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Abstract. Models lie at the heart of the emerging Model-driven Engi-
neering approach. In order to guarantee precise, consistent and correct
models, there is an urgent need for efficient methods for verifying model
correctness. Class diagrams are the most important UML model. Finite
satisfiability of class diagrams characterizes the ability to finitely instan-
tiate the classes of a class diagram, without violating any constraint.
This paper extends our previous work on efficient recognition of finite
satisfiability problems in UML class diagrams with constrained gener-
alization sets. Previous results are strengthened to handle qualifier and
association class constraints. We also present a method for detection of
the constraints that cause finite satisfiability.
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1 Introduction

Models lie at the heart of the emerging Model-driven Engineering approach,
in which software is developed by repeated transformations of models. In this
paradigm, models are no longer restricted design artifacts, but play a central role
in the process of software development. Therefore, it is essential to have precise,
consistent and correct models. Yet, current case tools enable the construction
of erroneous models. There is an urgent need for efficient methods for verifying
model correctness.
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The Unified Modeling Language (UML) is nowadays the widely accepted
standard for modeling systems. It consists of a variety of visual modeling dia-
grams, each describing a different view of object-oriented software. Class Dia-
grams are probably the most important and best understood among all UML
models. A class diagram provides a static description of system components. It
describes system structure in terms of classes, associations, and constraints.
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Fig. 1. A Class Diagram with a Finite Satisfiability Problem

Class diagrams are models written by people, and therefore, they cannot
guarantee correctness and consistency. Problems usually arise in the presence
of constraints, which may turn the model inconsistent, or may not be satisfied.
A class diagram is finitely satisfiable if its classes can be finitely instantiated,
without contradicting the constraints. Deciding finite satisfiability of UML class
diagrams is known to be an EXPTIME-complete problem [5].

Figure 1-a, presents a small ontology in the Molecular Biology domain (de-
liberately spoiled to create a finite satisfiability problem). It includes a multiplic-
ity and hierarchy constraint cycle that involves the classes Chemical, Reaction,
CatalyzedReaction, Enzyme and Protein. Instances of Chemical must be related
to Reaction instances, which are also instances of CatalyzedReaction, whose in-
stances must be related, each, to two Enzyme instances, which are also instances
of Protein and of Chemical. Careful analysis reveals that in every non-empty fi-
nite instance of this diagram, the number E of Enzyme instances and the number
R of Reaction instances, must satisfy the relationships £ > 2R and F < R. In-
deed, the class diagram is consistent, i.e., has a non-empty instance!, but in every
instance, Reaction and Enzyme denote either empty or infinite sets, implying
that the class diagram is not finitely satisfiable

This paper extends our previous work [1] on efficient recognition of finite
satisfiability problems in UML class diagrams with constrained generalization
sets. We strengthen our previous results by extending the scope of class diagrams

! The problem requires that for every class there is an instance in which it has a
non-empty extension. But it can be shown that for UML class diagrams this implies
having a legal instance in which all class extensions are non-empty. Such instances
are called non-empty instances.



to which our methods apply to include qualifier and association class constraints.
Furthermore, we add a method for detecting the constraints that cause a finite
satisfiability problem.

Section 2 provides the relevant terminology; Section 3 describes our earlier
work; Section 4 presents the extension to handle qualifier constraints, and Section
5 describes the extension to handle association class constraints. Finally, Section
6 describes the cause detection method. Section 7 concludes the paper.

2 Background

The subset of UML2.0 class diagrams considered in this paper includes classes
with attributes, associations and five kinds of constraints:

1. Multiplicity (cardinality) constraints on binary associations, denoted sym-
bolically as  a(rny : C1[ miny, maxi], rng : Co[ ming, maxs]) , where
a is an association between classes Cy, Cq, with roles rni, rns, and mul-
tiplicity constraints [min;, maz;], i = 1,2 (written on the rn; association
end).

2. Class hierarchy constraints, denoted symbolically Cy < Cq, where C is the
super class and Cs is the subclass (also called direct descendant).

3. Generalization set (GS) constraints, denoted symbolically GS(C, Cy, ..., Cy;
constraint), where constraint is one of complete, incomplete, disjoint, over-
lapping, C is the super class and the Cj-s are the subclasses (C # C;, for
t=1,...,n). An unconstrained G specifies only class hierarchy constraints.
GS's are visualized as in Figure 1. GS constraints can be combined as fol-
lows: {complete, disjoint}, {incomplete, disjoint}, {complete, overlapping},
{incomplete, overlapping}.

4. Qualifier constraints, that strengthen multiplicity constraints.

5. Association class constraints, that reify associations, and are denoted AC®
for an association a.

A class diagram CD’ is a sub-diagram of a class diagram CD, denoted CD’ <
CD, if its classes, associations and constraints belong to C'D.

The standard set theoretic semantics of class diagrams associates a class dia-
gram with instances in which class extensions are sets of objects and association
extensions are relationships among class extensions. Class hierarchy constraints
denote subset relations. GS constraints have the following meaning (class sym-
bols are identified with their extensions):

—

. complete: C = |J C;
i=1

3
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incomplete: |J C; C C

i=1
disjoint : C; N C; = 0,Vi, j.
overlapping : For some i, j, C; N C; # 0.
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A legal instance of a class diagram is an instance that satisfies all constraints.
Correctness of a class diagram involves consistency and finite-satisfiability [2, 3,
4,5, 1]. A class is consistent if it has a non-empty extension in some legal
instance; a class diagram is consistent if all of its classes are consistent; a class
is finitely satisfiable if it has a non-empty extension in some legal finite instance;
a class diagram is finitely satisfiable if all of its classes are finitely satisfiable?. It
can be shown that a consistent class diagram has a legal instance in which all class
extensions are non-empty, and a finitely satisfiable diagram has a legal instance in
which all class extensions are non-empty and finite [6]. Class diagrams CD, CD’
are equivalent, denoted C'D = CD’, if they have the same legal instances.
Complexity: Berardi et al., in [5], showed that deciding consistency of UML
class diagrams is EXPTIME-complete. Artale et al. [7] refine these results, by
considering fragments of class diagrams. They show that for ER diagrams that in-
clude, besides cardinality, class hierarchy and disjoint constraints, deciding con-
sistency is in NLogSpace. Addition of complete constraints raises the complexity
to NP, and addition of association hierarchy has already the EXPTIME-complete
complexity. Recently, it was shown [8, 9] that finite satisfiability of the descrip-
tion logic ALCQI is EXPTIME-complete, which implies that finite satisfiability
of class diagrams (under some minor restrictions) is also EXPTIME-complete.

Reasoning about Finite Satisfiability of UML Class Diagrams

There are two main approaches for reasoning about finite satisfiability of class
diagrams: The linear inequalities approach and the graph based approach. The
first approach reduces the finite satisfiability problem to the problem of finding
a solution to a system of linear inequalities. The second approach detects infinity
causing cycles in the diagram, and possibly suggests repair transformations. All
methods apply only to fragments of UML class diagrams. Deciding finite satis-
fiability in unrestricted class diagrams is still an open issue. Below, we shortly
summarize results in both approaches, on which our research is based.

The fundamental work in the linear inequalities approach is that of [3, 10].
It applies to Entity-Relationship (ER) diagrams with Entity Types (Classes),
Binary Relationships® (Associations), and multiplicity Constraints. The method
transforms the multiplicity constraints into a system of linear inequalities whose
size is polynomial in the size of the diagram:

1. For every entity or association type T, insert a variable ¢t and the inequality:
t>0.

2. For multiplicity constraints 7(rny : Cy[miny, mazi], rng : Co[ming, maxs)),
(imposed on an association r between classes C; and Cs, with roles named
rny and rng, respectively), insert the inequalities:

— For mins > 0: r > ming - ¢y and for mazxs # *: r < maxs - c1.
% Lenzerini and Nobili [3] used the notion of strong satisfiability for this term.

3 They allow also n-ary relationships, but with non-standard (membership) semantics
for cardinality constraints.



— For miny > 0: r > ming - co and for maxy # x: r < maxy - co.

Calvanese and Lenzerini, in [2], extend the inequalities based method of [3]
to apply to diagrams with class hierarchy constraints, but size of the resulting
system of inequalities is exponential in the size of the class diagram.

A method for detection of the cause for non finite satisfiability was first sug-
gested in [3]. The method is based on construction of a directed graph (digraph)
whose nodes stand for classes and associations, and its edges connect associa-
tion nodes with their end class nodes. The edges are weighted by the multiplicity
constraints, as shown in Figure 2.
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Fig. 2. The digraph representation of a binary association

The weight of a path is the product of the weights of its edges. The directed
graph is the means for detecting the causes for non finite satisfiability of a class
diagram. Cycles whose weight is less than 1 are termed critical cycles. They point
on non finite satisfiability. Moreover, a critical cycle singles out a non-finitely
satisfiable set of multiplicity constraints. Similar approaches are introduced in
[4, 11, 12].

3 Efficient Decision of Finite Satisfiability in UML Class
Diagrams

In this section we describe the FiniteSat efficient algorithm for deciding finite
satisfiability in UML class diagrams. The scope of the algorithm is defined by the
structure of the class hierarchy in a knowledge base, rather than by a fragment
of the language. We present an improved version of the [1] algorithm, which
applies to class diagrams with multiplicity constraints on binary associations,
class hierarchy constraints, and Generalization Set (GS) constraints.

Algorithm 1 The FinitSat Algorithm

Input: A class diagram CD with binary multiplicity constraints, class hierarchy
constraints, and GS constraints.

Output: A linear inequality system WP

Method:

1. For every class, association, or multiplicity constraint, create variables and
inequalities according to the Lenzerini and Nobili method.



2.

For every class hierarchy B < A constraint, B being the subclass with vari-
able b, and A being the super class with variable a, extend the inequality
system with the inequalities a > b.
For every GS constraint GS(C,C1,...Cy,; Const), C being the super-class,
C;s being the subclasses, and Const being the GS constraint, extend the in-
equality system, as follows:

— Const = disjoint: C > 3", C;

— Const = complete: C < Z?Zl C;

— Const = incomplete: ¥j € [1,n].C > C}

— Const = overlapping: Without inequality

— disjoint, incomplete: C' > 37", Cj.

— disjoint, complete: C =37, Cj.

— overlapping, complete: C < Z;;l Cj.

— overlapping, incomplete: Vj € [1,n].C > C;.

Proving the correctness of the FiniteSat algorithm requires analysis of the

structure of class hierarchies. For that purpose, we consider the graph of class
hierarchy constraints alone, in which nodes represent classes and directed edges
represent IS A constraints, directed from super-classes to their subclasses (as-
sociation lines are removed). We consider two versions of such graphs: Directed
and undirected. Three class hierarchy structures are analyzed:

1.

2.

Tree class hierarchy: The directed graph of the class hierarchy forms a tree,
as in Figure 1.

Acyclic class hierarchies: The undirected graph of the class hierarchy is
acyclic. In Figure 3-a, the directed class hierarchy is not a tree, as F is
a sub class of both C' and D, but the undirected class hierarchy graph is
acyclic (a tree).

Cyclic class hierarchies: The undirected graph of the class hierarchy is cyclic.
Multiple inheritance is unrestricted, as the undirected induced graph can be
cyclic. In Figure 3-b, class F' has two IS A paths to its super-class A. The
ISA path A, B, F,C, A forms an undirected IS A cycle.

Fig. 3. Unconstrained Hierarchy Structures



The correctness of Algorithm FiniteSat is proved via a reduction of the
finite satisfiability of a class diagram C'D to the finite satisfiability of a class dia-
gram CD’, that does not include class hierarchies, and therefore, the [3] method
applies to it. CD’ is created as follows: Initialize CD’ by CD. Replace all class
hierarchy constraints with new regular binary associations (termed henceforth
IS A associations) between the super-class to the subclasses. The multiplicity
constraints on these associations are 1..1 participation constraint for the sub-
class (written on the super class end in the diagram) and 0..1 participation
constraint for the super class. Figure 1-b shows the reduced class diagram of
Figure 1-a.

Lemma 1. Finite satisfiability of CD is reducible into the finite satisfiability of
CcD'.

Proof. (Sketched) The reduction is defined by bi-directional translations between
non-empty finite legal instances I and I’ of CD and CD’, respectively. The
translations rely on a mapping 7 (and its inverse 7~ ') from I’ to I, which
collapses a structure of IS A-linked objects in I’ into a single object in I. The
intuition is that C'D’ splits a single instance object of C'D into its components
in its ancestor classes.

A crucial property of the T translation is that 1.5 A-linked objects in I’ should
not include two objects from the same class. This property, termed the Single
Class property, ensures that the T mapping maps an instance I’ of CD’ to an
instance I of C'D. The main problem is showing that the mapping preserves
multiplicity constraints (otherwise, while collapsed into a single object in I, the
links of two objects are combined into links of a single one). Full proof in [6].

The reduction is proved by considering the three forms of class hierarchy
graphs. For trees and for acyclic hierarchies, the single class property holds for
every instance. For cyclic class hierarchies, it is shown that if a diagram is finitely
satisfiable, then it has an instance that satisfies the single class property.

Claim 1 (FiniteSat correctness — without GS constraints) A class dia-
gram with binary multiplicity constraints and class hierarchy constraints is finitely
satisfiable if and only if the inequality system constructed by Algorithm Finite-
Sat is solvable.

Proof. (Sketched) Given a class diagram CD, construct a class diagram CD’ as
above, to which the inequalities method of [3] is applied. Based on Lemma 1,
CD is finitely satisfiable if and only if the inequality system of [3] for CD’ is
solvable. It is not hard to show that this inequality system is equivalent to the
inequality system constructed by FiniteSat.

The results of this claim can be extended for class diagrams with GS con-
straints and acyclic class hierarchy structure, or cyclic structure in which class
hierarchy cycles do not include disjoint or complete constraints. The scope of
the FiniteSat algorithm is defined in the following claim:



Claim 2 (Partial correctness— GS constraints, cyclic hierarchy) A class
diagram with binary multiplicity constraints, class hierarchy constraints, and GS
constraints, in which class hierarchy cycles include disjoint or complete con-
straints, is not-finitely satisfiable if the inequality system constructed by Algo-
rithm FiniteSat is not solvable.

Proof. In cyclic class hierarchies, the disjoint or complete GS-constraints might
have an implicit global effect on other generalization sets in a cycle. Therefore, if
the inequality system does not have a solution, the corresponding diagram does
not have a legal finite non-empty instance, but a solution for the inequalities
might miss the implicit constraints.

Claim 3 (Complexity of the FiniteSat algorithm) The construction of the
inequalities by FiniteSat, and their number is O(n), where n is the number of
constraints in the class diagram.

Proof. Every constraint contributes a constant number of inequalities.

Table 1 summarizes the results of the above claims.

|Graph Structure|With/ Without GS constraints |FiniteSat correctness

Acyclic Without correct
with correct
Cyclic Without correct

No disjoint or complete in cycles|correct
disjoint or complete in cycles sound for unsatisfiability

Table 1. The Scope of The FiniteSat Algorithm

4 Extension of FiniteSat to Handle Qualifier Constraints

An association constraint can have an associated qualifier constraint that im-
poses a partitioning on the set of related instances. Figure 4 presents a qualifier
constraint that is associated with the weekDaySchedule association between the
TV-Network and the BroadcastSchedule classes. The source of the qualifier con-
straint is TV-Network, its target is BroadcastSchedule, its attribute is day, and
its associated multiplicity constraint is 1. The value domain of the day attribute
is Weekday. A qualifier constraint might have several attributes, each associated
with a value domain. In that case, the combined value domain of the qualifier
constraint is the cartesian product of the attribute value domains.

The semantics of a qualifier constraint is combined with its associated mul-
tiplicity constraint. The general idea is that the combined values of the qualifier
attributes impose a partition on the set of target class instances that are linked
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Fig. 4. A qualifier constraint

to a source class instance. That is, for an instance s of the source class, each
combined value of the attributes identifies a set of target class instances that are
linked to s.

The multiplicity constraint at the target class end, imposes bounds on the size
of the partition classes. For example, in Figure 4, the 1 multiplicity constraint
states that every day identifies a single broadcast schedule. This semantics raises
the problem of non finite qualifier domain values, which might imply non finite
partitions of the association, thereby implying non finite associations. Therefore,
qualifiers should respect the following syntactic constraint: If the combined value
domain of the qualifier is non finite, e.g., Integer, the minimum value of the
multiplicity constraint at the target class end should be 0, which allows for
empty partition classes.

More formally, given a qualifier constraint @), as described in Figure 5, its
semantics is defined as follows: For a legal instance I, Q' is a function that maps
every instance of A’ and a combined value of T}, , ... T, to aset of B instances:

QM Al xT, ><...><an—>231
The mapping Q' satisfies the following constraints:

1. The set of B! instances to which an A’ instance and a combined domain
value are mapped, is restricted by the r multiplicity constraint on the B end:
Vae ALty €Ty, ...ty € Ty, ming < |Q¥(a,t1,...t,)| < maxs

2. Q' is a partition of r!:

(a) The set of B! instances to which an A’ instance a and a combined
domain value are mapped, is included in the set 7/, of B' instances that

are r! linked to a:
Vae Al ity € Ty, ..ty € Ty, : Q' (asth, . t0) S 1),

(b) For a given A instance, different combined domain values are mapped
to disjoint sets of B! instances:
Vae Aty € Ty, ..ty €Ty, t) € Ty, th, €Ty, QU ayty, ... t,) N
Ql(a,t),...t1) =10

As already commented above, if the combined value domain of a qualifier is
non finite, the minimum multiplicity constraint on the target class end must be
0. Otherwise, the non finite value domain implies that the association must be
non finite. The reason is that the standard qualifier semantics requires that every
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Fig. 5. A general qualifier constraint

value in the combined value domain and every source class instance are mapped
to a set of target class instances. We term the standard semantics universal.

There is another, more convoluted semantic interpretation for a qualifier con-
straints, which does not require that every value in the combined values domain
is mapped to target class instances. In that semantics, termed existential se-
mantics, only values of the combined value domains that are mapped by the
qualifier are restricted as above, by the multiplicity constraint and by the asso-
ciation. For example, under the existential semantics, the qualifier value domain
in Figure 4 can be non finite, e.g., Integer, while the multiplicity constraint on
the BroadcastSchedule end is 1. The existential semantics is equal to the uni-
versal semantics, under a disjunctive multiplicity constraint 0, 1. The extension
of FiniteSat to apply to qualifier constraints refers to the standard universal
semantics.

A qualifier constraint can cause finite satisfiability problems since it tightens
the multiplicity constraint of its association. In Figure 4, the qualifier constraint
implies that in every legal instance, the number of broadcast schedules, b, is
7 x t, where t is the number of TV networks. But, at the same time, ¢ = b by the
multiplicity constraints on the networkSchedule association. The only solution is
that both classes are either empty or infinite. Extending FiniteSat to account
to qualifier constraints, involves the following addition of step (4):

FiniteSat Algorithm - Extension to Qualifier Constraints:

4 For every qualifier constraint (), as described in Figure 5:

1. If the combined domain value of @) is non-finite, ignore the qualifier
constraint (the cardinality constraint on the other end of the association
is handled according to the Lenzerin and Nobili method).

2. Extend the inequality system with the following inequalities:

miny X b<r <maxy Xb
ming X a X tg X ... X1tg <r <mave X a Xty X...Xtg,

Claim 4 The extension of FiniteSat for handling qualifier constraints, properly
recognizes finite satisfiability of the class diagram.

Proof. The proof is based on reduction of finite satisfiability of the given class
diagram, CD, to finite satisfiability of a class diagram, C'D’, without qualifier
constraints. Qualifier constraints with a non finite combined value domain are
removed (recall that their minimum multiplicity constraint is 0). A qualifier
constraint as in Figure 5 is replaced by two associations and a new class, as in



Figure 6. The instances of the new class @) stand for all combinations of an A
instance and a value in the combined domain value of ). The reduction is correct
since the r links in C'D are compositions of the r, and ' links in CD’.
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Fig. 6. A reduced qualifier constraint

5 Extension of FiniteSat to Handle Association Class
Constraints

Association classes are classes whose instances are identified by tuples of the
associated associations. That is, in every instance of the class diagram, there
is a 1:1 and onto mapping between the extensions of an association r and its
associated association class AC". In Figure 7 such a mapping must exist between
the extensions of the Card class and the Team-Member association.

There are two different semantic interpretations for association class hierar-
chy constraints: extensional and intensional [13] 4.

— The extensional semantics: A class hierarchy constraint AC™ < ACY en-
forces a subset constraint between the associated associations r and ¢. That
is , every link of the sub association r is a link of the super association g.

— The intensional semantics: A class hierarchy constraint AC"™ < ACY requires
only that the sub-association r satisfies all the constraints imposed on the
super association q.

Unlike the qualifier constraint, finite satisfiability is invariant under the in-
terpretation of association class hierarchy. The reason is that finite satisfiability
is sensitive only to multiplicity constraints, and does not query subset relations.
Therefore, since both interpretations guarantee the same multiplicity constraints
for the sub-association, finite satisfiability is not affected by the concrete selec-
tion.

* The logic based semantics that Berardi et al. [5] provide for UML class diagrams
seems to overlook the implication of association class hierarchy on their associated
associations. Their semantics requires only the 1 : 1 mapping between an association
class extension to its associated association extension. Therefore, for AC"™ < ACY,
the mappings AC" < r and ACY? < ¢ might differ, implying that r links might not
satisfy the ¢ constraints.



Extending FiniteSat to account for association class constraints involves
the following addition of step (5), which accounts for the identification of the
association class with its association, and for the inheritance of the multiplicity
constraints:

FiniteSat Algorithm - Extension to Association Class:

5 For every association class AC":

1. Extend the inequality system with the equality: AC” = r, assuming that
AC™ and r are the variables of AC" and of r, respectively.

2. For every association class ACY, such that AC™ <* AC? 5, let r inherit
all the multiplicity constraints of ¢q. That is, if ¢ has the multiplicity
constraint ¢(qa : Aj[mina,,max,|, gb: Bi|ming,,maxp,]), andr
has the constraint 7(ra : Ay[mina,, maxa,], rb: Ba[ming,, maxp,)),
where the roles qa, gb correspond to the roles ra, rb, respectively, then,
add the new multiplicity constraint on r:

r(qa : As[mina,,mazxa,], gb: Ba[ming,,mazp,]) ,
and apply the Lenzerini and Nobili construction to the new constraint.
3. Apply step (5.2) transitively, to all sub association classes of ACY.

Ezample 1. Consider the class diagram in Figure 7.a. The subset constraint be-
tween the VIPContract and the Contract association classes tightens the mul-
tiplicity constraint of Member in VIPContract into 2..3, which causes a finite
satisfiability problem. Applying the extended FiniteSat algorithm yields the un-
solvable inequality system below, implying that the class diagram is not finitely
satisfiable.

t>s, t>1 c=m, t < c <3t ¢ > v,

v=m, 2 < v <6l, ma=m, ma = 4l.

Claim 5 (Correctness of the association class extended FiniteSat) The
extension of FiniteSat for handling association class constraints, properly rec-
ognizes finite satisfiability of the class diagram.

Proof. (Sketched) The proof is based on two successive reductions of finite sat-
isfiability, from a class diagram CD into a simpler class diagram CD’ (Lemma
2), and from CD’ into the solvability of an inequality system (Lemma 3).

Lemma 2. Finite satisfiability of a class diagram CD with association classes
can be reduced into finite satisfiability of a class diagram CD’ that replaces class
hierarchy constraints by regular associations (as in Lemma 1).

Proof. CD' is a class diagram without class hierarchy constraints, but still with
association classes. The reduction is proved using a mapping 7', that maps a legal
instance I’ of C' D’ into a legal instance I of C'D. The mapping differs according
to the selected semantic interpretation of association class hierarchy. For the

5 <* is the transitive closure of the relation <.
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Fig. 7. An association class hierarchy constraint with its digraph translation

extensional semantics, the mapping T collapses links that are IS A related (via
their associated association class instances) in I’ into a single link in 7. For the
intensional semantics the mapping 7T is defined as in Lemma 1.

Lemma 3. A class diagram with association classes, but with no class hierarchy
constraints is finitely satisfiable, if and only if the inequality system that is con-
structed by the [3] method, with an equality AC™ = r added for every association
class AC", is solvable.

Proof. Revision of the [3] proof, by connecting every constructed AC™ instance
to a single constructed r link.

Claim 6 (Complexity of the extended FiniteSat algorithm) The construc-
tion of the inequalities by the extended version of FiniteSat, and their number
is O(n?), where n is the number of constraints in the class diagram.

Proof. Each association class hierarchy constraint requires going over the whole
hierarchy.

Theorem 1 (FiniteSat correctness). For a class diagram CD with binary
multiplicity constraints, class hierarchy constraints, GS constraints, qualifier and
association class constraints:

1. If the class hierarchy structure does not include cycles with a disjoint or
complete, then CD is finitely satisfiable if and only if WP is solvable.

2. If the class hierarchy structure includes cycles with a disjoint or a complete
constraints, then CD is not-finitely satisfiable if WCP is not solvable.



Deciding Finite Satisfiability in Description Logics: Finite satisfiability
in Description Logics (as in UML class diagrams) is known to be hard. Stan-
dard DL reasoners do not reason about finite satisfiability. In [14] we suggest to
efficiently decide finite satisfiability in description logics via a translation into
UML class diagrams. For that purpose, we have developed a simple translation
of atomic, primitive knowledge bases of popular description logics, into UML
class diagrams.

6 Cause Detection of Non Finite Satisfiability of Class
Diagram with Unconstrained GS's

In this section we present a cause detection method for non-finite satisfiability
in class diagrams with unconstrained G.Ss, qualified associations and association
class constraints. Our method extends the critical cycle based detection method
of [3]: It is based on construction of a directed graph (digraph), and detection of
critical cycles.

Algorithm 2 The CriticalCycle Algorithm

Input: A class diagram CD with binary multiplicity constraints, class hierarchy
constraints, qualified association and association class constraints.

Output: A directed graph, with weighted edges.

Method:

1. Construct a class diagram CD’ as in the correctness proofs for the Finite-
Sat algorithm (replacing a class hierarchy constraint B < A by a regular
association  isa(rni : B[ 0, 1], rng: A[ 1, 1]), and replacing a qualified
association by a regular association as in step 4 of FiniteSat (see Section 4).

2. Construct a directed graph Geopr by applying the [3] method to CD'.

3. For every association class AC":

(a) Unify the nodes of r and AC" in Gopr .
(b) Insert to Gopr weighted edges as follow:
i. Let {r(rn; : Almin,mazxa], i @ Blming, mazze])|l <i < n}
be the set of all multiplicity constraints imposed on r by applying step
5.2 of FiniteSat (Section 5). Define ming = maz{min;|1 < i < n},
ming = max{min;|1 < i < n}, maz; = min{maz;|1 < i < n}
and mazxe = min{maz;z] 1 < i < n}.
i. Apply the [3] method to r(ra : Alminy, maxi], rb: Blming, mazs]).

Claim 7 A critical cycle in Gop: corresponds to a set of not finitely satisfiable
constraints, i.e., at least one class affected by these comstraints is not finitely
satisfiable.

Proof. (Sketch) The proof follows from the correctness proof of Algorithm Finite-
Sat (Theorem 1), and from [3].



Conclusion: A class diagram with multiplicity constraints on binary associa-
tions, unconstrained GS constraints, qualifier constraints and association class
constraints is finitely satisfiabile if and only if the digraph constructed by the
Critical Cycle algorithm does not include critical cycles.

Going back to Figure 7-b, the critical cycle (ma, I, v, m, ma) singles out a
non-finitely satisfiable sub-diagram of Figure 7-a (the non-finite satisfiability of
this class diagram was already recognized by the Finite Sat algorithm).

7 Future Work

In this paper, we extended the scope of FiniteSat algorithm to handle also
qualifier and association class constraints. Furthermore, we also introduced a
method for detecting the cause of finite satisfiability problems in class diagrams
with unconstrained G Ss, qualified associations and association class constraints.

In the future, we plan to further extend the scope of the FiniteSat and
of the cause detection algorithms. Another direction involves the possibility of
expanding our method with heuristics for repairing finite satisfiability problems,
following the ideas of [12, 15]. An implementation of the FiniteSat algorithm is
now being developed. We intend to use it for testing finite satisfiability of large
class diagrams like the UML meta-model or the Java library classes.
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