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We present a universal optimization for generating a uniformly distributed integer in an
interval, based on the underlying uniform distribution. This optimization provides up to
25% run-time improvement, and what is sometimes more important, up to 25% reduction
in usage of (pseudo-)random bits. The optimization entails no run-time penalty for all
but the most primitive pseudo-random number generators, and can be easily employed
by existing software and hardware. For hardware implementations we present additional
improvements.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Many (pseudo-)random number generators (RNGs),
both software and hardware based, build upon a basic
component that produces chunks of (pseudo-)random bits,
typically 32-bit words [1]. Each invocation of the basic
component has either real or amortized time cost, which
is expensive relative to the basic arithmetic operations—
usually moderately expensive in software-based gener-
ators, and more expensive in hardware-based genera-
tors [2].

One of the most frequent RNG operations employed
in software simulations, games, AI, etc., is the genera-
tion of uniformly distributed integers in a given interval
U [0, . . . ,m). Here, the desired number is one of {0, . . . ,

m−1}, whereas the RNG produces numbers in U [0, . . . , M),
where m � M , and M is typically a power of 2.

The straightforward approach of taking r ← U [0, . . . , M)

modulo m introduces an undesirable skew of probabilities,
if m is not small relative to M and a quality RNG is used.
For instance, when taking m = 2

3 M and employing this ap-
proach, values in [0, . . . , m

2 ) have twice the probability of
values in [m

2 , . . . ,m).
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1 r ← M mod m
2 repeat
3 u ← U [0, . . . , M)

4 until u < M − r
5 return u mod m

Fig. 1. Random-Standard(m): Standard algorithm for getting a uniform
distribution on U [0, . . . ,m) from U [0, . . . , M), where m � M .

The regular technique used to solve this problem is to
reject the “remainder” values when they are returned by
RNG. This technique is shown in Fig. 1.1

However, in this way the entropy of the remainder val-
ues is discarded. We show further in this paper that these
values can be reused in order to reduce the probability
of rejection during the next call to produce a value in
U [0, . . . , M). The reduction in the expected number of the
calls to RNG can reach 25%.

The idea and the algorithm for the reuse of remain-
der values is presented in Section 2. Afterwards, the GCD
function in the algorithm is replaced with bitwise opera-
tions, so that the algorithm benefits even fast RNGs such as
Mersenne Twister (Section 3). In Section 4, the algorithm
is optimized for specialized hardware, which can have cus-

1 The algorithms we present are optimized for clarity. In actual im-
plementation some tricks are necessary, since in most cases M is not
expressible as a single architecture word. Thus, M ′ = M − 1 needs to
be used, and, e.g., instead of M mod m, (M ′ − (m − 1)) mod m can be
computed. Also, compiler hints for likely and unlikely branches, and other
optimizations, improve performance.
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1 r ← M mod m
2 g ← gcd(m, r)
3 if g = 1 then
4 return Random-Standard(m)
5 else
6 u ← U [0, . . . , M)

7 if u < M − r then
8 return u mod m
9 else

10 u ← u − (M − r)
11 m ← m ÷ g
12 return m · (u mod g) + Random-Standard(m)

Fig. 2. Random-Reuse(m): Improved algorithm for uniform distribution on
U [0, . . . ,m), where invalid values in U [0, . . . , M) are reused.

tom bitwise instructions. That is, hardware RNGs can effi-
ciently provide integer values in a given interval. Theoret-
ical optimization statistics, and experimental results for a
software-based RNG are presented in Section 5. The paper
is concluded in Section 6.

2. Reuse of remainder values

In the rejection case in Fig. 1, the values returned by
the RNG are uniformly distributed: u ∈ U [M − r, . . . , M),
and therefore u−(M −r) ∈ U [0, . . . , r). The range [0, . . . ,m)

can thus in principle be partitioned into r equal sub-
intervals, and in the next iteration of the algorithm, m
becomes m

r , whereas the original u − (M − r) value de-
notes the sub-interval number—the uniform distribution
properties are kept intact.

However, [0, . . . ,m) cannot always be partitioned into
r equal intervals, and hence the algorithm shown in Fig. 2
can be executed, where there are gcd(m, r) instead of r
sub-intervals.

It should be noted that the sub-interval call (line 12)
is to Random-Standard, and not a recursive call. This is
because a reuse cannot happen twice:

gcd

(
m

g
, M mod

m

g

)
= gcd

(
M,

m

g

)

= gcd

(
M,

m

gcd(M,m)

)
= 1. (1)

3. Optimizing reuse of values

Greatest common divisor computation in Fig. 2 can
be quite expensive, to the point that using it with fast
pseudo-random number generators such as Mersenne
Twister is grossly inefficient, as shown in Section 5. This
is unfortunate, because instead of being a universal algo-
rithm, which can be used anywhere, the scope of Random-

Reuse is limited to “expensive” RNGs, such as hardware
and cryptography-oriented ones.

One way to approach this problem is to construct dis-
patch branches in advance, either in run-time with gen-
erator functions, or in compile-time when the language
possesses the necessary capabilities [3].

However, it is nearly universal that M is a power of 2—
typically, M = 232. In (1), the equivalence g = gcd(M,m)

has been noted. For M = 2k , it is easy to see that g = 2k′
,

where k′ is the number of trailing zeros in the binary rep-
resentation of m.
1 g ← m ∧ −m
2 if g = 1 then
3 return Random-Standard(m)
4 else
5 r ← M mod m
6 u ← U [0, . . . , M)

7 if u < M − r then
8 return u mod m
9 else

10 u ← u − (M − r)
11 m ← m ÷ g
12 return m · (u ∧ (g − 1)

) + Random-Standard(m)

Fig. 3. Random-Fast(m): Improved algorithm for uniform distribution on
U [0, . . . ,m), where invalid values in U [0, . . . , M) are reused, and M = 2k

for some k.

On a general-purpose architecture, in the absence of an
instruction for counting trailing zeros,2 g can be computed
without loops as follows:

m = x · · · xx1

n�0︷ ︸︸ ︷
0 · · · 00

−m = x̄ · · · x̄x̄10 · · ·00

g = m ∧ −m = 0 · · ·0010 · · · 00.

Application of this method is shown in Fig. 3, where
a modulo operation is also replaced with a bitwise one
(line 12).

This algorithm can be used for running time optimiza-
tion anywhere with a non-trivial RNG instead of the usual
remainder values rejection approach. With trivial (i.e., lin-
ear congruential) generators handling remainder values at
all does not make sense, since the RNG quality is not high
enough—two or more calls to the RNG can be made in-
stead, effectively using M2 limit instead of M .

4. Optimization on specialized hardware

When specialized hardware is employed, for instance, a
PCI RNG card, its driver can provide an API for generating
a (pseudo-)random number in U [0, . . . ,m). In this case, a
trailing-bits counting instruction can be efficiently imple-
mented directly, and the algorithm shown in Fig. 4 can be
hardwired.

5. Evaluation

The theoretical optimization limit is an improvement of
25%: going down from the expected 2 calls to U [0, . . . , M)

per each call to U [0, . . . ,m) when the probability of rejec-
tion is 1

2 , to 1.5 expected calls to U [0, . . . , M) when the
probability of first rejection is 1

2 , and after the reduction
of m the probability of another rejection is 0.

Table 1 shows execution statistics for a specific Mersen-
ne Twister implementation [4], when taking m = 231 + 32
on 32-bit platform.

Whereas there is indeed an improvement of 24.60% in
terms of number of calls to the underlying random num-
ber generator for each call to Random-*, the improvement

2 Or an instruction which can be used to that effect, such as popcnt in
the SSE 4.2 instruction set for the Intel Core architecture.
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1 log g ← NTL(m)

2 if log g �= 0 then
3 r ← M mod m
4 u ← U [0, . . . , M)

5 if u < M − r then
6 return u mod m
7 else
8 u ← u − (M − r)
9 m ← m � log g

10 return m · (u ∧ (
(1 � log g) − 1

)) + Random-Standard(m)

11 else
12 return Random-Standard(m)

Fig. 4. Random-FPGA(m): Improved algorithm for uniform distribution on
U [0, . . . ,m), where invalid values in U [0, . . . , M) are reused, M = 2k for
some k, and the ntl (number of trailing zeros) instruction is available.
“�” and “�” denote, respectively, shift-left and shift-right instructions.

Table 1
Comparing Random-* on m = 231 + 32, with 50,000,000 iterations. Ran-
domness source: Mersenne Twister 19937 (same seed).

Algorithm Average calls to U [0, . . . , M) Time

Random-Standard 1.99996 1.50 s
Random-Reuse 1.50789 6.59 s
Random-Fast 1.50789 1.46 s

Platform: Pentium-IV, 2.8 GHz, Intel compiler 10.1 with IPO enabled.

Table 2
Comparing Random-* on m = 231 + 32, with 1,000,000 iterations. Ran-
domness source: Linux 2.6.22, /dev/urandom.

Algorithm Average calls to U [0, . . . , M) Time

Random-Standard 1.99949 2.23 s
Random-Reuse 1.50813 1.79 s
Random-Fast 1.50783 1.68 s

Platform: Pentium-IV, 2.8 GHz, Intel compiler 10.1 with IPO enabled.

in the run-time for Random-Fast is only 2.67%. This is
to be expected with a fast generator, where amortized
time spent on each random value production is compa-
rable with the time spent on auxiliary computations in
Random-Fast. Of note here, however, is that there is no
run-time penalty for the additional computations (as hap-
pens with Random-Reuse), and that the algorithm in Fig. 3
is universally applicable.

When a security-oriented RNG is employed (software
or hardware), the number of calls to the underlying gen-
erator dominates the additional operations in Random-

Fast, as shown in Table 2 for a security-conscious pseudo-
randomness source on a Linux system.

With Random-Standard, the expected number of calls
to U [0, . . . , M) per a single U [0, . . . ,m) is given by

1

Pr[success] = 1

1 − Pr[rejection] = 1

1 − r
M

= M

M − r
.

When Random-Fast is employed, and the random value
is rejected, the sub-call with m

g is to Random-Standard,
therefore the expected number of calls to U [0, . . . , M) in
this case is

1 ·
(

1 − r

M

)
+

(
1 + 1

1 − r′
M

)
· r

M
= 1 + r

M − r′ ,

where r′ = M mod
m

.

g

Fig. 5. Expected optimization histogram of values in [0, . . . , M) for M =
232. Each point represents a 1

4 %-wide bucket.

Thus, the expected run-time savings when using Ran-

dom-Fast instead of Random-Standard, and when m re-
duces (g > 1), expressed in number of calls to U [0, . . . , M),
are given by[

1 −
(

1 + r

M − r′

)
· M − r

M

]
· 100%. (2)

Fig. 5 shows a histogram of expected improvements in
run-time for the most common M of 232, whereas all pos-
sible values for m are considered.

Taking the example in Table 1, where

M = 232, r = 231 − 32,

m = 231 + 32,
m

g
= 226 + 1,

g = 32, r′ = 226 − 63

the theoretical optimization given by (2) is ≈ 24.60%,
which is equal to the experimental result in Table 1.

6. Conclusion

The optimization described here can be plugged as is in
most random number generation APIs, to instantly provide
up to 25% improvement in execution time and random bits
consumption. Additionally, hardware implementations can
employ techniques shown in Fig. 4 in order to gain addi-
tional runtime enhancements.
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