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On a connection between spectral factorization and geometric control theory

A. GOMBANI{* and P. A. FUHRMANN{

We investigate here how the geometric control theory of Basile, Marro and Wonham can be obtained in a Hilbert space
context, as the byproduct of the factorization of a spectral density with no zeros on the imaginary axis. We show how
controlled invariant subspaces can be obtained as images of orthogonal projections of co-invariant subspaces onto a
semi-invariant (Markovian) subspace of the Hardy space of square integrable functions analytic in the right half-plane.
Output nulling subspaces are then related to a particular spectral factorization problem. A similar construction is
presented for controllability subspaces, and a new algorithm for the computation of these subspaces is presented.

1. Introduction

Perhaps one of the most appealing features of the
geometric control theory developed by Basile and
Marro (1969) and Wonham (1991) is the generality of
its construction. First a characterization of a// controlled
invariant subspaces for a given controllable pair (4, B),
and then a characterization of the output nulling ones
for a given minimal realization of the transfer function
W = C(sI — A)"'B+ D. The key point for us is that a
given stable, controllable pair (4,B) determines
uniquely an inner function. It is therefore quite enticing
to try and lift such a construction to a natural space for
inner functions, a Hardy space. It turns out that under
mild coercivity conditions on WW*, the formulation of
the results in the Hardy space setting is very simple,
although the same does not hold for some proofs, and
that the solution is strictly connected with stochastic
realization. Such a direction could already be guessed
from the paper by Lindquist ef al. (1995), where the
transmission zeros are studied. So, if the problem we
investigate here is quite old, in fact the first works of
Basile and Marro, for example, is from 1968, and the
first work on the strong stochastic realization problem is
from the mid-seventies (see e.g. Ruckebusch 1975), the
approach we take here is nevertheless new. We exploit
the Hilbert space structure, as is done in classical stoch-
astic realization theory, but instead of analysing the
geometry in the stochastic domain, we carry this struc-
ture entirely into the frequency setting. The result is that
there is no stochastics in this paper, but just Hilbert
spaces and geometric control theory. It is nevertheless
only in stochastic realization theory (see Lindquist and
Picci 1991, Lindquist et al. 1995, Fuhrmann and
Gombani 1998) that the factorizations we will use are
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derived. This explains the terminology. The main advan-
tage of this approach is a computational one. In fact, in
Fuhrmann and Gombani (1998), we reduce the charac-
terization of spectral factors to the study of a set of
stable, all-pass (inner) functions. Then the factorizations
and the projections can all be computed using state
space formulas and solving Lyapunov and Riccati equa-
tions. As a byproduct, we obtain a simple algorithm for
determining output nulling and controllability sub-
spaces for a given function W.

It has been shown (see Lindquist ez al. 1995) that if @
is a full rank p x p rational spectral density without zeros
on the extended imaginary axis then W is a minimal
stable p x m spectral factor if and only if there exist
essentially unique inner functions Q' and Q”, deter-
mined up to a constant unitary factors, such that
W =[W_0]Q" =[W,_0/Q"* where W_ and W, are
the minimum and maximum phase spectral factors.
Moreover, it can be shown (see Fuhrmann and
Gombani 1998) that this result holds also when the
matrix @ does not have full rank and that the inner
function Q' and Q" are, under mild assumptions,
uniquely determined by W and that

Q/Q// _ (Q+ 0)
~\0 R

where Q_ is an invariant depending only on @ and the
matrix R is equivalent to an inner divisor of Q.

Let now

be a fixed realization of W. We show here how the func-
tions Q' and Q" associated to W determine a maximal,
inner antistabilizable subspace V¥ and a maximal, inner
stabilizable subspace V* of C" which are output nulling.
Moreover, the supremal output nulling controllability
subspace R is the intersection of V¥ and V*. The step
from Q' to the supremal antistabilizable subspace is
quite simple. Let WK be the Douglas—Shapiro—Shields
factorization (see below) of W; then V* is (isomorphic
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to) the projection of the coinvariant subspace H,(Q')
onto H,(K). The coinvariant subspace H,(K) is import-
ant in stochastic realization in this connection (see
Lindquist and Picci 1991 or Ruckebusch 1980a) because
it represents a natural state space for the realization of
w.

Our work has been largely inspired by Lindquist et
al. (1995). We believe that the present exposition is a
natural extension of the results of that paper in the con-
text of the geometric stochastic realization theory of
Lindquist and Picci. Besides providing what we feel to
be a better understanding of the theory, it presents a new
algorithm for the computation of output nulling and
controllability subspaces. This algorithm is based on
spectral factorization and, unlike the existing ones (see
Wonham 1991), does not need to invert the matrix A4 of
the state dynamics.

The paper is structured as follows: in §2 we give
some preliminary results. In § 3 we give a representation
of controlled invariant subspaces in terms of co-invar-
iant subspaces. We then show how output nulling sub-
spaces are connected to spectral factorization theory for
the case of stable spectral factors. In §4 we give a similar
two-steps representation for controllability subspaces.
In §5 we extend the results to non-stable factors. This
approach is mainly due to expository reasons, since the
main difficulties are already solved in the stable factors
case. In § 6 we give a description of the algorithm for the
construction of output nulling subspaces.

2. Preliminaries and notation

We work in the Hilbert space setting of the plane; we
define (see Hoffman 1962) L*(l) to be the set of the
vector or matrix valued (the proper dimension will be
clear from the context) square integrable functions on
the imaginary axis, and Hi to be the subspace of L of
functions analytic in the right half-plane and such that

(o.¢]
sup — : J tr (F*(x +iy)F(x+1iy))dy < o0
x>0 27
where * denotes transposed conjugate. If F and G are
column vectors, the inner product in H? is

1

(F,G) = 2

(09]

J G*(iw) F (iw) dw
Analogously, HY is the subspace of L?* of functions
analytic in the right half-plane and such that

sup [[F(s)[| < o0

Res>0
where ||F(x + iy)|| denotes the usual matrix norm. The
spaces H> and H* are defined similarly on the left half-
plane.

Let F be a function of L*: we denote by P*F (P~ F)

the orthogonal projection of L* onto H2 (H?).

A function Q € HY is inner if it is square and
0*0 = QO* = I. Tt is well known that a column vector
space M in H 3_ is invariant under multiplication by e '
for t > 0 if and only if it is of the form M = QHi
(Beurling’s Theorem). Similarly, a row space N is in-
variant if and only if it is of the form N = H? 10. We
set H,(Q) := (QH>)* and H,(Q):= (H2Q)". Clearly
we have P+ei°”Hc(Q) C H,Q), and similarly for
H,(Q). Coinvariant subspaces are defined also in H?.
Given an inner function Q€ H", we define
H.(0%) = {H>Q*}* = H> & H> Q*. Similarly, a p x m
function Q is row rigid if QQ* =1, (which entails
p > m); it is column rigid if Q*Q =1,,.

Clearly the concepts of inner and outer functions can
be defined in a similar manner also in H>. So, we will
say that an m x m function Q* € H™ is conjugate mner
if Q is inner and that an m x m, function F_ € H*
conjugate outer if it is of full column rank as rat10na1
function and rank F_(s) = my, for Re s < 0.

A full column-rank p x my rational matrix function
F_in HY is said to be minimum-phase or outer (on the
right) if rank F_(s) = m, for Re s > 0. It is well known
that a p x m rational function Fin HY of essential rank
my, it admits an outer-rigid factorization

F=F.Q (1)

where F_ is p x m, outer and Q is an m, X m row rigid
function. This factorization is unique up to a unitary
constant matrix.

Similarly, the factorization

F=FK (2)

of Fin H 3_ is a Douglas—Shapiro—Shields (DSS) factor-
ization of Fif F € H*, K is inner and the degree of X is
as small as possible. Also this factorization is unique up
to a unitary constant matrix.

A full column-rank p x my rational matrix function
G, is said to be maximum-phase if its DSS factor G, is
(conjugate) outer in H> . Given a p X m rational function
G of essential rank m, in HS°, it admits a maximum-
phase conjugate-rigid factorlzanon

G=G,0" (3)

where G i p X my maximum-phase and Q is an m X ni,
column rigid function. Also this factorization is unique
up to a unitary constant matrix.

As already mentioned in the introduction, as G we
can take a stable spectral factor W of a spectral density
@ of dimension p x p and rank m,. Then W_ is the
minimum-phase spectral factor and W, is the maxi-
mum-phase spectral factor of the spectral density @;
the DSS factors W_ and W are the so-called conjugate
maximum phase and conjugate outer spectral factors,
respectively.
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Given two inner functions P, Q, we say that QP is a
skew-prime factorization (see Khargonekar ez al. 1983),
if PO = OP, P and Q are left coprime and Q and P are
right coprime.

From now on we assume all the functions to be

( )

indicates that the quadruple (4, B, C, D) is a realization
of W. By A% we denote the Moore—Penrose pseudo-
inverse of a matrix A.

Note: throughout the paper, when we write ‘Py|X is
injective’, we mean that the restricted projection opera-
tor (Py)y is injective.

2.1. Rigid and inner functions

In this section we give a state space characterization
of rigid functions and study their embedding in a square
inner function. We begin by giving a state space char-
acterization of rigid functions. This is a generalization of
the well known characterization of inner functions (see
Genin et al. 1983 or Fuhrmann and Ober 1993).

Proposition 1:

(1) Let R be a p x my proper stable rational matrix

function and let
R A|B
k= (c—i—D) ®

be a not necessarily minimal realization. Then R is
column rigid, i.e. R*R = I, if and only if
(a) We have
D*D =1
(b) We can choose
B=—YC*D (5)

where Y is the maximal non-negative definite
solution of the homogeneous Riccati equation

AY + YA* + YC*CY =0 (6)

(2) Let R be a my x p proper stable rational matrix

function and let
. A|B
R= (—|—C D) )

be a not necessarily minimal realization. Then R is
row rigid, i.e. RR* =1, if and only if

(a) We have

DD* =1

(b) We can choose
C =-DB*X

where X is the maximal non-negative definite
solution of the homogeneous Riccati equation

A*X + XA+ XBB*X =0 (8)

Proof:

(1) From the realization of R we obtain

w= (Tr)

The equality R*R = I implies

—A* | c* 4 |B
X

—B* | D* c|D

4 0 | B

= | cxc —ax|c*p
D*C —B* | D*D

Necessarily we must have D*D = [.

Since A is stable, there exists a unique non-
negative definite solution to Lyapunov equation

A*Q + QA+ C*C =0 9)

Applying the similarity transformation

( )

(o) ()
(ptee ()

A 0
C\A4*Q+ 04+ C*C —a*

(2 )

Also

(é ?)(Ci)) N (C*DB+ QB>

and

D*C B* ro D*C + B* B*
G S (LAY SR S
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We have therefore

4 0 B
1= 0 —A* | C*D + OB
D*C +B*Q —B*| I

This implies C*D 4+ QB =0 or

0"QB = -Q*C*D

where Q7 is the Moore-Penrose pseudoinverse
of 0. Multiplying (9) by Q7 on both sides we get

0= 0%4*00% + 0*040" + 0% C*CQ*
= Q7 A* + A0 + 07 C*CQT — QT A*(1 - 007)
+ (1 - 070)40"
— 0*A* + 40% + OF C*CO*

since
Im (/ — 0Q7) L Im QQ*
implies
(1-0%0)40" =0
and

Ker(I — Q0") L Ker QQ7

entails Q7 A*(I —QQ%")=0. We set now
Y = 0%, s0 Y is a non-negative definite solution
to the the Riccati equation (6). That it is
maximal follows from simple rank considera-
tions on the solution to the Lyapunov equation.
Finally, since B= Y#*YB+ (I — Y*Y)B, and
since it is well known that Ker
C(sI—A)'=Ker Y*Yd=Im (I— YY",
we conclude that

C(sI—A) ' (I-YY")B=0

We can therefore always choose B so that (5) is
satisfied.

Conversely, if R is given by the realization (4),
with the extra conditions satisfied, then it is
straightforward to check that R is indeed rigid.

(2) The proof is similar, or can be obtained by
duality considerations. O

The next proposition studies the embedding of rigid
functions in inner ones. This is a special case of
Darlington synthesis.

Proposition 2:

(1) Let R be a p x mq column rigid function, that
is R*R=1. Then there exists a p x (p—m)
column rigid function R such that

(@) R= (R R) is inner.
(b) We have the equality of McMillan degrees

5(R) = 6(R) (10)

R is uniquely determined up to a right con-
stant unitary factor.
(2) Let R be a my x p row rigid function, that is
RR* = 1. Then there exists a (p —mg) X p row
rigid function R such that

(a) R= (f;) is inner.

(b) We have the equality of McMillan degrees

§(R) = 5(R) (11)

R is uniquely determined up to a left constant
unitary factor.

Proof:
(1) Choose any D’ such that (D D’) is unitary. Such
a D' is unique up to a right unitary factor of size

p x (p—my). Set

A|B B
R:
cC|D D'

For R to be inner it is necessary and sufficient
that

(B B')=-YC*D D'

where Y is the non-negative definite solution of
the Riccati equation (6). So we make the choice

B'=-YC*D'
and we get an inner embedding. It is obvious
that §(R) = 6(R).

(2) The proof is similar or can be obtained from the
first part by duality considerations. O

We will refer to the extensions obtained in the pre-
vious proposition as minimal inner embeddings.

2.2. Rectangular spectral factors

Let W be a p x m stable rational function. Then,
from the factorization (1), (2) and (3) we know that
there exist functions W_, W, W_, W, (we will call
them extremal spectral factors) which are, respectively
outer, maximum-phase, conjugate maximum-phase and
conjugate outer, and rigid functions 0’, 0”,0’, 0" such
that

W=w_0Q =W, (0")*=W_0'K=W,(0")*K
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(we refer to Fuhrmann and Gombani 1998 for details).

The term spectral factor comes from the fact that the
absolute value on the boundary @(iw) of all these func-
tions is the same, i.e.

O=WW* =W W* =W, Wt =W W* =W, W*

Therefore, we will often refer to the functions W, W_
etc. as spectral factors.

It can also be shown (by a straightforward applica-
tion of Proposition 2 to the above factorizations) that
there exist inner functions Q_, Q., K_, K, of size
mg x my such that

W,=Ww_.0, = W—K—Q+ = W+K+

i.e. Figure 1 commutes.

While the dimension of W is p x m (we will suppose
it’s fixed from now on), it is clear from the definitions of
outer and maximum-phase factors that the extremal fac-
tors W_, W, W_, W, have all dimension p x m, and,
as we said, the inner functions Q_, O, K_, K, have all
size my x my. In the following analysis, though, it will be
crucial to have all factors of dimension p x m and the
inner functions of dimension m x m. To this end we
define the extended spectral factors as

we =[w_, 0 WS =[w,, 0]
W =[w_, 0] WS =W, 0

where the 0 matrix is obviously of dimension
p x (m —my). Similarly, from the inner matrices Q_,
Q.. K_, K_, we can obtain the extended inner matrices

e e
- 0 I, m—niy, " 0 I, m—my
o[k 0 o[k 0
K~ = K| =

0 I, m—niy, " 0 I, m—niy,

Proposition 3: Let W be a stable rational p X m spec-
tral factor and let W, W¢, W¢, W¢.

(1) There exist essentially unique inner functions Q’,
0", of minimal McMillan degree, for which

Q+

W- W,
K_ K
1 Q- L
W= W,
Figure 1.

w=wQ'

- ,_,QN } (12)
Wi=wQ

(2) Let W¢ and W be the extended antistable spec-

tral factors. Given any minimal antistable spectral

factor W, there exist essentially unique inner func-

tions Q', Q" for which

W = WiQ’}
WS =wQ"
(3) (DSS factorization) Let W, W, W¢ and W
be the extended extremal spectral factors and let
W be any stable factor. Then there exist essen-
tially unique inner functions K¢, K$ and K such
that

(13)

W{’ — W{’ K(’
W = WK
W =WwK

where W is the antistable DSS factor of W.

ith the above notation, we have the equalities
4) With the ab ] h h liti
K(’ L’_Ke ! //_’/K //_’/’//Kz’_ BKL’
QL =KIQQ =0KQT =0 0K, =0°K,
0% (K$)* = 0'Q"(K)* = 0'K*Q" = (K)*Q'Q"
= (K*)*Q
In other words, figure 2 is commutative.

(5) There exists an (m —mygy) x (m —my) inner func-
tion R for which the following relations hold

W
LN
we i = We
Ke K Ke
e Q- L
we - W
QN /Q(

Figure 2.
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0

Q/Q//: lQ+ ]
0 R

A1 AN g 0
Q0" = o R

For the proof see Fuhrmann and Gombani (1998).

A complete characterization of all such factoriza-
tions is available in terms of non-negative definite sol-
utions of a homogeneous Riccati equation or in terms of
invariant subspaces of a linear transformation. For
more on this, see Willems (1971), Finesso and Picci
(1982), Picci and Pinzoni (1994) and Fuhrmann (1995).

It is clear that stable, internal spectral factors are in a
bijective correspondence with the set of all left inner
factors of Qf.

2.3. Lyapunov equation and Hardy space metrics

As we said in the introduction, the aim of this work
is to provide a connection between co-invariant and
controlled invariant subspaces by means of state space
formulas. Since in the Hardy space setting we have nat-
ural notions of orthogonality, and we freely use ortho-
gonal projections, we need a mechanism that allows the
same operations to be done in the state space context. In
particular, we need to find a metric in the state space
that is equivalent to the H> metric, when restricted to an
invariant subspace. The key to this is provided by the
solution of a Lyapunov equation associated with a rea-
lization. We begin with the following lemma which char-
acterizes the solution of a Lyapunov equation as a Gram
matrix.

Proposition 4:

(1) Let (A,C) be an observable pair, with A stable.
Let Q = (q;;) be the unique, positive definite, sol-
ution of the Lyapunov equation

A*Q + 04 + C*C =0 (14)

Let ey, ..
and set

., e, be the standard column unit vectors

v, =C(sI — A) e
Then we have
qi; = (V_/a"i)Hi (15)

(2) Let (A, B) be a reachable pair, with A stable. Let
P = (p;;) be the unique, positive definite, solution
of the Lyapunov equation

AP + PA* 4+ BB* =0 (16)

Letey,..
set

., e, be the standard row unit vectors and

v, = e;(sl — A)_IB

Then we have
Pij = (vi, V_/)Hg (17)

Proof:

(1) The solution of the Lyapunov equation (14) is
known to be given by

o0 *
0 :J el CxCedr
0

and hence

(o.0]
N At
(Jij:J g;e” C*C ee;dt

f=]

- (f)ja f)i)Lz(()po)

where ¥, = Ce™ ¢; € L*(0, c0). Since the Fourier—
Plancherel transform maps, unitarily, Lz(O, 00)
onto H2, and maps Ce''e; to C(sI — A) 'e;,
we get (15).

(2) The proof is similar. O

We now need a well known result (see Fuhrmann
and Ober 1993, Fuhrmann 1995) about state space for-
mulas for the Douglas—Shapiro—Shields factorization of
a rational stable function.

- (3

be a minimal realization of W € HY® and let W = WK be
the right coprime DSS factorization of W over HY. Then

A B
K= —
—B*P 1

where P satisfies the
AP+ PA* + BB* =0 and

_ ( A% |P—13>
W=
DB*+CP| D

Conversely, let
_ A ‘B
W=|——

be a minimal realization of W. Then W has minimal rea-
lization

Lemma 1: Let

Lyapunov equation
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( 7 |ﬁ>
W = . =
~DB* +CP | D

where P satisfies the  Lyapunov  equation
‘AP + PA* — BB* = 0.
Proof: The computations are similar to those of

Proposition 1. It is well known that the degree of K is
equal to the degree of the stable part of W, which co-
incides with the degree of W, since W is stable. We
show that with the above definition of K, WK* is in
H®. In fact, from the realization of K we obtain

—A* | P7'B
K* =
B* 1
Then we have

A | B —A4* | P 'B
WK* = X
C|D B* I
—4* 0 |P'B
=| BB* 4| B

Applying the similarity transformation

I 0
-P I
we compute

(o ) 3)(2 ?)

(AP+ PA* + BB*

) (3

(DB* C)(; ?):(DB’H—CP C)

Also

and

We have therefore
—A* 0|pP'B

W = WK* = 0 A

0
DB* + CP C| D

_( —A* |P—13>
“\bpsice| b

i.e. W € H* and has the representation we wanted.
Since the degree is minimal, it is a right coprime DSS
factorization. As for the expression of W in terms of a
realization of W, it follows from a dual argument. []

The next proposition gives a state space representa-
tion of finite dimensional, backward invariant sub-
spaces. This is an analogue of a polynomial result of
Hautus and Heymann (1979) and Wimmer 1979.

Lemma 2: Let S be a m x m rational matrix inner

function and let
A| B
S = (C D) (18)

be a non-necessarily minimal realization of dimension n.
Then

(1) A representation of H,(S) is given by

H,(S) = {¢*(s] — 4)"'Bl¢ € C"} (19)

(2) A representation of H.(S) is given by

H,(S) = {C(sI — 4)"'¢l¢ € €} (20)
Proof: We give a proof for (1). The proof for (2) fol-
lows by duality.

Suppose first the realization of § is minimal.

Let then geH? and let Z:=[¢,&,...,6)]
where {¢; i=1,...,n} is a basis in C". Set
X = Z%(sI — A)"'B. Then the inner product of the X
and gS is

(X,gS) = J[ Z¥(sI — A) ' BS(s)*g*(s) ds

Applying Lemma 1 to

A|B A B
= (z75) = s (7)

we obtain

(X,gS) = | E*P(sI + A*) ' P ' Bg*(s)ds = 0

JI

since the function is analytic in the negative half-plane
€~ and is the product of two strictly proper functions.
Conversely, if g € H> and (¢*(sI — A)"'B,g) = 0 for all
¢eC", then &*(sI —A) 'Bg* is analytic in C~ or,
equivalently, g* is divisible by the DSS factor of
(s1 — A)_IB over HY. But this factor is precisely S*,
and therefore the conclusion under the restrictive
assumption.

Suppose now that the realization of S is not minimal,
and let T be an invertible transformation such that
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rar = (4 Z =8
0 4 0
with (4, B) controllable. Then clearly

{e*(sI — A) {e*T '(sT —A)'B; ¢ € C"}
={¢"*(sI - A)'B; ¢’ € C"}

A B
S = —
-B*P'| D

is obviously a minimal realization, so that we fall in the
previous case. ]

B ey =

and

We prove now a slight extension of a result in
Fuhrmann and Gombani (2000). Here we remove the
coprimeness restriction. Given two m X m inner func-
tions S| and S,, we let S be a common left inner mul-
tiple. Thus we have S=5,5 =S8,5,. The inner
function S is only defined up to a left inner factor.
Now the coinvariant subspace H,(S) has two natural,
orthogonal direct sum representations, namely

H,(S) = H,(5,S)) = H,(5,)S, ® H,(S))
=H,(5,5,) = H,(5))S, © H,(S,)

This means that computing orthogonal projections, like
Py (s, |H(S2) or Py (s,)|H,.(S}), can be done in the
state space H,(S,S,).

Lemma 3: Let

be minimal realizations of two inner functions, and let

Ae = 0 A , B,:= B ) Ce = (Cl CZ)

(1) Let S; be a common left multiple of S, and S,,
and let S, := S; S%. Then

Py (s))s, (T — A) "By = (s - 4)) "B Sy(s) (21)

and
Py (5,)(SI — A)) "' By = P\, Py (sI — Ay)'B, (22)
where B, := B, — P}, P, B, and

I <P11 Pu)
=
Pl Py
is the solution to the Lyapunov equation

A,P,+ P,A%+ B,B¥=0 (23)

If' S, is the least common left multiple of S, and
S2 then

RPN
S\(s) =1~ BiPf (s — A)) "B, (24)
where
5 1k
Py =Py — PPy P

(2) Define now S to be a common right multiple of S,
and S,, and let S> := S’ Sg. Then

Py 1.(5,)Calsl — A)) 7t =81()ColsT — 4y) 7" (25)

and
s Calsl — A) M =Ci(sT - 4)7'01' 01, (26)
M/here éz = C2 — C] Q1_11Q12 and

On Qn
QC’ = *
01 Ox»
is the solution to the Lyapunov equation

Ath + QeAe + C?Ce =0

If Sy is the least common right multiple of S| and

S2 lhen
Sy(s) =1 —C5(sI — Az)_lQA?&zéz (27)
where
0n=05,-0101'0n

Proof: We only prove (1), since the proof of (2) is
similar and can be obtained by duality considerations.
First, suppose S; = S;S;, where S; is the least left
common multiple of S5 and So; then
H,(S,)V H,(S,) = H,(S;) (see Fuhrmann 1981b), and
from the factorization S; = S'L(S'LS’S)Sz, we get
S| = SLS2 = SL(SLS ) which yields the decomposition

H,(S))S, = H(S.53)S,® H(S,)S,
and thus

Py s)s,1H(S)) = s, [H,(S))

Pr,$,.5)8,08H,(3,)8

= P (SLS) | (Sl)

since S, divides S;. So, we can assume that S; is the
least left common multiple of S; and S,, i.e.
Hr(SL) = Hr(Sl) \ Hr(SZ)

In view of Lemma 2, H,(S;) is spanned by the rows
of (sI — Ae)_1 B,. Observe that the diagonal blocks of
equation (23) are A;P; + PyA*+ B;B*=0, for i =1, 2,
and therefore C; = —B*P; , since the realizations of the
S; are minimal. Applymg to the extended state space
H,(S;) the similarity transformation
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r— (! —Ppp Py
0 1

we see that it block diagonalizes P,, in fact, with
Bl = Bl - P12P2_2132, we haVG

P TP T — Py = PpPu Pl 0
‘ 0 Py
(Al —P12P2_21A2+A1P12P2_21>

0 A,

We claim that
—P; Py Ay + A PPy = B,C, (28)

In fact, the upper right corner of AP + PA* + BB* =0
yields

(=P13Py Ay + A P3Py )Py = —B|B5 = B,C, Py

since C, = —B"2‘P2_21. As the realization of S, is minimal,
Py, is invertible and (28) is proved. From (28) we get

PPy (sI — Ay) — (sI — A))P\,P5) = B,C,

and hence also the following partial fraction decomposi-
tion

(sI — A)) ' PPy — PPy (s — Ay) 7!
= (sI — A))"'B,Cy(s] — 4;)""
We compute now
(sI —A)'B, =1 0)(sI —A4,)""B,
I P,Py e
= 0 PEE N\ r-4)7'B
0 I
= PuPy)

((SI — Ay
X
0 (sI — A,)~"

B,
X
B,
= (SI — Al)_ll}l + (SI — Al)_IEICZ(SI — Az)_le
+ PPy (sT — 4,) ' B,
= (s — A)) "B, Sy(s) + Py Py (sI — 4,) ' B,
Since

e,(sI — Ay) "' B, € H,(S,)

and

ej(s] — Ay) ' B S, LH,(S)

we get (21) and (22), as wanted.

If S; is the least common left multiple of S; and
S,, the rows of (s/ —Al)_IE’ISz span  H(S,)S,,
and thus S, =1 — B{PY (s — 4)) 'B, where P =
P, — PPy Py, in view of Proposition 1 and Lemma
2, and this completes the proof. O

3. Geometric control

In this section we derive the connection between
coinvariant subspaces in H2 and special classes of con-
trolled invariant subspaces in C" (Theorem 1). It is then
shown how output nulling subspaces relate to spectral
factorizations (Theorem 2).

We recall a few definitions from geometric control
theory (see Wonham 1979). A subspace V C C" is said
to be a controlled invariant subspace if there exists a
feedback matrix F such that (4 + BF)VY C V. Any such
feedback matrix Fis called a friend of V. We say that the
controlled invariant subspace V is inner antistabilizable if
there exists a feedback matrix Fthat is a friend of V such
that (4 + BF),, is antistable. Similarly we say that V' is
inner stabilizable if there exists a feedback F that is a
friend of V) such that (4 + BF )IV is stable. A subspace V
is output nulling if (4 + BF)Y C V C Ker (C + DF) for
some feedback matrix F.

Note that, given a realization of a rational matrix
function, for inner (anti)stabilizability we only use the
pole information, whereas for the definition of output
nulling, we use the full state space information.

Let X c C". By the (4|X) we denote the subspace
span {4%X; 0 < k}.

We want, as a first step, to provide a Hilbert space
characterization of inner stabilizable and antistabiliz-
able subspaces. In order to do that, we need to translate
vectors of C" into object of H>. Such an approach is
based on the shift and translation realization theory,
using co-invariant subspaces of Hardy spaces as devel-
oped in Fuhrmann (1981b). To explain this, assume we
have a stable reachable pair (4, B) in C". We consider
the coprime factorization

(s —A)"'B=H(s)D(s)"" (29)

Necessarily, the polynomial matrix D(s) is stable.
Moreover, the rows of H(s) are a basis for the row
polynomial model X}. Equivalently, the rows of
H(s)D(s) ™' = (sI — A)"'B are a basis for the row
rational model X”. Rewriting the coprime factorization
in the form BD(s) = (sI — A)H(s), we have a natural
isomorphic map from X}, given by f+— 7pBf. On the
other hand, the coprime factorization (29) provides a
natural map from C!, i.e. the space C" considered as a
row space, onto X given by &—&(sI — A) "' B. Now the
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row rational model X? is, because of the stability of
D(s), actually a co-invariant subspace. In fact, if D is
the antistable solution of the polynomial spectral factor-
ization problem

D*(s)D(s) = D*(s)D(s) (30)
Here D*(s) = D(—5)*, so K(s) = D(s)D(s)"" is an inner
function that satisfies H,(K) = X” (see Fuhrmann
1981b). This provides the connection to Hardy spaces.
In the state space H,(K) we define a pair (Ag, Bg) by

(Arf)(s) = —sf(s) + llim, oo ()] - K (s)
By = (1 — K(s)) } G

Since our starting point is the pair (4, B) acting in
C", we need an appropriate map from C" to H,.(K).
Since we map a column vector into a row vector func-
tion, such a map involves a conjugation and as a result it
will be an antilinear map. Our choice is the following

one. Let
A B
K =
—B*P ' |1

be a minimal realization of a given inner function K,
with P the positive definite solution of the Lyapunov
equation

AP+ PA* + BB* =0 (32)
We define the map

IA,B : C” — Hr(K)
A)'B

1A,B§ = 5*1)_1(51 - 33)

For any subspace V in C", we can then define its
image in H? as the subspace

XV = IA,BV
Our next step is to relate the pair (4, B) to the pair
(Aka BK)
Proposition 5:  Let (A, B) be a stable, controllable pair

in C". Let
A B
K =
—B*p ' |1

where P is the unique, positive definite solution of the
Lyapunov equation (32). Let (Ag, Bg) be defined by
(31). The

(1) The map I, 5:C" — H,(K) is an antilinear iso-
morphism.
(2) Figure 3 is commutative.

(3) The image, under 1, g, of an inner (anti)stabiliz-
able subspace for (A, B) is an inner (anti)stabiliz-
able subspace for (Ag, By).

(Cm
B Bx
Iap
cr - H.(K)
A Ak
I
cr H.(K)
Figure 3.

Proof:

(1) Clearly, I, is by definition an antilinear map.
That it is an isomorphism follows from the
representation (19).

(2) Let n € C", then By € C". We compute
I,5Bn=n*B*P"'(sI — 4)"'B
=n*(I — K(s)) = Bgn

The Lyapunov equation (32) can be rewritten as
P'A+4*P ' + P'BB*P! = 0. Hence

P (A4 BB*P ') = —4*p! (34)
With this, letting / = ¢*P~!(sI — A) "' B, we can
compute
Axly 56 = (Axf)(s) = Ag (P! (sT — 4) ' B)
= —sf(s) + [limy_ . 5 (s)] - K(s)
= —¢*Pls(sT — A)'B
+ [e*lim,_ _ s(sT + A*) "' PTIBIK (s)
(Lemma 1)
= —¢*Pls(sT — A)'B
+ &P 'B[I — B¥*P ' (sI — A)"'B]
=P —sI + (sI — A) — BB*P"'|(sI —4)"'B
=¢*P'[—4— BB*P"|(sI — 4)'B
=¢*A*P (s — A)'B
=1, 5(4¢)
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(3) Clearly, even though the map 7, j is antilinear,
the property of controlled invariance is preserved
under it. So it remains to show that if V is an
inner (anti)stabilizable subspace with respect to
A, B, so is 1, gV with respect to Ag, Bg. To see
this, let L: C" — C™ be a friend of V. Using
previous computations, we have, for £ € V

I 5(A+ BL)E = (Ag +BgL)1, 5¢

i.e. IA,B(A + BL)|V - (AK + BKL)IA,BV'
Since 1, g\ = Al g€, we have

A E U(A + BL|V) iS4 X S U(AK + BKL|IA7BV)
]

Now that we have the proper tools, we can start
relating controlled invariant subspaces to coinvariant
subspaces of H>. The rest of the section is devoted to
the proof of three results: in Theorem 1 we establish a
correspondence between a general controlled invariant
subspace for a given pair (4, B) and a co-invariant sub-
space in H>. In Lemma 4 and Theorem 2 we character-
ize, for a given stable function

(15)

W:

C|D

the stabilizable output nulling and supremal output

nulling subspaces in the Hardy space setting.

Theorem 1: Let (A, B) be a stable, controllable pair,
and V a controlled invariant subspace of C". Let P be
the unique, solution to the Lyapunov equation

AP 4 PA* + BB* =0 (35)

A B
K= =
—B*P 1

to be the inner matrix associated to (A, B).

Set

(1) The subspace V., C C" is an inner antistabilizable
subspace if and only if there exists an inner func-
tion Q' such that

XV+ = IA,BV+ = PH,‘(K)Hr(Q/) (36)

Q/ - ( AQ, BQ,)
- -1
—Bo Py | 1

and Py is the unique solution of the Lyapunoy
equation

If

then

V+ - Im PKQ/
where Pyq: is the unique solution of the equation
APKQ’ —|— PKQ’AZ’ —|— BBZ! = 0

(2) A subspace V. C H.(K) is an inner antistabiliz-
able subspace, for the pair (Ag, Cg) defined in
(31), if and only if there exists an inner function
Q' such that V., = Py ) H,(Q').

(3) The subspace V_ C C" is an inner stabilizable sub-
space if and only if there exists an inner function
Q" such that

Xy = IA,BV— = PHP(K)FIr(QN*)K (38)
If
Q// _ ( AQ!/ BQ!/)
* —1
_BQ//,P’// I
then
V_ = Im PQKQ//

where Qygn is the solution to
—1 * —1
A*QKQ// + QKQ//AQ// + P BBQ!/’P’// - 0

Proof:

(1) We first show that if Xy, = Py x H,(Q'), then
V, = I;yngV . 1s inner antistabilizable. Let

0'- ( do |5 Q’)
* o1
_BQ’PQ/ I
be a minimal realization, say of degree r', of the
m x m inner function Q’. Let

a, = (AQ, O)’ B, — (BQ,)
0 4 B

and let
P P ’
P, = ex
Pxypr P

be the solution to the Lyapunov equation

A,P,+ P, A%+ B,B*=0 (39)
We divide the proof into several steps.

(a) We claim that V, :=Im Pjx = Im Py In
fact, in view of Lemma 3, we can write
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V, = I;y};PHF(,QH,(Q’) A simple computation yields

= IA_,}"}PH,(K){C*(SI — AQ!)_IBQ1|< S Cr,} Lemma 2 APKQ’ + PKQ’A*Q’ + BBZ/

= I p{¢*Py P\ (sT — A) 'B|c e €'} Lemma 3 = APyy — Pyo Py (A + BF)Prg + BFPyy

= {PHx(lce Ty =Im Py = APy — (A + BF)Py + BFPxy =0

Downloaded By: [Censor, Dalia] At: 09:52 13 March 2007

(b) Define 4, := PZ,K.AQ,PQ,K, where PZ,K is
the Moore-Penrose pseudoinverse of Py g.
Then

ATV_‘_ = PZIKAZI(PZ,K)*IH]PZ/K C Im PZ’K

and thus V', is invariant for A7.
(c) We have

* _ * #
A1|V+ - —(A + BBQ,PKQ,)D}Jr

In fact, the element in the lower left corner of
(39) yields

APKQ’ —|— PKQ’A*Q’ —|— BBZ! = 0

or

# * pif * pft
APKQ/PKQ, + PKQ!AQ/PKQ, +BBQ/PKQ, - 0
Thus, .since.the restriction.of PKQ,PﬁQ, to V.,
is the identity, we can write

* p# — *  pit
P Al Plony. = —(A+ BBy Py,
that is, V. is controlled invariant.

(d) Finally, if X is an eigenvalue of PKQ,.AZ,PﬁQ,

with an eigenvector ¢ then it is also an eigen-
value of .Azr, with an eigenvector Pﬁ £.
Thus, as A, is stable, this shows that
(4 + BBZ'PKQ’)|V+ is antistable.

Conversely, assume now that V), is an inner anti-
stabilizable subspace. Then there exists a feed-
back matrix F such that (4 + BF)V, C V. and

2

(©)

(40)

We claim that (.AQ,, By) is controllable. In fact,
if Py is the controllability gramian of AQ’,
BQ'), the matrix

()
Pyo P

solves (39) by construction, because the diagonal
blocks are the controllability gramians and the
equation for the off-diagonal block is precisely
(40). Since A4, is stable, P, is non-negative defi-
nite. But this forces the rank of Py to be not less
than the rank of Py . Since Py has full row
rank and the number of rows equals the dimen-
sion of Py, we conclude that Py has full rank
and thus (Ay/, By) is controllable.

In conclusion, if we define

Q/ - < AQ, BQ,)
= = —
_BQ/,PQ/ I

equation (40) becomes the lower left block of the
Lyapunov equation (22) associated to the projec-
tion of H,(Q") onto H,(K) (see Lemma 3).

Follows from the previous part and Proposition
5.

For the proof of this part we could develop the
above argument in H>, obtaining dual formulas.
Nevertheless, we would have to translate the
relation so obtained to H2. So we find it more
constructive to derive the relations directly in
H?, also in view of the connection with geo-
metric control.

(A + BF),,, is antistable. Let Pgp: to be any full (a) Let
column-rank matrix having image V. Since
# . .. B B
PKQ,PKQ,, 1s a projection onto V. o < Agr BQ,,>
~-B% Py | 1
(A + BF), = Pyg'Pfy (A + BF)Pyo Py, 0" 0

Therefore we can define
A i= —Pfy (A + BF)Pyy.
and

k
BQ! = PKQ’F*

be a minimal realization of the m x m inner
function Q" of degree r”. Let

_ ./4’// 0 _ B’H
A4, = N , B, = © )
0 4 B

C[, = _(BQ//,PT}/ Bp_l)
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As above, let

— PQ!/ PQ”K
P,=| _ a
PKQ// P

be the solution to the Lyapunov equation

be the solution to the Lyapunov equation

A0, + 0.4, + C¥C, =0 (42)
Then
PQ!/ = QZ’?}/
and
P=P=0Q"

The relations between PQ” and Qp» follow
from the fact that Q" is inner. The equality
between P and P follows by inspection, for
they solve the same Lyapunov equation.

(b) We show now that the following equalities
hold

PH,(K)(SI - AQ!/)_IBQ//QN*K
-1
= _PQ//QQ//KP(SI + A*) PBK

=PyiQgix(sI —A)"'B (43)

We recall that, since we are working with
row vectors, in our notation it is

(Pxy)S = PysyS (44)

for X € H2, y € H> and S inner. Then we
have the equalities

PH,‘(K)(SI — AQ!/)_IBQI/Q//*K

= [PH,‘(K)K‘(SI — AQ!/)_IBQUQN*]K from (44)
= [PH‘(K*JPQ*”(SI + AB,)_I’P;/BQ”]K Corollaryl
= —[PH{(K)BEU,PZ?}/(SI - AQ!/)_IPQI/]*K

= —(B*P"'(sI — A) "' Q7' Qg Pp:)*K  Lemma 3

1y
= PQ!/QQ!/KP(SI + A*) P IBK

= PQ!/QQ!/K(SI — A)_l

and (43) is proved.

Corollary 1

(c) We claim now that V_
we can write

- Im PQKQ//. Il’l faCt,

V= I3 5Py k) (sT — Agr) 'BgiQ"*K
= L1 5P, {CH(sT — Agr) ' BguQ"*K; (€€}
Lemma 2
= I35 {C*Pgn Qg (sT — 4)'B; ¢ €T} from (43)
= {PQGPgiC; (€T} =P Im Qg
(d) Define 4, := PQKQ,/Q#’;Q,,P_I. Then, again

AV = pQKQ,,AQ,,QﬁQ,,p—Ip Im Qygr C P Im Qpr

=V_
(e) We have
Ay = (A+ B(B* ~ By Pgh0ly )P )y

To see this, observe that the equation for the
(2, 1)-block of (42) yields

—1 * —1
A*QKQ// + QKQ//AQH + P BBQ//’P’,/ = 0
or, since A* = —P~'4P — P"'BB*
—1 —1
- P APQKQ” — P BB*QKQ!/ —|— QKQI/.AQI/
—|— P_IBBEH,P_’}/ = 0

Multiplying by Q#’;Q,, on the right and by P
on the left

PQKQ//.AQ!/Q Q” —_ APQKQ!/Q Q,/ + BB*QKQ//Q Q”

— BBQUPQ”QKQ” = 0 (45)

Now £ €V if and only if ¢ = PQKQ”C and
since QKQ”Q ko" is a projection, it acts as
the identity on its image, and so
§ = PQygrQ%onP '€ for all £€V_. Thus
we can write

A= O ~1
PQKQUAQ”QKQ”PD},

= Ay + B(B* = BGPyi Q0 Py

that is, V_ is (4, B)-invariant

Conversely, assume now that V_ is a stabiliz-
able, controlled invariant subspace. Then there
exists a feedback matrix F such that
(A+BF)V_CV and (4+ BF),, is stable.
Let QKQ” to be any full column-rank matrix
having image P~ 'V . Slnce QKQ”QK . 1S a
projection  onto P V., and 0bv1ously

4+ BF)V_cP'v.
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QKQ,,QﬁQ,, (A4 + BF)PQy5.0%

KQ!/
A+ BF)Pp1y,

Thus, setting Ay, := 0%
FPQy o —

| —o-1ex
Q// _ <AQU Q CQ”)
CQ!/ I

and the controllability of (Agyn, Q_IC%,,) is
shown as above. By construction, X, =
Py ) H,(0")0"*K = Py 1)H,(Q"*)K. ]

Q,, _I(A +BF)PQKQ”

and Cyn = B*Qygn, we define

A remark is in order concerning the representation
(38), especially in connection with the analysis of spec-
tral factors carried out in Fuhrmann and Gombani
(1998). The corresponding representation there, though
with the state space taken as H,(K)Q", is
Py, k)0 H,(Q")KS where K¢ is the inner function that
satisfies  KQ" = Q"K{. We note that Py f =
[Py, (k)07 fO"]Q"*. Therefore we have

Py x)H(Q"*)K = [Py (x)0-H,(Q")KQ"]Q"*
= [PH,‘(K)Q”Hr(QN*)QNKi]QN*
= [PH,‘(K)Q”Hr(QN)Ki]QN*

This shows the equivalence of the two representations.

Using duality in the coinvariant subspace H,(K),
one can easily derive characterizations for outer (anti)-
detectable subspaces with respect to the pair (Ag, Bg)
given by (31).

The approach taken here is complementary to that
of Fuhrmann (1998a). In that paper one starts with a
functional characterization of outer (anti)detectable
subspaces in the polynomial model setting. This one is
easy to pull back to the state space H,(K) and from
there to C". The present characterizations for inner
(anti)stabilizable subspaces are then obtained by duality.

The discrepancy between the approaches to the two
cases is not new. In Fuhrmann and Willems (1980) and
Fuhrmann (1981a) characterizations, in the context of
functional models, were given for controlled and con-
ditioned invariant subspaces, with respect to the reach-
able and observable pairs respectively, arising from
coprime factorizations. These characterizations, in
terms of intersections and projections, are precursors
of the characterizations obtained here. It turned out
that characterization of conditioned invariant subspaces
is technically much easier within the polynomial model
context than the characterization of controlled invariant
subspaces, although conceptually the last one poses less
difficulties.

The characterizations obtained in Theorem 1 used
only the pole information, whereas zeros played no
role at all. In the next lemma we extend the scope of
our investigation. We begin with a transfer function W
and use two inner functions that act as a measure of its
antistable and stable zeros.

7= (&15)

be a minimal realization of the stable spectral factor W,
and let K be the associated inner function, i.e.

A B
K =
—B*p 1| T

where P solves AP + PA* + BB* = (.

Lemma 4: Let

(1) Let V_ be a controlled invariant subspace, and let

Q/ - < AQ, BQ,)
= = —
_BQ/,PQ/ I

be an inner function such that
Xy, =Py x)H,(Q"). Then W(Q")* is stable if
and only if

V, C Ker (C + DBE,PﬁQ,) (46)

where Py satisfies the equation
% %
APKQ’ —|— PKQ’AQ’ —|— BBQ’ = 0

(2) Let V_ be a controlled invariant subspace and let

Q// _ AQ!/ BQ!/
1

* o1

_BQ!/P 214
be a minimal realization of the m x m inner func-
llons Q such that Xy, =Py g H,(Q"*)K. Then
WO" € H® if and only if

V_ CKer (C— D(B’g,,Pg,QﬁQ,,P— — B*P')
(47)

where Qyaqn satisfies

A*QKQU + QKQ//AQH + P BBZ,, 74_2// — 0

Proof:

(1) Assume first that W(Q')* is stable. This is
equivalent to the stability of Wu* for any
ue H(Q"). Let u=(*(s - AQ,)—IBQ., be an
arbitrary element of H,.(Q). Then Wu* is analy-
tic in the positive closed right half-plane C* and
so
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L W (s)u*(s)ds =0

for any closed, positively oriented, curve I con-
tained in C"; in particular

1 1
—J Du*(s)ds—l——,J C(sI — A) ' Bu*(s)ds = 0
27 T, 27 T,

(43)

for any pair of closed, positively oriented, curves
T'; and T', containing the poles of u*. Now it is
easy to see that

1 1 * * \—1
—| Dux =—| DB (—s1— A%,
5 L] u*(s)ds = L] Bo/(=sI — Agy)~ (ds

=—DBy (¢ (49)

since (1/2m) [ (si+ A%)7'¢ ds=1. The sec-
ond integral is easily computed observing that,
since the two functions are strictly proper, we
can integrate along the imaginary axis, with a
change of sign, since we are reversing the direc-
tion of integration, but we obtain, in this manner
the inner product matrix of the basis
(—sI — A*)"'B and (—sI — AB)‘IBQ,. We can
therefore substitute for (—s/ — AB)‘IBQ, its
projection onto H,(K). Thus we obtain

1
—J C(sI — A) " Bu*(s)ds
2 I,

1 —1 * * \—1
= — 1 — A) BB, /(—sI — ,
271'1'J, C(s )" BBgi(—sI — Apr) (ds

1
= ——,J C(sI — A) ' BB*(—sI— A*)"' P~ Pyy.Cds
27Tl I

= —CPyoC (50)

Putting (48), (49) and (50) together we obtain
(DBB + CPgp)( =0 anq remembering that
V., =Im Pgy, we can write

(DByPhy +C)E=0  VeeVv, (51
To prove the converse, suppose that V. is a con-
trolled invariant subspace, and that

Q/ - ( AQ, BQ,)
- * -1
_BQ’PQ/ I

is an inner function associated to V., such that
(46) is satisfied. Then, by reversing the above
argument, we obtain [. W(s)u*(s)ds =0 for
each u € H,(Q'). Since H,(Q') is coinvariant,
this implies that W € H>Q', as wanted.

(2) Assume first that WQ " s analytic in the closed
left half-plane €. This means that Wu is analy-
tic in € for every ue€ H.(Q"). So, let

- 1
u= BEHPQ}/(SI - AQ!/) C. Then

J W (s)u(s)ds =0
T
for any positively oriented, closed curve T' con-

tained in C™. In particular, remembering that, in
view of Lemma 1

W:< yr |P—‘B>
pB*+CP| D

the above formula becomes

+—,J (DB* + CP)(sI + A*) "' P! Bu(s)ds = 0

(52)

for any pair of positively oriented, closed curves
I'y and I', containing the poles of u. The first
integral is computed as above

1 * ool
Z_ﬂjri DBQ//PQ;/U(S) ds

1

— * -1 -1 _ * -1
= z—mjrz DBQ//PQ//(SI - AQ!/) Cds = DBQ,,'PQUC

(53)

The second integral is again computed observing
that we can replace the path of integration by the
imaginary axis. This time we obtain the inner
product matrix of the basis B¥P~!(sI — 4%)™"
and BQ//Pé}/(SI - .Az;”)_l. To compute this, we
apply Lemma 3 with S; =K and S, = Q". We
set

A, = a0 , Co=(=B*P"" By Pyl),
0 .AQ!/

< 0 QKQ”)
0, = %
QKQ” QQ”

We note that the 1,1 term of the Lyapunov
equation A%Q, + 0,4, + C3C, =0 becomes
A*Q 4+ QA+ P 'BB*P~' =0, which has the
unique solution Q = P~'. Similarly, the 2.1
term is

A*Qpr + QxgrAgr + P BB Py =0



Downloaded By: [Censor, Dalia] At: 09:52 13 March 2007

Spectral factorization and geometric control theory 839

We can therefore, in view of Lemma 3, substitute
for BQUPZ;}/(S.I - .Az;,/)_l its projection onto H (K).
Thus we obtain

1
Z_m'L (DB* 4 CP)(sI + A*)"'P~' Bu(s) ds

1
— _J (DB* 4+ CP)(sI 4+ A*)™!
2mi 1

x P! BBG Pyh(sT — Agr)~'¢ds

1
= (DB* + CP)TJ (s + A*)"'P7'BB*P~ (s — 4)~!
1

Yy
x Q7' QxgrCds
= (DB* + CP)ZLm,Jl(sI + 4% ' PIBB*P T (sT — 4)7!
X PQggnCds
= —(DB* + CP)Qx i (54)

In the computation we used the partial fraction
decomposition

(sI +A*) "' P'BB*P(sI — A)"" = (s] + 4*)" P!
— P (T —A)!
In conclusion, putting (52), (53) and (54)
together, we get
DBgiPyi¢ — (DB* + CP)y0C =0
Since, by Theorem 1, for any £ € V_ we can find

a ¢ such that { = PQggn(, we have eventually

(C - DBy Pal0F, — BHP =0 veev.

To prove the converse, we assume, as above, that
V_ is a controlled invariant subspace, and that

Q// _ AQ!/ BQ!/
~BoiPan | 1

is an inner function associated to V_ such that
(47) is satisfied. Again, by reversing the above
argument, we obtain [ W(s)u(s)ds=0 for
each u € H.(Q"). Since H.(Q") is coinvariant
in H?, this implies that WQ" € H*, as wanted.

O
Theorem 2: Let

(713)

W =

C|D

and let Q' and Q" be as in Proposition 3, i.e.
W — W_Q/ — W+Q//

then the maximal inner antistabilizable, output nulling
subspace is

t= ]A_,IB[PH,‘(K)Hr(Q/)]

and the maximal, inner stabilizable, output nulling sub-
space is

VE = I[Py ) H.(0")Q"*K]

Proof: In view of Theorem 1, V¥ is an antistabiliz-
able controlled invariant subspace, and in view of
Lemma 4, it is an output nulling subspace. Suppose
W = W0, and denote by V; the controlled invariant,
output nulling subspace associated to Q;. Since Q' is
the inner factor of W, Q|;Q’, and therefore it is easy
to see that V; C V. The proof of the other statement
is similar. O

v-(&T5)

be given and assume D has full column rank. Let

V= I,Z,}?PH,‘(K)Hr(Q/)

Corollary 1: Let

and
V_= IA_,}BPH,‘(K)[:Ir(QN*)K

be output nulling subspaces with

, Ao | By
¢ - ~ByPy | 1
0Py

and
Q// —
Then
sk
(4 + BBy P,y = (4— BD*C),,
and

(4+ B(B* — By, PQ" ' 0%

—1

Proof: Since D has full column rank, it has a left in-
verse D¥ such that D#D = I. Therefore from (51) we
get

# — * pi#
D" Cyy, _BQ’PKQ"V+
and eventually

* p# —
(4 + BBy PYy)y. = (4 - BD¥C),.

Similarly we obtain the result for V_. OJ
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Remark: The above corollary holds in particular for
the supremal, inner (anti)stabilizable, output nulling
subspaces V¥ and V*. In the case when W is inverti-
ble, V% vV*_ =C" and therefore we find that the
zeros of W are given by the spectrum of 4 — BD™!C,
as might be expected.

The above corollary also indicates that the output
nulling condition determines uniquely the subspaces
V% and V*. It is natural to ask the converse question,
namely, is W uniquely determined by a given output
nulling subspaces. The next section is devoted to the
investigation of this question.

We would like to comment, at this point, on the
substantial difference between our approach and the
one followed by Lindquist e al. (1995). In that paper,
the left zeros of a spectral factor W are considered;
moreover the density @ = WW* is, unlike here, assumed
to be full rank. In our notation, this corresponds to
factorizing first W as

W=w.0 =W 0{0} (55)

where W_ and Q are the outer and rigid factors of W
and Q{0Q} is in turn the inner—outer factorization of Q’;
then we can define W,_:= W_Q/ and take the inner—
outer factorization of

Wy =0iW_

where now Q| represents the antistable left zeros of W.
Under the full rank assumption on @, W,_, Q{ and Q|
are square and therefore it can be shown that
det O = det Q{ and thus we can talk about antistable
invariant zeros fout court; a similar construction can be
carried out for the stable zeros. The main drawback of
this approach is that the left zeros are only the invariant
ones, and so the whole structure of the non-invariant
zeros and of the controllability subspace of W, which
are both related to QJ, is lost. Moreover, the full rank
assumption on @ in this approach is essential. We feel
that, in general, considering right zeros leads to a more
complete and thorough analysis of the partial ordering
of coinvariant subspaces related to different spectral fac-
tors (see Fuhrmann and Gombani 2000). We refer the
reader to Fuhrmann and Gombani (1998) for a more
detailed analysis of the factorizations of the form (55)
and of the resulting state space decomposition into
internal and external parts, as well as for its connection
with the tightest internal bound of Lindquist and Picci
(1991). In spite of all these differences, we would like to
acknowledge once more the seminal influence of the
work of Lindquist, Michaletzky and Picci on the present

paper.

4. Controllability subspaces

We proceed now to characterize controllability sub-
spaces and controllabihty output nulling subspaces in
terms of inner functions. More in detail, in Theorem 3
we show that any controllability subspace for (4, B) can
be represented in terms of inner functions Q' and Q".
This derivation is quite straightforward, but it is lengthy
and requires the introduction of some new definitions
(minimal proper reductions, see Definition 1) to avoid
pathological situations. But, as in the case of controlled
invariant subspaces, this representation is not unique.
Nevertheless, in view of Proposition 3, for any factor
W we can write W= W‘Q' = W{(Q")*K. It will be
shown in Theorem 5 that, in this case, Q' and Q"
yield the same controllability subspace. The shortcom-
ing of this construction is that it depends on W. The
question which raises naturally then (and that we try
to answer with Theorem 4) is whether there exist con-
ditions on the functions Q' and Q" (without knowing if
they come from a factorization process of a factor W as
the above) such that Q' and Q" yield the same controll-
ability subspace. In Theorem 5 we consider the charac-
terization of output nulling controllability subspaces.

Given a reachable pair (4, B), we say that a subspace
R C C" is called a controllability subspace if it is a con-
trolled invariant subspace and there exist a feedback
matrix F and a matrix G, such that

R = (4 + BF|Im BG,)

Clearly, it is not restrictive to assume that G, is an
orthogonal projection in C". Then G, will denote the
projection onto the orthogonal complement. A subspace
R C V is a supremal controllability subspace in V if it is
not properly contained in any other controllability sub-
space of V. It is well known, see Wonham (1991), that
for any subspace V this space is uniquely determined.
Let therefore R be the supremal controllability sub-
space of V, and set AR V/Ry. It is well known,
again see Wonham (1991), that V is (anti)stabilizable if
and only if (4 + BF)an is (anti)stable. As above, given a
controllable pair (A4, B) and a controllability subspace R
for the pair, we can define its image Xz := I, zR.

Since a controllability subspace is, at the same time,
inner stabilizable and inner antistabilizable, it is quite
natural, in view of the results in the above section, to
seek a characterization in terms of inner functions. It
turns out that this is the right idea. In particular, if K
and Q' were right coprime inner functions, and G, were
a given matrix, we could define the skew-prime factor-
ization of the least common left inner multiple of K and
Q/

Kv, Q' =Q0'K=K Q'

Then we will see that if the space R = I;ylgPHP(K>H,(Q’)
is a controllability subspace (with respect to G,) then,
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for instance, H,(K_) C Ker G, (in fact we are going to
show a more general result).

Nevertheless, as the following simple example shows,
it might happen that we do not have right coprimeness
of the inner functions K and Q’. Suppose

K, 0 LI 0
K = and Q' =
0 K 0 K,

with K|, K, inner functions. Then K and Q' are not
coprime at all. Nevertheless, the space

PH,‘(K)Hr(Q/) = Hr(Q/)

is a controllability subspace with respect to

G — (0 0)
RN
In fact it is trivially controlled invariant and, letting

A, 0 |B ©
K=|0 4]0 B

xxlxx

be a minimal realization of K, we clearly have

R

0 Az 0 Bz
:|>
I 2

We will now develop a formal derivation of the
above idea which also accommodates the example
shown above. It should be kept in mind though, for
an easier understanding of the construction, that if we
were assuming that KAg Q' =1 and KA, Q" =1,
then K_ and K, would be given by the skew prime
factorizations K_Q' = Q'K and Q"K, = KQ". In fact,
in this case, as we already mentioned above, we will
show, see Lemma 6, that R is a controllability subspace
with respect to G, if

Observe that, letting K_ := KQ'*

i) - (ko — [ ©

I gR =Py ) H,(Q") NPy ) H,(Q"*)K
and

H.(K_) C Ker G, H.(K,) C Ker G, (56)

The shortcoming of using coprime inner functions is, as
explained above, that not all controllability subspaces
can be represented in this way. Nevertheless, we are
going to show that the basic idea goes through even if,
for instance, Q' and K are not right coprime. But in this
case we need to say what we mean by K_ if we still want
to use (56) in order to characterize controllability sub-
spaces. This is why we need the following definition.

Definition 1: Let K, Q' and Q" be inner functions
and G, a constant projection matrix on C".

(1) Define

SL = Q/\/LK

to be the least common left inner multiple of K
and Q'. We say that Q' reduces K on the right
with respect to G, if, letting K_:=S,0'*,
implies

Hr(K_) C Ker Gz

The reduction is proper if PHP(K)|H,(Q’) is injec-
tive. It is minimal if H.(Q')N G, H? = 0.
(2) Similarly, define

SR = QN \/RK

to be the least right inner multiple of K and Q.
We say that Q" reduces K on the left with respect
to G, if, letting K, := Q"*Sp, implies

HC(K+) C Ker GZ

The reduction is proper if Py x)|H,(Q"*)K is
injective. It is minimal if H,(Q") N H>G, = 0.

Some comments on these definition. Reduction
simply seems to be the right notion to characterize con-
trollability subspaces, as the next lemma shows.
Properness is to avoid a pathological situation: in the
scalar case, to say that PHP(K>|H,(Q’) is not injective,
means that the degree of Q' is greater than the degree
of K and thus a transfer function W having the same
poles a K and the same zeros as Q' is not proper. The
situation is slightly more complicated in the multivari-
able case (it might happen that °Q’ < °K but still might
not be proper); the way to avoid this is by imposing
properness of the reduction. Minimality has to do with
the fact that H(K_) is in the kernel G, and thus every-
thing orthogonal to that kernel will not be univoquely
determined: if, for example, Q' reduces K with respect to
G, and Q, is such that H,.(Q,) C ImG,, then also
01 := Q0,0 will reduce K. We simply want to avoid
this lack of uniqueness.

Lemma 5: Let

be inner functions. Then:
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(1) Q' reduces K on the right with respect to G, if and
only if

BG, = Pxy Py By, (57)

where  Pgor  satisfies  APgor + PKQ’-AZ’ +

BBQ, =0
(2) Q" reduces K on the left with respect to G, if and
only if
GzB*P_l = GzBE!/Q’X]‘(Q!/ (58)

where Qg satisfies

A*QKQ// + QKQ//AQH + P BB* er/ — 0

0"
Proof: In view of Lemma 3
K=1—B*P*(s1 — 4)"'B
where
B=B— PyyPy By
and

Therefore H,(K )G, = span{(sI — A)"'BG,}, which is
zero if and only if BG, = 0.

Similarly, K. =1- C‘(s] - )_IQ#C‘ where
C=C- @Q_IQQ”K :AB*P_ B*Q KQ,, Therefore
G,H.(K.,) = span{GZC(sI A)~'Y, which is zero if
and only if G,B*P~' = Q,,QKQ,/ O

The following is the main result (the equivalent of
Theorem 1) for the characterization of controllability

subspaces.
A B
K =
—B*P ' | 1

Theorem 3: Let
and let Z C X and a projection matrix G, be given. The
following are equivalent:

(1) There exists a matrix F such that Z =1,5R
where R = (A + BF|BG,), i.e. R is a controllabil-
ity subspace.

(2) Z =Py xH,(Q') and Q' reduces K on the right
with respect to G, and the reduction is minimal
and proper.

() Z =Py xH.(Q"*)K and Q" reduces K on the
left with respect to G, and the reduction is minimal
and proper.

Proof: (1) = (2) First, observe that, if
R = (4 + BF|BG;) is a controllability subspace, then
it has also the representation

R = (4 + BG,F|BG,)

where G, = I — G,. That is, G, F is a friend of R. This is
because Im BG, C R. Let now Py, be a full column-
rank matrix such that Im Pgy = R.

Set Ay :=P* (A + BG\F)Pxy, By:=P* BG,,
F =G FPgp. Observe that ByF = 0. Then, since by
constriction (A, B;) is controllable and (F, A4,) is

detectable, the Riccati equation
AgX + XAy + BBy — XF*FX =0 (59)

has a unique positive definite solution X', . Therefore,
adding and subtracting and changing sign

(— Ay — BoBoX )X, + X, ((—ByBox')* — A7)
+ ByBy + X, F*FX, =0
which means that the matrix —.AO BOB*X L is stable
and that the pair (—Ay — BB X', B+ X+.7-'*) is con-

trollable with gramian A, . That is, setting P := X},
the pair

(— Ay — PByBG, PBy + F*)

is controllable with gramian P.
Set

A* = — Ay — BByP

= P}, (A+ BG\F + BGyB*(Pko)*PPY,) Pyg:

B* .= B()P"’ F = GzB*(PﬁQ')*P‘F G\ FPko

Then
APgyr + PKQ,.A* + BB*

= APgy: + Pyo Pyy/(—A — BG\F

— BGyB* (P}, )*PPly) Prg:

+ BGyB*(P},,)*P + BG  FPgg = 0

Therefore, if we set

A |B
o~ (Sl
—Bp | 1

in view of Lemma 4, we can write
R = I;};PH‘(,QH,(Q’). Note that, since Im BG, C R,
it is Pgo/P'xo'BG, = BG, and therefore the equality

P_IBGZ = BG2

#
P,
holds; in view of Lemma 5, Q' reduces K on the right.

The reduction is proper by construction
(deg Q' = dim R).
It is also minimal. In fact, since

H,(Q") = span{¢(s] — A)"'Bl¢ € C}
and (A*, P'BG,) is controllable
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PGZHzHC(Q/) = span{G,B*P ' (sI — .A)_l}

has dimension equal to deg Q’. But this implies
H.(QYNGH*=0.

2) = (1)

A B A B
and Q' :=
—prp |1 —B*p~' | I

be given. We already know, from Theorem 1, that
R = I;ylgPHP(K>H,(Q’) is an antistabilizable controlled
invariant subspace and therefore R =1Im Py, where
Pyor solves

Let now

Since Q' reduces K properly, P has full column rank,

which implies that (A, B) is controllable and thus so is

(A*, P7'B).  Since the reduction is minimal,

P 2 H.(Q') = span {G,B*P~(sI — A)'} has dimen-

sion equal to degree of Q. Therefore, also (A*, P~'BG,)

is controllable, i.e.

R = Pgo(A*[P~'BGy) = (PxgrA* ¥, |Pro P~ ' BGy)
(61)

But from (60) we get
(4+ BB*PY,)jp = —Pror A*Phy,

and since Q' reduces K, Lemma 5 yields
BGzszQ,’P_lBGZ. Therefore substitution in (61)
yields
R = (4 + BB*P,|BG,)
(1) = (3) Again
R = (4 + BG,F|BG,)

Let now Qgpr be a full column-rank matrix such
that Im PQKQ// = R.
Set

Ay = Q% gn(A* + P7'BG F)Qpr,

By := Q%P ' BG,, F =G FQgqr.

Observe that By F = 0. Then, since by construction (A4,
B,) is controllable and (F, A) is detectable, the Riccati
equation

AgY + VAL + BBy — VF*FY =0 (62)

has a unique positive definite solution Y, . Therefore,
adding and subtracting and changing sign

(= Ay~ BoBsY Y, + Y, (BB )* — A
+ BB+ Y, F*FY, =0

which means that the matrix —A4; — 808’537;1 is stable
and that the pair (—A4y — BBV, ", By + Y, F*) is con-
trollable with gramian ), . That is, setting Q := 37:_1, the
pair

(—AG — QB,Bg, QB+ F*)
is controllable with gramian Q.

Set

A= —Ay = ByByQ = —07% 5,

+ P 'BGB*P (0% pn) QQﬁQ,,)QKQ,,

B* =By +FQ ' = GzB*P—‘QﬁQ,,

(A* + P"'BGF

+ GIFQKQ”Q_l
Then
A*Qgor + Qgor A+ P~'BB*Q
= A*Qggr + Qg Qi (—A* = P'BGIF
— P7'BGyB*P (07, ,,)* Q0% 5.) Qxgr

+ P 'BG,B*P7' Q7

-1
KQ”Q_FP BG]FQKQ”:O

Therefore, if we set

_( A B)
Q"= —B*Q |1

in view of Theorem 1, we can write R =
I;lePHP(K)I:I,(Qf”*)K. Again, since Im BG, C R, it is
QKQ,,Q#’;Q,,BGz = BG, and the equality

0BG, = QﬁQ,,P—IBG2

ensures us, in view of Lemma 5, that Q" reduces K on
the left.

The reduction is proper by construction since deg
0" =dim R.

It is minimal: in fact, since

H,(Q") = span {B*Q(sl — A)"'}
and (A*, QBG,) is controllable
P, 2 Ho(Q') = span {G,B*Q(sI — A)~'}
has dimension equal to deg Q"”. This however implies
H,(Q0")N H*G, = 0.

(3) = (1) The proof is similar to the second step
(2) = (1) and it is omitted. O

The functions Q' and Q" are, in general, not deter-
mined uniquely by R and G,. Nevertheless, if we impose
a mild condition, we get a uniqueness result.

Given an arbitrary subspace R of C" and a matrix B,
we say that G, is maximal for R w.ot. B if
Ker BG; = Ker G; and Im BG; "R =0. If R is con-
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trolled invariant, B is already specified implicitly, and we
will simply say that G, is maximal for R. Similarly,
given K and Q', we can define, in view of Theorem 3,
a unique controllability subspace R,,. We will say that
G, is maximal for Q" if it is maximal for R . Note that
not all controlled invariant subspaces have a maximal
G,. Nevertheless, in the application we have in mind,
namely spectral factors, this condition is satisfied.

Lemma 6: Let R be a controlled invariant subspace
for A, B; suppose G, is maximal for R with respect to
B and F, and F, are friends of R such that F; = GF;:
then F]lR = F2|’R'

Proof: If F; and F, are two different feedbacks
friends of R, then for any x € R,

= (A =+ BG]F])X — (A + BG]Fz)X

= BG](F] — Fz)x S R
But since Im BG;NR =0, y=0. Since Ker BG| =
Ker Gy, this implies (F; — F,) = 0.

Lemma 7: Let R be a controllability subspace for A,
B, suppose G, is maximal for R with respect to B. Then
there exist uniqgue Q' and Q" which are properly and
minimally reducing

A B
K =
—B*P ' |1
and such that

LipR =Py H,(Q") = Pp 5 H(Q")K
Proof: Let R = IA_}BPH,‘(K)

subspace and let, as usual

A |B
7~ (oriT))
Pt | 1

with Q' properly and minimally reducing for K w.r.t. G,.
Since R is controlled invariant, the usual Lyapunov
equation

H,(Q') be a controllability

holds, with Im Py, =R. Moreover, by a change of

coordinates, we can assume that it is PKQ,PKQ, =1.
Then (63) yields
A* = —Plo/(A+ BB*Pyy)Pyy (64)

The condition that Q' reduces K is, in view of Lemma 5
BG, = PPyy BG, (65)
where P satisfies
AP+ PA* +BB* =0 (66)
Substituting (64) and (65) into (66), we obtain

0= —Plo/(4* + Pyo BB*)Pyo/P
— PP (A + BB*Pyy/)Pro + BGB* + BG,B*
= —Plp/(A* + PyyBG B*)Pyy/ P
— PPo (A + BG B*Pyy)) Py + BG B*
— BG,B*Pyy P — PPy BG,B* + BG,B*

—Pp/(A* + Pyo/BGB*)Py P

— PPo(A+ BGB*Pyy) Py + BG,B* — BG,B*
= —Pip/(A" + PyoBG,B*) Py P

— PPo (A + BGB*Pyy) Py + BG B*

— PP BG,B*Pyp/P (67)

Note that, in view of maximality of G,, Lemma 7
ensures that the matrices B, G;, B* and BG,;B* are
uniquely determined by R. Therefore, in the above
equation we have fixed 4, B, Pgy and BGB*. The
only variable is P and we get again a Riccati equation.
Now the pair (P (4* + PyyBG B*)Pyy. BG,) is
controllable, since it is obtained by a change of basis
from the pair (Pyy (4 + BG,B*Ply)Pro. P~ 'BG,),
which is controllable by construction. Detectability of
(P’X;(Qr(A* + Pgo/BGB*)Pyyr, Gy B*Pgy) follows from
the fact that ((4 + BGBPkg') . BG,) is stabilizable.
Therefore equation (67) has a unique positive definite
solution P. Since B and then A are uniquely determined
by P the proof is achieved. O

To characterize controllability subspaces we will
need the following technical result.

Lemma 8: Let K, Q' be given inner functions and G, a
constant projection matrix, suppose that there exist
inner functions Q", Q', Q", K_, K., Q_, Q., R such
that

® 0'0"=0.G, +RG,

¢ 0'0" =G0 +G,R
e KQ, =0K,
° Q/Q//K+ — Q/KQ// — K_Q/Q//
Then
(1) PH )| (0.) is injective if and only if
H_ (Q_) is injective.
) IfPHP k) H,(Q) is injective, then also

(@) PH,‘(K)|Hr(Q/)
(b) Py x| H,(Q")K*.
are injective.
() If Py x)|H,(Q') is injective and deg Q"
then also Py x \|H,(Q.) is injective.

=deg R,
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(1) This follows from Theorem 3 in Fuhrmann and

Gombani (1998) which studies Toeplitz opera-
tors with all-pass symbols. But we give also a
direct proof. There is no loss of generality in
assuming that

G(OO)
27 \o |1

Suppose that the projection Py x \[H,(Q)
is injective; we show that Py x\|H.(Q*) is
injective, from which the injectivity of
Py x )|H.(Q_) follows easily.

We have that [Py x)|H,(Q*)K_Q. =
Pk 0. |H,(Q)K.. Now, if veH,(0 K.,
we can decompose it uniquely as v=1"V+ 7,
where v € H,.(Q,) and ¥ € H,(K_)Q, and there-
fore Py (x yo,v = V. Suppose now that v # 0 but
v = 0. This means that v € H.(Q,)N H.(Q_)K,.
But this in turns leads to a contradiction since, at
the same time, Py (g v # 0 since Py (x )| H,(Q )
is injective, and Py (g v =0, since H,(Q_)K, is
orthogonal to H,(K ). Thus ¥ =0 implies v =0
and the application is injective. The opposite
implication is shown similarly.

(2) (a) Observe first that Py x)|H,(Q’) is injective if

and only if Py x| H,(0))Q". Since
H,(Q") is orthogonal to H,(K)Q" and

H,(0)0", Py k)or|H,(Q")Q" is injective if
and only if

Py (ko H,(Q'Q") (68)

is injective, or equivalently if the same holds
for Py guk )|H,(Q+R). Note that O and R
commute.

Suppose now there exists a vector
v € H,(Q,R) such that vLH,(Q"K,). Then
0 = PHP(Q”KJF)V = PH"(Q//>K+V + PH,<(K+)V
=Puonk P+ Puonk. Prr)y
+ Py P07+ Pk ) Prr)y

(69)

Now, since H,(K,) is orthogonal to H,.(R),
we have

PH,‘(KJF)Hr(R) =0

Since the range of the first and second
summands of (69) are orthogonal to
H.(K.), (69) is satisfied if and only if
PHr(KJr)PHr(QJr)V =0. SO, if v 7é 0,

Py x)H,(Q') is mnot injective and this

implies that PHF(K+)|H,(Q+) is not injective
either. This contradicts the assumption and
therefore the statement is proved.

(b) Again, note that, since KQ" = Q"K_, injec-
tivity of Py x)|H,(Q"*)K is equivalent to
tha‘g of .PHP(,.QQ.”|H,(Q”)K+. Then the rea-
soning is similar to that of 1. Since
H,(Q")KQ" is orthogonal to H,(K)Q" and
to Hr(Q//)K+, PH"(K)QH|H,‘(QN)K+ 7isiinjeC'
the lf and Only lf PH’(Q’K)Q”|HI‘(Q/QN)K+
is injective, or equivalently if the same
holds for Py x onor|H(Q_R)K,. Again
we can decompose

H,(K Q0" =H.(K )0 R H,(0")0"

(for Q_ and R commute) and

H,(Q_R)K, = H,(Q_)K, © H(R)

As above, we can suppose that there exists a
vector ve H(K_R)K, such that
v1H,(K_Q")Q". Then

0="Puy k010" =Pux )00+ Pu, 00"
=Pu k)00 Pu0 )k, V+ Pux )00 Pu,r)Y

T Pu010Pu0 )k, + Pu 010 Pu,r)
(70)

Now, since H,(K.)Q'Q" = H,(K,)Q, is
orthogonal to H,(R), we have

PH(K+)Q’Q”H(R)V =0

Since the range of the first and second sum-
mands of (70) are orthogonal to H.(K,)Q ,
(70) is satisfied if and only if

Py k)0, Puo k. v="0

Multiplication by K ’iQ’iR* and conjugation
yield that (70) is satisfied if and only if
PH,‘(K,)PH,‘(Q,)VI =0 for V= Q_RK+V*.
So, if v# 0, Py ) |H,(Q') is not injective
and this implies that Py x \|H,(Q_) is not
injective either: this again contradicts the
assumption and therefore the second state-
ment is proved.

(3) Suppose Py (x )|H,(Q,) is not injective. That is,

there exists an element v € H(Q,) which is
orthogonal to H,.(K,). Now, we know from
(68) that injectivity of Py x)|H,(Q') is equiva-
lent to that of Py gk \|H,(RQ, ). But the space
Z := H.(R) V (v) is orthogonal to H(K,) and
thus
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Py ork)|Z = Pu ok, |2

and since the dimension of Z is strictly bigger
than that of H,(Q")K,, the map cannot be one
to one and we get the conclusion. O

The previous lemma is put into use in the next result.

Lemma 9: Suppose

reduces K on the right w.r.t. to G, and the reduction is
proper and minimal. Then, there exist inner functions Q"
Q' 0" K_, K, Q_, O, R satisfying the hypothesis of
Lemma 8 and such that Q" is minimally and properly
reducing K w.r.t. to G, on the left. If G, is maximal, all
these functions are (essentially ) unique.

Proof: Since G,H,(Q') and GH,(Q’) are coinvariant
subspaces, there exist unique (normalized) inner func-
tions Q. and R such that

Hr(Q+) = Hr(Q/)Gl Hr(R) = Hr(Q/)GZ (71)

moreover, since H,(Q') C H,(Q,)® H,(R), we can

define the completion of Q' w.r.t. G, as the inner func-

tions Q" := Q'*RQ. (recall that Q, and R commute).
Now we can define K_ and Q' as

K :=(Kv, 0)0™ Q"= (KVv, Q")K*

Define next Q" as the right completion of Q' with
respect to G,: that is, we set Q_ and R to be the inner
functions such that

H(Q )=GH(Q") HR)=GH(Q") (72)

we can again define Q":=Q'*Q_R and
K, :=Q"*(Q0" v K), so that we have the relation

K 0'0"=0'0'K. 73)
We claim that R = R. In fact, since G,K_ = G,
HC(R) = GZHC(Q/) = GZHC(K—Q/)

= Gy(H.(K )V H(Q') = G,H,(Q') = H.(R)
This in turn implies that H. (K, ) C Ker G, (multiply
(73) on both side by G, ) and so K_Q, = Q_K_. Thus
deg O <deg Q'; but deg K, < degK =degK_ and
thus deg O =deg O, = deg R = deg R which entails
H(Q')NH>G, = 0.

It is immediate to verify that the inner functions thus
defined satisfy the conditions of Lemma 8. Moreover, by
assumption, Q' reduces K w.r.t. G, minimally and prop-
erly on the right and, by construction, Q" reduces K on
the left and the reduction is minimal. Since Q' reduces K
properly and deg Q0" = deg R, in view of Lemma § the
reduction on the left of K by Q" is also proper. If G, is

maximal, Q" which is properly and minimally reducing
K on the left w.r.t. G, is unique, in view of Lemma 7.

O

The above lemma basically says that, if Q’ is prop-
erly and minimally reducing K with respect to G,, then it
uniquely determines a controlled invariant subspace
together with a Q" which is also minimally and properly
reducing.

Since in the end we are interested in the connection
of output nulling controllability subspaces with a stable
proper rational function, we would like to drop the
minimality assumption on the reduction; so, it might
be tempting to deduce that, given K, G, and Q', 0"
which are proper but not minimal and satisfy the
usual coprimeness conditions with K, a controlled invar-
iant subspace is uniquely determined. Unfortunately this
is not true, for the following reason: suppose Q' reduces
minimally and properly K, so that K Q' = Q'K. Let
now Q@ be skew-prime with K_ and such that
H(Q') C ker G,. Let K_ be such that

K Qi = 01K

then, since H(K_) C ker G,, also Q{Q' reduces K. The
reduction, by definition, will not be minimal, but if the
degree of Q is less than the degree of K it is generically
possible to choose Q] so that the reduction of Kby 010’
is proper and the degree of K equals that of O{Q’. But
this operation can be performed independently
on Q"Q/, obtaining again a proper but non minimal
reduction and again we can assume that K and Q”Q|
have the same degree. Let Q”Q{ be such that
Q"0/K. = KQ"Q; and the reduction is proper. Now
the degree of G,0{0'0"0Q{ will be equal to deg
QO +deg Q' +deg O and thus strictly greater than
the degree of K.. Thus Py H(Q{Q'Q"Q}) cannot
be injective. In other words, the functions Q{Q’ and
0"Q{ cannot be associated with a stable proper rational
function. But there is a small technical definition which
allows us to circumvent this problem.

Definition 2: Let Q' and Q" be reducing for K w.r.t.
G,, with Q' and K left coprime and Q" and K right
coprime. We say that Q' and Q" are simultaneously
proper if, defining

K, = 0" (K Q")
Q"= (0" VKK
0, =0'0"G, + G,

we have that Py g )|H,(Q,) is injective.

Theorem 4: Suppose that Q' and Q" are reducing for
K with respect to G,, and that the coprimeness relations

Q'ngK=1 Q"N K=1
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hold. Suppose moreover that Q' and Q" are simul-
taneously proper. If G, is maximal, then the space

R = IA_,IB(PH,‘(K)Hr(Q/) NPy ) H(0"*)K)
is a controllability subspace with respect to G,

Proof: Observe first that, since Q' and Q" are re-
ducing, K_ and K, are in Ker G,. Next, define Q] as
the inner function associated to the coinvariant sub-
space H.(Q') N G H?. Then setting

0, = 0Q;*Q’
we have by construction that H(Q,) NG H? =0.

Moreover, since, in view of maximality of G,, it is
0,G, = G,, we claim that BG, = PKQ,PE_IB[,GZ, where

'Ae Be -Ai Bi
Qe = and Qi =
—Bipt | T -BP |1

In fact, we can write

o' 0l0! - A | B A | B
e\t 1)\t | 1
A, 0 B,
= | -B:BP;! A; B;
Bt —BIP | 1

So, since Q/G, = G,, it is G,B¥P% = 0 or equivalently

-1 ]
P—IBGz — Pl’ BC’GZ

From the usual relation
APyy: + Pggr A* + BB =0
applied to the cascade Q;Q. we get
A —P:‘BiB’:]

AlPigr, P!l + [Pigr, Po']
0" Pko 0 Prel| A

+ BIB;, Bi] =
Therefore Py, satisfies

i.e. Pyyr = Pkg;- In conclusion
- - [ P'B.G,
Pyo P BGy = [Psyr, Pipl| 0" ]
= PKQ;PZIBer

as claimed. In view of Lemma 5, Q. is reducing. It is
obviously properly reducing and it is minimal by con-
struction. Therefore R = I;y};PHF(,QH,(Q;) is a controll-
ability subspace. An analogous argument shows that

R = I;};PHP(K)H,( D.*) (with the obvious dual defini-
tions). In conclusion, since

Py ) H.(Q') = Py k) [H,(Q:) ® H,(0))0,]
and
Py ) H(Q"*)K = Py ) [H,(Q"*) © H,(Q*)0.*]K
we have

R C IA_,IB(PH,‘(K)Hr(Q/) e PH,‘(K)Hr(QN*)K)

To see the reverse inclusion, we claim that
dim[PH,‘(K)Hr(Q/) N PH,‘(K)Hr(QN*)K] < deg Qz/,

We recall first that if M, N are subspaces of a Hilbert
space L, (MNN)" =MV N*, and (MNN);, =
P,,N*, where the subscript M in the notation
(M N N),, indicates that the orthogonal complement
has to be taken in M.

In view of the above projection formulas, we can
write

[P, ) H, (00" = Py (k)0 H(Q) Q"
= (H,(K)Q" N H1Q'Q")py k)0
and
[Py H(Q"*)KIQ" = Py x)orH,(Q") K,
= (P, k4 H,((Q")*)KQ"
= (H,(K*)n H2[Q"]*)" KQ"
= (H,(K)Q" N H2K, )y (k)07
Therefore
Py xH (00" NPy xH,(0"*)KQ"

= (H,(K)Q"NH0'0")y;
NH K )y k)0

= [(H,(K)Q" N H}Q,R)

U (H,(K)Q"V H2 K )1 (x)0"

ko N (H,(K)Q"

C [H(K)Q" N (H2 Q. RUH> K. )]3 0

)
= [H,(K)Q" N [L*G, V H R J55)0"
)

< [H,(K)Q" N LG ]} g0

where we have used the fact that the injectivity of
w.(k)|H,(Q,) implies that HQ.G,VH K G, =
L°G, (see Theorem 4.1 in Fuhrmann and Gombani

1998). Therefore
dim (Py () H,(Q") NPy () H,(Q"*)K)

<n—dim (H,(K)Q" N L*G,)
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But, denoting by n the degree of K, and
recalling that if M C L, then dim[(M & N)NL]=
dim M @ dim (NN L)

dim (H,(K)Q" N L*G,) > dim [(H,(K)Q" @ H,(Q"))
N L*G,] — dim H,(Q")
= dim [(H(Q")K, & H(K,))
NL*G,] — dim H,(Q")
= dim [H,(Q") N L*G,]
+n—dim H,(Q")
= dim [[H,(07)01 @ H,.(Q})]
NL*G] +n—dim H,(Q")
= dim [H,(Q}) N L*G,)
+n—dim H,(Q")
+dim H,(QY)
> n —dim H,(QY)
since dim H,(Q)) = dim H,(Q") — H,(Q{). Thus
dim (Py () H,(Q")Q" NPy (x H(Q"*)K)
< dim H,(Q;) = dim H,(0;)
as wanted. O

Theorem 5: Let W be a proper stable rational function
(typically a spectral factor) and let

w=w_ 00, (W, 00"

be the outer—inner and maximum-phase inner factoriza-
tions of W. Then the supremal controllability subspace R*
which is output nulling for W is

R* = I3 p(Py ) H,(Q') NPy (1 H(Q"*)K)  (74)
where Q" is defined as
Q" = K*[K Vg Q"]
Thus
R* =1Im Pgor NIm Pggr

Proof: In view of Theorem 2, R* is contained in the
right-hand side of (74); thus we only need to show that
this right-hand side is itself a controllability output
nulling subspace. But since W is a proper rational
function, Q' and Q" are simultaneously proper in view
of Lemma 8; in view of Lemma 4, this space is output
nulling; Theorem 4 eventually implies that it is a con-
trollability subspace. O

The phase function of a spectral density is defined
by means of its maximum and minimum-phase spectral
factor as the function

T = K+Q>:— =0*K._

where K_ and K, are the DSS factors of the minimum-
phase and maximum-phase factors W_ and W respect-
ively; O, and Q_ are the maximal inner divisors of W_
(e. W,.=W_Q,) and W, (see figure 2). The phase
function of an arbitrary spectral factor W is the phase
function of the associated density @ = WIW?*. In prac-
tice, a phase function is any all-pass function which can
be expressed as 7' = K, Q% with K, and Q_ inner and
such that Py H(Q,) is injective. A natural question
which can be asked is which spectral factors have the
same phase function. We can give a simple answer to
this problem.

Theorem 6: Suppose on all-pass function T = K, Q% is
given with K., Q. inner; let

A B Ao, | Bo,
K+:( B*+P_1 I+>andQ+:< SRR
TP+t B RO

then a maximum phase factor W has phase function T if

and only if
e (1
T \c|p
with A, B as in the realization of K, and
- *
DtC =By Py . (75)

where Py o satisfies

* %
APK+Q+ + PK+Q+AQ+ +BBQ+ = 0

Proof: The function K, is the DSS factor of W, and
therefore 4 and B can be chosen to be equal to A4,
and B,. Condition (75) then follows from Lemma 4
after noting that all zeros of W, are, by construction,
unstable and that D is left invertible since the factor is
maximum phase. O

Observe that, in the above theorem, no assumption
on coprimeness of 7', and Q is made, so that the spec-
tral factor might not be minimal (choose for instance
0, =K,). To get minimal factors we will need to
assume that K, and Q. are right coprime.

5. Unstable transfer functions

So far, we have only considered stable transfer func-
tions. As we said in the beginning, this is mainly due to
expository reasons, since the main ideas are already
present in the Hardy space setting. We proceed now to
extend the previous results to the unstable case.

We need to introduce some further notation, since W
will be now unstable. The idea is to keep the previous
notation, with an overline, for the antistable factors and
inner functions related to them; but we will indicate by
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underlined letters the stable factors and the relative inner
functions.

So, for example, let W be an unstable spectral factor.
We denote its right DSS factorization over HY by
W = WK* and its right factorization over H> by
W =WK. Thus W = WKK. The product KK will be
denoted by K. Note that, with this convention, W € H*
and W€ H®, but K, K € HY.

Before continuing, we need to introduce a few tech-
nical lemmas which connect factors of inner functions
with invariant subspaces and solutions to the Riccati
equation. It is well known that, given an inner K,
there exists a bijective correspondence between inner
divisors of K and non-negative definite solutions of a
homogeneous Riccati equation. The following lemma
is taken from Fuhrmann (1995).

Lemma 10: Let

A B
K = .
-B*P | I

be a minimal realization of the inner function K. There
exists a bijective correspondence between right inner divi-
sors K, of K and non-negative definite solutions X, of the
control homogeneous Riccati equation (CHRE)

A*X, + X, A+ X, BB*X, =0 (76)

given by the relation

A B
K, = ( ) (77)
_B*x, | 1

Similarly, there exists a bijective correspondence between
left inner divisors K of K and solutions Y 5 to the filtering
homogeneous Riccati equation (FHRE)

AYy+ YyA* + YaP 'BB*P 'Y, =0 (78)
given by the relation

A Y;B
Ky = < ) (79)

—B*P~' | I

We now use the above result to extend Lemma 3 to
projection onto a subspace of a coinvariant subspace.

Lemma 11: Let K = KK, be inner, with

A B A, | B,
K = 1 ) Ka = *
-B*P~' | I —-BLPy' | 1

and
Ag By
K=\=Fp 17
—BP;

(1) Let

, (A _|B
Q_(—B*P‘l 1)

Suppose Py is the solution to
APgyix + PoixA* + BB* =0
Then
-1
PHP(K,‘)Hr(Q/) = PQ’KXQ(SI —A)" B

where X, is the solution to the homogeneous

Riccati equation
A*Xa —+ XQA + )(QBB*)(Q =0
corresponding to the left factor K, as in (77).
Similarly
-1
Pk, H(Q') = PoigXs(sT — A)'B

where Xg := P'—Xx,.
(2) Similarly, let

" A B
Q _(—B*P“ 1)

be inner. Suppose Qo is the solution to

AQxor + QrorA* + P'BB*P~! =0
Then

- -1
Py k) H(Q") =P 'B*(sI — A)"'Y ;0400
where Yy is the solution to the homogeneous
Riccati equation
AYy+ YyA* + YaP 'BB*P 'Y, =0
corresponding to the left factor Ky as in (79).
Similarly
PH,‘(K;K,‘)H(QN) = P_IB*(SI - A)_l YaQKQ”
where Y, := P — Yj.
Moreover, it is

X,P=P'Y, X;p=P 'y, (80)

Proof: Again we can assume that K has realization
the cascade of K3 and K,, i.e.
A B
K =
—B*P | I
with
A(l 0 B(l P(l 0
A = % 1 B = =
~B,B%P,' A, B, 0 P,

Then, in view of Lemma 3,
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P E(sl — A)'B=¢*Pyix P~ (sI — A)"'B

w0 .
=¢&*Pyig (s —A)"'B
0 0
. (0 0 .
+ E*¥P,y sl —A) B
g QK_O PEI ( )

=Py P, (s — 4,)"'B,
0

-1
L Ps

+ & Pyik

] [— (s — Aﬂ)_1

x ByB%P, (I — A,) "B, + (sI — A5) ' By

« «
- -1
= g*PQ’Kﬂ Pal(SI - Aa) Ba
0

+EPog| ] (sT — Ag)""
Py

X By[~BoP,'(sI — A,) ' B, +1]

a” o«
= PH,‘(K")g*(SI - A)_IB + PH,‘(K/,‘)K"g*(SI - A)_IB

where the first term in the last line derives again from
Lemma 3 and the second term follows from orthogon-
ality of the decomposition. So

—1

Pl 0
Py (k)65 (T — A)7'B=¢*Pyig 0 0] (sT—A)"'B

and

0
Pk E5(sT— A) ' B =P,k [ (sI—A)'B

—1
o 7
Pl 0

0 0

is the solution to the homogeneous Riccati equation
corresponding to H,(K). Thus the conclusion.

The dual statement is proved analogously. Equalities
(80) follow from the fact that Xjz= P X,

Y, =P — Y, and in the given basis

Observe now that

v [0 0 }
77 lo Py
The proof is then by inspection. O

In the previous sections we often used the uniqueness
of the solution to a Lyapunov equation associated with
the controllable pair of a minimal realization

v (&)

of . But the extension to unstable W may lead to a
lack of this uniqueness if some of poles of W and W*
coincide. We will therefore assume that in the sequel
that this never happens, i.e. W has unmixing poles.
Similarly we will assume that the matrix 4 has unmixing
spectrum, i.e. o(A) No(—A*) = &.

Lemma 12: Let (A, B) be a controllable pair and sup-
pose moreover that A has unmixing spectrum; let X
and X_ be the maximal non-negative definite solutions
to

A*X + XA+ XBB*X =0
and
A*X + XA — XBB*X =0
Then, setting A :== A — BB*X, the solution P to
AP+ PA* + BB* =0
is P= (X, +X_).
Proof: We can write
P'A* + AP™' + P7'BB*P!
=(A*—-X_BB*)(X, +X_)+ (X, +X_)(4 — BB*X_)
+ (X, +X_)BB*(X,.+ X))
= A*X, + A*X_ — X_BB*X, — X_BB*X_
+ X, A+X_A—X,BB*X_— X_BB*X_
+ X, BB*X, + X,BB*X_+ X_BB*X, + X_BB*X_
— A*X, + X, A+ X,BB*X
+ A*X_+X_A— X_BB*X_
=0
as wanted. O
We now go back to unstable factors. Let K, K be

inner functions. Define the subspace H,(K, K*) of L?
by

H,(K,K*) := H,(K*) ® H,(K) (81)
Then we have the following version of Lemma 2.

Lemma 13: Let K, K be m x m rational matrix inner
Sfunctions and let

o ( Ak BK) =_ ( Ax B?)
_ _ ) - E3 —1
—B* P | 1 —BZPZ' | 1

(82)

be minimal realizations of dimensions ng, nz, respectively,
and such that o(Ag)No(—Ax*) = &. Then, with
n=ng +ng, we have that:

(1) a representation of H,(K, K*) is given by
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K*)={¢*

(—PKA",}P,;] 0 )]_1
sl — LA L

0 Ae

B
x <B§>|geq:”}. (83)

(2) a representation of H.(K, K*) is given by

H.(K,K*) = {(BZPE — BLPZ")

k'K

—PARPE 0\

s(si—| "EEE geec
0 Az
(84)
Proof: Remembering that if
Ak By

~ByPi | 1

then

the result for (1) immediately follows from Lemma 2

applied to H,(K) and H,(K*). The proof for (2) follows
by duality. ]
The space H(K, K) has a very simple representation.

Lemma 14: Let (A, B) be a controllable pair where A
has unmixing spectrum. Then there exist inner functions
K and K such that

{ex(s1 — A)"'B; €€ C"} = H(K,K)

Proof: We can clearly block diagonalise 4 so that

()
0 A4_
with 4, antistable and 4_ stable. If

5= ()

is a conformal partition of B, then setting

- A_ B_ — A_ B_

K = : and K = o—
-B*_P_ | I -B_P_ | I

we get the result.

We need now the following representation result, see
Theorem 5.1 in Fuhrmann (1995).

Lemma 15: Let (A, B) be a controllable pair where A
has unmixing spectrum and let K, K be defined as in
Lemma 14; set K :=KK. Then there exists a realiza-

tion
1%—( Ag Bz&)
- —
—BLP | 1

Ag=A—BB*Xy  By=8B (85)

such that

where X K IS the maximal solution to
A*X + XA — XBB*X =0
moreover

(sI —A)'B=(s] — Adg) ' BcK* (86)

Proof: Let

Ax | Bk — Az | Bx
K= — and K = o—
~ByP | 1 —BEp | 1

Thus we can always assume that, after a change of coor-

dinates in H,(K, K*), the realization is the cascade of
the two inner functions, i.e.

Ag 0
K B
A, = B, = | %
% ool K B
_BFBKPK AF K
Then, in view of the fact that

A£P£ + PEA*K + BKB*K =0, it is easily seen that

o ~ A% | Px'Bx - A£+B£B*£PZ|B£
- By | ByPy |1

Finally, the Riccati solution corresponding to K is easily
seen to be

Pl 0
Xp=| %
0 0
Therefore
B BP0
T
BBy P¢' 0

and this shows (85). To see (86) we can write the follow-

ing chain of equalities for the basis of H,.(K, K¥*)
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A+ BBy Py | By

o
ar

— By Py | I
Ag + Bg By Py 0 0 | Bk
By By Py A 0 | By
= BzByPy'  —BpByPy' Az |Bg
0 1 0o
0 0 110
Ag + Bg By Py 0 0 |Bg
0 Ay 010
= 0 BBy Py' Az |Bg
I I 010
0 0 110
Ag + BgBiPg' 0 | By
0 Az | B¢
- I 0|0
0 110
—Pg Ay Py 0 | By
0 A= | Bz
- I 0o
0 110
[Pk 0](”‘ —A% 0 D“ Py' By
[0 1 0 Ag Br

=(sI —A)"'B
which is a basis for H,(K, K*), as wanted. The dual

statement is proved analogously. O

In the case of stable W we had defined inner func-
tions Q', 0", @', Q" to characterize the extremal W.
Since now W is no longer stable, we will need to intro-
duce, as we did for K, the inner functions Q' and Q”.

Lemma 16: Let
Ag Bz&)
F o1
—BRP | 1

be an inner function where Ay has unmixing spectrum.

1%:?5:(

o Let Q " be inner and suppose it is right coprime with
K. Denote the skew-prime factors by Q' and K_,
ie.

O'K=K Q'
Then, if Xk is the solution to (76) there exists a
realization
Q/ . AQ! BQ/
—ByPy | 1
with

where Pg’ ¢ 1s the solution to

* sk
AKPKQ’ +Pf(2;./42r -‘rBBgr =0

o Let Q" be inner and suppose it is left coprime with
K. Denote the skew-prime factors by Q" and K,
ie.

7all oY 72
KQ" =0 K,
Then, if Xz = Pl_el — Xk, here exists a realization
-1
0 — (AQ,, —QQ,,CQ,,>
CQ” I
with
%
AQ!/ = AQ!/ CQ” — CEU — BKXFPI%QKEU
where Q kov IS the solution to

sk —1 *
AKQKEH + QKE,/AEH + Pf( BCEU = 0

Proof: Since Q’, in view of Lemma 3 applied to Q'
and KX, is given by

Ao | By
Q/:<Q Q)
X X

where Ay, = Ag: and By = By — Py Px' By and

Py (sT — Ag)) ' By = &*Poix Py (sT — Ag) ' By
But it is also, in view of Lemma 11

Py € (s = Ag) ™ By = Py Xic(sI — Ag) ™' By
Multiplying both expressions on the right by s" and
taking the limit at infinity, we obtain

Py Pk'Bg =P 0k Xk Bk
which achieves the proof.
For the dual statement, let Y, be the solution to

(78). Then, in the same manner as before, using the
dual statements in Lemmas 3 and 11 we get

— “ly.
CQU = Ca, — BPI% Ye Fok
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Applying (80) we get the result. |

Lemma 17:  Let (A, B) be a controllable pair such that
A has unmixing spectrum and let K and K be the inner
such that H,(K, K)=span{(sI — A)"'B}; let then
K :=KK. Then

(1) V is an antistabilizable, controlled invariant sub-
space if and only if there exists

Q' =
such that
V, = [P,z HQ)KS  (87)
If we set
AQ’ = Ag’ BQ, = Bg’ — PQKXKBE

then we have V, =1Im Pg, where Pg,, is the
solution to

APy + PgoAg + BBy =0 (88)

(2) V_ is a stabilizable, controlled invariant subspace
if and only if there exists an inner function

A — - *—//
— _ AQ” Q—// Q
CE” I
such that
— —_— —
V_ = ]A,IBPHP(f7£*)Hr( *)K (89)
If we set
AQ!/ = A@H CQ!/ = C—r/ B X P —r/

then we have V_
solution to

=1Im Qg,» where Qg is the

_AQI%Q” + QKQHAQ” + PIEIBCZU = 0 (90)

Proof: We have

-1
PH,(?,K‘)(SI - ./42//) Bg;/ﬁ*

-1
= [PH,‘(?ﬁ‘)K(SI - -AQ”) BQ”]K*

= [PH,(k) (SI - Ag//)_lgg//]ﬁ*

-1 -1
= Pg;kl)k (SI - AK) Bkﬁ*
So, in view of Theorem 1, V, =1Im Py, is an anti-
stabilizable, controlled invariant subspac€ for 4, B
where Pgor satisfies the equality

* *

Let Xk be the solution to HRE corresponding to K.
Then, in view of Lemma 15, we can choose 4, By
such that A¢ = A — BB*X and By = B; thus we obtain

APgoi + PgoiAp + B(Bo — B*XPyig) =0
that is V, 1is controlled invariant for 4, B and
Pror = Pgor Substituting the term in parenthesis with
By yields (88).

Conversely, if V, is antistabilizable controlled invar-
iant, then letting X be the solution to the HRE corre-
sponding to K we can set Ag =A— BB*Xg and By = B
and V, is antistabilizable, controlled invariant for (4g,
B) and we can use Theorem 1 again to get the conclu-
sion.

For the dual statement, we can write again

"

P, & k(5] = Ag) ' Bz 0" *)K
= [PH (KKK (SI - -A—”) B@”gﬁ*)ﬁﬁ]ﬁ*
= [PH,‘(IA()(SI - A@”)_ Q”g//*)k]ﬁ*

= [PQ”Q @”( s — A]&)_IB]K*

So, in view of Theorem 1, V_ = Im PkaQ” is a stabi-
lizable, controlled invariant subspace for A;, B, where
Qg satisfies the equality

* -1
Az&Q@” + Qk@"AE” + Py BI?CE” =0 (91)

In view of Lemma 15, By = B and
1 —
A =—P; AKPK
—P.'(4* — Xg BB* + P;' BB*) P}

-1
~ BB*Py

= —Pg(A* + XzBB*) Py

and thus A* =
K
becomes

[ APKQ

—P,_QI(A‘FBB*XI%)PK so that (91)

—1 + PKQ r/A—r/

that is V_ is controlled invariant for 4, B and
Okor = Qkor- Substituting the term in parenthesis
with Cy» yields (90).

Conversely, if V_ is antistabilizable controlled invar-
iant, then letting X be the solution to the HRE corre-
sponding to K, we can set Ay =A— BB*X; and
By = B so that V_ is stabilizable, controlled invariant
for (A, Bg) and we can use Theorem 1 again to get the
conclusion. O

Let now a proper rational function W with no zeros
are the imaginary axis be given; let W = WK be its
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Douglas—Shapiro—Shields factorization with W € HY
and let Q' be an inner function skew-prime with K.
We can then consider the skew-prime factorization

0'K=K Q' (92)

Similarly, let W = WK* be its Douglas—Shapiro—
Shields factorization with W € H> and let 0" be an
inner function skew-prime with K. We can then consider
the skew-prime factorization

0'K, =k0" (93)

Definition 3: We say that the inner function Q'
divides W over HY if W(Q')* € HXK*. If Q' is
maximal, we set W_ := WQ'*. Similarly, we say that
Q" divides W over H® if WQ" ¢ HXK,. If Q" is
maximal, we set W, := WQ".

Figure 4 is an extension of figure 2.
We can then state the following theorem.

W A|B

- \C|D
be a transfer function with no zeros on the imaginary axis
and unmixing poles and let W = WK be its DSS factor-
ization over HY® and let X denote the solution to the

HRE corresponding to K. The following statements are
equivalent:

Theorem 7: Let

w
Q, Q”
w_ w,
K
K_ K,
QI QII
w_ W W,
K %,
— K —
w_ W,
—Q—l Q”
w

Figure 4.

e Q' and K are skew-prime and

o~ (eat)
= —
_BQ’PQ’ I
divides W over HS".
o V=Im Pgors where Pgor satisfies
% %k
APIA(Q’ + PI%Q"AQ’ + BBQ! =0

andV € Ker (C + DBBP?Q,) i.e.V is an antista-
bilizable, output nulling subspace.
Similarly, let W = WK* be the DSS factorization of W
over H> and let
Ag | Bk )
F oo
—BeP 1

and Xg = PIT(1 — Xg. The following statements are
equivalent:

I%;:Eg:(

e Q" and K are skew-prime and
1
0 — (AQ,, _QQ,,CQ,,>
CQ” I

divides W over H™.
e V=Im PkaQ,,, where QKQ” satisfies

~AQggr + OgorAgr + P! BBy Py =0

# 1 . .
and 'V € Ker (C_DCQ”QK—Q”PK ), ie. Vs a
stabilizable, output nulling subspace .

Proof: As usual we can choose 4 := 4 — BB*Xk and
By = B; then we claim that

A B
W= (C—DB*X£ D)

In fact

(A |B>< A |B>
W =WK = (94)
C|D —B*X£|I

A 0| B
=| -BB*X; 4|B
—DB*Xg C|D
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A we have used the

A 0B

= 0 410
C-DB*Xz C|p) T-=

A B
C—DB*Xy | D

Now by definition, Q divides W if and only if

change of basis

I 0
=

WQ* € HY where

satisfies relation (92). But this is equivalent, in view of
Lemma 4, to the fact that

V € Ker (C — DB*Xj + DB*ng;g) (95)

where Pkg satisfies

(4= BB*Xg) Pgo + ApPgo + BBy =0 (96)

But, in View of Lemma 16, it is Ay = .AQ, and
By = BQ, XKB So, (96) can be written as

which entails PKQ, = PKQ,, also substltutlon of By in
(95) gives that V C Ker (C + DB*Xg Py ) and yields the

conclusion.
For the second statement, observe that it is
Wo' = WK<Q" = wo'K"

and also W = WK*. So, 0" divides W over H™ if and
only if WQ "€ H>. But, reasoning as above

— 3 Ag B
W =WK =
C—DB*Xg | D
* -1
) —A% |PKB

K =
DB* + (C — DB*X )Py | D

Thus, again in view of Lemma 4, we have that
_,0F_, — B¥)P3!
D(CQ QK_Q,, B*)P.')

— _ O * N
= Ker (C D(CQ QK_Q,/—I—B Xk Py

V_ C Ker(C — DB*Xg —
— B*)Pl_él
= Ker (C — D(CE/Q#_,, — B*X%Pg)Py')

Butif ¢ € V_, then £ = PKQKQ,,Q—HP '¢ and so

0=(C— D(ca,Qﬁ_Q,, — B*XgPg )P )¢

= €= D(Cyr — B*XgPg0Q 50 )Q_,, :&

= (C— DCQ,,Qﬁ_Q,,PIg‘)g

O

We have therefore obtained the corresponding
results of Lemma 4. We turn now our attention to the
controllability subspace.

Definition 4: Let K, K, Q' and Q" be inner functions
and G, a constant projection matrix on C"; set
K =KK
(1) We say that Q reduces H,(K, K*) on the right
(with respect to G,) if Q reduces K on the right.
(2) Similarly, we say that Q" reduces H,(K, K*) on
the left (with respect to G,) if Q" reduces K on
the left.

The reduction is proper and minimal if the correspond-
ing reduction for K is proper and minimal.

Lemma 18: Let

Q/ B Ag/ BQ/ — B AEI/ B@//
= * ~1 ’ N — *—// :},
—BQ,PQ I BQ PQ I
be inner  functions and let H,(K, K*) = span
{¢*(s1 — 4)"'B}; ¢ € C". Then
(1) Q' reduces H.(K, K*) on the right (with respect
to G,) if and only if
BG, = P@,P—‘B’QG2 (97)
where P}%Q’ satisfies
) QN reduces H,(K,K*) on the lefl (with respect to
Gy ) if and only if
* _1 = "_*A—//
G,B*P™ = GZBEH QKQ (98)
where Q k0" satisfies
A* QKQ” + QKQ”'A + P B(B* U*_QU*
—B*XzPgp0) =0.
Proof: The proof is the same as in the stable case, i.e.

Lemma 5. O

Theorem 8: Ler H(K, K*) =span {¢*(s] — A) 'B;
£e€C"}y, where A has unmixing spectrum, and let
Z C X and a projection matrix G, be given. The follow-
ing are equivalent:
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(1) There exists a matrix F such that Z =1, R
where R = (A + BF|BG,), i.e. R is a controllabil-
ity subspace.

) Z:PHF(ZK*)H,(Q’)K* and Q'

H.(K, K*) on the right with respect to G, and
the reduction is minimal and proper.

3) Z=P, g H(Q""K and Q"
H.(K, K*) on the left with respect to G, and

the reduction is minimal and proper.

reduces

reduces

Proof: It is the same as in Theorem 3 where the re-
sult of Theorem 7 is used instead of Lemma 4, since in
that proof the stability of A4 is not used at all. O

Corollary 2: Let
W A|B
- \C|D
with unmixing poles be given and set W = WK to be its
DSS factorization over HY. Then R is an output nulling

controllability subspace for W if and only if it has the
same property with respect to W.

Proof: Follows directly from Theorem 7. O

Corollary 3: Let W be a spectral factor with unmixing
poles admitting  the factorizations W = W_Q' =
W.,.0Q"* and the DSS factorizations W = WK* = WK.
Set K := KK. Then the supremal antistabilizable output
nulling subspace for W is given by V* = Im Pro where
Pro satisfies the equation

sk sk
API%Q' —|— PI%Q’AQ, —|— BBQ!/ = 0

The supremal stabilizable, output nulling subspace for
W is given by V* = Im PyOgor where Qo satisfies the
equation

_AQ]%Q// + QkQ”AQ” + PIEIBCQ, = 0

The supremal controllability subspace for W is given
by

R* =V* nVY*

6. Algorithm

In view of the previous results, we can present a new
algorithm for computing the supremal (anti)stabilizable,
output nulling subspace (V’i), V* as well as the supre-
mal output nulling reachability subspace R*.

Before stating the result, we need to state simple
modifications of two previous results. The first is due
to Chen and Francis (1989), and characterizes the exist-
ence of a one sided HS” inverse.

Proposition 6: Assume the rational function W has

minimal realization
A|B
C|D

Then the following statements are equivalent

(1) W has a left inverse in HY.
(2) D is injective and for some H we have
(a) B+ HD =0.
(b) A+ HC is stable.
If H is such that (2) is satisfied then a HY left
inverse W* of W is given by

A+HC| H
Wt = 4’—
( D*C Df)
where D = (D*D) ™' D*.

The second result is adapted from Fuhrmann and
Gombani (1998). Given an arbitrary, not necessarily
stable, rational transfer function W, we can compute,
by state space methods, its dual Lindquist—Picci pair.

Theorem 9: Let
A|B B
W ( 1 By )
c|D 0
be a p x m, rational function with no zeros on the imagin-
ary axis and unmixing poles. Assume without loss of gen-

erality that D has full column rank. Let Q_ and Q be the
maximal inner divisors of W over HY and H>, set

wW_ .= WwQ'* w, .= wo"
Then
(1) A minimal realization of W_ is given by

W <A | B +X_C*D(D*D)“> (99)
| D

where X_ >0 is the stabilizing solution of the
Riccati equation

(A — B(D*D)"'D*C)X + X(4* — C*D(D*D)"'BY)
+ B,Bs — XC*D(D*D) *D*CX = 0 (100)
i.e. the solution for which
A — B,(D*D)"'D*C — X_C*D(D*D) *D*C
is stable. The Riccati equation can be rewritten as
(A+H _C)X_ +X_(A*+ C*H*) + B, B}

+X_C*D(D*D)’D*CX_ =0 (101)
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(2) If X is any solution of the Riccati equation (100),

then
Ker B5 = Ker X (102)
Equivalently
Im B, CIm& (103)
There exists a linear map C for which
By — —XC* (104)

(3) A minimal McMillan degree inner function Q'
satisfying W_Q' = W is given by
A+H C |-x_Cc*D(D*D)”" B,
(D*D)"'D*C I 0
C_ ‘ 0 I
(105)

where C_ satisfies (104). The McMillan degree of
Q' is equal to rank X _.

0' =

(4) A minimal realization of W is given by

* )\~
W <A | B+ x,.Cc*p(D*D) )

1 = (106)

where X is the antistabilizing solution of the
Riccati equation
(A — B{(D*D)"'D*C)X | + X, (4* — C*D(D*D) "' BY)
+ B,Bs — X, C*D(D*D) *D*CX, =0 (107)
i.e. the solution for which
A — B|(D*D)"'D*C — X, C*D(D*D) *D*C

is antistable. The Riccati equation can be re-
written as

(A+ H,C)X, + X, (A* + C*H") + B,B}
+ X, C*D(D*D) 2D*CX, =0 (108)

(5) A minimal McMillan degree inner function Q"
satisfying WQ" = W is given by

—A4*— C*HY, | c*p(D*D)"" CY

0" = | (p*D) 'D*Cx, I 0
— B} 0 I
(109)

where C‘+ satisfies (104). The McMillan degree of
Q" is equal to rank X .

Theorem 10: Let W be a not necessarily stable transfer
function with no zeros on the imaginary axis and unmix-
ing poles. Let

(A B, Bz>

W =

c|D 0

be a minimal realization. Assume w.l.o.g. that D has full

column rank. The following algorithm computes Vj, ) 2l
and R*.

Algorithm:
I. Compute the maximal non-negative definite
solution X_ of the algebraic Riccati equation
(A — B{(D*D)"'D*C)X + X(4* — C*D(D*D) "' BY)
+ B, B5 — XC*D(D*D) *D*CX =0 (110)

II. Compute the maximal non-positive definite sol-
ution X, of the algegraic Riccati equation (110).

III. Set

(1
_ <A B, +X_C*D(D*D)“>
C D
(2
o <A B, +X+C*D(D*D)_l>
C D
3)
A+H C | -Xx_C*D(D*D)"" B,
0'=| (p*D)"'D*C I 0
C_ 0 I
Ao | By
B <CQ’ 1 )
“)
—A*— C*H", | C*D(D*D)”" (Y
0" =| (p*p)"'D*Cx, I 0
—B; 0 I

Agr | Bor
) < Cor | 1 )
IV. Find the maximal solutions X, and X_ to the
homogeneous Riccati equations
A*X + XA+ X (BB} + B,B3)X =0
and
A*X + XA — X (BB} + B,B3)X =0

Set Pk =X, +X_.
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V. Solve the Sylvester equations

APgy + ProAg + BBy =0 (111)

and
—AQg o + QgprAgr + Pg B Con = 0 (112)

VI. Compute

Vi =Im Py, (113)

and
Vi =Tm PpQgo (114)

and
R*=VINVE =ImPg, NImPgQpyn  (115)

7. Conclusions

We have presented a new approach to geometric
control, based on the geometry of Hardy spaces occur-
ring in stochastic realization theory for non-full rank,
non-square spectral factors, which concludes the investi-
gation initiated in Fuhrmann and Gombani (1998,
2000). The approach followed here for the study of out-
put nulling subspaces is substantially different from the
one in Lindquist et al. (1995), because it considers right
zeros and the controllability subspace of W is, in gen-
eral, non-trivial. This allows for a complete description
of controlled invariant subspaces, and of the output nul-
ling and controllability subspaces of a given stable trans-
fer function W. A new algorithm for the computation of
output nulling and controllability subspaces based on
the outer—inner factorization of W has been introduced.
The results are extended to an arbitrary W (with the
quite mild constraint that it has no zeros on the imagin-
ary axis and unmixing poles). Some of these results are
being extended to the case of J-spectral factorization,
with applications to dissipative systems and robust con-
trol (see Gombani and Weiland 2000).
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