Review Questions

Mark the correct answer in each part of the following questions.

1. Consider the space V' = [0, 1] with the inner product (-,-) given by

(f.g) = /f

Let f be the vector defined by f(z) = 5= for z € [0,1] and W =
span{g}, where g is the vector defined by g(z) = == for = € [0,1]. Let
d be the distance between the vector f and the vector w* € W which
is the closest to it within W. Then d =

(a) Viog2.
(b) /1 —log(e —1).

(c) \/% —2log* 4.

(d) 4/t —sin® &

3 12
(e) None of the above.

2. A function f € L3 [—m, 7] is given. It is known that || f|| = 3. Let

[e.e]
E Cn e’LTLI

n=—oo

be the Fourier series of f. For n = 1,2,3,..., consider the following
functions on [—m, 7|:

n n
x) = Z e, hn(z) = Z c_pe
k=0 k=1



Denote:
Tn = lgnll - [|Pnl]s n=123,....
(a) lim, o0 1, = 0.

(b) lim,, 0 < 3. Moreover, the bound 3 is the best possible, namely
for every 6 > 0 we can find an f as above with lim,, o, 7, > 3 —9.

(¢) limy, 00 7 < 9/2. Moreover, the bound 9/2 is the best possible,
namely for every 0 > 0 we can find an f as above with lim,, ,, 7, >
9/2 — 0.

(d) limy, 00 7, < 9. Moreover, the bound 9 is the best possible, namely
for every 6 > 0 we can find an f as above with lim,, .o, 7, > 9—94.

(e) None of the above.

3. Let V be an inner product space, {e, }°°, an orthonormal system in V'
and v € V. It is known that for two sequences (o), and (3,)22, of
complex numbers we have:

0o 00
U= g Qp€p = E ﬁnen-
n=1 n=1

(a) VVeoonecezssal“ilyO(})lave2 S0 awl® = 3207 [8a]?, but not necessarily

b) We necessarily have C a2 = " . 3%, but not necessarily
n=1"n n=1/"n
la| = |5y,| for each n.

(c) We necessarily have |a,,| = |8,| for each n, but not necessarily
a, = [, for each n.

(d) We necessarily have a,, = f3,, for each n.
(e) None of the above.

4. Consider the sequence (f,)>, in C[—1,1], given by:

3 (1—n%?),  |a] <1/n,

0, otherwise.



(a) The sequence converges to 0 in || - ||co-

(b) The sequence converges to 0 pointwise, in || - ||1, and in || - ||o, but
not in || -+ ||oe-

(¢) The sequence converges to 0 in || - ||; and in || - ||2, but neither
pointwise nor in || - ||oo-

(d) The sequence converges to 0 in || - ||1, but neither pointwise nor in

- [l2-
(e) None of the above.

5. We expand the function f(z) = In(2? + 7) into a real Fourier series

+ Z a, cosnz + by, sinnz) .

n=1

%
2
Then bg — b1 — bg =

(a) 0.

(b) = - In %
()
(
(

d)
)

%
7rln
N

one of the above.

6. We expand the function f(x) = into a Fourier series

1
1—iet® /2

% + ; (a, cosnx + by, sinnz).
Then gy =
(a) 1/2%.
(b) —1/2%.
(c) /2%,



(d) —i/2%.
(e) None of the above.

(Hint: You may use the fact that

1
l4+z+22+... —

n—)ool—x7

where the convergence is uniform for |z| <1 —¢ for every fixed § > 0.)

. Let v = (1/2,1/3,1/4,...) € {3 and let W = span{w} C {5, where
w=(1,1/2,1/3,...). Let w* € W be the best approximation of v in
W. Then ||w* —v| =

a) \/m2/6 — 1.
)

(

(b) /72/12 - 1/2.

(c) /72/6 —1—6/n2
(

(

d) y/7m2/6 —6/72.

e) None of the above.

. Let V be the vector space consisting of all continuous functions f :
[1,00) = R, satisfying the condition [~ |f(z)|*dz < co. Let (-,-) be
the inner product defined on V' by:

(f,9) = /100 f(z)g(z)dz, f,geV.

Applying the Cauchy-Schwarz inequality to the functions f, g given by
f(z) =27 and g(z) = 27 for x € [1, 00), where a,b > 1/2, yields the
inequality:

4



1 1
(d) atb—1 < (2a—1)(2b—1) "

(e) None of the above.

9. Let V' be an inner product space, v a vector in V', and {e, }°°,,{e} }22,
two othonormal systems in V', the first of which is closed and the second
not. It is known that

[o¢] o0

!

v = E e, = E Bnén,
n=1 n=1

where a,, = 1/2" for n > 1 and 3, = 1/3" for n > 2, but (5 is not

known.
a) |f1] > 1/3.
b) g1 = 1/3.

o) 13| < \/23/72.

d) |f1] may assume any value in the interval [0, 23/ 72], but no

~~ I~ N

value outside this interval.

(e) None of the above.

10. We expand the function

37, -1 <x<0,

f@):{a 0<az<m,

into a real Fourier series % + > | (a, cosna + by, sinnz).

(a) as =0, by = 12

(b) as = 295 s = 0.

(c) a5 = 2% by = 10
(d) a5 = 1080 p, = 6101,
(

e) None of the above.



Solutions

1. We have:
1 1
1 -1 1t 1
2 2
gl /0 lg(z)|[*dx /(; (1+2)? X 1+zlo 2

Hence ||g]| = 1/v/2, so that a unit vector in the direction of g is the
vector \/§g. Now:

1
(f.9 = |y zoamd>

= Jo (Fz—z)de

1
= log(l+z) —log(2+ z)
0

= log %.
It follows that
4
w*=<ﬁv5m~v59=k%§~v5~vi%

and therefore:

4
]| = log 5 - V2

Since f —w* and w* are orthogonal we have
A7 = Nl [+ 11 f = w?]].

Now
1

1
1
2
= —d —_ —

1 4
d=\/|If]I2 = |lw*]|2 = /= — 2log® —.
ILFI12 = [Jw=]] 5 g 3

Thus, (c) is true.

and thus:



2. Since || f|| = 3, we have:

Now

and

which clearly implies that the sequences of norms are non-decreasing.
As both sequences are bounded above by >°° _|cx|?, they converge,
say,
[gnll — a, [hnll — .
n—oo n—oo

Clearly, a® + b* = 9, and therefore
a’ + b 9

lim r, = ab < —.
n—00 2 2

The result is the best possible as we can choose f so that a = b =
9/2, in which case we have equality. For example, we may take

f(x) = /9/2 (" + 7).
Thus, (c) is true.
3. For each k& we have:

ay = <Z anen,ek> = (v, &) = <Z 5nen,6k> = B
n=1 n=1

Thus, (d) is true.



4. For each n we have f,,(0) = n?3, so that f,(0) — oo and our sequence
n—oo

cannot converge pointwise, and certainly not uniformly. Now

|fn =0l = 2f01/nn2/3(1—n2a:2)dx

2 o |1l/n
= 2n2/3x — QM
3 o

= 4n~3/3 — 0,
n—oo
while
Ifa =03 = 2f;7" 0" (1 —n%?)* de
1/n
4/3 223 Tl4 5

oo )|

16,,1/3
Consequently, the sequence converges to 0 in || - ||; but not in || - |2

Thus, (d) is true.

5. The given function is even, and hence b, = 0 for each n.

Thus, (a) is true.

6. We have
1 i i\2 i\*
—:1 " iz - 2ix - 3ix el
[ —ieep 1 2° +(2> ‘ +(2) o

where the convergence of the series on the right-hand side is uniform.
In particular, the convergence holds in norm, so that the series is the
Fourier series of f. Hence, cgg = (i/2)* and c¢_go = 0, which implies
gy = Cgp + C_gg = 170/2%0 = —1/29,

Thus, (b) is true.



7. We have

o0

1 2
ol =3 =7,

n=1

so that |lw|| = 7/v/6. Hence, a unit vector in the direction of w is the
vector e; = ‘?w. Now:

o0

n—l—l i<__n—l—1>

n=1 =1

3

It follows that

and therefore:

Since v — w* and w* are orthogonal we have

ol = [[w*[|* + llv — w*[>.
Now
) = 1 72
v]I* = 2= L,
n=2

which yields:

lw* =l = VIlvl? = w*]? = /7%/6 — 1 - 6/72.

Thus, (c) is true.

8. We need to calculate the inner product of the two vectors and their
norms. Since in general for ¢ > 1

00 1—c |© 1
/ ol = = = ,
1 1—c|, c—1

9




o 1
— (b)) gy — — —
(f:9) /1 v Ak —1

o 1
1£11* = / v dy = ,
o 1
2 —2b
lolP = [ o e = 5

The Cauchy-Schwarz inequality yields:

we obtain:

1 < 1
atb—1-\Qa-1)(2b-1)

Thus, (d) is true.

9. By Parseval’s identity we have:
ol = lowl* = > 18
n=1 n=1

(Note that the question whether the system is closed or not is irrele-

vant.) Now
oo

f: |O_/n|2 = 4% = 17
n=1 n=1 3

and therefore
1 1 23

. 2 —_ - =
; Bl =3 - 5 ==
which implies
23
Bi] =/ =

Thus, (a) is true.

W =

|51|2 =

10



10. Denoting by g the function given by

] 0, -1 <x<0,
9(w) = 1, 0<z<m,

we readily see that f = 3i-14(5—3i)-g. Hence the Fourier coefficients
¢, of f are the coefficients d,, of g, multiplied by 5 — 3¢ (except for ¢y,
or ag, where we need to take into account also the contribution of the
3i-1 addend). Now the Fourier coefficients of g have been calculated in

class, and in particular ds = 5_—7: and d_5 = # It follows that c5 = %
and c_5 = 3;;;:”. Consequently, the corresponding coefficients in the real

Fourier series are

10 — 67
a5:c5—|—c_5:0, b5:iC5—iC_5: 5 Z.
7

Thus, (a) is true.
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