Ba y es Net w orks for Estimating the Num b er of Solutions to a CSP

Amnon Meisels, Solomon Ey al Shimon y , and Gadi Solotorevsky

Mathematics and Computer Science Department, Ben-Gurion University

P .O. Box 653

84105 Be’er Shev a, ISRAEL

am@cs.bgu.ac.il, shimony@cs.bgu.ac.il, gadi@cs.bgu.ac.il

Abstract

The problem of counting the numb er of solutions to

a constraint satisfaction problem (CSP) is rephrased

in terms of probability up dating in Bayes networks.

Approximating the probabilities in Bayes networks is

a problem which has b een studied for a while, and

may well provide a go o d approximation to counting

the numb er of solutions. W e use a simple approxima-

tion based on indep enden ce, and show that it is cor-

rect for tree-structured CSPs. F or other CSPs, it is a

less optimistic approximation than those suggested in

prior work, and exp eriments show that it is more ac-

curate on the average. W e present empirical evidence

that our approximation is a useful search heuristic for

�nding a single solution to a CSP .

In tro duction

Estimating the numb er of solutions to a CSP is cru-

cial, as it has b een conjectured that problems are es-

p ecially hard when they have a small numb er of so-

lutions (Cheeseman, Kanefsky

, & T aylor 1991). F or

certain binary constraint networks it has b een shown

empirically that their di�culty changes drastically in

a \phase transition" region, which o ccurs when the

numb er of solutions approaches 1 (Smith 1994). Each

choice p oint in a CSP search algorithm creates a num-

b er of smaller CSP problems. It thus makes sense to

cho ose the branch where the numb er of solutions in the

reduced CSP is largest. Branching p oints in a search

on a constraint network corresp ond to op erations like

sele ct next variable or sele ct next value, to assign to the

selected v ariable. Thus, assessing the exp ecte d num-

b er of solutions at branching p oints leads naturally to

ordering heuristics for v alues (cf. (Dechter & Pearl

1988)). Exact ev aluation of the numb er of solutions is

hard, but approximation may b e p ossible.

W e suggest that a CSP b e converted to an equiv a-

lent Bayes network (Pearl 1988) such that the numb er

of solutions is prop ortional to marginal probabilities

in the network. Finding marginal probabilities is NP-

hard (Co op er 1990; Dagum & Luby 1993), but there

are numerous approximation algorithms for the prob-

lem (Dagum & Chavez 1993; Santos Jr., Shimony , &

0

Copyright c 1997, American Asso ciation for Arti�cial

Intelligence (www.aaai.org). All rights reserved.

Williams 1996), which could result in a useful approxi-

mation to the numb er of solutions. The numb er of so-

lutions can also b e used as search heuristic, esp ec ially

for v alue ordering, but for other typ es of heuristics on

constraint networks as well.

Constraint satisfaction problems (CSPs), �nite

sto chastic pro cesses , and the Bayes networks we use

b elow, all have a �nite set of v ariables, each with a

�nite domain (cf. (Dechter & Pearl 1988; Tsang 1993;

Pearl 1988)). W e will thus take the lib erty of abus-

ing the notation, and use a common notation for all

of them. Let X

i

; i = 1; :::; n b e the v ariables, and

D

X

i b e the domain of CSP v ariable X

i

. Random v ari-

ables will have domain D

0

X

i

= D

X

i

[ f?g, with ?

a unique domain v alue, standing for \inconsistent".

Let N =

Q

n

i=1 j D

X

i j. In a directed graph (or

Bayes network), let � (X

i

) denote the predece ssors of

X

i

. (W e use the term \predecess ors" to denote just

\immediate" predece ss ors, and the term \ancestors"

to denote the transitive closure of \predeces sors".) An

assignment to a set of v ariables is denoted by a set of

(v ar iabl e; v al ue) pairs, or a set of v ar iabl e = v al ue

instantiations. If A is an assignment, we denote its re-

striction to some set of v ariables S (or a single v ariable

S ) by A

S

. An assignment is complete if it assigns a

v alue to all the v ariables.

An approximation to the numb er of solutions for uni-

form random CSPs app eared �rst in (Haralick & El-

liott 1980), and was close to the exact numb er for this

arti�cial family of problems. Using (di�erent) such ap-

proximations as search heuristics was �rst suggested in

(Dechter & Pearl 1988). The latter idea was to remove

the \lo osest" constraints so as to get a spanning-tree

(binary) CSP

, and use the numb er of solutions in the

mo di�ed (relaxed) problem as the guide for v alue or-

dering. The numb er of solutions in the spanning tree

was computed recurs ively as follows:

C (X ; x) =

Y

Y 2�

0

(X )

X

y

C (Y ; y )I ((X ; x); (Y ; y )) (1)

Where C (v ar iabl e; v al ue) is the numb er of solutions

where v ar iabl e has v alue v al ue, in the sub-tree that

consists of v ar iabl e and its ancestors in the span-

ning tree. �

0

(X ) are the pr e de c essors of X in the

tree. I ((Y ; y ) ; (X ; x)) is 1 just when the assignment

f(Y ; y ); (X ; x)g is consistent with the CSP constraint b etween X and Y , and 0 otherwise. Without loss of

generality

, let X

1 b e the last v ariable for which equa-

tion 1 is computed. The sum of C (X

1

; x) with x rang-

ing over D

X

1 is the numb er of solutions for the tree-

structured CSP .

The present research is centere d on approximating

the numb er of solutions to a constraint network, with-

out relaxing the network to form a spanning tree.

Rather than attempting to �nd a relaxation of the

problem, we achieve an approximation by assuming

indep endence of the partial solutions, in a formal sta-

tistical sense de�ned over a random pro cess. W e show

that our estimate reduces to that of the spanning-tree

metho d (Dechter & Pearl 1988) for trees, but is al-

ways (not strictly) less optimistic. Empirical evidence

further supp orts the feasibility of our approach.

CSPs as Ba y es Net w orks

Let G = (V ; E ) b e the directed acyclic graph de-

�ned as follows: V = fX

1

; :::; X

n g, and E has

an edge (X

j

; X

i

) just when i < j and there is a

CSP constraint constraining X

j

; X

i

(Possibly a non-

binary constraint, with other v ariables as well). Note

that the direction of edges is opp osite to the com-

mon practice in CSP (cf. (Dechter & Pearl 1988;

Tsang 1993)) and is the default direction of edges in

a Bayes net (see Figure 1). In other words, for every

edge (X

j

; X

i

) and i < j , X

j is a predece ssor of X

i

.

Without loss of generality (for a constant v ariable or-

dering), let fX

1

; :::; X

n g b e the order of instantiation

for a CSP search for a solution (cf. (Dechter & Pearl

1988)). Additionally

, assume that every vertex has suc-

cessors, except for X

1

, the sink no de (otherwise, add

edges (X

i

; X

1

) for every X

i

6= X

1 with no success or,

corresp onding to v acuous constraints, p ermitting any

pair of v alues).

s

X

1 s X

2 s X

3

�

�

�

�

�

�

(X

1

; X

2

) 2 n

a; a

b; b o

@

@

@

@

@

@ R

(X

1

; X

3

) 2

�

a; a

a; b

b; b

�

-

(X

2

; X

3

) 2

�

a; a

a; b

b; a

�

Figure 1: Constraint Graph for a 3-No de CSP

De�ne the following �nite sto chastic pro cess (S ):

1. F or i from n down to 1 do

(a) Randomly select v

i

2 D

X

i with uniform distribu-

tion.

(b) If assignment X

i

= v

i is inconsistent with v alues

assigned to predec es sors of X

i

,

1

let X

i

= ?.

1

An assignment is consistent if it do es not violate a CSP

constraint, and do es not assign the v alue ? to any v ariable.

Thus, ? is de�ned to b e inconsistent with any other v alues.

Denote by P (e) the probability of event e in the

ab ove sto chastic pro cess. Probability equations with

unassigned v ariables (e.g. P (X

2

) = P (X

2 jfX

3

= ag))

henceforth denote that the equation holds for all p os-

sible assignments to the v ariables (in this case, all p os-

sible assignments to X

2

).

Theorem 1 The numb er of di�er ent non-solutions is

P (X

1

= ?)N .

Pro of outline: Clearly

, each instantiation as gener-

ated in all the steps 1a is equally likely (probability

1

N

).

Whenever an assignment is mo di�ed, i.e. when step 1b

applies, the instantiation is inconsistent (i.e. not a so-

lution). If, for any i, an instantiation is mo di�ed to

X

i

= ?, then by construction we also get X

1

= ?, and

thus the latter happ ens just when pro cess S generated

a non-solution. The theorem follo ws immediately . 2

Theorem 2 C (A), the numb er of solutions c onsistent

with a c ertain p artial assignment A, is given by: P (A ^

X

1

6= ?)N .

Pro of outline: By the same reasoning as ab ove, ex-

cept that we need to take the union of the events con-

sistent with A, but just those which are solutions (i.e.

X

1

6= ?). 2

The sto chastic pro cess can b e mo deled by a Bayes

network B as follo ws. In order to de�ne a Bayes net-

work, one must de�ne its top ology (a directed acyclic

graph), and for each no de (v ariable) X

i

, a conditional

probability P (X

i j � (X

i

)) for each p ossible assignment

to X

i and its predeces sors. These conditional prob-

abilities de�ne the joint probability of any complete

assignment A (Pearl 1988):

P (A) =

Y

1�i�n

P (A

X

i j A

� (X

i

)

)

F or pro cess S , the top ology of the network is the graph

G de�ned ab ove. The conditional probabilities for X

i

are given b elow, with v 2 D

X

i

, and A denoting an

arbitrary assignment to the predece ssors of X

i

.

P (X

i

= v j A) =

�

1

j D

X

i j

A [ fX

i

= v g is consistent

0 otherwise

and where P (X

i

= ? j A) is such that the conditional

probabilities sum to 1. The following prop erty follows

by construction:

Prop osition 1 The distribution of B is e quivalent to

the distribution de�ne d by S .

EXAMPLE F or the CSP depicted in Figure 1, con-

ditional probabilities are as follo ws. F or X

3

:

P (X

3

= a) = P (X

3

= b) =

1

2

P (X

3

= ?) = 0

F or X

2 we have:

P (X

2

= a j X

3

= a) = P (X

2

= a j X

3

= b) =

1

2

P (X

2

= b j X

3

= a) =

1

2

P (X

2

= ? j X

3

= b) =

1

2

with all other conditional probabilities zero. F or X

1

,

we get, e.g.:

P (X

1

= a j X

2

= a; X

3

= a) =

1

2

P (X

1

= a j X

2

= a; X

3

= b) =

1

2

Ev aluating B (computing P (X

1

6= ?)) pro duces

the exact numb er of solutions to the CSP

. However,

computing marginal probabilities in Bayes networks

is a well-known NP-hard problem. Approximate b e-

lief up dating is p ossible, and a numb er of algorithms

exist (Dagum & Chavez 1993; Henrion et al. 1994;

Santos Jr., Shimony

, & Williams 1996). The present

investigation prop oses to use an approximation based

on additional indep endenc e assumptions.

Appro ximation

T o �nd the numb er of solutions to the CSP

, we need to

�nd, for the sink v ariable, P (X

1

6= ?). In order to do

that, we b egin by considering the marginal probability

for any v ariable X

i

. With probabilities in the Bayes

net de�ned as ab ove, we can write (using the rule of

conditioning), for an arbitrary assignment B to X

i

:

P (B ) =

1

j D

X

i j

X

A2C

� (X

i

)

P (A)I (A [ B ) (2)

where C

Y

is the set of all p ossible instantiations to a

v ariable or set of v ariables Y , and I (A [ B ) is 1 when

A is consistent with B , and 0 otherwise. However, ev al-

uating P (A) is hard (time p ossibly exp onential in n),

and additionally ev aluating the sum takes time exp o-

nential in j � (X

i

) j.

Our approximation is based on assuming indep en-

dence of the predeces sors of each X

i

. De�ne:

^

P (B ) =

1

j D

X

i j

X

A2C

� (X

i

)

I (A [ B )

Y

Y 2� (X

i

)

^

P (A

Y

) (3)

If indeed indep endence holds (it holds v acuously for

no des with no predec ess ors (called \source" no des)),

then

^

P (X

i

) = P (X

i

). Otherwise

^

P (X

i

) is only an

approximation to P (X

i

), where the error results from

using the approximate term

^

P (A

Y

) in place of P (A

Y

),

and from statistical dep ende ncies b etween the random

v ariables in Y . If, in addition, all constraints are bi-

nary

, then relation I is likewise a pro duct of indep en-

dent parts, i.e.:

I (A [ B ) =

Y

Y 2� (X

i

)

I (A

Y

[ B ) (4)

Thus, we can re-write equation 3 as:

^

P (B ) =

1

j D

X

i j

X

A2C

� (X

i

)

Y

Y 2� (X

i

)

^

P (A

Y

)I (A

Y

[ B )

And via indep endenc e of terms:

^

P (B ) =

1

j D

X

i j

Y

Y 2� (X

i

)

X

A2C

Y

^

P (A)I (A [ B ) (5)

The latter takes O (d j � (X

i

) j) time to ev aluate (with

d b eing the largest domain size of the v ariables). T o

ev aluate the approximation for all v ariables, one pass

from X

n down to X

1 su�ces, as follows. F or i from n

down to 1 do:

1. Compute equation 5 once for each B = f(X

i

; v )g,

with v ranging over D

X

i

. (A pro duct over zero terms

is assumed to b e 1.)

2. Let

^

P (X

i

= ?) = 1 �

P

v 2D

X

i

^

P (X

i

= v ).

The latter computation for the entire CSP clearly

takes O (d

2

j E j), and thus is linear in the numb er

of constraints (at most quadratic in n). This is usu-

ally negligible in comparison with the time of actually

�nding all the solutions, which is exp onential in n.

T o clarify the meaning of the ab ove one pass calcu-

lation of probabilities, let us follow in detail the cal-

culation of probabilities for the v ariables and v alues of

�gure 1. Starting with X

3

(a source v ariable), where

^

P = P :

^

P (X

3

= a) =

^

P (X

3

= b) =

1

2

These initial probabilities were based on the assump-

tion of uniform a-priori probability for all v alues in the

domain of the v ariable X

3

.

Moving down the ordered graph we can now calcu-

late the c onditional pr ob ability for the v alues a; b of the

v ariable X

2

(since we have � (X

2

) = fX

3 g). This is an

approximation to the probability of instantiating the

v ariable X

2 to the v alues a; b as part of a consistent

solution. (Actually

, in this example, the v alues for X

2

will b e exact, since X

3 is the only predece ss or, and the

v alues for X

3 are exact.)

^

P (X

2

= a) =

1

2

(P (X

3

= a) + P (X

3

= b)) =

1

2

^

P (X

2

= b) =

1

2

P (X

3

= a) =

1

2

�

1

2

=

1

4

In order to calculate the approximate probabilities

for the v ariable X

1 one uses equation 5 to get:

^

P (X

1

= a) =

1

2

(P (X

3

= a) + P (X

3

= b))

^

P (X

2

= a) =

1

4

^

P (X

1

= b) =

1

2

P (X

3

= b)

^

P (X

2

= b) =

1

16

The approximation to the overall numb er of solu-

tions in this particular example is given by

N

^

P (X

1

6= ?) = 8 � (

1

4

+

1

16

) =

5

2

(6)

This is a slightly optimistic approximation in this case,

since there are exactly 2 solutions to the example in

Figure 1, out of 8 p ossible instantiations.

Our approximation (equation 5) has the following

prop erties:

Theorem 3 L et B b e tr e e structur e d, with X

1 b eing

the sink. Then the appr oximation e quation 5 c omputes

the exact distribution over X

1

.

Pro of outline: F or source no des

^

P (X ) = P (X ) (base

case). In a Bayes network with no evidence, a no de

is indep endent of all no des that are neither its ances-

tors or its descende nts. W e have a tree, and thus for

any no de X , its predece ssors must b e (a-priori) inde-

p endent. Let X b e any no de in the tree. If for all

Y 2 � (X ) we have

^

P (Y ) = P (Y ), then since the pre-

decessors are indep endent, we get

^

P (X ) = P (X ). The

theorem follows by induction. 2

Thus, for tree structured binary CSPs, since we can

always create an equiv alent Bayes network with the

ab ove prop erties, our approximation in this case re-

duces to that of (Dechter & Pearl 1988), and provides

an exact count of the numb er of solutions to the CSP .

However, in the general case (when the CSP is not nec-

essarily tree structure d), our estimate is less optimistic.

That is, we have the follo wing prop erty:

Theorem 4 F or binary CSPs, the fol lowing e quation

holds (with C (X ; x) as de�ne d by e quation 1):

N

^

P (X

1

6= ?) �

X

x2D

X

1

C (X

1

; x)

Pro of outline: Re-write equation 1 in terms of proba-

bilities, for B an arbitrary assignment to X

i

:

P

C

(B ) =

1

j D

X

i j

Y

Y 2�

0

(X

i

)

X

A2C

Y

P

C

(A)I (A [ B )

where �

0

(X ) denotes the predece ss ors of X in the

spanning tree generated for ev aluating C . The term

P

C

(X ; x) is de�ned by the equation K (X )P

C

(X ; x) =

C (X ; x), with K (X ) b eing the numb er of p ossible

combined states of all ancestors of X (including X)

in the tree (that is, the size of the cross pro duct

of the domains). F or source no des, we clearly have

P

C

(X ) =

^

P (X ) (base case). Now, assume that for all

predeces sors of Y 2 � (X ) in the graph, P

C

(Y ) �

^

P (Y )

(for assignments not containing ?). Since �

0

(X ) is

the set of predeces sors in the spanning tree, which is

a sub-graph of G, then �

0

(X ) � � (X ), and the pro d-

uct for P

C

(X ) contains (non-strictly) fewer terms than

^

P (X ), where each term is at most 1. Thus, since

P

C

(Y ) �

^

P (Y ) for every term in the summation, we

also have P

C

(X ) �

^

P (X ). The theorem follo ws by

induction. 2

Showing a non-trivial lower b ound on our estimate is

more di�cult. Nevertheles s, the following lower b ound

follows immediately from equation 5:

Prop osition 2 If the CSP is ar c-c onsistent, then

^

P (X

1

6= ?) > 0.

The indep endenc e assumption as stated ab ove is

problematic. While indep endenc e among CSP domain

v alues may not b e to o far o� the mark, that is clearly

not the case for the v alue ?. T o see this, consider a

tree-shap e d CSP (for which our ev aluation is exact),

and add several v acuous binary constraints. Our esti-

mate will propagate the probability of ? among mul-

tiple paths here, and thus cause a ma jor underestima-

tion of the numb er of solutions. Fixing this problem is

relatively easy

, if we take care not to count the prob-

ability of ? multiple times. There are several ways to

do that, all of which are tantamount to including a

normalization factor in equation 5, as follows:

^

P

0

(B ) =

1

j D

X

i j

Y

Y 2� (X

i

)

X

A2C

Y

� (Y ;X

i

)

^

P

0

(A)I (A [ B ) (7)

where the normalizing factor can b e de�ned in several

ways, as follows:

1. Uniformly propagating the in uence of ? to all suc-

cessors of Y , in a manner suggested �rst in (Char-

niak & Husain 1991). T o do that, let k (Y ) b e the

numb er of succes sors of Y , and:

� (Y ; X

i

) =

0

@

X

y 2D

Y

^

P

0

(Y = y )

1

A

1

k(Y )

�1

(8)

2. Propagating the in uence of ? only through one pre-

ferred success or of Y . In this metho d, � (Y ; X

i

) is 1

for the preferred succes sor. F or all other succes sors:

� (Y ; X

i

) =

0

@

X

y 2D

Y

^

P

0

(Y = y )

1

A

�1

(9)

With the preferred succes sor metho d, the estimate is

guaranteed to b e no greater than predicted by equation

1, but always greater than our original estimate:

Theorem 5 The fol lowing b ounds hold, with

^

P

0

as de-

�ne d in e quations 7, 9:

N

^

P (X

1

6= ?) � N

^

P

0

(X

1

6= ?) �

X

x2D

X

1

C (X

1

; x)

wher e the pr eferr e d suc c essor is such that ther e is an

e dge fr om Y to X

i in the sp anning tr e e metho d.

Pro of outline: The leftmost inequality clearly holds,

since in equation 7 we are always multiplying by some

� � 1. The rightmost equality follows from an ar-

gument similar to the pro of of theorem 4, as fol-

lows: replace

^

P by

^

P

0

in the pro of. The base case

(P

C

(X ) �

^

P

0

(X ) for source no des) still holds. Like-

wise, the induction step P

C

(Y ) �

^

P

0

(Y ) holds, b ecause

due to equation 9, we have

P

y 2D

Y

� (Y ; X

i

)

^

P

0

(A) � 1

for every Y 2 � (X

i

) in equation 7. 2

In the running example, if the arc (X

3

; X

1

) is not in

the spanning tree, all probability estimates remain the

same, b ecause P (X

3

= ?) = 0.

Exp erimen tal Results

The theoretical results of the previous section show

that our approximation to the numb er of solutions is

less optimistic than the overestimate of (Dechter &

Pearl 1988). However, they still leave much latitude

within the b ounds, and it is obviously p ossible to con-

struct cases where b oth estimates are very far o� the

mark. An obvious such case would b e a CSP consist-

ing of just equality constraints b etween every pair of

v ariables. It would b e interesting to know whether our

approximation is useful for \typical" CSPs.

Here, we present results for 96 randomly generated

CSPs, for problems with 6, 8, 10, and 12 v ariables.

Each v ariable has a domain size of 9. The probability

that a constraint exists b etween any pair of v ariables

(CSP density) ranges from 0.5 to 1. In a constraint, the

probability that a given pair of v alues is allo wed was

0.65. F or a meaningful comparison, we had to count

the true numb er of solutions, hence the relatively small

problem sizes. Since the numb er of solutions uctuates

wildly with change in parameters, we elected not to

di�erentiate b etween the parameters in presenting the

results (�gure 2). Rather, all results are compared to

ground truth (straight line), where the horizontal axis

is the numb er of solutions, and the vertical axis the

approximate numb er of solutions for the trial.

Evidently

, while b oth preferred succes sor and uni-

form propagation are well within an order of magni-

tude of the correct v alue for most problem instances,

the spanning tree metho d is far o� the mark. An

exception o ccurs for CSPs generated with constraint

densities 0.1 and 0.2, which are nearly trees, where

all schemes tend to converge on the correct v alue (not

shown). Between the preferre d succes sor and uniform

propagation there is no clear winner: the former is b et-

ter theoretically (less optimistic than spanning tree),

but the latter app ears b etter in several problem in-

stances on the right-hand side of �gure 2. The \bands"

of estimates resulting from the spanning-tree metho d

in �gure 2 corresp ond to di�erent problem sizes.

Discussion

The pap er makes an explicit and natural corresp on-

dence b etween counting the numb er of solutions of a

1

10

100

1000

10000

100000

1e+06

1e+07

1e+08

1e+09

1e+10

1 10 100 1000 10000 100000 1e+06

Approximation

Solutions

ground truth spanning tree uniform propagation preferred successor

Figure 2: Comparison of Solution Counts

CSP and computing marginal probabilities in Bayes

networks, by using a well de�ned sto chastic assign-

ment pro cess over CSP v ariables. Using the notion of

statistical indep endenc e in the sto chastic domain, we

de�ned a new metho d of approximating the numb er of

solutions, which turned out to work signi�cantly b etter

than prior work (Dechter & Pearl 1988), the only deter-

ministic comp eting metho d of which we are aware. In

particular, we prese rve the prop erty of correc tnes s for

tree-shap e d CSPs, while b eing less (over)optimistic in

the general case. Exp erimental results over randomly

generated CSPs show that while our approximation

was close to the actual v alue, the comp eting metho d

was frequently o� by several orders of magnitude. W e

note in passing that an earlier attempt to use sto chas-

tic metho ds in CSPs app ears in (Knuth 1975), which

uses biased distributions in a sto chastic mo del to es-

timate run-time as well as numb er of terminal no des

(not necess arily solutions) in the search tree.

In our mo del, the ratio of probabilities for assign-

ments of v alues to any particular v ariable is inter-

preted as an approximation to the ratio of the numb er

of complete solutions that include these particular as-

signments. This might well b e used as a value or dering

heuristic and in fact was suggested as such by (Dechter

& Pearl 1988). W e have p erformed some preliminary

exp eriments to determine the impact of a static v alue

ordering heuristic based on the ratio of the probabil-

ities for inclusion in a solution. The complete results

will b e rep orted in a future pap er dedicated to v alue

ordering (see also (Solotorevsky

, Shimony

, & Meisels

1996) for results on a similar heuristic for CSPs with

counters), but a preliminary run is discussed b elow.

Consider ordering the v alues of X

1 according to the

numb er of solutions of the CSP containing that v alue

assignment to X

1

(we get this for free in the exp er-

iments, since we already needed to �nd all the solu-

tions). W e have calculated a \distance" b etween or-

derings of the v alues of X

1 resulting from each approx-

0

20

40

60

80

100

120

140

20 30 40 50 60 70 80 90 100

Distance

CSP Density

random

uniform propagation preferred successor spanning tree satisfiability degree convexity

Figure 3: Comparing V alue Orders for X

1

Density 0.55 0.6 0.65

Consistent 99 78 15

V alue-Ordering Heuristic Checks �10

3

No Heuristic 783 4182 10565

Convexity 548 2652 10564

Spanning tree 731 3803 9783

Uniform Propagation 531 2394 8741

T able 1: Constraint Checks for V arious Heuristics

imation or v alue-ordering heuristic (Tsang 1993), and

the ab ove exact ordering. Figure 3, plots distances

(vertical) vs. CSP density (horizontal).

It is clear from �gure 3 that our approximated proba-

bilities p erform much b etter than other v alue ordering

heuristics. In particular, ordering the v alues by the

spanning tree approximation metho d is as bad as ran-

domly ordering v alues, for dense graphs, and is dom-

inated by our metho d in general. These preliminary

results on the b ehavior of other v alue ordering heuris-

tics explain the lack of enthusiasm for v alue ordering

heuristics in the CSP community to-date. However,

our metho ds suggest that v alue ordering may still have

some p ositive utility .

Preliminary results, examining e�ect of static v alue

ordering on search for �rst solution (T able 1), supp ort

our scheme (Uniform Propagation). The exp eriment

used the FC-CBJ algorithm with static v ariable order-

ing on problems with 25 v ariables, each with a domain

size of 15. In each binary constraint, probability that

a v alue pair is allow ed was 0.7. CSP density was v ar-

ied from 0.55 to 0.65 (lower v alues created very easy

problem instances, whereas higher v alues created only

instances with no solutions). F or each density

, 100

problem instances were generated, but only those with

solutions (consistent) are rep orted.

While it is p ossible to construct pathological cases

for our approximation, our contribution is not just in the actual approximation metho d: the reduction from

Bayes networks might provide further useful insights

in the future. F or instance, it would b e interesting

whether other Bayes network approximation metho ds,

such as those based on (�nite-�) �-calculus (Henrion et

al. 1994), or sto chastic simulation (Dagum & Chavez

1993) would also b e useful for CSPs.

References

Charniak, E., and Husain, S. 1991. A new admissible

heuristic for minimal-cost pro ofs. In Pr o c e e dings of

AAAI Confer enc e, 446{451.

Cheeseman, P

.; Kanefsky

, B.; and T aylor, W. M.

1991. Where the really hard problems are. In IJCAI-

91, 331{337.

Co op er, G. F. 1990. The computational complexity of

probabilistic inference using Bayesian b elief networks.

Arti�cial Intel ligenc e 42 (2-3):393{405.

Dagum, P

., and Chavez, R. M. 1993. Approximat-

ing probabilistic inference in Bayesian b elief networks.

P AMI 15(3):244{255.

Dagum, P

., and Luby

, M. 1993. Approximating prob-

abilistic inference in Bayesian b elief networks is NP-

hard. Arti�cial Intel ligenc e 60 (1):141{153.

Dechter, R., and Pearl, J. 1988. Network-based

heuristics for constraint satisfaction problems. Ar-

ti�cial Intel ligenc e 34:1{38.

Haralick, R. M., and Elliott, G. L. 1980. Increasing

tree search e�ciency for constraint satisfaction prob-

lems. Arti�cial Intel ligenc e 14:263{313.

Henrion, M.; Prov an, G.; F avero, B. D.; and Sanders,

G. 1994. An exp erimental comparison of numerical

and qualitative probabilistic reasoning. In UAI, Pr o-

c e e dings of the T enth Confer enc e, 319{326.

Knuth, D. E. 1975. Estimating the e�ciency of

backtrack programs. Mathematics of Computation

39(129):121{136.

Pearl, J. 1988. Pr ob abilistic R e asoning in Intel ligent

Systems: Networks of Plausible Infer enc e. San Mateo,

CA: Morgan Kaufmann.

Santos Jr., E.; Shimony

, S. E.; and Williams, E. 1996.

Sample-and-accumulate algorithms for b elief up dat-

ing in Bayes networks. In UAI, Pr o c e e dings of the

12th Confer enc e, 477{484. Morgan Kaufmann. (T o

app ear in IJAR ).

Smith, B. M. 1994. Phase transition and the mushy

region in csp. In ECAI, Pr o c e e dings of the 12th Eu-

r op e an Confer enc e, 100{104.

Solotorevsky

, G.; Shimony

, S. E.; and Meisels, A.

1996. CSPs with counters: a likelihoo d-based heuris-

tic. In ECAI, Workshop on Non-Standar d Constr aint

Pr o c essing. (T o app ear in JET

AI).

Tsang, E. 1993. F oundations of Constr aint Satisfac-

tion. Academic Press.