpern
and Schneider’s characterization to finite as well as infinite
words conforms to the uniform characterization.

The particular extension of ltl with regular expressions
that we present in Section 5 is intended only to illustrate
the utility of our characterization of weakness. Previous
works [19, 18, 4, 5] have examined the complexity and ex-
pressivity issues of extending ltl with regular expressions
in various manners.
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7. CONCLUSIONS
We have been concerned with finding a semantic char-

acterization that relates weak and strong linear temporal
operators. We have shown that the weak version of a strong
temporal operator is not the same as Alpern and Schneider’s
safety component. We have extended Alpern and Schnei-
der’s topological characterization to the space of finite as
well as infinite words, and shown that the desired weak
component can be obtained by considering an alphabet aug-
mented with two special letters > and ⊥ in a topology on
the set of finite and infinite words.

The resulting framework establishes a convenient way to
study relations between weak and strong operators, and syn-
tactically and semantically weak/strong formulas. E.g., we
have shown that semantically weak formulas characterize ex-
actly the set of “good” safety properties, thus strengthening
the result in [11].

We have shown the utility of our characterization on the
new pair of operators r and r!.
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