Review Questions on 2-Dimensional Distributions

Mark the correct answer in each part of the following questions.

1. Suppose that (X,Y) is a two-dimensional continuous random variable with joint density
function, defined by

c:cye_(“’2+y2)2, x,y >0,

fxy(z,y) =
0, otherwise,

for an appropriate constant c.

(a) c=
(i) V2.

(i) 2v2.

(iii) 2.

(iv) 8.

(v) None of the above.

(b) Let T'= X? +Y?2. The density function fr of T is given by:

2te t>0,
(i) fr(t) =
0, otherwise.
2 _p
— t>0
) e e
(i) fr(t) =
0, otherwise.
\ﬁeﬁ/ L >0,
(iii) fr(t)=q " "
0, otherwise.



(iv) fr(t) =

0, otherwise.

(v) None of the above.

(c) B(X?)

(v) None of the above.

(d) Let S = arctg ¥. Then E(S) =
() §-
(ii) %
(iii)
(iv)

STERFNE

(v) None of the above.

(e) p(X/Y,Y/X)
(i) belongs to the interval (—1,0).
(ii) belongs to the interval (0,1).
(iii) is 0.
(iv) is undefined.
(v) None of the above.



2. Suppose that (X,Y) is a two-dimensional continuous random variable with joint density
function, defined by

csin(x + y), 0<uz,y<m7/2

fX,Y (9&', y) =
0, otherwise,

for an appropriate constant c.
(a) c=

L 4

(i) o2

by 1

(ii) 3

ooy O

(iii) =

(iv) 1.

(v) None of the above.

(v) None of the above.

(i) p(X,Y)=-1L
(ii) —1 < p(X,Y) < 0.
(iii) p(X,Y) = 0.

(iv) p(X,Y) is undefined.



(v) None of the above.

(d) Let S = X + Y. The density function fg is given by:

(1
éssins, 0<s<m/2,
. _J1
(i) fs(s) = §(W—S)Sin8, /2 <s<m,
\ 0, otherwise.
(1
§ssin2s, 0<s<m/2
.. )1
(ii) fs(s) = §(W—S)Sin28, /2 <s<m,
\ 0, otherwise.
(1
Eslcoss|, 0<s<7/2,
)1
(iii) fs(s) = 5(7‘(’—8)’COSS’, T/2<s<m,
\ 0, otherwise.
(1 9
5 ¢os”s, 0<s<m/2,
. _J1
(iv) fs(s) = §(W—s)coszs, /2 <s<m,
0, otherwise.

\

(v) None of the above.

3. Suppose that (X,Y) is a two-dimensional continuous random variable with joint density
function, defined by
cre ", x,y > 1,
fxy(z,y) =
0, otherwise,

for an appropriate constant c.



(a) c=
(i) .

e
1

(ii) o

(iii) 1.

(iv) e.

(v) None of the above.

(b) The following random variable is Exp(1)-distributed:
(i) X -1
(i) (e—1)(X —1).
(iii) 2(X —1).
(iv) e(X —1).
(v) None of the above.

(c) E(XY) =
(i) 1.
(ii) 2.
(iii) 3.
(iv) 4.
(v) None of the above.

(d) Let T'= XY. The distribution function Fr is given by:
1 —te= D), t>1,

0, otherwise.

(i) fr(t) = {
) C[1—@t=1)e Y, t>1,
(ii) fr(t) = {07 otherwise.
1— (3t —2)e =D, t>1,

0, otherwise.

(iii) fr(t) = {



1 — (4t — 3)e” 7Y, t>1,

0, otherwise.

(iv) fr(t) = {

(v) None of the above.

4. Suppose that (X,Y) is a two-dimensional continuous random variable with joint density
function, defined by

c(z+y?), 0<z,y<l1, 22 +y*>>1,

fxy(x,y) =
0, otherwise,

for an appropriate constant c.
(a) c=

(i) —=

S—7
.y 1D
(ll) 8——7]'
16
S—7

(iii)
) 18

(lV) 8——7]'

(v) None of the above.

(b) Cov(X,Y) =

— (752 — 210r)
O —BE =
... —(754 — 210m)
) =5 —n
o —(758 — 2107)
1) 55—
. —(764 — 2107)
) —sm =

(v) None of the above.

(c) P(X>Y) =

44 —16V2 —3n
O —%s-m




—16v/2 — 37

(11) (8 =

— 162 — 3
(111) 66 — 1)
.\ 47162 37
™) —m—m

(v) None of the above.



Review Solutions

1. (a) We have

1 a1 [sin20]™? 11 ¢
1, 2 |, 128

Hence ¢ = 8.
Thus, (iv) is true.

(b) Clearly Fr(t) =0 for t < 0. For t > 0 we have:
Fr(t) = P(X?+Y?2<t)= P(WX2+ Y2 < V1)

Vit . /2
= / rie" dr/ sin 6 cos 8d0
0 0

Vi
1 1 11
_y {——e—’““} =8 —-—<1—6_t2) —1-¢?

4 ], 2 " 24
Hence ,
1—e", t>0,
Fr(t) =
0, otherwise,
and ,
2te™ ", t>0,
fr(t) =
0, otherwise.

Thus, (i) is true.
(c) We have:

/2
E(X?) = 8/ / rPe"" sinf cos - r2 cos? dfdr
o Jo

00 /2
= 8/ r?. 7"3€_T4d7“/ sin 6 cos® dp
0 0

2 oo 1 [e'e) 4€ /2
=3 ( —T—e_r4] + —/ e 27’dr> - ]
4 o 4Jo 0

Thus, (iii) is true.



(d) We have:

oo pm/2 .
E (arctan(Y /X)) = 8/ / r3e™" sinf cos 6 - OdOdr
0

) . /2
:8/ rie " dr/ sin 6 cos 8 - 6d
0

1_ {sinQG.gr/Q_/”/QsiHQGdg

4 2 o o2
w/2 1
_ 5. (z_l/ 1 C0826d9>
1 2, 2

_ r 1 [0 sin20]™? o, T
B 4 2 |2 4 1, ) T 8 4

An alternative to this calculation is to note that the variables x and y play a symmetric
role in fxy, and hence the distribution is symmetric with respect to the diagonal x = y.

T

It follows that the random variable © = arctan(Y/X) is symmetric with respect to T
7r
and in particular its expectation is T

Thus, (iii) is true.

(e) We have:

oo pm/2 .
EY/X) = 8/ / r3e" sinf cos @ - (rsind/r cos)dodr
o Jo

00 /2 1
:8/ r3er4dr/ sin20d9:8-—-zz—.

0 0 4 4 2

By symmetry
E(Y/X)=FEX/Y).
Now
EY/X-X/Y)=E(1) =1,
and
2
Cov(Y/X,X/Y)=1- vy ~ —1.46.

Thus, (i) is true.



2. (a) We have

w/2  pm/2 w/2  pmw/2
1= c/ / sin(x + y)dzdy = c/ / sin x cos y + cos x sin ydxdy
0 0 0 0

w/2 w/2 /2 w/2
= c/ sinxdm/ cosydy+c/ Cosxdx/ sin ydy
0 0 0 0

/2 /2
2c / sin zdx / cos ydy
0 0

¢ [—cos :U]g/Z

I
DO

- [sin y]g/2 = 2c.

Hence ¢ = %
Thus, (ii) is true.

(b) We have

E(X) / zsin(z + y)dzdy

0

/ (sinx cosy + cos xsiny) drdy

w/2 /2 /2
T - sin xdx / cos ydy + c/ T - COS :L‘d:L‘/ sin ydy
0 0 0

w/2
$-sinxd$+c/ T - cos zdx
0

/2 /2
—T - oS :L‘]ﬂ/2 + / cos zdx + [x - sin x]g/2 - / sin :de)
0 0

w/2

N = N = N~ N N;|,_. w|»—~

N

Mlﬁ/—\

Thus, (ii) is true.

(c) By symmetry E(Y) = E(X) = % We have:

1 w/2 pm/2
=—- / / xysin(x + y)dzdy

w/2
/ / (sinz cosy + cos xsiny) dedy

w/2 1 w/2 w/2
= - / x - s1nmdm/ y-cosydy+—~/ x~cosxdx/ y - sin ydy
2 Jo 0 2 Jo 0

w/2 w/2
= / x - sin xdx/ y - cos ydy
0 0

— 0+ (5-1) =71

10



2

Thus Cov (X,Y) = g —-1- 71T—6 ~ —0.046, and thus p(X,Y) < 0. As X is not a linear
function of Y, we have p(X,Y) # —1.
It will be instructive to compute p(X,Y) exactly. We have:

1 w/2 pw/2
B(X?) = 5 / / x?sin(z + y)dzdy
0 0
1 /2 ™/2 1 /2 /2
=—- / z? - sin xdx/ cosydy + = - / z? - cos :de/ sin ydy
2 Jo 0 2 Jo 0
1 /2 1 /2
:—-/ x2-sinzvd$—l——-/ z? - cos xdx
2 Jo 2 Jo
1 /2 w/2 /2 w/2
=3 ([—x2-cos:c}0 +/ 2z - cosxdr + [a:Q-sina:]o —/ 2:1:-sina:d:z:)
0 0
1 w/2 2 w/2
:—-<O+/ 2x-cosxdx—|———/ 2x-sinxdx)
2 0 4 Jo
2 1 w/2 w/2
=2 4= 22 - sin z]7/* — 2/ sinzdr — [—2z - cos z]7/* — 2/ cos xdx
0 0
2 o7
=—4+-1-2-2)=—+ — -2
s Falm ) =513

8 2 1) T167 2
Thus:
T 7T2
Cov(X,Y 516
(X Y) = —CXNY) 3 16~ 0245
VX)yvy) @ o«
GRNE
2 " 16

Thus , (ii) is true.

(d) Clearly, Fs(t) =0, for t <0 and Fg(t) =1 for t > .

For 0 <t < g we have:

11



Fs(t) = P(X +Y <t) / / (sinz cosy + cosrsiny) dydx

/ sinx / cos ydyx + — / cos T / sin ydydx

/ sinz [sin y];~ xdx+— /cosx[ cosyly " dx

0 0

[\

t 1 t
/ sinx~sin(t—:c)dx+§~/ cosx (1 —cos (t — x)) dx
0 0

t 1 t
/ (sin:v~sin(t—x)dm—cosx-cos(t—m))dzx—l—5-/ cos xdx
0 0

t
/ (cosx — cost) dx
0

“[sinz —z - cost]; = = - (sint —t - cost).

N = N = N~ N = N -

DO | —

1
Thus, fs(t) = étsint for 0 < t < g Similarly, for g <t < m we have fg(t) =

1
5(7r — t)sint.

Thus , (i) is true.

3. (a) We have

1= c/ / xe Ydydr = c/ [—e’xyh)o dx
1 N1 1
:c/ e_mda::c[—e_””]iozc-e_l.
1

Hence ¢ = e.

Thus, (iv) is true.

(b) Let Y = X — 1. Clearly, Fy(t) =0 for t < 0. For ¢ > 0 we have:

Fy(t)=P(X-1<t)=P(X <t+1)=1-P(X >t+1)

1 o
—1—6/ / xe xydydx—l—e/ x-[——e ”yl dx
t+1 t+1 X 1
—1—6/ xdx—l—e[ e’x]tﬂ l—e-e"t=1—¢"
t41

Hence, Y ~ Exp(1).
Thus, (i) is true.
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(c) We have:

Thus, (iii) is true.

(d) Clearly, Fr(t)=0fort <1. Fort>1:

t pt/z
Fr(t)=P(XY <t) /1 /1 ze “dydx
t/x t

=e
t 1 1 1
= e/ T - {——e_my} dr = e/ T (—e‘x — —e_t> dx
1 x 1 1 z x
t

Thus , (i) is true.

4. (a) We have

1:(:// (:c+y2)dyda:—c//(x+y2)dydx,
[0,1) S

13



where S = {(z,y) : 0 < z,y < 1,2% + y* < 1}. Now:
1 pl 1 pm/2
/ (z+ y°) dydz — / / 7"2 cos§ + rsin* ) dodr

J
_ /0 [xw } / r2dr / cos 0d6 — / r3dr / sin2 6
I

r3 e T sin 20172
LBl

0

Hence ¢ =

Thus, (iii) is true.
(b) We have

( 3 2 4 2
o Jo
1 xy?, 1 1 71'
= c/ {x2y + —] dr —c r3dr/ cos? 0df — c/ / cos fsin? 6d6
0 3 1o 0 0

.{0+sm2€}ﬂ/g_c' {r_‘r’] _ [sm 6’}
2 1o 5 Jo 3 o
1
5

dyda:'—c/ / 3 cos @ sinf + r sin 9) dfdr
Ll ot
:c/ [7+Z] d:z;—c/ 3dr/ Cosﬁsmﬁd@—c/ 4dr/ sin® d6
0
Ve 1 41 Tsin26 51 ™2 36in6 — sin 30
o] gy (e ] [
2

B x +az ! 1 1 1 1 5 9+COS39 /2
=c |7 +3 % c cos 3|,

0
YN NS I (PO TN BRI W
\4 4 8 20 3))  “\8 15 120°

=
=
I
o
O\H
O\H
=
N
_I_
@
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Also

1 1 /2
E(XY)=c (xzy + xy3) dydxr — c/ / (r4 cos® fsin 0 + 1° cos f sin® 6) dbdr
0

|
x
= c/ [ +—} x—c/ / cos? 6 sin 6d6
—c/ 5dr/ cos @ sin® 6df
/ x? + d 757! cos® 0 /2 611 [sin?6 /2
— N — — . JE— . — —C- JE— .
“Jo\2 )T E, 3 |, 6, | 4 |,

Hence

11 T
Cov(X,Y) =c- &0 (— - —) 120

16 T\ 29
T 8—1 60 ( <___)'ﬁ
M 16 - 16 1316 — 307 29
S 15(8-7) (8-  30-16 120

4415 (8 — ) 2 13-8—15m 29
C 29508 -71)2 (8-m)° 15 15
| 44-15-8—44-15-7—2-13-8-29+2-15-29 - 7
B 225 (8 — )
=752 42107

225(8 —m)*

Thus, (i) is true.
(c) We have

P(X>Y)zc/%4(x+y2)dydx,
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where A = {(z,y) : 0 <xz,y <1, 2% +9*> <1, z >y} Thus:

P(X>Y):c// (:c+y2)dyd:z:—c// (z + v°) dydz
[0,1]°nA SnA
1 fz 1 /4
= c/ / (x + y2) dydx — c/ / (7“2 cos 0 + r® sin? 9) dOdr
1 312
:c/ {xy+y} dx—c/ / cos@d@—c/ / sin? 6d6
0

w/4
1 2
:c/ I2+x— dr —c- r -[sin9]3/4—c- T— - Q—Sm f
g 3 3], 1], 2 2
v
3

0

0
1 2 1 46 — 16v2 — 3
pLov2om 1) 46— 16V2-3r
6(8 — )

Thus, (iii) is true.
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