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ABSTRACT
MDE and software evolution call for model-level design sup-
port, that includes reasoning capabilities such as query an-
swering, verification and validation, static analysis and model
transformation. Automation of all activities requires well-
defined semantics for models. This is particularly important
for the class diagram model, which is central in UML. How-
ever, since UML specification is verbal and imprecise, the ex-
act meaning of many class diagram constructs and their in-
teraction is still obscure. There are major problems with the
inter-association constraints subsets, union, redefinition, as-
sociation specialization, association-class specialization and
XOR. Although their standard semantics is ambiguous and
their interaction unclear, the UML meta-model intensively
uses these constraints. Moreover, some of these interactions
have been declared in the UML meta-model as variation
points.

The paper discusses possible semantics of the inter-association
constraints subsets, union, redefinition and association-class
specialization, analyzes their interaction, and suggests coher-
ent semantics that minimizes contradictions with the meta-
model (association specialization and XOR are left out, due
to space limitations). The paper also introduces rules that
enforce model correctness. This paper is the first to provide
an inclusive analysis of all inter-association constraints.

Categories and Subject Descriptors
D.2.2 [Software Engineering]: Design Tools and Tech-
niques—Computer-aided software engineering (CASE) Object-
oriented design methods.

General Terms
Design, Languages, Reliability, Verification.

Keywords
Inter-association constraints, semantics, subsetting, union,
redefinition, association-class hierarchy, design, consistency,
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finite-satisfiability, incomplete-design, correctness rule.

1. INTRODUCTION
With the emergence of UML 2 [18], several new concepts

regarding the relationships between associations have been
added: Property subsetting, property union and property
redefinition. These concepts, together with previous ones
(association specialization, association-class hierarchies and
xor) provide an important mechanism for defining new mod-
eling languages [1]. They have been widely used in defining
the UML 2 meta-model. Nevertheless, their semantics is
ambiguous, their inter-relationships obscure, and some con-
straints have contradictory interpretations.

The problems of inter-association constraints have been
analyzed in several works. Subsetting, redefinition, associ-
ation specialization and union have been studied in [1, 11,
12, 13, 2, 16, 7]. These works try to settle various seman-
tic issues. Yet, an overall consideration of all constraints,
including association-class hierarchy, is still missing.

This paper analyzes the inter-association constraints and
suggests coherent semantics. Our aim is to minimize con-
tradictions with the meta-model. The paper studies interac-
tions with other class diagram constrains and suggests rules
that enforce model correctness. To the best of our knowl-
edge, the full picture of interaction between the constraints
has not been studied before. Due to space limitation, the
paper includes only the analysis of subsets, union, redefini-
tion, and association-class specialization. This work is part
of our overall work on correctness of class diagrams [15, 4, 3],
which requires a well-defined semantics for all constructs.

Section 2 formally defines the UML class diagram. Sec-
tion 3 studies subsetting, Section 4 studies union; Section 5
studies redefinition; Section 6 studies association-class hier-
archy and Section 7 concludes the paper.

2. BACKGROUND
A class diagram is a structural abstraction of a real world

phenomenon. The model consists of basic elements, descrip-
tors and constraints. This section defines the abstract syn-
tax and the semantics of the class diagram (subset). Our
definitions follow the works of [20, 19, 17, 1]. We use a
property oriented abstract syntax, since it enables a better
formulation of the semantics of inter-association constraints.

2.1 Abstract syntax
The subset of UML2.0 class diagrams considered in this

paper includes classes, associations, and four kinds of con-
straints: Multiplicity constraints on binary associations, class



hierarchy constraints, inter-association constraints, and Gen-
eralization set (GS) constraints. Attributes are omitted.

A class diagram is a tuple 〈C,A,P, props, source, target,Q,
QD,Qdom, Constraint〉 where

• C is a set of class symbols.

• A is a set of association symbols.

• P is a set of property symbols (sometimes called asso-
ciation end). Property symbols denote mappings de-
rived from their associations.

• props : A → P × P is a 1:1 and onto assignment of
(unique) properties to association symbol. For a prop-
erty p, there is a unique a ∈ A, such that props(a) =
(p, ∗) or props(a) = (∗, p), where * is a wild card. We
write assoc(p) or assoc(p1, p2) for the association of
p or of (p1, p2), and props1(a), props2(a) for the two
properties of a.

• target : P → C and source : P → C are 1:1 mappings
of properties to classes such that for an association a
with props(a) = (p1, p2), target(p1) = source(p2) and
target(p2) = source(p1). In Figure 1a, target(p1) =
source(p2) = C1 and source(p1) = target(p2) = C2.

(a) A binary association

(b) A qualified binary associa-
tion

Figure 1: Regular and qualified binary associations

• Q: A set of qualifier attribute symbols
(shortly q attributes).

• QD: A set of domains (sets), termed q attribute domains.
Each domain has a known cardinality.

• Qdom : Q → QD: A mapping of q attributes to q attribu
te domains.

• Constraint is a set of constraints as follows:

1. Multiplicity constraints on binary associations:
mul : P → (N ∪{0})×(N ∪{∗}) assigns multiplic-
ity constraints to to property symbols. For sim-
plicity we use a compact symbolic representation,
where association a in Figure 1a is denoted a(p1 :
C1[ m1, n1], p2 : C2[ m2, n2]). The functions
minMul : P → {N ∪ {0}} and maxMul : P →
{N ∪ {∗}} give the minimum and maximum mul-
tiplicities assigned to a property, respectively.

2. Qualifier constraints on binary associations:
1. q att : P → Q is a multi-valued function that
assigns a (possibly empty) set of q attribute sym-
bols to a property. The assigned property is called
a qualified property and its association is a quali-
fied association.
2. q mul : P × 2Q → (N ∪ {0}) × (N ∪ {∗})
is a partial function that assigns multiplicity con-
straints to pairs of qualified property symbols and

their q attributes. q mul(p, {q1, · · · , qn}) is de-
fined only for p ∈ P, and qi ∈ Q, i = 1..n, such
that q att(p) = {q1, · · · , qn}. The functions q min :
P×2Q → (N ∪{0}) and q max : P×2Q → (N ∪
{∗}) give the minimum and maximum multiplici-
ties assigned by q mul, respectively. In Figure 1b,
q att(p2) = {q1, q2} and q mul(p2, {q1, q2}) = (m2,
n2). Note, that the visualization is on the oppo-
site side of the qualified property. The symbolic
representation of the qualified association is:
a(p1 : C1[ m1, n1], p2 : C2{q1 . . . , qn}[ m2, n2]),
where q att(p2) = {q1 . . . , qn}.

3. Class hierarchy: A binary relationship ≺ on the
set of class symbols: ≺ ⊆ C × C. Henceforth
we use the notation C2 ≺ C1, where C1 is the
superclass and C2 is the subclass (also called direct
descendant). The transitive reflexive closure of ≺
is called the descendant relation, and denoted ≺∗.
Its irreflexive version is denoted by ≺+.

4. Generalization set (GS) constraints: GS is an
(n + 1)-ary relationship on C, for n ≥ 2. An el-
ement 〈C,C1, . . . , Cn〉 in GS must satisfy: For
i, j = 1, . . . , n (1) C 6= Ci; (2) Ci 6= Cj ; (3)
Ci ≺ C.
C is called the superclass and the Ci-s are called
the subclasses. A GS tuple is associated with
a constraint const ∈ {〈disjoint〉, 〈overlapping〉,
〈complete〉, 〈incomplete〉, 〈disjoint, complete〉,
〈disjoint, incomplete〉, 〈overlapping, complete〉,
〈overlapping, incomplete〉}. We use the symbolic
representation GS(C,C1, . . . , Cn; const) for GS con-
straints.

5. Aggregation and Composition: Two unary rela-
tionships on the set of property symbols denoted
by pa and pc respectively. Visually, composition is
shown by a filled diamond adornment on the com-
posite association end while aggregation is shown
as an open diamond.

2.2 Semantics
The standard set theoretic semantics of class diagrams

associates a class diagram with instances I, that have a se-
mantic domain and an extension mapping, in which class
extensions are sets of objects in the semantic domain, asso-
ciation extensions are relationships among class extensions,
and q attribute-domain extensions are data types. For a
symbol x, xI is its denotation in I. The elements of class
extensions are called objects, the elements of association ex-
tensions are called links and the elements of data types are
called values. The semantics of the constraints with respect
to an instance I is defined as follows:
Property: For a property p, pI is a multi-valued function
from its source class to its target class: pI : source(p)I →
target(p)I . pI is restricted by the multiplicity constraints:

For every e ∈ source(p)I , minMul(p) ≤ |pI(e)| ≤ maxMul(p).
The upper bound constraint is ignored if maxMul(p) = ∗.
Association: For an association a with props(a) = (p1, p2),
pI1 and pI2 are restricted to be inverse functions of each
other. That is, pI1 = (pI2)−1. The association denotes all
object pairs that are related by its properties. That is, aI =
{(e, e′) | e ∈ target(p1)I , e′ ∈ target(p2)I , pI2(e) = e′}.
Qualifier: A qualified property denotes a mapping that re-
fines the denotation mapping of the property. If q att(p) =



{q1, . . . , qn}, and Qdom(qi) = Di, i = 1..n, then the map-

pings of pI are partitioned by a function q map : source(p)I×
D1 × . . .×Dn → target(p)I that satisfies:

1. For every e ∈ source(p)I and di ∈ Di, i = 1..n:
q min(p, q1, . . . , qn) ≤ |q map(e, d1, . . . , dn)| ≤ q max(
p, q1, . . . , qn).

2. q map is a partition of pI : For every e ∈ source(p)I

and di ∈ Di, i = 1..n, q map(e, d1, . . . , dn) ⊆ pI(e).

3. For every e ∈ source(p)I and di, d
′
i ∈ Di, i = 1..n:

q map(e, d1, . . . , dn) ∩ q map(e, d′1, . . . , d
′
n) = ∅.

Aggregation and composition: An aggregation de-
notes two constraints: 1) Irreflexivity : For e ∈ source(pa)I ,
paI(e) 6= e; 2) Transitivity on the aggregation relation. To-
gether, these constraints imply antisymmetry:
For aggregation properties pa1 , . . . , p

a
n, such that target(pai ) =

source(pai+1, i = 1, n− 1, if e ∈ source(pa1)I , then

pan
I(pn−1

aI(. . . (pa1
I(e)))) 6= e.

A composition is an aggregation with two additional con-
straints: 1) A composition property pc is not multi-valued;
2) multi-composition constraint: For composition properties
pc1, p

c
2 such that source(pc1) = source(pc2), if e ∈ source(pc1)I ,

then pc1(e) = pc2(e).
Class hierarchy constraints: Class hierarchy constraints
denote subset relations between the extensions of the in-
volved classes. That is, for C1 ≺ C2, C1

I ⊆ C2
I . GS con-

straints have the following meaning: disjoint : CI
i ∩ CI

j =

∅,∀i, j; overlapping : For some i, j, it might be CI
i ∩CI

j 6= ∅;

complete: CI =
n⋃

i=1

CI
i ; incomplete:

n⋃
i=1

CI
i ⊆ CI .

According to the official semantics of the incomplete and
overlapping constraints [18] they are ”non-constraints”, in
the sense that they do not impose any restriction: The sub-
classes might cover or not and might be overlapping or not,
respectively. The semantics adopted by the this paper, re-
quires that these constraints are properly satisfied in at least
one legal instance.

2.3 Verification of Class Diagrams
Class diagrams are models written by people, and there-

fore, usually suffer from modeling problems like inconsis-
tency, redundancy, and abstraction errors. The two major
correctness requirements imposed on class diagrams are con-
sistency and finite satisfiability. Consistent means that the
diagram has a legal instance, i.e., its constraints are not
contradictory [5]. A finite satisfiability means that it is a
non-empty and finite legal instance [14, 15, 3].

In view of the wide spread usage of UML class diagrams
and the difficulties of producing high quality models, it is
essential to equip UML CASE tools with reasoning capabil-
ities like verification of correctness problems, model trans-
formation and redundancy checking [5, 4, 9]. The quality
of models is especially important for the emerging Model
Driven Engineering (MDE) approach, in which software is
developed by repeated transformations of models. Current
management tools for class diagrams provide editing, syn-
tax and code generation (class skeleton) services, but do
not support necessary meta-modeling and MDE activities.
Development of verification of MDE activities requires well-
defined semantics for class diagrams. The current set theo-
retic semantics provided by specification does not gives ac-
curate definition for the inter-relationship constraints. The

next sections provide an accurate semantics for these con-
straints with discussion of their interactions with the later
constraints.

3. SUBSETTING CONSTRAINT
Subsetting is a constraint defined between two properties

(association ends). It constrains set of instances that popu-
late an association end (the subsetting end) to be a subset
of the set of instances that populates the other association
end (the subsetted end). Consider the class diagram in Fig-
ure 2. The subsetting constraint on the association end pre-
sentation states that the papers presented by an author are
included in the papers written by that author.

Figure 2: A class diagram with subsetting constraints

Syntax: Subsetting defines a binary relationship, denoted
≺, on the set of property symbols: ≺ ⊆ P × P. p2 ≺ p1,
stands for “p2 subsets p1”.
Semantics: Let p1, p2 ∈ P, source(p2) = C1 and p2 ≺ p1.
Then, for every entity e ∈ C1

I , p2
I(e) ⊆ p1

I(e).
UML 2 well-formedness rules: p2 ≺ p1, imposes three
restrictions: (1) source(p2) ≺∗ source(p1), i.e., source(p2)
is either source(p1) or its descendant (direct or not); (2)
target(p2) ≺∗ target(p1); (3) maxMul(p2) ≤ maxMul(p1).

[1, 10] show that subsetting is symmetric with respect
to its association. That is, the existence of a subsetting
constraint on one association end entails the existence of a
subsetting constraint on the opposite association end. For-
mally:
Correctness rule (Subsetting incomplete design) Let
p1, p2 ∈ P. If p2 ≺ p1 then add p−1

2 ≺ p−1
1 .

3.1 Interaction of Subsetting with Other Con-
straints

The UML meta-model does not constrain the interaction
between the subsetting constraint with other constraint, al-
though such interaction can cause design problems like fi-
nite satisfiability , consistency and incomplete design. In
this subsection, we analyze such interactions, and suggest
correctness rules. Each correctness rule is related to a par-
ticular type design problem. These rules can enhance the
well formedness rules of the meta-model.

Interaction of subsetting and qualifier constraints.
The restriction that meta-model imposes on the multi-

plicity constraint of the subsetting property, does not take
qualified association ends into consideration. In Figure 3,
every instance e of TV-Network on a given day d must be
related to a broadcast schedule (that is, |q map(e, d)| = 1,
see the qualifier’s semantics in Section 2). Therefore, e

must be related to seven broadcast schedules for all seven
days: |bcschI(e)| = 7. On the other hand, the subset-
ting constraint requires bcschI(e) ⊆ contentsI(e). But,
|contentsI(e)| = 1. This contradictory creates a consistency
problem. It is caused by the implicit multiplicity constraint



of the qualifier, which is not taken care of by the UML well-
formedness rules. The following rule prevents this problem.

Figure 3: A subsetting with a qualifier constraint

Correctness rule (Subsetting-qualifier consistency)
Let a(p1 : C1[ m1, n1], p2 : C2{q1, . . . , qn}[ m2, n2]) be a
qualified association, where Dom(qi) = Di and let |Di| = ki.
Then,
a. For each property p ≺+ p2, if ki 6= ∞, i = 1, n, then

maxMul(p) ≤ n2 ·
n∏

i=1

ki.

b. For each property p such that p2 ≺+ p, maxMul(p) ≥

n2 ·
n∏

i=1

ki.

In Figure 3, maxMul(contents) = 1 < 1·|{Su,Mu, Tu,We, Th,
Fr, Su}| = 1 · 7 which violates the above rule (part ).

Interaction of subsetting and aggregation/composition
constraints.

Figure 4.a presents a problem of composition cycles (no-
ticed by [1, 10]): In every legal instance I, for e ∈ DI ,
pc1

I(qc2
I(e)) = e. The following rule prevents this inconsis-

tency:
Correctness rule (Subsetting-composition consistency)
Let p1, p2 ∈ P, and p2 ≺+ p1. Then, p1 is an aggregation
(composition) property, i.e. pa1 (pc1), iff p2 is not an aggre-
gation (composition) property.

Figure 4b presents a problem of incomplete design that
enables the following scenario: For e ∈ CI , pc2

I(e) 6= pc1
I(e),

which violates the multi-composition constraint. The multi-
composition constraint can be enforced by adding the sub-
setting constraint p2 ≺ q2.
Correctness rule (Subsetting-composition incomplete
design) Let p1, p2 ∈ P, and target(p2) ≺∗ target(p1). Then
if minMul(p1) > 0 then add p2 ≺ p1.

(a) (b)

Figure 4: A composition with subsetting constraints

Interaction of subsetting and GS constraints.
Consider the class diagram in Figure 5a. Let e ∈ AI

1

and e ∈ AI
2. Then |b1I(e)| = 1 and |b2I(e)| = 1, and B2,

b1
I(e) ∩ b2

I(e) = ∅, by the disjointness constraint on of B1

and . Since bi ≺ b, i = 1, 2, b1
I(e)∪b2I(e) ⊆ bI(e). Therefore

|bI(e)| = 2, which violates the multiplicity constraint on
b. We suggest to consider this situation as an incomplete
design, missing a disjointness constraint on classes A1 and
A2, as in Figure 5b.
Correctness rule (Subsetting-GS-constraint incom-
plete design) Let p, p1, . . . , pn ∈ P, GS(target(p), target(p1),
. . . , target(pn); disjoint), and pi ≺ p, i = 1, n. Then, if (1)

(a) (b)

Figure 5: Interaction of subsetting with disjoint constraint

For each pi, minMul(pi) = maxMul(p); or (2) For each
i 6= j, minMul(pi) + minCard(pj) ≥ maxMul(p); then
add GS(source(p), source(p1), . . . , source(pn); disjoint).

Indeed, Figure 5a satisfies condition (2).

Interaction of subsetting and multiplicity constraints.
Figure 6 presents a finite satisfiability problem due to

interaction of subsetting and multiplicity constraints. In
every legal instance I, for e ∈ CI , |bI3(e)| = 2, and also
bI3(e) ⊆ bI1(e). But, the upper association cycle r, q dictates
|bI1(e)| = 1.

A B

C D

1

a1

q 1..2

b1

1 a2

r

1b2

1

a3 {subsets a1}
s 2

b3 {subsets b1}

Figure 6: A finite satisfiability problem due to interaction
between subsetting and multiplicity constraints

In Figure 6, the upper association cycle by itself does not
present any problem, since the maximum multiplicity 2 on
the b1 association end is never realized (we say that the b2
multiplicity constraint is not tight). The problem is caused
just by the interaction of the subsetting and the non-tight
multiplicity constraint. The following correctness rule for-
malizes the problematics caused by this interaction:
Correctness rule (Subsetting-multiplicity finite sat-
isfiability) Let p1, p2 ∈ P, p2 ≺+ p1 such that maxMul(p1)
is not tight, i.e., there is no legal finite instance I and an ob-
ject e ∈ source(pI1), such that |pI1(e)| = maxMul(p1). Then
if maxMul(p2) = maxMul(p1) then there is a finite satisfi-
ability problem.

This correctness rule is not purely syntactic, since it relies
on the identification of tight multiplicity constraints, which
is still an open problem (that we intend to investigate).

4. DERIVED UNION CONSTRAINT
A property may be marked as being a derived union,

meaning that its value set is the union of the value sets of the
properties that subset it [18]. In Figure 7, the declaration
of the association end course as derived union, implies that
a student can only register to required or elective courses.
Dropping the union constraint enables students to register
to a course which is neither required nor elective.
Syntax: Union is a constraint on the set of property sym-
bols, denoted pu. pu is termed a union property.
Semantics: Let pu ∈ P, A ∈ C, and A � source(p). Then,
in every legal instance I, for every object e ∈ AI , puI(e) =⋃

p′≺+pu(p′I(e)).
Similarly to the subsetting constraint, union is also sym-



RequiredCourse ElectiveCourse

CourseStudent

{subsets course}
-ec *

*

{subsets course}

-rc

1..*

*

registering -course
{union} 1..*

Figure 7: A class diagram with a union constraint

metric (rule is omitted), and we present only one constraint
interaction due to space limitations.

Interaction of union and multiplicity constraints.
For a union property pu, the sum of the minimum mul-

tiplicity constraints of its subsetting properties cannot be
smaller than the minimum multiplicity constraint of pu. This
rule is a direct result of the union semantics.
Correctness rule (Union-multiplicity consistency) Let
pu ∈ P. Then

∑
p′≺+pu

minMul(p′) ≥ minMul(pu).

Figure 8 is inconsistent since it contradicts the Union-multiplicity
constraint rule:

Figure 8: A consistency problem due to interaction of union
and multiplicity constraints

5. PROPERTY REDEFINITION
CONSTRAINT

Property redefinition is a constraint that enables a redefi-
nition of property characteristics like name, time, visibility,
multiplicity [21, 18]. In this work we focus on redefinition of
type and multiplicity constraints.

(a)

GraduateStudent

Student

GraduateCourse

Course
-register

1..*

{redefines register}

-gregister

4

(b)

Figure 9: Class diagrams with redefinition constraints

In Figure 9a, the association end tacourse redefines the
multiplicity constraint of the course association end. It re-
stricts a teaching assistant to teach exactly one course, in-
stead of up to three courses. In Figure 9b, the association
end gregister redefines the type (and the multiplicity) con-
straint of the register association end. It restricts a graduate
student to register to exactly four graduate courses, instead
of to any number of general courses.
Syntax: A redefinition is a binary constraint, denoted by
B, on the set of property symbols. Henceforth, we use the

notation p2 B p1, where p2 is the redefining property and p1
the redefined property.
Semantics:

The semantics of redefinition, as defined in the meta-
model, is vague and ambiguous. Three possible semantics
have been discussed [12, 1, 13, 2, 7, 16]. We briefly analyze
each semantics and choose the one that minimizes contra-
dictions with the meta-model.

Consider the class diagram in Figure 10, where the star on
the class hierarchy between A2 and B2 denotes B2 ≺∗ A2

1.

B2

A2

B1

A1

* 

a2
t1

{subsets q2,redefines q2}

m4..n4

-p2

m3..n3

-p1

a1

m2..n2

-q2

m1..n1

-q1

Figure 10: Class diagrams with redefinition constraints

1. One association semantics [10, 16]: Redefinition is
understood as a constraint on the redefined property,
while the association of the redefining property is syn-
tactically ignored. The constraint for Figure 10: For a
legal instance I,

a. For each e ∈ AI
1 and e /∈ BI

1 : qI2(e) ∈ AI
2 and

m2 ≤ |qI2(e)| ≤ n2.

b. For each e ∈ BI
1 (and of course e ∈ AI

1): qI2(e) ∈ BI
2

and m4 ≤ |qI2(e)| ≤ n4.

This semantics ignores the opposite property of the re-
defining property (i.e. p1 in Figure 10), including its
possible associated constraints, like multiplicity, quali-
fier and composition. In addition, it ignores a possible
subsetting constraint on the redefining property (as in
Figure 10). Note that a combination of redefinition
and subsetting on the same property appears in the
meta-model ([18], p. 307).

2. Covariant semantics [12, 13]: Redefinition excludes
the source of the redefining property from the source of
the redefined property. The constraint for Figure 10:
For a legal instance I, qI2 is defined only on AI

1 −BI
1 :

q2 : AI
1 −BI

1 → AI
2

Under this semantics, subsetting and redefinition con-
tradict each other. That is, a redefining property can-
not subset the same property, as in Figure 10. As noted
above, the meta-model includes such combinations. In
addition, [8, 12] note a type safety problem that re-
sults from covariant subtyping. This semantics also
raises a conceptual problem, as it neglects the inter-
relationship between the associations of the redefined
and redefining properties.

3. Subsetting semantics [2, 7]: Redefinition strengths
the subsetting constraint with additional constraints.
The constraint for Figure 10:

a. qI2/BI
1

= pI2. That is, for e ∈ BI
1 , qI2(e) = pI2(e).

1This is an extended class diagram notation used in our class
diagram pattern catalog www.cs.bgu.ac.il/~umlc.



b. For each e ∈ BI
1 : qI2(e) ⊆ BI

2 and m4 ≤ |qI2(e)| ≤
n4.

Under this semantics, redefinition entails subsetting
(which require only qI2/BI

1
⊆ pI2).

The interaction between subsetting and redefinition con-
straints has been declared a semantic variation point in the
meta-model ([18], p. 41), although the meta-model itself
contains this kind of interaction. The subsetting semantics
solves this variation point, and hence, minimizes necessary
modifications in the meta-model.

The correctness rules of redefinition are similar to those
of subsetting. We present only few new rules.

Interaction of redefinition, subsetting, union and dis-
joint GS constraints.

Let B+ denote the transitive closure of B.
Correctness rule (Redefinition-subsetting-union in-
complete design) Let p1, p2, p3 ∈ P, then:

1. If (p2 B+ p1) then add p2 ≺ p1.

2. (p3 B+ p1)∧(p3 ≺+ p2)∧(p2 B+ p1) then add p3 B p2.

3. (p3 B+ p1)∧(p3 ≺+ p2)∧(p2 ≺+ p1) then add p3 B p2.

Correctness rule (Redefinition-subsetting-union-disjoint
incomplete design) Let p1 ≺+ pu, where pu is a union
property. Then, if for each property p′ ≺+ p, source(p1) ≺∗
C1 and source(p′) ≺∗ C′, for some “disjoint” C1, C

′ (i.e.,
there is a GS(C, . . . C1, . . . C

′ . . . ; disjoint) constraint), then
add p1 B p.

6. ASSOCIATION-CLASS HIERARCHY
An association-class is a class associated with single as-

sociation in a way that identifies the class objects with the
association links in a 1:1 manner [21]. Figure 11a illustrates
a association-class Authorization for the authorization asso-
ciation.

(a)

(b)

Figure 11: Association Class

Syntax of association-classes: The class diagram syntax
is extended with AC, a set of association-class symbols, C ∩
AC = ∅, and a 1:1 mapping ac : AC → A.
Semantics of association classes: Association-classes are
classes whose objects are identified by object-pairs of their
associations. For an association-class C and a legal instance
I, there exists a 1:1 and onto function: acC,I : CI → ac(C)I .

6.1 Semantics of Association-Class Hierarchy
Association-class hierarchy is frequently used in ontolo-

gies and in the translation of description logics to class dia-
grams. However, the semantics of association-class hierarchy
is not given much attention in the literature, and there is no
specific definition in the meta-model besides a single small
reference: ”the specialization and refinement rules defined
for class and association are also applicable to association-
class”.

This definition gives rise to multiple interpretations, which
further complicates the analysis of the interaction with the
otter inter-association constraints, subsetting, redefinition
and association-specialization. Following are three possible
interpretations:

1. Subsetting semantics: Association-class hierarchy
is a class hierarchy that induces a subsetting constraint
between the involved associations. This semantics al-
lows a single object pair of the super association-class
to identify two different objects in the super associa-
tion. In Figure 12a, the pair (sp1, t1) identifies the ob-
jects aut2 and saut1 in contradiction to the intended
semantics.

2. Regular-Class-Hierarchy semantics: This seman-
tics ignores the involved associations. Figure 12b shows
an object of association-class SpecialAuthorization that
is identified by two different object-pairs, in contra-
diction to the intended semantics. The USE system
adapts this semantics2.

3. Unified-Mapping semantics: This semantics con-
strains the subsetting semantics to have identical map-
pings. For association-classes A ≺ B and a legal in-
stance I, acA,I = acB,I/A : For each object e ∈ AI ,

acA,I(e) = acB,I(e).

(a)

(b)

Figure 12: Possible instances of the association-class hierar-
chy in Figure 11b

Henceforth, we adopt the Unified-Mapping semantics for hi-
erarchy of association-classes.
2http://www.db.informatik.uni-bremen.de/projects/
USE/



Property Correspondence.
Association-class hierarchy raises a unique problem of prop-

erty correspondence, between the properties of the involved
associations. Figures 13b 13c present two legal instance dia-
grams of Figure 13a. In both instances, m1 is a manager and
sp1 is a special. However, in Figures 13b, m1 is a grantor
and sp1 is a grantee, while in Figure 13c m1 is a grantee
and sp1 is a grantor. The problem is that the association-
class hierarchy semantics does not specify correspondences
between the properties of the sub-association and the super-
association. Therefore, the syntax of association-class hier-
archy cannot be a plain class hierarchy syntax, but must
include specification of property correspondence as a sub-
setting constraint. For example:

SpecialAuthorization ≺ Authorization
with manager ≺ grantor

sp ≺ grantee

(a)

(b)

(c)

Figure 13: A reflexive association-class

In sum, the suggested syntax for association-class hierar-
chy involves subsetting constraints between the correspond-
ing properties:

A ≺ B with pA ≺ pB
qA ≺ qB

6.2 Interaction of Association-Class Hierarchy
with Other Constraints

This section presents two rules of incomplete design, that
result from the interaction of association-class hierarchy with
generalization-set and redefinition constraints.

Interaction of association-class hierarchy with GS con-
straints.

Consider Figure 14. It presents a complex situation of a
GS-constraint on association-classes.

1. If cons1 = disjoint, then in every legal instance I,
QI and W I are disjoint since acW,I = acR,I/W and

acQ,I = acR,I/Q . Therefore, the GS constraint GS(R,W,

Q; disjoint) is entailed (i.e. cons2 = disjoint).

2. If cons2 = complete and m2 > 0 then in every le-
gal instance I, every object e ∈ AI participates in
rI . Since cons2 = complete, the mappings acW,I and
acQ,I cover the acR,I mapping of R. Therefore, the
relations wI , qR include all pairs of rI , implying AI ⊆
AI

1 ∪AI
2.

Figure 14: An association-class hierarchy

This situation is generalized in the following correctness
rule:
Correctness rule (Association-class-hierarchy-GS in-
complete design) Let R,R1, . . . , Rn be association-classes
such that Ri ≺+ R, i = 1, n, and ac(R) = r is an association
between classes A and B, and ac(Ri) = ri is an association
between Ai and Bi, where Ai ≺+ A and Bi ≺∗ B. Then

1. If the diagram includes GS(A,A1, . . . , An; disjoint),
then add GS(R,R1, . . . , Rn; disjoint).

2. If the diagram includes GS(R,R1, . . . , Rn; complete)
and the minimum multiplicity constraint on the B end
of r is greater than zero, then add GS(A,A1, . . . , An;
complete).

Interaction of association-class hierarchy with redefi-
nition constraints.

Consider the class diagram in Figure 15a. In every le-
gal instance I, the restriction of property pI2 to CI equals
property qI2 , since q2 redefines p2. Therefore, the instance
in Figure 15b is a legal instance. Yet, it includes two differ-
ent objects of the association-classes R = ac(assoc(p2)), and
Q = ac(assoc(q2)). That is, although the associated object
pairs are identical on their restriction to the subclasses, they
are identified by different objects of the association-classes.
It seems that a hierarchy relation between the association-
classes is missing. We suggest to consider this situation as
a case of incomplete design.
Correctness rule (Association-class-hierarchy-redefinition
incomplete design) Let R,Q be association-classes where
ac(R) = r, ac(Q) = q, props(r) = (p1, p2), and props(q) =
(q1, q2) . Then if q2 B p2, then add Q ≺ R with q2 ≺ p2,
q1 ≺ p1.

7. CONCLUSION AND FUTURE WORK
We presented a coherent semantics for the inter-association

constraints with a maximum compatibility with the Meta-
Model. The paper also addressed correctness problems that



(a) (b)

Figure 15: Redefinition with association class hierarchies

result from these constraints, and suggested correctness rules
than can be added to the meta-model, as well-formedness
rules.

We plan to add these rules to our catalog of class diagram
correctness patterns [6]. We intend to extend the Finite-
Sat algorithm to apply to inter association constraints and
develop additional identification methods.

The complex interaction among the inter-association con-
straints and among the other class diagram constraints raises
interesting questions concerning the overall set of constraints
associated with class diagrams: Their uniform semantics
and in particular their pragmatics. Undoubtedly, the cur-
rent set of constraints is complex, both on the formal and
the intuitive understanding levels. Modelers cannot be ex-
pected to master the complex interactions of the constraints.
Therefore, the well-formedness rules should be automated
and embedded in model-level IDEs. An interesting research
direction involves the study of what can be termed model
complication, and suggest appropriate model metrics.
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