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ABSTRACT

We consider the task of determining tangent spaces for classes of rational matrix
valued functions. Our analysis is based on methods from control theory, and in
particular the theory of polynomial models. Explicit descriptions of tangent spaces of
rational transfer functions, stable rational transfer functions, rational inner functions.
and symmetric rational transfer functions are obtained. Moreover, a new proof of
Delchamps’s decomposition formula for the tangent bundle of rational transfer
functions is given. A Riemannian metric as well as a symplectic structure is defined.
© 1998 Elsevier Science Inc.

1. INTRODUCTION

The current activity in research on analog computation and neural net-
works has led to a resurgence of interest in steepest descent gradient flow
techniques as a tool to investigate constrained optimization tasks, which are
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difficult to approach by other methods. To develop gradient flow methods for
minimizing smooth functions on a manifold requires explicit knowledge of
tangent spaces as well as specification of a Riemannian metric. Thus it
becomes important to be able to determine such basic objects from differen-
tial geometry. As an example of such a constrained optimization problem
from control theory consider the task of minimizing the H? distance of a
stable transfer function to the class of all stable rational transfer functions of a
fixed degree. In this example the constraint set is the smooth manifold
Rat™(n, m, p) of stable, real rational p X m transfer functions of McMillan
degree n. To determine the gradient flow of the smooth H? distance
function one has to specify a Riemannian metric as well as needing an explicit
description of the tangent spaces of Rat™(n,m, p). Likewise one might
consider the optimization task for smooth functions defined on various other
classes of rational matrix functions. A case of special importance here is the
class Rat(n, m, p) of arbitrary p X m real rational matrix valued functions of
constant degree n. In fact, various problems in system identification, model
reduction, and H® control can be cast as minimization problems on mani-
folds of rational matrix valued functions, thus leading to the demand of
computing tangent spaces for classes of linear systems.

Delchamps (1986) was the first who derived an explicit description of the
tangent bundle of Rat(n, m, p). Using state space methods, he proved that
the tangent bundle of Rat(n, m, p) has the direct sum decomposition

T Rat(n,m, p) = Hom( X,R?) ® Hom(R™, X)

Here X denotes the n- dimensional vector bundle on Rat(n, m, p) whose
fiber at a rational function G € Rat(n, m, p) is the abstract state space of the
system defined by G. Despite the apparent beauty of such a decomposition,
it is hard to work with it. In fact, the tangent spaces of Rat(n, m, p) are
themselves vector spaces of rational functions. This interpretation is lost in
the above description. Thus the question arises how to interpret such a
decomposition in terms of rational functions. Closely related to the work of
Delchamps (1986) is the recent work by Alpay, Baratchart, and Gombani
(1994). They consider the manifold Rat™(n, m, p) of stable rational functions
as a subspace of the Hardy space H ?. Explicit formulas for the tangent spaces
as subspaces of H 2 are derived. Moreover a decomposition formula for the
tangent bundle similar to that of Delchamps is proved. Here the Hilbert
space structure of the Hardy space H? plays an essential role in simplifying
the analysis considerably.

In this paper we develop a new approach to determine tangent spaces of
classes of rational functions. Instead of trying to employ Hilbert space
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techniques as in Alpay, Baratchart, and Gombani (1994) [which would be
possible using the factorization of Douglas, Shapiro, and Shields (1971), but is
restricted to the case of stable rational functions], we heavily use methods
from the theory of polynomial models. This leads us to interesting interpreta-
tions of the tangent spaces as rational model spaces for tensor products of
matrix polynomials. Using state feedback and output injection transformations
via solutions of the algebraic Riccati equation, an explicit form of the
Delchamps decomposition is obtained. Thus we prove the existence of a
canonical decomposition of vector spaces

T; Rat(n, m, p) = Hom(R™[z]/Ker H;,R?) ® Hom(R",Im H.),

where H( denotes the Hankel operator associated with the transfer function
G(z). We also describe explicit choices for Riemannian metrics, as well as
proving that for m = p the space Rat(n, m, p) is a simplectic manifold. The
previous results of Delchamps (1986) and Alpay, Baratchart, and Gombani
(1994) follow directly from our results, by minor modifications.

2. TENSORED POLYNOMIAL MODELS

Since our results on the representation of the tangent space of
Rat(n, m, p) are best expressed in terms of a tensored form of polynomial
and rational models, we develop in this section the basic results about
tensored polynomials models. Some of these results are needed in the sequel,
but we feel that they are of intrinsic interest and will be useful for later
applications. For the standard polynomial model theory, see Fuhrmann
(1976, 1983) and the further references therein.

Given the space RP*™ of p X m real matrices, and square matrices A
and B of size p X p and m X m respectively, we define A ® B:R?*" -
R7*™ by

(A ® B)(X) = AXB.

We extend this definition in.a natural way to polynomial matrices.

To define polynomial models in this context we imitate the standard
construction; see Fuhrmann (1976, 1983). Given nonsingular polynomial
matrices D, and D,, we define a map Th eD, :RP*"[z] = RP*™[z] by

Tpep,F = (D) ® D2)7T-((D1 ® Dz)-lF) = Dl[”—(Dr]FDgl)]DZ'
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Clearly, 7, ¢, is a projection map, and it is easily computed that
Kermy op, = (D) ® Dy)RP*"[z] = D,RP*"[2]D,.
Obviously D,R?*™[2]D, is an R[z] submodule of R?*™[z]. We set

XD,®D2 = Im Tp, @D,

We then have the following easy characterization of elements of X, o, .
An element F € Xp, o, if and only if m,D'FD;' = 0, that is, if and only
if D{'FD, " is strictly proper. This is the analog of the set of all remainder
polynomials modulo a scalar polynomial d. The tensored polynomial model
Xp,ep, has a natural R{z]-module structure given by

Spen,F =2 F = mp op zF.

The map Sp ¢ p,, a tensored restricted shift operator, is the analog of (in the
scalar case) the multiplication by z modulo the polynomial d map. This in
turn is a functional version of the companion matrix; see Fuhrmann [1983, p.
175]. For the standard multivariable case, see Fuhrmann [1976, Equation
4.7).

As an aside we remark that a representation of the form D,R?*™[z]D,
is not a general representation of submodules. In fact, if we consider

= {( 4 91 )
a4 Gy
then .# is a submodule of R**2[z], but does not have a representation as
A = DR 2]D,.
With the polynomial model X), ¢p, we associate a closely related ten-
sored rational model XP®2 defined by

a,; € R[z] and a,,(0) = 0},

XP1®be = (D, ® Dz)_lxnlevg-

Clearly, H € XP*®*P: if and only if D, HD, is a polynomial matrix. The R[z]
module structure on X?1®”: is given by z - H = 7_zH.

The importance of also considering rational model spaces is due to the
fact that it allows us to do computations in a coordinate free way. We proceed
to compute the dimension of a tensored polynomial model, that is, of

Xp,ep,:
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ProprosITION 2.1. We have

dim X;, o, = dim X”®?2 = mdegdet D, + p degdet D,. (1)

Proof. We give two proofs. The first proof uses the Smith canonical
form. Assume D, € RP*?[z] and D, € R™*"{z] are both nonsingular, and
let A, = diag(d(”,...,d{") and A, = diag(d{?,...,d%)) be their Smith
forms. Let U,,U,,V,,V, be unimodular matrices such that Uy D, = AV,
and D,U, = V;A,. The polynomial models X, p and X, 4, are isomor-
phlcwa F>—->77A®A(U ® U,)F. Thus we have dim XD®D dim X, o4,
Now F =(f;) € XA ea, if and only if f; /d(l)d(g) is stnctly proper, or
equivalently if and only 1f deg f,; < deg d® + deg d(2) This implies

r m
dim X oa, = Y, 2 (deg d® + deg d](.z))

i=1j=1

mdegdet A| = P degdet A,.

We conclude from this that dim X, o, = mdegdet D, + p degdet D,.
There is another, independent way to prove the above dimension formula.

We note that, given a (nonsingular) polynomial matrix D,, there exists a
unimodular polynomial matrix U, such that U,U, is in row proper form, with
row degrees given by A; > -+ > A, and the leading row coefficient matrix
being the identity. Setting A (z) = diag(z™, ..., 2*), we have U, D, = AT},
with I’} biproper and normalized. Similarly, there exists a unimodular matrix
U, such that D,U, = T,A,, with A,(z) = diag(z*,...,z""), and T,
biproper and normalized. Clearly, degdet D, = £F_ A, and degdet D, =
L7k

""Now the map F — U,FU, provides an isomorphism of X o, onto
Xy,p,ep,u, and in particular these spaces have the same dimensions. Now
F € Xy,p,ep,u, if and only if

7T+(U1D1)_1F( DzUz)'l = m, TTATFA T = 0.
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The last condition is equivalent to 7, AT 'FA; ' = 0. Now F = (F,) satisfies
this condition if and only if deg F;; < A; + ;, and hence

dim X, g4, = Y Yx(a+ k;) = mdegdet A, + p degdet A,.
i=1j=1
We conclude that

dim Xp, ¢p, = mdegdet D, + p degdet D,. [ |

Of course, as an immediate corollary of the above result, we obtain the
dimension formula for tensored rational models:

dim XP1®P: = mdegdet D, + p degdet D,.

2.1.  Submodules and Factorizations

As in the case of regular polynomial models, there is a close connection
between factorizations and submodules. Assume D, ® D, = (E, ® E, XF,
® F,) = E\F, ® F,E,, ie, D, =EF, and D,=F,E,. Then (E, ®
Ey) Xy o5, C Xp ap, is a submodule. However, again, not every submodule
of X ¢p, has such a representation. Special cases are the following trivial
factorizations.

D,®D,= (D, ®I)(I®D,) =(I®D,)(D, &I):
So (D, ® DX;pp, = {D,P|P € RP*"[z], m,PD;' = 0} and (I X
Dy)Xp o1 = {RDy |R € RP*™[z], w, D 'R = 0} are both submodules of
Xp,ep,> and so is their sum. Thus

(D, ® I)Xtz +(I® DZ)XD1®I c XDI®D2' (2

Using a dimensionality argument, equality in the previous inclusion would
follow if and only if

(D, ® I)qu2 Nn(Ie Dz)Xolm =0. (3)

ProposITION 2.2. Let D, € R?*?[z] and D, € R™*™ z] be nonsingu-
lar polynomial matrices with determinants d, and d, respectively. Then

XD1®D2 =(D,® I)X1®D2 e(le® Dz)XD,e:I (4)

holds if and only if d, and d, are coprime.
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Proof. We use the fact that, for any linear transformations A,, A,, there
exists a nonzero linear transformation Z such that ZA, = A, Z if and only if
the characteristic polynomials of A, A, are coprime.

We have already noted the inclusion (2), so, using a dimensionality
argument, it remains only to check the condition (3). Let Q € (D, ®
DXgp, N (I ® D)X, ;- Then Q@ = RD, = D, P with D{'R and PD;"'
strictly proper. The equality RD, = D, P implies the existence of a homo-
morphism Z: X, — X, given by Zf = m, Rf, i.e., we have ZS, =S, Z.

Now the characteristic polynomials d, and d, of S, , S}, , are coprime if
and only if Z = 0 is the only intertwining map. Thus necessarily R = DT
holds for some polynomial matrix T and hence also P = TD,. Therefore
T = D, 'R is strictly proper and a polynomial simultaneously, so necessarily
T = 0, which in turn implies Q = 0.

Conversely, assume (4) holds, which implies (3). This in turn implies the
nonexistence of a linear transformation intertwining S, and S, . It follows
that the respective characteristic polynomials d, and d, are coprime. u

2.2, Quotient Modules
Let G be a p X m strictly proper rational functions having the polyno-
mial coprime factorizations

G=D'N=ND" (5)

We consider next the tensored polynomial model Xpg . As a special case of
Equation (2) we see that

5X1®D+X5®1D=(5®1)X1®D+(I®D)X5®1CX1_)®D~ (6)

Our aim is to give a characterization of the quotient module Xgg /(DX g p
+ Xpe; D). To this end we need to introduce intertwining maps. Given linear
transformations A and B, we say that a linear transformation Z intertwines A
and B if ZA = BZ. The set of all linear transformations intertwining A and
B is a linear space, which we denote by Intw( A, B).

Now with the coprime factorizations (5) we associate two linear transfor-
mations S;: X, = X, and Sp: Xp — Xp, defined by Spf = 7,zf for
f € X;, and analogously for Sp. It is a basic result concerning polynomial
models (see Fuhrmann, 1976) that Z € Intw(S,), D) if and only if there exist
polynomial matrices A and A satisfying AD = DA and Z is defined by
Zfrrs Af. The polynomial matrices A and A are uniquely determined if we
require D 'A = AD ! be strictly proper. Moreover, Z is injective if and
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only if D, A are right coprime, and Z is surjective if and only if D, A are left
coprime. Since the factorizations (5) are assumed coprime, and the factoriza-
tions are equivalent to ND = DN, it follows that Sz and S, are similar. In
particular D and D have the same invariant factors.

We can state and prove now the principal result of this section.

THEOREM 2.1. Let G be a p X m strictly proper rational functions
having the polynomial coprime factorizations (5). Then there exists a linear
isomorphism

X5®D/(5XI®D + XB@ID) = Intw(Sp, S5) (7)
and
dim Intw( S, S5) = 8, + 38, + - +(2p — 1)§,, (8)
where §; =degd,, i =1,...,m.

Proof. We assume p < m. The case p > m can be treated in.a com-
pletely analogous way. Let d, ..., dp and d,, ..., d, be the monic invariant
factors of D and D respectively, ordered so that d,|d _, and d,|d,_,.
Obviously, as S and S, are similar, we have d, = d, for i = 1,..., p and
d,sy = =d, =L If nis the McMillan degree of G, it is clear that
n=X" 8.

Assume now without loss of generality that D= diag(d,, ..., dp) and
D = diag(d,, ..., d,,). Then

Xpep = {( pij)|deg piy < & + 8].}

and, as we have seen already, dim Xpe, = n{p + m). Symbolically we can
write Xpgp = (X4 ). Next, observe that

DX,op + Xpe,; D = {(dif,.j + gijdj)ldegfij < 8 and deg g;; < 6,.>.

Now

ded,-’ j=i,
{(d,.f,.j + gijdj)ldegfij < 8 and deg g;; < 81.} “\dx,, j<

1.
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So, symbolically,

dIXdl d2 Xrll -t dm Xrll
_ d2 Xdl d2 Xdz e dm X(IZ
DX;op + Xpe,; D = . . :

dp Xd, dZ Xdz T dm X{I,,

This implies, for the case p < m,
dim( DX, + Xpg, D)
=(ptm-D8 +(p+m—=3)8+ - +(m—p+1)§,
and so
dim[xl—)eiD/(EXI@D + X[_)®ID)]
=n(p +m) — [(p+m—l)61 +(p+m-—23)8, + -
+(m—-p + 1)81,]
=8 +38, + - +(2p — 1)9,.

Next we compute Intw(Sj, S5). Let A and B be matrices satisfying
AD = DB, with dega,; < & and degb,; < §. Equivalently, deg a;d; =
d,degb;;. So if i <j we have d;|d;. Let, for j>i, e;= d,/d,. Thus
a,; = e;;b,, and deg e,; = &, — §,. Thus we have

ij ijrif
X(Il €1 X{ll €1m X(II
Xd, Xdz e €om Xrl.:
Intw( S, Sp) = | . _
Xq Xq T €pm Xd,,
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Note that the last m — p columns are all zero. From this we conclude that
dim Intw( Sy, Sp) = 8, + 38, + - +(2p — 1)§,.

Note that
8, + 38, + - +(2p — 1)8p

+[(p+m—1)61+(p+m—3)82+---+(m—p-+-I)BP]

=

I

1(p+m)8,.=(p+m)n.

1

To conclude the proof, we define a map ¢ : Xpgp — Intw(S,, S5) by

f f f 7lefu 612"d2f12 elmﬂ'dmflm
fl %2 l.m Wdlfm 7Td2f22 92m’"d,,,f1m
for fos v f : : :
! P - defpl Wd,,pr defpm

It is easy to check that

Ker ¢ = DX, + X546, D.
Also, from
e,.jwdjxdidj = e,.dej, ] > i,

Wdixd,.d,=xd.v’ Jj<i,

it follows that ¢ is surjective. From this, by considering the map induced by
¢, the isomorphism (7) follows. [ ]

COROLLARY 2.1. Let G be a p X m strictly proper rational function
having the polynomial coprime factorizations (5). Let §,,..., 8, be the
degrees of the invariant factors of D. Then for the commutant C(Sp) = {Z|
ZS,, = SpZ} we have the dimension formula

dim C(Sp) = 8, + 38, + - +(2p — 1) §,.
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2.3.  Hankel Operators
Given two rational functions G, and G, of sizes p;, X m| and p, X m,
respectively, the Hankel operator He sc, R z] - 2T TR [ 27 ] s

defined by

Hg g, F = 7_(G, ®G,)F.

Assume now that G, = DN, = N,D;" ! are left and right coprime factoriza-
tions. Then it is trivial to verify that

Ker H; ¢, 2 (D, ® D,)R™ [ 2],
(9)

D®D,
Im H, 5¢, € X :

However, for these inclusions to be replaced by equalities, extra conditions
have to be imposed with are tantamount to the nonexistence of zero-pole
cross cancellations.

24, Duality

We discuss briefly the essentials of duality theory in the context of
tensored polynomial models.

We can identify the dual space of R™*?P[z] with the space
T '"RPM[[z7 '] by letting, for H € z 'R”*™[[z"']] and P € R"*?[z],

[H,P] = (trHP) , = tr (HP) _,.
where (X)_, denotes the residue of a Laurent series of X, i.e., for X(z) =
X' _.x;z welet (X)_; =x_ . The availability of this pairing allows us to

prove the following.

PROPOSITION 2.3. Let D, € R?*?[z] and D, € R™*™[z] be nonsingu-
lar. Then we have the identification

)(D]®D2 — (RpXm[Z]/D]R;)Xm[Z]DQ)*’ (10)

where the dual space is defined with respect to the pairing defined for
H e XP"®P: gnd P € RP*™[z] by

[H,P]=(tr HP)_, = tr (HP) _,. (11)
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Proof. We show that X™1®P: is the annihilator of the submodule
(D, ® D)R™*?[z]. Note that if P € (D, ® D)R™*?[z]and H € XP®D:
then H = D{'TD;' and P = D,TD, for some polynomial matrices S and
T. Therefore

[H,P] = (tr D/'SD;'D,TD,) _,
= (tr SD;'D,TD, D7 ") _, = (trST)_, = 0.

This shows that X?®P: c (D, ® D)R™*?[z])*.
Conversely, let H € (D, ® D))R™*?[z])* . Then, for every polynomial
matrix P, we have

0=[H,D,PD,] = tr (HD,PD,)_, = tr(D,HD,P) _,.

This shows that D, HD, is a polynomial matrix and hence that H € X?1® "z,
The representation (10) follows from this. [ |

2.5.  Direct Sum Decompositions

The direct sum decomposition given in Proposition 2.2 is of importance in
the proof and application of Theorem 3.1. In the next proposition we show, in
the scalar case, how to actually compute this decomposition.

PROPOSITION 2.4. Let d, d, be coprime polynomials. Then:
1. We have

Xdldz = Xd2d1 = led2 @ dzxdl. (12)

2. Givenf€ Xy, f=dfi +dyf,, withf, € X, and f, € X, , then
fi= dealfz,

(13)
fa= Wdlazf’

where a,, a, are any solutions of the Bezout equation

a,d, + a,d, = 1. (14)
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3. We have
Xhds = X @ X% (15)
4. IfheXh% and h = h, + h, with h, € X%, then

h, = Hal/dQ( d1d2)h>

(16)
hy = Haz/dl( dydy)h.
Proof. Part 1 follows from the Chinese remainder theorem.
2; By coprimeness, there exist polynomials a,, a, such that
a,d; + a,d, = 1.
Consequently we have the doubly comprime factorization
a;, 4 dy, _ (1 0)
d, —-d,|\d, —a, 0 1
and hence also
dy @ SES U ( 1 0)
d,  —a,\d, —d, 0 1/
Using the equality d,d, = d,d,. we define a map Z: X, — X, by
Zf = m; a,f. (17)

We claim that Z™': X, — X, is given by Z™'g = m, a,g. Indeed, we have
272 = 7wy amy d, f
= Wd2a1d1f= 71'd2(a1d1 +dya,)f
Wd2f=f~

I

Now, given f € X, ;, we would like to decompose it relative to the direct
sum decomposition (12). Writing f =d, f; + d, f,, with f, € X, and f, €
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X, we compute

ma,f = m(difi + dsfy) = md fi1 = Zf,

and hence
fi= Z_lﬂ'dzf: Mg, 7, f = w0, f.

That is, f, = 7y a, f. Similarly we get f, = m, a, f.

Part 3 follows from (12) on multiplying by (d,d,)~".

4: Assume now instead that we want to compute a decomposition relative
to the related direct sum decomposition X%1% = X% @ X%. For h € X%
we let f=d,dyh and h = h; + h,, with h; € X, . Clearly h, = d;lwdzalf

= a_d;'a,f, or
hy=Hgy, f. (18)
Analogously, we have

hy = Hyo,, f. (19)

These equations exhibit the close relation of Hankel operators to projection
operators. This completes the proof. [ |

3. THE TANGENT SPACE OF Rat(n, m, p)

Let Rat(n, m, p) denote the set of all p X m strictly proper real rational
transfer functions G € R(z)?*™ of McMillan degree 8(G) = n. Every such
transfer function Rat(n, m, p) has a minimal (that is, reachable and observ-
able) realization (A, B, C):

G(z) =C(zI — A)"'B,
where A € R"*", B € R"*™, and C € R”*". Moreover, by the state space

isomorphism theorem, any two such minimal realizations (A,, B;,C;) and

(A,, B,,C,) are related via a uniquely determined similarity transformation
T € GL(n) such that

(Ay, By, Cy) = (TAT ' TB,,C\T™").
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It is a well-known fact, from the very beginning of the parameterization
theory of linear systems, that the rational function space Rat(n, m, p) is a
smooth manifold of dimension n(m + p); see e.g. Clark (1976). Thus it
makes sense to consider the tangent spaces of Rat(n, m, p). In the sequel we
will always denote by T, Rat(n, m, p) the tangent space of Rat(n, m, p) at an
element G. The collection of all such tangent spaces with different base
points G forms a smooth manifold, the tangent bundle T Rat(n, m, p), which
is in fact a smooth vector bundle on Rat(n, m, p). We mention that in the
more recent paper by Mann and Milgram (1991) a description of the normal
bundle of Rat(n, m, p) can be found. Here however we take a different,
more algebraic approach to studying the tangent bundle. It may well be
possible that our approach can be extended to compute the tangent bundle of
certain smooth compactifications of Rat(n, m, p) as well; see e.g. Ravi and
Rosenthal (1994).

As Rat(n, m, p) is a subset of the vector space R(z) of p X m matrices of
real rational functions, it is natural to consider the tangent spaces
T Rat(n, m, p) as linear subspaces of R(z)"*". Thus each tangent vector
can itself be regarded as a p X m matrix of rational functions. Note that at
this stage we do not endow the vector space R(z)"*™ with a manifold
structure. In fact, it would be somewhat tedious to do the subsequent
construction completely satisfactorily from a differential topology point of
view. Thus we proceed in a rather formal way. To determine which linear
subspaces of R(z)”*™ correspond to the tangent spaces T, Rat(n. m, p) of
Rat(n, m, p) we proceed as follows. Let R — Rat(n, m, p), t = G,, denote a
germ of a smooth curve in Rat(n, m, p), passing through G at t = 0. By a
simple canonical form argument there exist smooth curves ¢t — (N, D, ) of
right comprime matrix polynomials of bounded order such that G, = N, D, !
holds for all ¢ sufficiently close to 0. Similarly for left coprime factorizati(ms
D;'N, = G,. Thus every tangent vector of Rat(n, m, p) can be expressed as
the directional derivative of a smooth curve germ ¢ — G, = N,D; " at t = 0,
using left and right polynomial coprime factorizations.

THEOREM 3.1. Let G =D 'N = ND~' be polynomial left and right
coprime factorizations of a strictly proper p X m rational transfer function G.
and let G(z) = C(zI — A)"'B be a minimal realization. Then:

1. The tangent space I of Rat(n, m, p) at G is equal to the tensored
rational model XP®P.

2. Let K be any stabilizing state feedback map for A, that is a map such
that A — BK is stable. Analogously let L be any output injection map such
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that A — LC is antistable. Let ®,V be defined by

C(zl —A) "' =D 'W(z),
(20)
(2 —A)'B=®(z)D"!
and let
I'(z) = (I+K®D ') =D,D™! = (D + K®)D!,
T(z)=(I+D'¥L) =D"'D, =D (D + ¥L).
Then we have the following direct sum decomposition of the tangent space:
XPeP =T{s®D"!|S € R**"} & {D~'¥T|T € R"*"|T.  (21)
3. We have the isomorphisms
= Hom(R"[2]/DR™[ 2], R?) & Hom(R™, XP) (22)
and
9 = Hom(R™[z]/Ker H;,R?) & Hom(R™,Im H). (23)
Proof. 1: Let t = G, € Rat(n, m, p) be the germ of a smooth curve in
Rat(n, m, p), passing through G at ¢ = 0, such that the velocity vector at
t = 0 represents a given tangent vector in Te Rat(n, m, p). Choose smooth
curves t = (N,, D,) and ¢ — (N,, D,) of polynomial left and right coprime

factorizations of G,. Let

G d G
_E( t)t=0

jw]]

denote the velocity vector of G, at t = 0, and similarly for N,, D,, N,,
Then, by the product rule,

G =ND!-ND 'DD!
=ND! — D"INDD!

—~ D~!(BN - ND)D .
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Since DN — ND is a p X m polynomial matrix, we have the inclusion
T, Rat(n, m, p) C xPeD,

Both vectors spaces have the same dimension n(m + p). Thus the result
follows.

2: Let G(z) = C(zI — A)"'B be a minimal realization. We have left
coprime and right coprime factorizations

C(zl — A) ' =D '¥(z),
(24)
(21 —A) 'B=®(z)D"".

These factorizations are unique to a common left or right unimodular factor.
By a result of Hautus and Heymann (1978) and Wimmer (1979), the columns
of W form a basis of the polynomial model Xp. In the same way the columns
of D™'W¥ form a basis of the rational model xP . Similarly, the rows of &
form a basis of XD, and the rows of ®D ™! form a basis of X”.

Note that if D™'N = ND~! are coprime factorizations of G, then
N(z) = C®P(z) and N(z) = ¥(z)B. Let us choose now any stabilizing state
feedback K that is a map such that A — BK is stable. Analogously, we
choose an output injection map L such that A — LC is antistable. Since,
with D, = D + WYL and D, = D + K®, we have

C(zl —A+LC) '=(D+W¥L) ¥ =D 'V
(s, —A+BK) 'B=®(D+K®) ' =D,
it follows that
I(z) =1+K®D™' =D,D !,
T(z)=1+D 'L =D'D,.

Using the last equalities and the fact that T and T are biproper, it is clear
that X5 and Xp o, are equal as sets.

Having chosen K, L as above, it is clear that D, and D, are antistable
and stable respectively, and hence their determinants are coprime polynomi-
als. Thus, by Proposition 2.2, we get the submodule direct sum decomposi-
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tion

XD1®D2 =(D, ® I)XmD2 e(l® Dz)xz)lm- (25)

This provides at the same time a direct sum decomposition of Xz in terms
of subspaces. More specifically, we have

Xpop, = {D,SP|S € RP*"} @ {¥TD,|T € R**"}.
Now XP®? = (D ® D) 'Xpgp = (D ® D)X o p,. So
xPe? = {D~'D,s®D"'|S € R**"} ® {D~'¥TD,D"'|T € R"*"}
=T{s®D"![s e R?*"} @ {D~'¥T|T € R"*"|T". (26)
3: Next, we analyze the spaces {S®D"!|S € RP*"} and {5_1‘I'T_| Te
R"*™}. We identify the space {D™'¥T|T € R"*"} with Hom(R™, X?), via

the linear map which maps D~ 'W¥T into the linear transformation Ap-1y; €
Hom(R™, XP) defined by

Ap-1gp € =D ' WTe € XP,

To prove that this defines an isomorphism of vector spaces we show first that
the map A is injective. Assume Ap-i1g; = 0. Thus, for each &, we have
D 'WT¢ = 0. This implies T = 0 by the nonsingularity of D and the
injectivity of W. The surjectivity of A then follows by a dimensionality
argument, as

dim Hom(R™, XP) = dim{ﬁ’l‘I’T|T € R"*"™} = mn.

Next we identify {S®D~!|S € RP*"} with Hom(F™[z]/DF™[z], R?) via
the linear map p:{S®D~!|S € R?*"} - Hom(F™[z]/DF™[z], R?) given
by p(S®D™ 1) = pgep-1 and

Msop-1f = (S(I)D‘lf)_l € R”.

Since for each S € R?*" the submodule DR™[z] is contained in the kernel
of pgep-1, we can look at the induced map on R™[z]/DR™[z]. Thus u can
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be considered to be a linear map from {S®D!'|S € RP*"} to
Hom(F™z]/DF™ z],RP). Again, using a dimensionality argument and

dim{S®D~!|s € RP*"} = dim Hom( F"[z]/DF"[z],R?) = pn,

it suffices to show that y is injective. Assume pgpp-1 = 0, that is, SGD!'f
= 0 for all f € R[z]. This implies that S®D~! = T is a polynomial matrix.
Now S®D~! is polynomial and strictly proper at the same time, so necessar-
ily S = 0 and hence also S®D ™' = 0. u

REMARK 3.1. It is an open problem to find explicit ways to compute the
decomposition (20) of the tangent space. In the scalar case such a construc-
tive approach is available using Proposition 2.4.

Next we specialize our choice of the state feedback and output injection
maps, K and L, in such a way that they are both canonical and depend
smoothly on the transfer function G. In this we follow the ideas of Delchamps
(1986).

With any minimal realization G(z) = C(zI — A)™'B, there are associated
two dual Riccati equations, namely

A*X + XA - XBB*X + C*C =0,
AY + YA* — YC*CY + BB* = 0.

The first of these equations has a unique maximal, positive definite solution
X, that is stabilizing, namely, for which A ~ BB*X_ is stable. Similarly, let
Y_ be the unique antistabilizing solution of the second equation, that is,
A + Y_C*C is antistable. It is well known (see Delchamps, 1984) that both
solutions depend smoothly on G. Note that X, and Y _ are related as

Y = -X;L

Thus one has to solve only one Riccati equation.
The biproper functions I' and T have now the following realizations

- Al -Y_C* F_ A B
B ’ CAB*X, | 1)

C I
Clearly both T and T are independent of the realization and depend solely
on G.
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From Theorem 3.1 we deduce the following decomposition of the tangent
bundle, due to Delchamps (1986).

COROLLARY 3.1 (Delchamps). There exists an n-dimensional vector bun-
dle X on Rat(n,m, p) such that the tangent bundle T Rat(n,m, p) is
isomorphic to the Whitney sum of bundles

T Rat(n,m, p) = Hom( X,R"?) ® Hom(R", X). (27)

Proof. Let X denote the n-dimensional vector bundle X on Rat(n, m, p)
whose fiber X, at G € Rat(n, m, p) is the image space of the Hankel
operator H;. Then R™[z]/Ker H is canonically isomorphic to Im H, and
therefore we have an isomorphism of vector spaces

Hom(R™[z]/Ker H;,R?) ® Hom(R™,Im H,)
= Hom( X;,R?) ® Hom(R™, X.).

These isomorphisms actually define isomorphisms of smooth vector bundles.
Thus it remains to show that T Rat(n,m, p) is, as a vector bundle on
Rat(n, m, p), smoothly isomorphic to the Whitney sum of vector bundles

Hom(R™[z]/Ker H;,R?) @ Hom(R™,Im H.).

The main new point we have to show is that the isomorphism (23)
described in Theorem 3.1 depends smoothly on G € Rat(n, m, p). For this
we have to choose the state feedback and output injection matrices K and L
in a smooth way. An appropriate way to do so is via solutions of algebraic
Riccati equations. Explicitly, let X, and Y_ denote the unique positive and
negative definite solutions of the algebraic Riccati equations

A*X,+ X,A — X,BB*X,+ C*C = 0,

AY_+ Y_A* + BB* —Y_C*CY_= 0.

By multiplying the first Riccati equation on the left and on the right by
—X3', a solution Y_ of the second Riccati equation is obtained. Thus, by
uniqueness,

Y_= -X;L
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By a result of Delchamps (1984), these solutions depend smoothly on
(A, B,C). Moreover, it is easily verified that under state space coordinate
transformations, these solutions change as

X,(TAT ', TB,CT"') =T 'X, (A, B,C)T"",
Y_(TAT™',TB,CT"') = TY_( A, B,C)T.

Furthermore, A — BBX , and A — Y_CC are stable and antistable respec-
tively. Thus K = BX, and L =Y _C are appropriate state feedback and
output injection matrices, which depend smoothly on (A, B, C). Now, with
these choices of K and L, consider the rational matrix valued functions T’
and T introduced in the proof of Theorem 3.1. Then

I(z)=I+K®D ' =1+BX (s -A) 'B
T(z)=1+D'"WL=I1+C(al -A)"'Y _C.

From the above, I' and T are rational functions of McMillan degree n which
vary smoothly with (A, B, C). Since I and T do not depend on the choice of
realization (A, B,C) of G, they are actually smooth functions of G €
Rat(n, m, p). This shows that the decomposition of vector spaces (27) is
actually smoothly varying with G. Thus it defines a smooth bundle isomor-
phism. This completes the proof. |

4. THE TANGENT SPACE OF STABLE RATIONAL FUNCTIONS

In the following we specialize the computation of the tangent space to the
manifold of stable rational transfer functions. Of course the previously
obtained result, namely Theorem 3.1, holds in this case too. However we can
reinterpret our result in terms of Douglas-Shapiro-Shields (DSS) factoriza-
tions and thus make contact with the results of Alpay, Baratchart, and
Gombani (1994).

Recall [see Fuhrmann (1981), where a more general result is proved] that
given G € RHT—that is, G is a stable, proper rational p X m matrix valued
function, where stability means analyticity and boundedness in the open left
half plane—there exist representations

G=Q R-Ro (29)
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where S, S, Q, Q are all in appropriate RH” spaces with Q, Q inner func-
tions, that is, satisfying Q*Q = I,, and Q*Q = 1. Moreover, these factoriza-
tions, to which we refer as DSS factonzauons can be taken to be coprime in
the sense that there exist RH” solutions to the Bezout equations

AH +BQ =1,
HA+QB=1,.

THEOREM 4.1. Let G € RHY, i.e., it is a p X m real, stable, proper
rational matrix function. Let G = Q'R = RQ™! be left and right coprime
DSS factorizations of G. Then the tangent space of Rat™(n, m, p) of stable,
real rational, strictly proper p X m transfer functions at G is given by

Je=Q 'H(Q, Q)07 (29)

where H(Q, Q) = {M € RH?|Q~'MQ~! € RH%}.

Proof. let G =D 'N=ND"! be polynomial left and right coprime
factorizations. Clearly D, D are stable, that is they have all their zeros in the
open left half plane Let us choose antistable polynomlal matrices E and E so
F or Q DE 1 to be inner E must be an antlstable solutlon to the spectral
factorization problem E*E = D*D. Similarly, E must be an antistable
solution to the spectral factorization problem EE* = DD*. The inner func-
tions Q, Q can be obtained also by use of state space methods. In fact, if
G(z) = C(zI — A)"'B is a minimal realization, then

A+ BB*X, | B
B*X, |1

Q=

where X, is the positive definite solution to the homogeneous Riccati
equation A*X + XA + XBB*X = 0. In a completely analogous way we have

~ (A+Y+C*C | Y+C*)
c [ 1 )

where Y, is the positive definite solution to the homogeneous Riccati
equation AY + YA* + YC*CY = 0.
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Now Rat™(n, m, p) is an open subset of Rat(n, m, p), hence a submani-
fold. By Theorem 3.1 the tangent space at G is given by 97 = X DeD g if

H € XP®P we can write
H=D'PD"' = (D 'E)(E 'PE"')(ED™ )
- (E-'D) (E'PE-')(DE)"'
=Q 'MQ .

Here Q and Q are, by construction, inner functions in H”, whereas M is
clearly real, proper rational, and stable. This shows that XP®P c
Q" 'H(Q, Q)Q . Conversely, let H € Q 'H(Q, Q~'. Then H =
Q- 'MQ™!, where M € H(Q, Q). Since H = (D 'EYM(ED™Y) is analytic
in the right half plane, so is EME. But M is analytic in the open left half
plane, which shows that necessarily P = EME is a polynomial matrix. This
implies that H =Q 'MQ ' =D 'PD~! and Q 'H(Q, Q)Q~' c xPeP.
Thus equality follows. u

5. THE TANGENT SPACE OF RATIONAL INNER FUNCTIONS

We denote by In(n, m) the set of all m X m rational inner functions of
McMillan degree n. Inner functions are generally of interest only up to a
right constant unitary factor. We use this freedom to normalize the rational
inner function G by requiring G(x) = I. Since inner functions are proper
and not strictly proper, we cannot view them as embedded in Rat™(n, m, m).
However, as regarding the tangent space, the extra additive constant does not
play a role. Since an m X m normalized inner function G with minimal
realization (A, B, C, I} is completely determined by the similarity orbit of the
reachable pair (A, B), it is clear from the work of Hazewinkel and Kalman
(1976) and Helmke (1983) that In(n, m) can be considered as a smooth
manifold of dimension nm. We will proceed with a concrete characterization
of the tangent space. The result we obtain is very close to that of Alpay,
Baratchart, and Gombani (1994).

In the proof of the principal result we shall make use of the following
proposition, which may be of independent interest.
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PROPOSITION 5.1.  Let G be an m X m normalized inner function G with
minimal realization
A | B
G= .
C |1

Assume
G =ND* (30)

is a polynomial right coprime factorization of G. Then:

1. The expression
G = N*D* (31)

is a left coprime factorization.
2. The reachability and observability indices of this realization coincide.

Proof. 1: Since G is inner, it satisfies G = G™*. This implies
G = ND™! = N“*D*, (32)

and the last factorization is obviously left coprime.

2: we give two different proofs. The first is functional, whereas the second
is state space oriented.

We assume G has the polynomial coprime factorization (32). Since
G(«) = I, the column indices of D and N coincide. The column indices of
D are the controllability indices of any minimal realization of G. On the other
hand, using the left coprime factorization in (32), the row indices of N*,
which are the column indices of N, are the observability indices of any
minimal realization of G.

Here we use the state space characterization of inner functions. Since G
is inner we must have C = —B*X, where X is the positive definite solution
of the Riccati equation A*X + XA + XBB*X = 0. Since G* = G™!, we

have

~A* | XB\ _(A—BB*X | B

B* 1 B*X 1)
From the isomorphism of these realizations we conclude that the observabil-
ity indices of (A*, B*) and (A + BB*X, B*X), and hence also of (A, B*, X),
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coincide. So ( A, B) and ( A*, XB) have the same reachability indices. But the
reachability indices of (A*, XB) are the observability indices of (A, —B*X),
and the proof is complete. |

We introduce another piece of notation. Given nonsingular m X m poly-
nomial matrices D, and Dy, we denote by X35, the set of all G € X, ),
which are skew symmetric, i.e., satisfy G = —G. We set

D®D, _ =1 ¢ asym — — 1y asym -1
Xasgm ° = (D1 ®D2) XD1y®D2 _D1 XD,'@DZDZ .

dsym
THEOREM 5.1. Let G € In(n, m). Then
1. We have

dim X218P2 = nm, (33)

asym

-2.  The tangent space 7 of In(n, m) at G € In(n, m) is X2:8P-.

asym

Proof. 1. Without loss of generality we assume

G = A B
- B*X | I

where X is the positive definite solution of the homogeneous Riccati equa-
tion A*X + XA 4+ XBB*X = 0. By Proposition 5.1, the reachability and
observability of any minimal realization of G coincide. Denote the indices by
Ky > = > K, and set A = diag(z*,..., x*»). By an argument similar to
one used in the proof of Proposition 2.1, it suffices to compute dim X518%:.

An element in Xﬁ;ﬁAz is completely determined by its upper triangular
part. If G = (g;;) the constraints are

deg g;; < k; + ;.
g5 = ~g-

This shows that the diagonal elements g;; are odd polynomials of degree
< 2k;. The dimension of such a space is clearly ;. Thus we have

dim X218 = ik, + (K, + 1) + - +( K, + K,,)

asym
+ Ky + (Ky + K3) + 0 +(Ky + K,)
4o
+ K,
+ K,

+- (K + KV?I)

m—1

=m(k, + - +k,,) =nm.
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2: As in the proof of Theorem 3.1, using G = ND~!, we have

G =ND™' - ND™'DD™!
=ND™! = N*D*DD"!
= N"*(N*N — D*D)D".
On the other hand, starting from G = N™*D* and using (A = A*, we
compute
G = N™*D* — N*N*N~*D*
= N~*D* - N*N*ND"!
= N"*(D*D - N*N)D™ .
Setting § = N*N — D*D, and comparing the two representations, we con-
clude that $* = —§, that is S is a skew symmetric polynomial matrix in

Xy+op> OF S € XP¥m .. Clearly G € Xaf;n@l), and we have obtained the
inclusion

T, In(n, m) c xy*eb

asym

As both spaces have dimension nm, we must have equality. |

6. THE TANGENT SPACE OF SYMMETRIC
RATIONAL FUNCTIONS

We denote by Rat,,,(n, m) the space of all symmetric, m X m strictly
proper real matrix functions of McMillan degree n. Ratsym(n, m) is a mani-
fold of dimension n(m + 1). We proceed to compute its tangent space.

Given a nonsingular polynomial matrix D, we define the symmetric
tensored polynomial model XJg, by

X3ep = {P € Xpop| P = P}. (34)

D®D
Xsym

Here A denotes the transpose of A. The symmetric rotational model

is similarly defined by

xpev = (H e xP°P|H = H}. (35)

sym
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THEOREM 6.1. Let G € Ratsym(n, m), and let

G=ND'=D"'N

be coprime factorizations of G. Then:
1. We have

dim X2®” = n(m + 1). (36)

sym

XIj@D

sym

2. The tangent space I of Rat,,(n,m) at G is equal to

Proof. 1: The spaces Xsaf D and Xj3sp have the same dimension. Thus

it suffices to compute the dimension of the second space. We assume without
loss of generality that D is column proper with column indices «, > -+ >
K,,- The space XJgp is completely determined by the upper triangular part
of its elements. Counting dimensions by rows, we get

dim Xg;‘D = [(K] + K]) + o +(K1 + Km)]
+[(ky + k5) + 0 = (K5 + k)]

+ [( K, + Km)]

=(m+ )(k, + - +k,) =n(m+ 1).
2: As in the proof of Theorem 3.1, using ND™ ' = DN, we have

G =ND!-=ND 'DD!

ND~' - D'NDD"!

b~ (DN — ND)D".

In an ~analogops way, we obtain G = 15"1(1\7D — 5N YD, and clearly, as
N =N and D =D, it follows that DN — ND is a symmetric polynomial
matrix. Thus we get

T Rat,, (n,m) C Xbep,

sym
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We know that dim T, Rat,,(n, m) = n(m + 1); there the equality

Tc Ratg,(n,m) = Xbeb

sym

follows. [ |

7. RIEMANNIAN METRICS AND SYMPLECTIC STRUCTURES

A Riemannian metric on a smooth manifold M is a family of inner
products < , ), x € M, defined on each tangent space T,M such that
{, )« varies smoothly with x € M. Thus a Riemannian metric is a smooth
section, s: M — Bil(M), of the bundle of bilinear forms such that, for each
x € M, s(x) is a positive definite symmetric bilinear form. By a partition of
unity argument such Riemannian metrics exist on every smooth manifold.

Similarly, a symplectic structure on a smooth manifold M is a closed,
nondegenerate 2-form @ on M. Thus o defines for each x € M a nonde-
generate symplectic form o :T,M X T,M — R such that dw = 0. Thus,
symplectic structures exist only on even dimensional manifolds.

In the sequel we will occasionally ignore the integrability condition
dw = 0 for a symplectic structure. We will then refer to this as a formal
symplectic structure.

7.1.  Riemannian Metrics

To construct a Riemannian metric on Rat(n, m, p) we have to specify an
inner product on each tangent space. Let X, and Y_ denote the stabilizing
and antistabilizing solutions of the algebra Riccati equations

A*X,+ X,A — K,BB*X,+ C*C =0,
AY +Y_A* + BB*Y —Y_C*CY_=0.

Thus X,=X¥*>0and Y_=Y¥<0. Let Y,:= —Y_> 0. Thus Y, = X;%
By Theorem 3.1, the tangent space T, Rat(n, m, p) decomposes as

T Rat(n,m, p) = %, & %,,

where %, = {TL®D™'|L € R?*"} and %, = {D"'WKT |K € R**™}. We
define

(Ts,®D~! + D"W1,T,TS,®D"' + D '¥T,I")

= Tr(S, X3'S$,) + tr(T, X, T,). (37)
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Obviously, this defines a positive definite inner product on the tangent space
TG Rat(n, m, p). Since X, depends smoothly on the realizations (A, B, C),
this inner product depends smoothly on G € Rat(n, m, p). Thus it defines a
Riemannian metric. This metric coincides with the Riemannian metric pro-
posed by Delchamps (1986). We will refer to this as the Riccati based
Riemannian metric on Rat(n, m, p). Note that the subspaces %, and %, are
orthogonal to each other with respect to this Riemannian metric.

7.2.  Symplectic Structure

We show now that, for the case m = p, each tangent space of Rat(n, m, p)
can be endowed with a nondegenerate symplectic form. Since
dim Rat(n, m, m) = 2nm, the space Rat(n, m, m) is even dimensional. Thus,
in this case, there is no dimensional obstruction to the existence of a
symplectic structure.

To define a formal symplectic structure on Rat(n, m, m) we once again
consider the direct sum decomposition (21) of T Rat(n, m, m). We then
define, for m = p,

(TS, ®D~! + D 'OT,T, TS, ®D~! + D 'WT,T') = tr(S,T, — S,T,).
(38)

Note that this yields a well-defined, nondegenerate bilinear form on
T Rat(n, m, m) which is alternating. Thus we have a symplectic structure on
T Rat(n, m, m) which varies smoothly with G € Rat(n, m, m). We refer to
this as the constant symplectic structure on Rat(n, m, m). Note that we have
not verified that this actually defines a symplectic structure, i.e. that the
integrability condition dw = 0 holds.

7.3.  Symplectic Structure on Rat(n)

A problem with the above formal symplectic structures on Rat(n, m, m) is
that it is difficult to compute them more explicitly. Thus, in this subsection
we explore some possibilities to define a symplectic manifold structure on the
set Rat(n) of scalar real rational transfer functions. This makes contact with
the work of Brockett and Faybusovich [1991] as well as Atiyah and Hitchin
[1988]. In these papers a certain symplectic manifold structure on Rat(n) is
defined, which has a resemblance to the symplectic structure (55) defined
below. As we shall see, Bezoutians play a significant role in defining symplec-
tic structures.
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There are at least two different ways to define a symplectic structure on
Rat(n). The first construction uses the fact that the tangent bundle T Rat(n)
is trivial. The construction goes as follows.

7.3.1. Trivialization Method. Consider the smooth trivialization of the
tangent bundle

TRat(n) = |J {g} X T, Rat(n)
g€ Rat(n)

via
7 :Rat(n) X R®" - T Rat(n)
(g, [r]) = (g, m/d%).
Here [7] = (7,,..., m,,_,)" denotes the coefficient vector of any polyno-

mial 7 of degree < 2n — 1. It is easily seen that 7 defines a diffeomor-
phism which maps each fiber {g} X R*" of the projection map pr, : Rat(n) X
R?" — Rat(n) linearly isomorphically onto {g} X T, Rat(n). Using this trivial-
ization of the tangent bundle, it follows that every formal symplectic structure
on Rat(n) is uniquely given by a smooth map

Q :Rat(n) — A2(R2")

of Rat(n) into the linear vector space of 2n X 2n skew symmetric matrices.
Actually, in order to define a formal symplectic structure, we have to impose
the additional nondegeneracy condition that Q(g) is invertible for all g €
Rat(n). Given such a smooth map :Rat(n) — A*(R?"), satisfying the
nondegeneracy condition, we define a symplectic structure on Rat(n) as

(23,75 ) = [T 2@ m) (39)

It is immediately checked that this defines a nondegenerate, alternating
bilinear form on T, Rat(n) and thus a formal symplectic structure on Rat(n).

Conversely, every formal symplectic structure on Rat(n) is of this form.
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7.3.2. Diffeomorphism Approach. This approach depends on the fact

that Rat(n) can be identified with an open subset of R?". In this way a
splitting of the tangent bundle

T Rat(n) = X & X*

is induced from any decomposition R2" = R" X R". Explicitly, consider the
diffeomorphism

f:Rat(n) - R" X R",

[
[

n

—
d

n]
d]

which assigns to every rational function g = n/d the coefficient vectors
[nl,[d] of n and d. Thus for n(z) = ]'-';Olnjzj, d(z) =¥ (d;z’. d, =1,
we have f = (f}, f,) with

fl(%) = [n] = (n,,..., n, )",

fl(%) =[d] = (dy,....d, ).

Obviously the image M = f(Rat(n)) of f is an open subset of R*". To
compute the derivative of the map

T,f:T, Rat(n) — R2"

at a tangent vector w/d* € T, Rat(n), we choose any smooth curve t —

n(t)/d(t) € Rat(n) such that

n(0) n '
oy d ® @)

id — nd 3 n'(0)d(0) — n(0)d'(0) ™ B
PR d(0) E (i)



32 U. HELMKE AND P. A. FUHRMANN

Thus n(t)/d(t) € Rat(n) is chosen such that its derivation at ¢ = 0 coincides
with 7/d?. Such curves clearly exist. Then we compute

T nd — nd
() = 1 )
d n(t)
Wfl(d—@)t:o
= n(t)]t=0 [ n(t)]
= [#],
T nd — nd
Tgfz(ﬁ) = Tgfz(—-dz—)
d n(t)
‘d—tfz(a‘(ﬁ)t:o

=~—[d(t)]‘ [ d(t)]

t=0

= [d].

Thus the derivative T, f: T, Rat(n) — R®" assigns to each tangent vector

/d* the pair of coefflclent vectors ([n] [dD of the unique polynomials 7, d
of degree < n such that 7 = ad — nd holds. Equivalently,

Tgf(:%) - (EZ}) = Res(d, —n) '[r].

Pick any smooth map Q: M — A%(R®") such that, for any g € M, Q(g)
defines a nondegenerate, alternating bilinear form on R2?". Thus Q defines a
formal symplectic structure on the open subset M C R?". We can pull back
this structure, via f, to a formal symplectic structure on Rat(n). Explicitly,

define

<% %> = [WI]TRes(d, —n)_lQ(g)Res(d, —n)_l[wz].
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Again this defines a formal symplectic structure on Rat(n). For example, if

Q(g) = (_OI (I)) o € Rat(n),

then we obtain the induced symplectic structure on Rat(n) given by

Res(d, —n)‘l( —OI (I)) Res(d, —n) ™',

Now, using wedge product notation, the skew symmetric matrix

[ o)

corresponds to the 2-form

Y dp, A dg,,

i=1

while ( _0 J é) with | given by (50), corresponds to

n

Y dp, A dg, iy -

i=1
In general, every 2n X 2n skew symmetric matrix
Q= (_“;3* CB*) A= —A, C* = —C,
we have the associated 2-form

n n

Zai,j(P"Y) dp; A dpj + Z )y bi,j(P"l) dp; N dqj

i<j i=1j=1
+ Zci,j( p.q) dg; A qu
i<j
So it is easy to change language, if necessary.

7.3.3.  Symplectic Structures and Bezoutians. Here we show how to
construct an honest symplectic structure (i.e. one satisfying the closedness
condition dw = 0) on Rat(n) via Bezoutians. Let g = n/d € Rat(n) denote
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a strictly proper transfer function of McMillan degree n. Let

X? = {gel{(z)

deg m < n} (40)

denote the rational model space associated with the monic polynomial d.
Thus X? is a real vector space of dimension n. From Theorem 3.1 we know
that the tangent space of Rat(n) at g is T, Rat(n) = X*". We have already
seen how to split the tangent space x4 mto a direct sum of two n-dimen-
sional subspaces. Here we give a different, more direct, construction.

PROPOSITION 7.1, For any g € Rat(n) there is a direct sum decomposi-
tion of the tangent space T, Rat(n) as

T, Rat(n) = X’ & g- X“. (41)
Proof. Every tangent vector of T, Rat(n) is of the form m/d? for a

unique polynomial 7 € R[z] of degree < 2n. By coprimeness of n and d
there exist unique polynomials @, b, € R[z], both of degree < n, with

m=a,n +b,d. (42)
Thus
T b,, J J
:13 7 gd2 e X® e gX”. (43)

Conversely, if a/d,b/d € X? then (an + bd)/d? € X¥'. The result follows.
]

Actually, as the polynomials @, , b, appearing in the above proof vary
continuously with 77, the splitting of T, Rat(n) into subspaces X and gX is
continuous in g € Rat(n). Thus this decomposition defines a topological
splitting of the tangent bundle T Rat(n) into subbundles. There is a natural
symplectic structure associated with this tangent bundle decomposition. This
is where the Bezoutian enters the stage. By coprimeness of n and d, for each
pair of polynomials 7, 7, € Rlz] of degree < 2n, there exist polynomials
a;, b, of degree < n such that

7, =a,d — bn (44)

fori=1,2.
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Let Res(d, n) denote the resultant matrix. Thus Res(d, n) is a 2n X 2n
matrix of the form

dy ny
R d _ dm ng 45
es(d.m) = . . (#5)
d, n,
For any polynomial a(z) = T¥_ a,z" let [a] = (a,, ..., a)" € R¥*! denote

the vector of coefficients. Then from (44) we obtain

[7,] = Res(d, —n)({Z}) i=1,2. (46)

Therefore, for i = 1, 2

[a] _ - [
([bi])—Res(d, n)  [m] (47)

Let ] € R"*" denote an arbitrary invertible matrix. Then

Q, = Res(d, —n)_l( —O]T {)) Res(d, —n) "' (48)

is an invertible 2n X 2n skew symmetric matrix. Thus
T, om
(Z5. 22 )= ImT 0y Ima] = [ 1)1 — [T JTaa]  (49)

defines a nondegenerate, alternating bilinear form on X 4* and therefore a
symplectic structure on the tangent space.
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By specializing the n X n matrix J, various choices of symplectic struc-
tures on T, Rat(n) are obtained. To connect up with Bezoutians we choose

0 0 0 1
6 0 - 1 0
I R (50)
0 1 0 0
1 0 0 0

Using a result of Kravitsky (1980) (see also Helmke and Fuhrmann, 1989), we
have

0 N1 _ 0 B(d,n)
Res(d,n)(__]T O)Res(d,n)— (—B(d,n) 0 ) (51)

where B(d, n) denotes the Bezoutian (see Helmke and Fuhrmann, 1989).
Therefore, in this case

0 B(n,d)”"
Q= , (n. d) (52)
—B(n,d) 0
and the above symplectic structure on T, Rat(n) is
AW r 0 B(n,d)™!
<d2’ d2>— [7T1] (—B(n’d)_l 0 [77'2]. (53)

Note that the inverse of a Bezoutian is a Hankel matrix. Explicitly

B(d,n)"" =H,,(S),

where H,(a/d) denotes the n X n Hankel matrix associated with the rational
function a/d. Here a is the uniquely determined solution of the Bezout
equation an + bd = 1 which has degree < n. Thus we could also express
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the symplectic form as

<Zzl’ d2> =l —H,,;)a/d) H"(g/d))["z]' (54)
We can now state and prove our main result of this section.
THEOREM 7.1. The 2n X 2n Bezoutian type matrix
0, - 0 ) B(n,d)”) 55
—B(n.d) 0
defines a symplectic structure on the tangent spaces T, Rat(n), g = n/d.

Moreover, it defines an exact, and hence closed, nondegenemte dzﬁrerentml
2-form on Rat(n).

Proof. We have already seen that (), defines a nondegenerate symplec-
tic structure on T, Rat(n) and thus defines a nondegenerate differential
2-form w, on Rat(n). It remains to show that w, is exact, that is, w, = de,
for a smooth 1-form @ on Rat(n). Let p,:Rat(n) —» R, g,:Rat(n) — R,
where

pi(n/d) = coefficient of z'"! in n( z),

(56)
g;(n/d) = coefficient of z/~" in d(z)
for i, j = 1,..., n. By differentiation of these functions we obtain the smooth
1-forms dp, : T, Rat(n) — R defined by
-1 .
& 1, J =1, -
dp"( d )_{0, j#i, (57)

and dg, : T, Rat(n) — R defined by

2/ n 1 P =
L j=1i,
dq"( d )_ {0, i (58)
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Thus dp,,...,dp,.dq,,....dg, form a basis of smooth exact 1-forms on
Rat(n) which is dual to the basis {d™ ', 2d7 L, ..., 2" '"d™ !, nd 2%, nzd ™2,
.,nz"~'d "%} of the tangent space.
We can decompose any tangent vectors £, € T, Rat(n) with respect to
the above basis of T, Rat(n) as

zi—l Zi ln

- o) — @
g i=Zl gz d ]gl §] dZ

i—1 n i—1

z
d

n n
= L - ¥
i=1 d

j=1
Then, for i < j, the wedge product of dp; and dg; is
dp; A dqj(f’ n) = dp;(§) dqj(n) — dp;(n) dq]( £)
= £Op® — gm0,

On the other hand, by the definition of the symplectic form €, we have

Q,(€,m) = [aI]T][bz] - [bl]T][az],

with
0 £
[‘11] = > [bl] =
f(l) 6(2)
o o
[e.]=1{ : |, [&]=] :
7Y 7
where
a,  bn a, byn

i E "I E
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Thus
[a ) JTb] = (] Jlaa] = & (5002, = 67n0.))
i=1
= g:ldpi Adq, ;,,(€.m).
Therefore
Q, = é dp;, N dq,,,,ﬁ,
is an exact 2-form on Rat(n) with a = X}_, p, dg, _,. . [ |

Of course, we can also consider other choices of symplectic forms on
Rat(n). Whether or not these symplectic structures actually define closed
differential 2-forms has to be seen in each case individually. A number of
such possible choices for symplectic forms are

q - 0 B(n,d)fl
© | -B(na)! o |
3 0 B(n,d)
&, = —B(n.,d) 0 )
Q. — 0 H(n/d)
5\ —~H(n/d) o
_ 0 B(a,d)
2, = ~B(a, d) 0 )
{0 1
Q5 = ( —1I 0)'

Of course, all these choices define nondegenerate alternating bilinear forms
on each tangent space. Moreover, they vary smoothly with g € Rat(n). The
problem remains to check if they yield all closed 2-forms on Rat(n).
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