Sample-and-Accum ulate Algorithms

for Belief Up dating in Ba y es Net w orks

�

Eugene Santos Jr.

Dept. of Elec. and Comp. Eng.

Air F orce Inst. of T ech.

W right-Patterson AFB

OH 45433-7765

esantos@a�t.af.mil

Solomon Eyal Shimony

Dept. of Math. and Comp. Sci.

Ben Gurion University of the Negev

P . O. Box 653

84105 Beer-Shev a, Israel

shimony@cs.bgu.ac.il

Edward Williams

Dept. of Elec. and Comp. Eng.

Air F orce Inst. of T ech.

W right-Patterson AFB

OH 45433-7765

ewilliam@a�t.af.mil

Abstract

Belief up dating in Bayes nets, a well known

computationally hard problem, has recently

b een approximated by several deterministic

algorithms, and by v arious randomized ap-

proximation algorithms. Deterministic algo-

rithms usually provide probability b ounds,

but have an exp onential runtime. Some ran-

domized schemes have a p olynomial runtime,

but provide only probability estimates.

W e present randomized algorithms that enu-

merate high-probability p artial instantia-

tions, resulting in probability b ounds. Some

of these algorithms are also sampling algo-

rithms. Sp eci�cally

, we intro duce and ev alu-

ate a v ariant of backward sampling, b oth as

a sampling algorithm and as a randomized

enumeration algorithm. W e also relax the im-

plicit assumption used by b oth sampling and

accumulation algorithms, that query no des

must b e instantiated in all the samples.

Keywords : Probabilistic Reasoning, Bayes Networks,

Belief Up dating, Approximation Algorithms, Sam-

pling Algorithms, Genetic Algorithms.

1 INTR

ODUCTION

Computing marginal probabilities in a multiply con-

nected Bayes network (also called b elief up dating

[

Pearl, 1988

]

) is an imp ortant issue in probabilistic rea-

soning. The problem is known to b e NP-hard

[

Co op er,

1990

]

, and in fact even approximating the probabilities

was shown to b e NP-hard

[

Dagum and Luby

, 1993

]

.

Nevertheles s, a large numb er of algorithms addressing

the problem of inference in Bayesian networks exist,

roughly categorized into exact algorithms, and approx-

imation algorithms. There is quite a large numb er of

�

This \electronic pro ceedings" version of the pap er is

somewhat longer than the hardcopy UAI-96 version. The

app endix, �gure 1, and several other minor items, were

omitted from the hardcopy version due to page limits.

exact algorithms and their v ariations. The three basic

exact schemes are arc-reversal

[

Shachter, 1986

]

, clus-

tering

[

Lauritzen and Sp eigelhalter, 1988

]

, and (cut-

set) conditioning

[

Pearl, 1988

]

, but improvements and

re�nements, to o numerous to list here, were added over

the years. All of the algorithms have an exp onential

runtime, where the term in the exp onent is some func-

tion of the top ology .

The class of approximation algorithms can b e sub-

classi�ed into deterministic and randomized algo-

rithms. Most deterministic schemes are base on (par-

tial) enumeration of an exp onential numb er of instan-

tiations (also called assignments), terms, or other as-

p ects of the distribution. By considering these ele-

ments starting from the most probable ones, and com-

puting their cumulative probability mass, these algo-

rithms get a success ively b etter approximation as more

pro cessing is p erformed, as follows. Let E b e the evi-

dence, and q b e a query no de with states D

q

(domain

of q ). Let q

i b e the ith state of q , with 1 � i �j D

q j.

Let Q

i denote the assignment fq = q

i g. De�ne the

following quantities:

^

P (E ) = P (union of elements consistent w. E ) (1)

^

P (:E ) = P (union of elem. inconsistent w. E ) (2)

^

P (E ; Q

i

) = P (elem. contained in E and Q

i

) (3)

� = 1 �

^

P (:E ) �

^

P (E ) (4)

where \elements" stands for \events corresp onding to

already enumerated instantiations" (or terms). The

term \inconsistent" ab ove means that the probabil-

ity of the event intersection is 0, while \contained in"

is in the sense of set inclusion of events (a condition

stronger than \consistent"). These conditions, in ef-

fect, require that the following assumption holds:

Assumption 1 In e ach element, no de q must b e in-

stantiate d.

With the ab ove de�nitions, we get the follo wing

hard b ounds on the marginal p osterior probabilities

(adapted from

[

Po ole, 1993b; Santos and Shimony ,

1994

]

):

^

P (E ; Q

i

) + �

^

P (E ) + �

� P (Q

i j E ) �

^

P (E ; Q

i

)

^

P (E ) + �

(5) and the error margin in the p osterior probability

, for

any P (Q

i j E ), is thus:

� =

�

^

P (E ) + �

(6)

Most such algorithms can provide guaranteed b ounds

similar to the ab ove on the error of their probability

estimates, and if allowed an exp onential computation

time (which is rarely done for these algorithms), will

eventually enumerate all the elements and give an ex-

act probability . W e note in passing that the ab ove

equations can b e used to approximate general distri-

butions, regardless of whether they are represented as

Bayes nets. The runtime and quality of approxima-

tion of these algorithms usually dep ends on the actual

conditional distributions in the network, rather than

just on the top ology .

V arious algorithms of this class exist. Bounded condi-

tioning

[

Horvitz et al., 1989

]

works in a manner sim-

ilar to cutset conditioning, but do es not sum up the

probabilities computed for al l p ossible instantiations

of the cutset v ariables, instead starting the ev aluation

with the most probable instantiations. Algorithms

that simply enumerate instantiations are presented

in

[

Po ole, 1993b

]

(enumeration of complete instanti-

ations) and in

[

Santos and Shimony

, 1994

]

(partial,

IB assignments). Another such algorithm considers

terms, rather than instantiations

[

Li and D’Ambrosio,

1992

]

. Deterministic approximation algorithms that

do not �t into this pattern are

[

W ellman and Liu, 1994;

Kjaerul�, 1994

]

.

The ab ove approximation algorithms p erform b etter

if the conditional distributions are heavily skewed

[

D’Ambrosio, 1993; Po ole, 1993b

]

1

. Encouraging theo-

retical results presente d in

[

Druzdzel, 1994

]

state that

even for weak skewness, a small fraction of the instan-

tiations is exp ected to hold most of the probability

mass. Nevertheless , �nding these high-probability in-

stantiations is a hard problem in and of itself.

Randomized approximation algorithms usually dep end

on some form of sampling or scoring, over a large num-

b er of random trials. The probability of an event is

estimated based on the fraction of the trials in which

the event app ears, among the total numb er of tri-

als. In

[

Henrion, 1988

]

, approximation is achieved

by sto chastically sampling instantiations of the net-

work v ariables. Later work in randomized approxi-

mation algorithms attempts to increase sampling ef-

�ciency

[

Bouck aert, 1994; Dagum and Chavez, 1993

]

,

and to handle the case where the probability of the

evidence is very low

[

F ung and F avero, 1994

]

, which is

a serious problem for most sampling algorithms. The

randomized approximation algorithms p erform b etter

1

Oddly enough, since [ Dagum and Luby

, 1993 ] show

that a high dep endence v alue (a notion similar to skewness)

makes b elief up dating NP-har d. Nevertheless, if we can

�nd the high-probability elements, which is usually the case

in practice, it is b etter if the distribution is skewed.

if the distributions are nearly uniform. In

[

Dagum

and Chavez, 1993

]

, an explicit b ound on the runtime is

made in terms of a dep ende nce v alue, which tends to 1

as the conditional probabilities for each no de approach

uniformity

. However, regardless of the exact metho d

employed, these algorithms can only provide either es-

timates on the errors of their answers, or b ounds cor-

rect with a certain probability .

This pap er aims to take adv antage of the randomiza-

tion (in the search for high-probability instantiations),

without losing the guaranteed error b ounds provided

by the deterministic algorithms. The basic idea is

to �nd the high-probability instantiations with a ran-

domized algorithm, and then to take the cumulative

mass in the high-probability instantiations into ac-

count when approximating the marginal probability .

A drawback is that even with the results of

[

Druzdzel,

1994

]

, a small fraction of the instantiations is still pro-

hibitively large. It should b e p ossible to use the top ol-

ogy and the structure of the lo cal conditional distri-

bution (exhibited in no des such as noisy OR) to accu-

mulate elements with still higher mass p er element.

In previous work

[

Santos and Shimony

, 1994

]

, we

presente d deterministic algorithms that enumerate

Indep endenc e-Bas ed (IB) assignments, and accumu-

late their mass to approximate the marginal probabil-

ities. The algorithms consist of a generator, that pro-

vides IB assignments in decreasing order of probability ,

and an ev aluator, that accumulates the mass in the as-

signments and computes the probability estimates and

error b ounds. Three generators were examined and

ev aluated empirically: simple heuristic search, heuris-

tic search with cost-sharing, and integer linear pro-

gramming. The latter generators allow ed the overall

algorithms to op erate e�ciently

, comparing favorably

with sto chastic simulation. The algorithm provided

approximations for problem instances that exact algo-

rithms could not handle, on b elief networks with 50

no des or more.

1.1 DEFINITIONS AND NOT A TION

F or convenience, we de�ne our notation, and review

the de�nition of IB assignments, b elow. An assign-

ment A is an instantiation to a set of network v ari-

ables, denoted by a set of (no de, state) pairs, or a set

of no de=state assignments; its set of assigned no des

is denoted span(A). A is complete w.r.t. a no de set

S just when S = span (A), and is partial otherwise.

A is consistent if each no de app ears in at most one

pair (that is, if A is a partial function form a no de

to a state). Two assignments are consistent just when

their union is consistent. The event corresp onding to

an assignment A = f(v

1

; s

1

); :::; (v

n

; s

n

)g is the event

where v

i is in state s

i

, for all 1 � i � n. W e use P (A)

to denote the probability of the event corresp onding

to A. The term A(v ) denotes the v alue assigned to v

by assignment A. F or a no de v , we denote its parents

(immediate predec ess ors) by � (v ), all its ancestors (excluding v ) by �

+

(v ) (�

+

is the transitive closure of � ),

and its ancestors (inclusive of v ) by �

�

(v ) (re exive,

transitive closure of � ).

A (p ossibly partial) assignment A is IB if for every

no de v instantiated in A, the IB condition holds at v

w.r.t. A, where:

De�nition 1 The IB c ondition holds at no de v w.r.t.

A i�

2

P (A

fv g jA

� (v )

) is indep endent of every p ossible

instantiation of no des in �

+

(v ), which ar e not instan-

tiate d in A.

F or example, for binary OR no de v with binary parents

u

i

, let A = fv = T ; u

1

= T g. Then the IB condition

holds at v w.r.t. A b ecause P (v = T j u

1

= T ) = 1,

and will stay 1, no matter what further instantiations

we make to ancestors of v : that is, P (v = T j u

1

=

T ; u

i

= T ) = P (v = T j u

1

= T ; u

i

= F ) = 1 for

any i > 1, and this also holds for any set of (p ossibly

indirect) ancestors of v that do es not include u

1

.

A natural unit to use for IB assignments is the maxi-

mal IB hyp er cub e

[

Santos and Shimony

, 1994

]

, de�ned

as follows. A hyp er cub e H is an assignment to a no de

v and some of its parents. (W e say that such a hyp er-

cub e H is b ase d on v ). H is an IB hyp ercub e if the

IB condition holds at v w.r.t. H. It is a maximal IB

hyp ercub e if there is no (set-wise) smaller assignment

such that the IB condition still holds at v .

3

Clearly ,

the maximal IB hyp ercub e is not unique. F or exam-

ple, let v b e an OR no de with parents u

1

; u

2

. Then

H

1

= fv = T ; u

1

= T g; H

2

= fv = T ; u

2

= T g, and

H

3

= fv = T ; u

1

= F ; u

2

= F g are all maximal IB

hyp ercub es . F or each hyp ercub e H , we de�ne a hy-

p er cub e pr ob ability P

0

(H ) as its conditional probabil-

ity (rather than the probability of the assignment H ).

In the ab ove example, P

0

(H

1

) is P (v = T ju

1

= T ),

which is equal to b oth P (v = T ju

1

= T ; u

2

= T ),

and P (v = T ju

1

= T ; u

2

= F ), by de�nition of IB

hyp ercub es . The latter two numb ers app ear in the

distribution array for no de v in the Bayes network.

Every IB assignment can b e (e�ciently) segmented

into (p ossibly overlapping) maximal IB hyp ercub e

comp onents. The probability of the assignment is

equal to the pro duct of its comp onent hyp ercub e prob-

abilities (the segmentation is not unique, but this holds

for all of them). Hyp ercub es are indeed used as basic

elements in several of our approximation algorithms.

1.2 PROBLEMS ADDRESSED HERE

The fact that in an IB assignment, not all v ariables

are instantiated, leads to a p ossible overlap b etween

the events corresp onding to di�erent IB assignments.

Finding the most probable IB assignment is (in prac-

tice) somewhat easier than �nding the MAP (most

2

W e use the notation A

S to denote A � f(v ; d) j v 62 S g

for any set of no des S .

3

Setwise smaller assignments \cover" lar ger parts of the

sample-space, hence the term \maximal IB hyp ercub e" .

probable complete assignment). Computing the prob-

ability of an IB assignment takes roughly linear time

in the cardinality of the assignment.

Nevertheles s, clearly there exist problem instances for

which these generators will not provide even the �rst

most-probable assignment in reasonable time, as this

is also an NP-hard problem

[

Shimony

, 1994

]

. In this

pap er, we replace the generator with a randomized

search algorithm. This entails several complications:

�rst, we cannot b e sure when we get the most-probable

assignment, let alone use the algorithm to enumerate

them in order of decreasing probabilities. However,

the ev aluator comp onent uses an equation (a v ariant

of equation 5) that assumes nothing ab out the order

of the assignments it pro cesse s. It is su�cient that

we get the high probability instantiations e�ciently ,

indep endent of the order. In fact, the overlap (in terms

of sample space events) b etween IB assignments makes

it p ossible to compute a go o d approximation without

ever encountering the most probable assignments.

The overlapping IB assignments lead to the second

complication, which is that if there are to o many

overlaps, computing the cumulative mass (e.g. by

inclusion-exclusion) b ecomes di�cult. Early exp eri-

ments on the b ehavior of inclusion-exclusion on sets

of IB assignments generated using the our determinis-

tic algorithms, showed that the problem is b enign in

practice. Nevertheless , if we now relax the require-

ment that the assignments arrive in decreasing order

of probability

, we should consider the p ossibility that

the b ehavior of inclusion-exclusion deteriorate.

Randomized search for a go o d set of IB assignments is

p ossible in v arious ways. In fact, one could simply take

any algorithm in the class of randomized approxima-

tion algorithms, and score the generated instantiations

as in equation 5, and in this manner get b oth the hard

b ounds and, if they are unreasonable, use the proba-

bility estimate from sampling instead. In this pap er,

we intro duce a novel v ariant of the backward simu-

lation algorithm

[

F ung and F avero, 1994

]

, and show

its convergence to the correct v alues (theorem 1). Its

adv antage is that sampling larger chunks of the prob-

ability space is likely to converge faster than sampling

complete instantiations, which is done in most sam-

pling algorithms. In addition to simulation, the al-

gorithm also enumerates the sampled IB assignments.

W e also exp eriment with genetic algorithms as a p os-

sible source of go o d IB assignments.

Since IB assignments do not instantiate all no des, it

seems that such algorithms must b e explicitly required

to instantiate each query no de, in order to comply with

assumption 1, at a considerable increase in computa-

tion time. Essentially

, this implies that the algorithm

must b e re-run once for every query no de. W e show

that under certain conditions, assumption 1 can b e sig-

ni�cantly relaxed, obviating the need for multiple runs

of the algorithm, for an interesting class of problems.

The latter is a signi�cant theoretical (and practical)

Generator/

Sampler

IB Assignments

Sampling Probs.

Probability

Estimates

Probability

Bounds Inclusion/Exclusion Optional

Sampling Evaluator

Summation

IB Assignment

Figure 1: Blo ck Diagram of the Hybrid Algorithm

extension of the results of

[

Santos and Shimon, 1994

]

.

The rest of the pap er is organized as follows. In section

2, we outline the design of the randomized part of the

algorithm, and the aluator. Section 3 shows how to

sample IB assignments, and how to relax assumption

1, b oth for accumulation and for sampling. Section

5 is an empirical aluation of the algorithm and a

p erformance comparison to other algorithms.

2 HYBRID ALGORITHM

The algorithm consists of an instantiation generator

(the randomized algorithm), which outputs IB assign-

ments to a summation aluator and to a sampling aluator as shown in Figure 1. The summation al-

uator we used initially is that of

[

Santos and Shimon,

1994

]

. This simpli�ed aluator puts the instantiation

given by the generator into the ith bucket (for an IB

assignment consistent with the evidence and Q

i

) or to

the 0th bucket (for an IB assignment inconsistent with

the evidence). Instantiations that are completely sub-

sumed by previous ones are discarded. The e�ective

mass of the assignment (probability of the assignment

that is not overlapp ed by any assignment already in

the bucket) is added to

^

P (E ; Q

i

), or

^

P (:E ) resp ec -

tiv.

The sampling aluator is the likeliho o d weighing scor-

ing metho d

[

Henrion, 1988

]

, that scores each IB assign-

ment A according to its sampling probability P

S

(A)

and its event probability P (A). That is, for each query

no de q , a set of total scores s

t

(q

i

) (one for each state,

initialized to 0) is kept. If A(q ) = q

i

, it increments the

score for state i by s

A

(q

i

) =

P (A)

P

S

(A)

. The probability

estimate

^

P (Q

i j E ) is given by:

^

P (Q

i j E ) = s

t

(q

i

)

P

q

j

2D

q s

t

(q

j

)

Ob, the sampling aluator do es not need to

keep track of already visited instantiations.

In the generator part, we need to b e able to provide

the high-probability instantiations quic. Since we

do not need to do that in strict order, any random

walk that visits the high-probability instantiations fre-

quently is a viable choice. In order to use the sampling

scorer, it is , in addition to the random walk,

that P

S

(A) b e known.

3 SAMPLING IB ASSIGNMENTS

In order to b e able to p erform a sampling algorithm,

we need to b e able to compute a meaningful sam-

pling probability of an instantiation, P

S

(A). The fact

that maximal IB hyp ercub es based on a

ariable may

b e overlapping events (as in the example in section

1) makes this di�cult. Things b ecome easier if we

only consider a set of disjoint (that is, mutually incon-

sistent) IB instantiations that covers the probability

space. In order to do that, we use, at each no de v ,

a set of disjoint, covering, IB hyp ercub es H

0

v

, instead

of the set of maximal hyp ercub e s. In the example,

we could use the set fH

0

1

; H

0

2

H

0

3 g, with H

0

1

= fv =

; u

1

= T g, H

0

2

= fv =

1

= F ; u

2

= T g, and

H

0

3

= fv =

1

= F ; u

2

= F g, rather than the non-

disjoint set fH

1

; H

2

; H

3 g.

4

3.1 THE BASIC SAMPLING ALGORITHM

Now, let us de�ne the following IB assignment selec-

tion metho d (METHOD 1). This metho d is the ba-

sis of all the IB assignment generation algorithms in

the pap er, except for the genetic algorithm ariants.

e use the term \metho d" rather than algorithm,

as the selection steps in the metho d are left unde-

termined at this p oint: they are either deterministic,

non-deterministic, or randomized, dep ending on later

context.

Input: Bayes network with a set H

0

v of disjoint cover-

ing hyp ercub es for each no de, an evidence assign-

ment E , and (optionally) a query no de q .

output: An assignment A.

1. Order the no des in a reverse top ological ordering

(where no des precede their parents). Discard ev-

ery no de prece ding all evidence and query no des.

2. Let A = E , and mark all no des as unvisited.

3. OPTION 1: Select a state q

i for the query no de,

and set A to A [ Q

i

.

4. Visit (and mark as visited) the �rst unvisited no de

v in span(A), according to the ordering, and:

(a) Select a hyp ercub e H

v consistent with A

from the set H

0

v

.

(b) Set A to A [

.

5. Rep eat step 4 until no unvisited no des remain in

span(A).

As stated ab ove, the selection in steps 2 and 4a are

delib erately left arbitrary at this p oint, to b e deter-

mined by context b elow (heuristic, non-deterministic,

or randomized).

4

The set of covering, disjoint hyp ercub es is not unique.

Ob, for , we would like the disjoint hyp er-

cub es to b e as \large" as few as p ossible. e use a greedy

algorithm to �nd such a set.

Let

~

A denote the set of all assignments that can b e

(non-deterministically) generated by METHOD 1. Let

~

A q

i

b e the set of all IB assignments A in

~

A such that

Q

i

� A, and

~

A q

b e the set of all IB assignments in

~

A

that assign some alue to q . e can now show:

Lemma 1 et A 2

~

A. Then A is an IB assignment,

and for ach v 2 an (A), e is a unique H

v

2 H

0

v

such that H

v

� A.

Pro of: Since A is a union of consistent IB hyp ercub e s,

and every no de in span(A) is visited, then the IB con-

dition holds at every no de in span(A), and thus A is

by de�nition an IB assignment. Selection of the hy-

p ercub e s at each no de v is unique, b ecause only one

hyp ercub e in H

0

v is consistent with A (disjointness of

the hyp ercub e s in H

0

v

). 2

Lemma 2 The set of IB assignments

~

A is disjoint,

and overs the e.

Pro of: Let B b e any complete assignment to the no des

of the diagram, consistent with the evidence. e show

that there is some A 2

~

A such that A � B , i.e.

the event B is a sub-event of A. o do that, w

METHOD 1, selecting q

i

= B (q ) at step 2. When

step 4a is reached for any ariable v , select the hy-

p ercub e H

v consistent with B . There is exactly one

such hyp ercub e , as B assigns v and all its parents,

and all hyp ercub e s in H

0

v are disjoint, and it exists

b ecause the hyp ercub es H

0

v cover all p ossible assign-

ments to v and its parents, by de�nition of H

0

v

. Now,

since the constructed assignment A is consistent with

B at any p oint in the construction (including at ter-

mination), then clearly A � B , and thus the assign-

ments

~

A cover the evidence. e now show disjoint-

ness. Let A; A

0

2

~

A such that their event intersection

is non-empt. Thus, there is some complete assign-

ment B consistent with b oth A and A. But, according

to lemma 1, generating by METHOD 1 an assignment

that is consistent with B , can b e done only by a unique

sequence of choices of hyp ercub es , which uniquely de-

termine the output instantiation. Thus, A = A

0

. 2

METHOD 1 (including OPTION 1), and lemmas 1,2,

allow us to de�ne the random selection of IB assign-

ments as ws. o generate a random IB instan-

tiation, use METHOD 1, but in step 3 select state q

i

randomly with some probability P

S

(q

i

), and in step 4a

indep endently select hyp ercub e H

v with some prob-

ability P

S

(H

v

). The only constraints on the selec-

tion probabilities are that in step 3, the q

i s are se-

lected with strictly p ositive probabilities that sum to

1, that at each no de v visited the probability of select-

ing some hyp ercub e H

v is 1, and that P

S

(H

v

) > 0 for

all H

v

2 H

v

. Let H

span(A) b e the set of hyp ercub es

selected in generating assignment A.

Prop osition 1 et A e any IB assignment that aned by the andom ction dove.

Then the ability of ating A (the sampling ability) is given by:

P

S

(A) = P

S

(q

i

)

Y

H 2H

span(A )

P

S

(

)

The ab ove follows immediately from the selection

metho d, the selections b eing p erformed indep enden,

and lemma 1. , we can show that the random

selection metho d ab ove, together with the sample scor-

ing, constitute a alid approximation algorithm.

Theorem 1 The sampling algorithm using the an-

dom d, and d weighing oring, ges to the ct value of P (Q

i j E ).

Pro of: It is su�cient to show that, for a single sam-

ple, the exp ecte d alue of the sample score is equal

to P (E [ Q

i

). The theorem then ws immediately

from prior work

[

ung and avero, 1994

]

. Let s(q

i

) b e

the score for q

i

, and s

A

(q

i

) b e the score for q

i when

assignment A is sampled. The exp ected alue of the

scores for a single sample is given by:

E [s(q

i

)] =

X

A2

~

A

P

S

(A)s

A

(q

i

) =

X

A2

~

A q

i

P

S

(A) =

=

P (A [ Q

i

)

P

S

(A)

=

X

A2

~

A q

i

P (A) = P (E [ Q

i

)

Because q 2 span(A) for every A 2

~

A, and if (q ; q

j

) 2

A for some i 6= j , then by de�nition P (A [ Q

i

) = 0.

The rightmost equality follows from the fact that

~

A is

disjoint and covers the evidence. 2

3.2 RELAXING ASSUMPTION 1

e now relax the requirement that the query no de

b e instantiated, and require instead only that q b e

either instantiated, or indep endent of the sampled IB

assignments. e b egin by mo difying the requirement

for accumulation. Let

~

A q

0

b e all the IB assignments A

in

~

A such that �

�

(q ) 62 span(A) (that is, assignments

that do not assign either q or any of its ancestors).

Theorem 2 et

~

A e the set of IB assignments gendal ly by METHOD 1 without

OPTION 1, and q e an aryde. If

~

A =

~

A q

0

[

~

A q

, then:

P (E [ Q

i

) =

X

A2

~

A q

i

P (A) +

X

A2

~

A q

0

P (A)P (Q

i

) (7)

Pro of: e b egin by showing the lemma:

Lemma 3 If q [ �

+

(q ) 62 an (A), then P (A [ Q

i

) =

P (A)P (Q

i

) for every q

i

2 D

q

.

Pro of: See app endix.

The theorem ws immediately from lemma 3,

~

A q

0

[

~

A q

i

b eing a disjoint set of IB assignments covering E ,

and if j 6= i, then P (A [ Q

i

) = 0 for all A 2

~

A q j

. 2

Corollary 1 Equation 7 always holds whenever q is a otde.

The b est-�rst approximation algorithm of

[

Santos and

Shimon, 1994

]

essentially used METHOD 1 for gen-

erating IB assignments, except that an agenda of as-

signments was kept, and the selection at step 4 is

done on the \b est" instantiation in the agenda, us-

ing a heuristic (b oth \cost-so-far" and \shared-cost"

were tried). The selection then selected \in parallel"

all p ossible hyp ercub e s in step 4a, and all the result-

ing assignments were put on the agenda. Additionall,

METHOD 1 was implemented as a generator: that

is, after returning an IB assignment, it was d

at step 4, rather than re-started . In the algorithm,

OPTION 1, instantiating the query no de, was always

used.

However, with the ab ove , whenever we want

to approximate probabilities only for ro ot no des, we

need not force the no des to b e instantiated in the IB

assignments, i.e. we can drop OPTION 1. Addition-

, �nding the prior probability of each ro ot no de

takes time O (1). In fact, even for non-ro ot no des, OP-

TION 1 is not necess ary as an initializing step for an

accumulation-typ e algorithm. Use METHOD 1 (with-

out OPTION 1) to �nd an IB assignment A. Now, if q

is instantiated in A or no ancestor of q is in A (which is

sure to o ccur if q is a ro ot no de), we are done (assum-

ing the prior probabilities for q are known). Otherwise,

add (q ; q

i

) to A, and continue the hyp ercub e selection

pro cess until termination. If that is done, one can still

use equation 7.

It is interesting that relaxing the requirement of in-

stantiated query no des can also b e used in sampling.

Theorem 3

~ ~

~

A q

0

[

~

A q

, and the fol lowing sampling weight is d:

s

A

(q

i

) =

P (A)

P

S

(A)

(

1 Q

i

2 A

P (Q

i

) q 62 an(A)

0 otherwise

(8)

then, using METHOD 1 without OPTION 1 as the

sampling ator, the sampling algorithm ges

to P (Q

i j E ).

Pro of: As b efore, it is su�cient to show that the ex-

p ected As ab ove, it is su�cient to show that the ex-

p ected alue of s

A

(q

i

) is P (E [ Q

i

). The exp ected alue is given by:

E [s(q

i

)] =

X

A2

~

A

P

S

(A)s

A

(q

i

) =

=

X

A2

~

A q

i

P

S

(A)

P (A)

P

S

(A)

+

X

A2

~

A q

0

P

S

(A)

P (A)P (Q

i

)

P

S

(A) and, by eliminating redundant factors, and using the-

orem 2, we have:

E [s(q

i

)] =

X

A2

~

A q

i

P (A) +

X

A2

~

A q

0

P (A)P (Q

i

) = P (E [ Q

i

)

The theorem

ws . 2

As for accumulation, the conditions of the theorem

always hold for ro ot no des, and thus we can drop OP-

TION 1 from the sampling algorithm if we only need

probability estimates for ro ot no des.

4 USING GENETIC ALGORITHMS

The fact that genetic algorithms (GA)

[

Goldb erg,

1989

]

visit several p oints in the search space concur-

ren, is the reason we elected to lo ok in their direc-

tion. Note that if the generator fails to generate all the

high probability IB assignments quic, our b ounds

will still b e hard b ounds. Where the results will suf-

fer is in the tightness of the b ounds. At this p oint,

we do not know At this p oint, we do not know how

to de�ne a sampling probability for the assignments

generated by genetic algorithms. Thus, we use them,

in this ariant of the algorithm, only for computing

b ounds (accumulating), and not in the sampling prob-

ability estimator. Since we are not using samples, we

can use either disjoint sets of hyp ercub e s, or the sets

of maximal hyp ercub es .

The di�culty with having a p opulation consisting only

of IB assignments is that such assignments may b e in-

complete. This implies that the numb er of individual

no des which have an assignment aries from one IB

assignment to another, as well as which no des are as-

signed. raditional GA approaches assume p opulation

elements to b e of a single �xed length.

Even if we p ermit incomplete assignments as p opu-

lation elements, we are not guaranteed that such as-

signments are IB. In fact, based on the IB condition

from De�nition 1, the strong constraints b etween indi-

vidual no de assignments renders nearly all incomplete

assignments to b e non-IB.

With the two problems of ariable length elements and

strong structural constraints, we consider a ariant

of GAs called messy GAs

[

Merkle and Lamont, 1993;

Merkle and Lamont, 1994

]

. Intuitiv, messy GAs em-

ploy a building-blocks approach for evolutionary pro-

gramming. rom a p o ol of genetic material consisting

of b oth complete and incomplete genes, new genes are

formed by cutting or splicing together existing genes.

The b etter the genetic morsel, the more likely it will

survive and help form new genes in each generation.

The cutting and splicing op erations e�ec tively replace

the crossover op eration for GAs, but the mutation op-

eration is still maintained.

or our problem, we cho ose hyp ercub es as our smallest

genetic item. Our goal is to string these hyp ercub e s to-

gether to form an IB assignment. Two problems must b e accounted for. First, it is clear that certain hy-

p ercub e s will b e incompatible with others. Two such

incompatible hyp ercub e s in a gene should render it to-

tally un�t. Second, we must somehow decide the �t-

ness of these incomplete assignments. Ob, these

are the sp eci�c problems for this approach to working

with IB assignments which we alluded to earlier.

The philosophy of messy GAs is to preserve/build

\chunks" of genetic material, in this case, hyp ercub e

strings, which are very promising. Hence, hyp ercub e

strings which contain incompatibilities may b e main-

tained until the desired \chunk" has b een extracted or

the o�ending substring is replaced. Thus, our �tness

will b e a function of the probabilities of the hyp ercub es

involved merged with other factors such as compatibil-

ity and length.

5 EXPERIMENT

AL RESUL TS

Due to the hybrid nature of the algorithms, it is hard

to get theoretical results on p erformance for any in-

teresting class of problems, as was done in

[

Dagum

and Chavez, 1993

]

. This is esp ec ially true since the

kinds of problem instances we are working with have a

high dep endency alue, and according to

[

Dagum and

Chavez, 1993

]

are \exp ected" to b e hard. e thus ex-

p erimented on 2 problems, estimating probabilities of

ro ot no des that are ancestors of the evidence no des, as

follows.

5.1 NETWORK FOR SENSOR FUSION

e exp erimented on a network, generated dynami-

cally for fusion of sonar data in the presence of spuri-

ous readings, discusse d in

[

Shimony and Berler, 1996

]

.

These networks are essentially 3-level networks, where

all evidence no des are sink no des, and we wish to com-

pute the p osteriors for all ro ot no des. The interme-

diate level consists of OR no des. In the interest of

keeping distribution arrays small, as well as decre as-

ing the numb er of hyp ercub es p er no de, OR no des

were limited to 2 parents, by adding intermediate OR

no des where neces . Evidence no des were linked by

a chain of AND no des, so as to get only one actual evi-

dence no de. All no des are binary alued. The network

in the exp eriment had 21 original evidence no des, 105

ro ot no des, for a total of 356 no des (all ant, b e-

ing ancestors of some evidence no de by construction).

The network was exp ected to b e extremely hard for

randomized algorithms, since it has many conditional

distribution entries of 0 (and thus the worst p ossible

dep endenc y alue). Nevertheles s, by p erforming sam-

pling and discarding samples of with event-probability

0, sampling should still converge to correct alues.

Comparisons were run using all the ab ove algorithms,

as well as the junction-tree exact algorithm ariant in

IDEAL. The network was near the limit of practical ex-

act aluation, taking 4.5 hours on a Sparc ELC, and

nearly exhausting the swap space of 80MBytes. or the sampling algorithms, we ran 3000 samples each.

or forward logic sampling and backward sampling,

the network was extremely hard. Both algorithms gen-

erated a total of zero (0) useful samples, and approx-

imation was thus imp ossible. The network was also

hard for IB sampling, but we did get roughly 1% use-

ful samples, to a reasonably fast, useful approximation,

with an average (over the ro ot no des) error in p oste-

rior probability of 0.245 after 1000 samples, and 0.15

after 3000 samples.

5

This improvement in sampling

results is due to b oth the cost-sharing heuristic, and

the fact that the partial IB assignments left more p os-

sibilities op en late in the sample generation pro cess,

and thus were less likely to run into b eing forced to

select 0-probability terms than the other algorithms,

which use only complete assignments. rying to accu-

mulate IB assignments proved useless. The very low

evidence probability (ab out 10

�14

) made it imp ossi-

ble to collect su�cient non-evidence mass to achieve

useful b ounds, with the randomized algorithms (in-

cluding GA), while the deterministic b est-�rst search

algorithm crashed, exhausting swap space, after sev-

eral hours, b efore �nding even the single most probable

IB assignment consistent with the evidence.

5.2 ARISON TO TED WORK

The second set consists of a 5-no de network, with two

sets of distributions. e show results for the �rst case

in

[

ung and avero, 1994

]

, for comparative purp oses.

The schemes tried were forward logic sampling and

backward sampling (con�rming exp erimental results

by

[

ung and avero, 1994

]

), IB sampling (with P

S

based on cost-sharing), \optimal" sampling (that is,

forward sampling according to the actual exact prob-

ability given the evidence), and IB sampling with ac-

cumulation of IB samples. Results of the �rst 4 algo-

rithms are shown in �gure 2. Errors are total errors

for all

ariable states, averaged over 100-250 runs for

the smaller sample counts, and 10 runs for the larger

sample counts. The fact that IB sampling p erformed

commensurately with \optimal" sampling is due to the

fact that in this small network the cost-sharing heuris-

tic approximates nearly exactly the prior distributions

of all the no des, which, , is a quirk of this

network.

6

Similar results (not shown) o ccured for

the mo di�ed network probabilities shown in

[

ung and

avero, 1994

]

).

5

In the badly unoptimized current implementation, run-

time was ab out 45 minutes (1 second p er sample), but that

can easily b e improved by several orders of magnitude with

simple programming techniques.

6

The results for accumulated samples are an error mar-

gin � = 0 for most runs. , this is due to the

fact that the network is very small, and all p ossible states

(cross pro duct) were covered quic. Needless to sa, this

is unlikely to o ccur in large networks.

Error comparisons

Backward Sampling

Forward Sampling

Cost-Sharing IB Sampling

Optimal Sampling

Average error x 10-3

Trials

50.00

100.00

150.00

200.00

250.00

300.00

350.00

400.00

450.00

500.00

1e+01 3 1e+02 3 1e+03

2: of Sampling the interest of �nding the sampling probability P

the assignments, we used sets of disjointhyp cub at each no de, ratherthan

(p ossibly ovmaximalIBhyp ercub e partialassignmentscompute marginalprobabilitieshasalsob een used bPo [

Po 1993a

, where the partialassignmendisjoint explanations fortheevidence,akintoIBassignments covering thefact,Po eIBassignments, theonlyb eing that in our scheme there would b e a smallernumb erofdisjointIB assignments, inmancases.results canthusb e directlyused asaplingscheme forPo ole’sOnemayaskhowourexp eriments represent realplication) of this question

Holarge a numb er of hyp ercub es are p ossible p er

Baynet no de? Is it ab out the same as the numb er of ditioning cases

(bad), or the numb er of predeces (go o dep ends on the structure of the no pure OR, AND no des, swer isfavorable(linear innumb er ofpredece ssors The numb er is also small for noisy OR no des, ing thatthey arereprese ntedin causal indep [

Heckerman and Brees e,

1994 format:i.e.a pure with lead-in noise no latter can b e done by precompilation many application

Baynets have no des of this typ e, and skewed we b elieve that our approximation algorithms will well in many problem instances from approximation algorithms for b elief dating have the antage of providing b ounds on which are not a ailable with algorithms have the of providing approximations quic, compared search p erformed in the deterministic algorithms,

which may take exp onential time, but provide no b pap er suggests a hybrid sccore that searches for go o d elements, and a istic accumulation of the probability mass in the ments, to get the hard b several

(but not all) cases, the hard b ounds are of a tude similar to (or b etter) than the error estimates sampling more reliable, they vide a b etter probability estimate than sampling, sucnovel of backward sampling, sampled elements b eing partial IB assignments, than complete assignments, was also develop aluation of the algorithm showed its tagesover severalexisting sampling algorithmp erimenresultsfor

IBsampling and accumfavor thesampling version of thealgorithm ovaccumulation,for the sensor fusion netwPlanned future work is to try to improve our GAs, for b etter coverofthesearch space, andp ossiblytoa meaningfulsample-probabilityfor elements of a p the IB samplingalgorithm,we into trytoincreasethefraction of usefulIBsamples, networksforsensorAckno research wassupp orted inpartbyAFject

#940006, and by the Paul anier cenrob otics and pro duction management,

Universit OOF OF LEMMA

Re-statemenof lemma q (q ) 62 span(A),

(A[Q

) = (A)P (Q

for every q

2D

Pro we needto intro ducesomenotation, to b only in the pro of. any set of no des , we notebythe set ofallp ossiblecomplete assignmentotheno des insetof all theno desin theBaynetwisdenotedandO=V span (A) � fq gAlso, note that if we have a restricted assignment, suc([ )

and S \ span(A= �, therestrict edsignment is alent to B

e now continue with the pro of. By conditioning,wcan

(A[Q

) B (A [ B [ Q

the de�nitionofthe probabilitydistributionBayes networks, the ab ove can b e re-written (A [ Q

) B (Q

B

� (q v 2(B

fv (A [ B [ Q

)

� (v v 2span(AP (A

fv (A [ B [Q

)

� (v sinceA is an IBassignment,theIBat everyno deinspan(A),andwecanv 2span(A(A

fv (A [ B[ Q

)

� (v )v 2span(A(A

fv A

� (v )=(Atheright-mostequality isaprop ertyof

IBsignmenshownShimon,1993 are left(A [ Q

) = (AB (Q

B

� (q v 2(B

fv (A [ B [ Q

)

� (v and it is su�cient to prove that the summation ab ovequal to (Q

b egin by separating O inno des in (q ), and all the rest, and separating summation and pro taking antage of indep endence assumption of Bayesnetworks,themationcan b e written D (q B O �(q (Q

D

� (q v 2(q (D

fv D

� (v v 2O �(q (B

fv (A [B [D [Q

)

� (v �rsttermand�rstpro ductarenowindep endenof thesecondsummation, andaremoved

D (q (Q

D

� (q v 2(q (D

fv D

� (v B O �(q v 2O �(q (B

fv (A [ B [ D [ Q

)

� (v now claim that the second summation is equal 1, and can thus b e dropp ed, as followno de u in � (q that is an ancestor of no no de O

(q )

(Bayes networks are directed acyclic thus for any set there is always at least one no de this prop ertO

= O � (q ) � fugmation can now b e re-written B O

v 2O

(B

fv (A [ B [ D [ Q

)

� (v fuP (B

fu(A [ B [ D [ F [ Q

)

� (uThe rightmost summation is a sum of conditional

(given the state of all the parents of u) ovstates of a probability space, and is thus equal to Rep eating the argument recurs ively with the ing sum and O

standing for O , it is evident that entire express ion is equal to is now su�cient show

D (q (Q

D

� (q v 2(q (D

fv D

� (v ) = (Q

Howevthe latter follows immediately from the inition of of the probability distribution of Bayes wand conditioning

(consider a Bayes netwjust of q and its [

Bouc

1994

R. Bouc

simulation scheme for inference in Bayesian b networks. ertainty in AI, dings of enth e, pages

110{117,July [

Co op er,

1990

F. Co op tional complexity of probabilistic inference

Bayb elief netwA e,

(2-3):393{405,[

Dagum and Chavez,

1993

Dagum and R. Chavez.

Approprobabilistic inference bayb elief networks.

Pattern

Analysis and chine e,

15(3):244{255,

March [

Dagum and Lub,

1993

PDagum and MicLubApproprobabilistic inference

Bayb elief networks is A e, 60 (1):141{153, [

D’Ambrosio,1993

D’Ambrosio.Incremen ertainty of the 9th e,

July [

Druzdzel,

1994

Marek prop erties joinprobabilitydistributions.

In ertainty in dings the enth e, pages

187{194,

July [

ung and avero,

1994

Rob Brendan Del avBackwsimulation

Bayesian netw ertainty

AI, ings the enth e,

227{234,[

Goldb 1989

DaE.

Goldb Arithms in ch,

Optimization & Machine ingPublishing

Compan,MA,

1989.

Reprinted with [

Heckerman and Breese ,

1994

David

Heckerman S. Brees A new lo ok at causal indep endence In ertainty in AI, dings of the enth e, pages

286{292,July [

Henrion,

1988 taintin

Bayesian networks by probabilistic sampling.In dingsertainty in A e 4, pages

149{163,

[

etal.,1989

Eric J. Horvitz, H. Jacques mondt, and Gregory F. Co op er.Bounded

Flexible inference for decisions under scarce 5th Workshop on in AI[

Kjaerul�,

1994

U�e of tationalcomplexityinBayesiannetworks remo of weak dep endenc ies. In ertainty in dings of the enth e, pages 374{382,

July [

Lauritzen and Sp eigelhalter, 1988 and David J. Sp Lo putations with probabilities on graphical structur andtheir applicationsto exp ert systems. Journal the oyalalciety, 50:157{224, [

Li and D’Ambrosio,1992

Bruce D’Ambrosio.An e�cient approach inference in b elief of the Annual Canadian AI e, May [

Merkle and Lamont, 1993

D. Merkle Gary B. Lamonof parallel genetic algorithm data distribution International e on Genetic ArithmsJuly [

Merkle and Lamont, 1994

D.Merkle B. LamonScalabilitof parallel messy algorithm data distribution strategies. In of the osium on deMarch [

Pearl, 1988

Judea P asoning ligent of Plausible e. Morgan Kaufmann, San Mateo, CA, [

Po ole, 1993a

]

Po Horn ab and Bayesian netwA e64(1):81{129,[

Po ole, 1993b

DaPo use of con icts searcBayesian networks. In dings of the 9th e, July [

Santos and Shimon,1994

Santos, Jr. Eyal Shimon. Belief up dating by enhigh-probabilityindep endenc e-based men ertainty in AI, dings of e, pages 506{513, July [

Shachter, 1986

D. Shach encech, 34 [

Shimony and Berler, 1996

Solomon E. Shimony Ami Bayes networks for sensor fusion in o cupancy grids. echnical Rep ort FC-96-01,ment of Math. and Computer Science, Universit, [

Shimon,1993

Solomon

E. Shimon.The roleof anceinexplanationI:

ance asstatisticaldep endenc Journalof asoning,

8(4):281{324,

June [

Shimon,

1994

Solomon E. Shimon.Finding for b elief networks is NP-hard.

Arti�cial Journal,

68(2):399{410,

August [

ellman and Liu,

1994

Mic.

ellman abstraction for an of probabilistic networks.In AI,dings of the enth e,

567{574,July