
Algebra 1

Exercises

1 The Rings Zn

1. Let p, q be distinct primes.

(a) How many of the elements of Zp are invertible?

(b) Same for Zp2 .

(c) Same for Zpq.

2. Show that, if some a ∈ Zn is invertible, then it has a unique
inverse.

3. Let a be an arbitrary fixed element of Zn.

(a) Show that the equation ax = b has a solution for every b ∈ Zn

if and only if a is invertible.

(b) For any a ∈ Zn, characterize (in terms of a and n) the set of
all b ∈ Zn for which the equation ax = b has a solution.

2 Fields

4. Let A be a set. Denote by 2A the set of all subsets of A. The
binary operation of symmetric difference on 2A is denoted by ∆ and
defined by:

B∆C = (B ∩ C) ∪ (B ∩ C).
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(In words, the symmetric difference of two sets if the set of all points
belonging to exactly one of the two.) Consider the set 2A with the
operations of symmetric difference and intersection.

(a) Show that 2A, endowed with these operations, is a commutative
ring with unity (namely, satisfies all properties of a field, ex-
cept that not every non-zero element needs to have an inverse).
Which elements play the roles of 0 and of 1?

(b) Which elements are invertible?

(c) Which elements are zero divisors (namely, may be multiplied
by some non-zero element such that the product is 0)?

5. Consider the set

Q(i) = {a+ bi : a, b ∈ Q} ⊆ C.

(a) Show that Q(i), endowed with addition and multiplication (in-
herited from C), forms a field.

(b) Same for the sets

Q(
√

2) = {a+ b
√

2 : a, b ∈ Q} ⊆ R

and
Q(
√

3) = {a+ b
√

3 : a, b ∈ Q} ⊆ R.

(c) Explain intuitively which of the field axioms are not satisfied
by the set

G = {a+ b
√

2 + c
√

3 : a, b, c ∈ Q} ⊆ R.

6.

(a) Consider the set

Z3(α) = {a+ bα : a, b ∈ Z3}.
Define on Z3(α) two operations ⊕ and � by

(a+ bα)⊕ (c+ dα) = (a+ c) + (b+ d)α, a, b, c, d ∈ Z3

and

(a+ bα)� (c+dα) = (ac+2bd)+(ad+ bc)α, a, b, c, d ∈ Z3.

Show that Z3(α), endowed with ⊕ and �, forms a field.

(b) Show that, if we slightly change the � operation, to be defined
by

(a+ bα)�′ (c+ dα) = (ac+ bd) + (ad+ bc)α, a, b, c, d ∈ Z3,

then we do not get a field.
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3 Linear Equations

7. Suppose we have a matrix A with integer entries, and would like
to find an equivalent matrix B in echelon form. However, we require
that B also has integer entries only.

(a) Show that, in general, no such B exists.

(b) Prove that, if we allow each non-zero row to start with any
positive integer, and not necessarily with a 1, then it is possible
to find such a B.

(c) Now suppose we want to find an equivalent B, whose form will
be as “close” as possible to the reduced echelon form. What
type of B can you get?
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