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Abstract

This paper revisits the pairwise sorting network introduced by Parberry in the
early 90’s. We provide a simple specification of the pairwise network which also
clarifies its close resemblance to the more classic odd-even network introduced
by Batcher in the mid 60’s. Finally we illustrate that pairwise networks are
better suited than odd-even networks for the construction of selection networks.
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1. Introduction

Sorting networks are a computer science classic. Based on a very simple
model, their underlying theory is surprisingly deep and complex. The study
of sorting networks has intrigued computer scientists since the 1960’s. For an
overview on sorting networks see for example, Knuth [7], or Parberry [8]. One
of the most popular sorting network constructions, and possibly the one used
most in applications, is the odd-even sorting network presented in [3] due to
Batcher. Parberry, in [9], describes this network as follows:

For all practical values of n > 16, the best known sorting network
is the odd-even sorting network of Batcher, which is constructed re-
cursively and has depth (log n)(log n+1)/2 and size n(log n)(log n−
1)/4 + n− 1.

In 1992 Parberry [9] introduced the pairwise sorting network, which has exactly
the same size and depth as the odd-even network. In Parrberry’s words:

It is the first sorting network to be competitive with the odd-even sort
for all values of n. The value of the pairwise sorting network is not
that it is superior to the odd-even sorting network in any sense, but
that it is the first serious rival to appear in over 20 years.
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Today, almost 20 years after its introduction, the pairwise sorting network
remains, in large, unnoticed. We are aware of no previous published work
which further investigates this network nor of reports on its use in applications.
Perhaps this is due to the fact that the pairwise network is perceived to have
no real advantage over the odd-even network, after all they are of exactly the
same size and depth. This paper demonstrates the superiority of the pairwise
approach.

In recent years new applications related to constraint and SAT solving gen-
erate a renewed interest in sorting networks. For example, the presentations
in [6], [4], and [1, 2] describe the use of odd-even sorting networks to encode
pseudo Boolean and cardinality constraints to Boolean formulae. We observe
that for applications of this type, it suffices to apply “selection networks” [7]
rather than sorting networks. Selection networks are networks that select the
k largest elements from n inputs. In [7], Knuth shows a simple construction
of a selection network with O(nlog2k) size whereas, the corresponding sorting
network is of size O(n log2 n).

In this paper we revisit the pairwise sorting network. We simplify its pre-
sentation and reveal its close resemblance to the odd-even network. With this
better understanding in hand, we proceed to show that pairwise networks are
superior to odd-even networks for the construction of selection networks.

The rest of this paper is structured as follows. Section 2 introduces compara-
tor networks as Boolean functions defined as the composition of comparators.
Sections 3 and 4 present the odd-even and pairwise sorting networks. The prior,
defined in terms of mergers, and the later, as a composition of splitters and pair-
wise mergers. A merger can be seen as merging sorted Boolean sequences, a
splitter as partitioning inputs into sorted pairs, and a pairwise merger as merg-
ing sorted sequences of sorted pairs. Section 5 clarifies the relation between the
two types of sorting networks: each merger in the odd-even network is equivalent
to the composition of a corresponding splitter and pairwise merger in the pair-
wise network. Section 6 introduces odd-even and pairwise selection networks.
In section 7 we prove that the pairwise selection network is never larger, and
demonstrate that it is often smaller, than its odd-even counterpart. Section 8
concludes.

This paper extends and complements the preliminary investigation reported
in [5] where we first observe that an odd-even merger is equivalent to the com-
position of a splitter and a pairwise merger. In [5] we focus on the simplification,
by partial evaluation, of sorting networks to selection networks. Here we focus
on the specification and complexity of selection networks. In [5] we provide an
experimental comparison of the size of the two types of selection networks. In
this paper we prove new results concerning the superiority of the pairwise ap-
proach. The notation introduced in this paper, where we formalize comparator
networks as Boolean functions, is new and facilitates the proofs.
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2. Preliminaries

In this paper we model comparator networks in general, and sorting and
selection networks in particular, as functions on Boolean sequences. We adopt
the following notation.

Definition 1 (Boolean sequences). Let B = {0, 1}. We denote the Boolean
sequences of length n as Bn. We say that x̄ = 〈x1, . . . , xn〉 ∈ Bn is sorted if
∧n−1i=1 (xi ≥ xi+1). We denote the sum of the elements of x̄ by sum(x̄). For
Boolean sequences x̄ = 〈x1, . . . , xn〉 and ȳ = 〈y1, . . . , yn〉, we denote their
concatenation by x̄ :: ȳ = 〈x1, . . . , xn, y1, . . . , yn〉 and their zip by x̄ ⊗ ȳ =
〈x1, y1, x2, y2, . . . , xn, yn〉. We will make use of the following functions from B2n
to Bn.

left(x1, . . . , x2n) = 〈x1, . . . , xn〉 odd(x1, . . . , x2n) = 〈x1, x3, . . . , x2n−1〉
right(x1, . . . , x2n) = 〈xn+1, . . . , x2n〉 even(x1, . . . , x2n) = 〈x2, x4, . . . , x2n〉

A comparator is a Boolean function Bn → Bn that possibly swaps the values
at two fixed positions so that they are sorted. A comparator network is a
Boolean function obtained by composing comparators. A sorting network is a
comparator network that sorts its inputs.

Definition 2 (comparator). The function cni,j : Bn → Bn, with 1 ≤ i < j ≤
n, is called an (i, j)-comparator of order n (a “comparator”, for short), if when
cni,j(〈x1, . . . , xn〉) = 〈y1, . . . , yn〉, we have

yk =

{
xi ∨ xj if k = i
xi ∧ xj if k = j
xk otherwise

Definition 3 (comparator network). We say that fn : Bn → Bn is a com-
parator network of order n, if it can be represented as the composition of a finite
number of (i, j)-comparators of order n. Namely, fn = cni1,j1 ◦ cni2,j2 ◦ · · · ◦ cnik,jk .
When k = 0, fn is the identity function, also called the order n empty com-
parator network and denoted idn. We denote by

∣∣ fn ∣∣ the size (number of
comparators) of comparator network fn. The set of comparator networks of
order n is denoted Cn.

Definition 4 (sorting network). A sorting network is comparator network
that sorts sequences of Boolean values. Namely, the comparator network,
sortern : Bn → Bn is a Boolean sorter if for all x̄ ∈ Bn, sortern(x̄) is sorted.

We observe that comparator networks can only permute their inputs and as
such they are sum preserving, as stated in the following.

Observation 1. Let fn : Bn → Bn be a comparator network and x̄ ∈ Bn.
Then, sum(x̄) = sum(fn(x̄)).
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(a) sorter4 (b) odd(sorter4) (c) right(sorter4)

Figure 1: (a) A comparator network sorter4, (b) its rewiring to the 4 odd numbered wires of
an order 8 network, and (c) its rewiring to the 4 bottom wires of an order 8 network.

It is customary to illustrate comparator networks, as in Figure 1(a), which
presents a 4 × 4 sorting network constructed by composing five comparators:
sorter4 = c42,3 ◦ c42,4 ◦ c41,3 ◦ c43,4 ◦ c41,2.

In the context of this paper we present several specific constructions for
various types of sorting networks. These are typically specified by recursion,
constructing larger networks from smaller ones. To this end, for m < n, we often
“rewire” an order m comparator network to an order n network by applying a
rewire map ρ : {1, . . . ,m} → {1, . . . , n}. Such rewire maps are required to be
monotone (i<j → ρ(i)<ρ(j)), and 1 to 1. By an abuse of notation, we view
ρ : {1, . . . ,m} → {1, . . . , n} also as a map from order m comparators to order
n comparators, ρ(cmi,j) = cnρ(i),ρ(j), and as a map from order m comparator
networks to order n comparator networks, applying ρ it each comparator in the
network.

Definition 5 (rewirings: left, right, odd, even). The following are rewirings
from Cn to C2n defined in terms of rewire maps {1, . . . , n} → {1, . . . , 2n}:

left(fn) = ρ`(f
n) where ρ`(i) = i

right(fn) = ρr(f
n) where ρr(i) = i+ n

odd(fn) = ρo(f
n) where ρo(i) = 2i− 1

even(fn) = ρe(f
n) where ρe(i) = 2i

Figure 1 illustrates an example where the order 4 sorting network of 1(a) is
rewired to two different order 8 comparator networks in 1(b) and 1(c).

The following lemma states that if we rewire a comparator network fm to
obtain the network gn = ρ(fm), then gn restricted to the wires {ρ(1), . . . , ρ(m)}
is precisely fm.

Lemma 1. Let ρ : {1, . . . ,m} → {1, . . . , n} be a rewire map, fm a comparator
network, and gn = ρ(fm). Let x̄ = 〈x1, . . . , xm〉 and ȳ = 〈y1, . . . , yn〉 such that
xi = yρ(i) for all i ∈ {1, . . . ,m}. Then, f(x̄)i = g(ȳ)ρ(i) for all i ∈ {1, . . . ,m}.

Proof. The proof is straightforward.
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Figure 2: (a) An order 8 sorter obtained by composing two order 4 sorters with an order 8
merger; (b) further details about the construction of order 4 and order 2 sorters.

The following observation follows directly from Lemma 1.

Observation 2. Let fn : Bn → Bn be a comparator network, and x̄, ȳ ∈ Bn.
Then,

left(fn)(x̄ :: ȳ) = fn(x̄) :: ȳ odd(fn)(x̄⊗ ȳ) = fn(x̄)⊗ ȳ
right(fn)(x̄ :: ȳ) = x̄ :: fn(ȳ) even(fn)(x̄⊗ ȳ) = x̄⊗ fn(ȳ)

(left(fn) ◦ right(fn))(x̄ :: ȳ) = fn(x̄) :: fn(ȳ)
(odd(fn) ◦ even(fn))(x̄⊗ ȳ) = fn(x̄)⊗ fn(ȳ)

3. The odd-even Sorting Network

The odd-even sorting network is defined as a merge-sort: to sort a list of n
values, first partition the list into two lists with n/2 values each, then recursively
sort these two lists, and finally merge the two sorted lists. The network is termed
“odd-even” because of the way the merge component is defined. To simplify
presentation we focus on sorting networks where n is a power of two.

Definition 6 (merger). A merger is a comparator network that merges sorted
sequences. Namely, comparator network merger2n : B2n → B2n is a merger, if
for all x̄, ȳ ∈ Bn, if x̄ and ȳ are sorted, then so is merger2n(x̄ :: ȳ).

The following theorem provides the basis for a recursive, merge-sort like,
construction of sorting networks. It claims that “smaller” sorting networks can
be combined using mergers to construct “larger” sorting networks.

Theorem 1 (sorters from mergers). Let sortern be an order n sorter and
merger2n an order 2n merger (n > 0). Then, the following is an order 2n
sorter.

sorter2n = merger2n ◦ left(sortern) ◦ right(sortern)

Proof. The proof follows directly from Observation 2.
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To apply Theorem 1 as the basis for a recursive construction of sorting
networks, as a network of mergers, one needs to observe as a base case that
sorter1 = id1 (the empty comparator network) is an order 1 sorter. Figure 2,
where we adopt the graphic notation for mergers, illustrates the construction
of an order 8 sorting network based on Theorem 1 from two order 4 sorting
networks and an order 8 merger. Notice that when unfolding the recursion, the
sorting network can be viewed as a composition of mergers.

Before introducing the specification of the odd-even merger, we consider the
special case of merging “balanced sequences.” We then illustrate how to apply
this special case in order to provide a general construction.

Definition 7 (Balanced sequences). Let x̄ ∈ B2n be a Boolean sequence
such that odd(x̄) and even(x̄) are sorted and 0 ≤ sum(odd(x̄))−sum(even(x̄)) ≤
2. Then, we say that x̄ is balanced.

Definition 8 (Balanced merger). A balanced merger is a comparator net-
work that merges balanced sequences. Namely, comparator network

bal merger2n : B2n → B2n

is a balanced merger, if for all x̄ ∈ B2n, if x̄ is a balanced sequence then
bal merger2n(x̄) is sorted.

Theorem 2 (odd-even mergers from balanced mergers). Let mergern be
an order n merger and bal merger2n an order 2n balanced merger (for n > 1
and even). Then the following is an order 2n merger.

merger2n = bal merger2n ◦ odd(mergern) ◦ even(mergern)

To prove Theorem 2 we introduce the following lemma:

Lemma 2. Let mergern be an order n merger and x̄ ∈ B2n such that left(x̄)
and right(x̄) are sorted. Then, ȳ = mergern(odd(x̄))⊗mergern(even(x̄)) ∈ B2n
is balanced.

Proof. Consider ȳ as in the lemma statement. We need to show (a) that
odd(ȳ) and even(ȳ) are sorted and (b) that 0≤sum(odd(ȳ))−sum(even(ȳ))≤2.
For (a) consider that left(x̄) and right(x̄) are sorted, so also left(odd(x̄)) and
right(odd(x̄)) are sorted and therefore mergern(odd(x̄)) is sorted. Likewise, we
can show that mergern(even(x̄)) is sorted, and so it follows that odd(ȳ) and
even(ȳ) are sorted. To show (b), first consider that for any sorted Boolean
sequence z̄, 0 ≤ sum(odd(z̄))− sum(even(z̄)) ≤ 1. Given that left(odd(x̄)) and
right(odd(x̄)) are sorted, it follows that 0 ≤ sum(odd(x̄))− sum(even(x̄)) ≤ 2.
Finally, mergern preserves sums, so also 0 ≤ sum(odd(ȳ))− sum(even(ȳ)) ≤ 2.

Proof (of Theorem 2). Let x̄ ∈ B2n such that left(x̄) and right(x̄) are
sorted (n is even). We have to show that (bal merger2n ◦ odd(mergern) ◦
even(mergern))(x̄) is sorted. As mergern is a merger, hence mergern(odd(x̄))
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Figure 3: (a) An order 8 merger composed from two order 4 mergers and an order 8 balanced
merger; (b) An order 8 balanced merger with comparators between consecutive odd (dashed)
and even (solid) “wires”.

andmergern(odd(x̄)) are sorted. Applying Observation 2 we have odd(mergern)◦
even(mergern)(x̄) = mergern(odd(x̄) ⊗ mergern(even(x̄)). Lemma 2 implies
that mergern(odd(x̄) ⊗mergern(even(x̄)) is balanced. The result follows be-
cause bal merger2n is a balanced merger.

To apply Theorem 2 as the basis for a recursive construction of merger
networks of order n = 2k, using balanced mergers as building blocks, one needs
to observe as a base case that merger2 = c21,2 (the comparator network with a
single comparator) is an order 2 merger. Figure 3(a) illustrates the construction
of an order 8 merger as the composition of two smaller, order 4, mergers with
an order 8 balanced merger.

To complete the specification of the odd-even sorting network, the following
specifies the construction of a balanced merger. The construction is illustrated
in Figure 3(b).

Theorem 3 (constructing an order n balanced merger).
For n=1, bal merger2 = id2 is an order 2 balanced merger; and For n > 1,
bal merger2n = c2n2,3 ◦ c2n4,5 ◦ · · · ◦ c2n2n−2,2n−1 is a balanced merger.

It is well established (see for example [7, 3, 9]) that the size (total number
of comparators) and depth (length of the longest chain of comparators) of an
order n odd-even sorting network are O(n log2 n) and O(log2 n) and that the
precise sizes of an order n sorter and merger are:

|sortern| = n(log n)(log n− 1)/4 + n− 1
|mergern| = n

2 ∗ (log n− 1) + 1
(1)

4. The Pairwise Sorting Network

In [9], Parberry introduces the pairwise sorting network and shows that it
has exactly the same size and depth as the odd-even network. He argues that it
is the first sorting network to be competitive with the odd-even sorting for all
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values of n. This section contributes an alternative, more simple, presentation
of the pairwise sorting network which is equivalent to that of Parberry. The
basic underlying idea is to simplify the odd-even merger of Theorem 2 for the
special case where its input is pairwise sorted. Also in this section we focus on
order n sorting networks where n is a power of two.

Definition 9 (pairwise sorted). Let ā, b̄ ∈ Bn. We say that ā dominates b̄ if
ai ≥ bi for 1 ≤ i ≤ n. We say that ā and b̄ are pairwise sorted if ā dominates b̄
and also the sequence of pairs 〈a1, b1〉, . . . , 〈an, bn〉 is lexicographic sorted. Let
x̄ ∈ B2n. If left(x̄) dominates right(x̄) then we say that x̄ is left dominating,
and if left(x̄) and right(x̄) are pairwise sorted then we say that x̄ is pairwise
sorted.

Observation 3 (pairwise sorted sequences are sorted). If ā, b̄ ∈ Bn are
pairwise sorted then also each of ā and b̄ is sorted.

The pairwise sorting network, like the odd-even network, is based on the
merge-sort approach. The difference is in the first stage where the inputs are
partitioned into two smaller lists, each to be sorted recursively. Here, while the
odd-even network splits the values arbitrarily, the pairwise network applies a
splitter to ensure that the first smaller list dominates the second.

Definition 10 (Splitter). We say that a comparator network

splitter2n : B2n → B2n

is a splitter if for all x̄ ∈ B2n, splitter2n(x̄) is left dominating.

The next theorem introduces a simple construction for splitters. The proof
is straightforward. Figure 5(a), below, illustrates an order 8 splitter.

Theorem 4 (Splitter).
For n ≥ 1,

splitter2n(x̄) = c2n1,n+1 ◦ c2n2,n+2 ◦ · · · ◦ c2nn,2n(x̄)

is an order 2n splitter.

In the pairwise sorting network, because of the splitters, inputs to mergers
are pairwise sorted. This facilitates the use of a more specific merger, which we
call a pairwise merger.

Definition 11 (Pairwise merger). We say that a comparator network

pw merger2n : B2n → B2n

is a pairwise merger if for all x̄ ∈ B2n, if x̄ is pairwise sorted then pw merger2n(x̄)
is sorted.
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Figure 4: (a) An order 8 sorter obtained by composing an order 8 splitter, two order 4 sorters,
and an order 8 pairwise merger; (b) further details about the construction of order 4 and order
2 sorters.

The following theorem provides the basis for a recursive construction of
the pairwise sorting network. It claims that “smaller” sorting networks can
be combined using splitters and pairwise mergers to construct “larger” sorting
networks.

Theorem 5 (Sorters from splitters and pairwise mergers). For n > 1,
let sortern be an order n sorter, splitter2n an order 2n splitter, and pw merger2n

an order 2n pairwise merger (n > 0). Then, the following is an order 2n sorter.

sorter2n = pw merger2n ◦ left(sortern) ◦ right(sortern) ◦ splitter2n

Proof. The proof follows directly from the following, Lemma 3.

Lemma 3. Let x̄ ∈ B2n be left dominating and sortern : Bn → Bn be an
order n sorting network. Then, sortern(left(x̄)) :: sortern(right(x̄)) is pairwise
sorted.

Proof. Assume the premise of the lemma and denote ȳ1 = sortern(left(x̄)) and
ȳ2 = sortern(right(x̄)). Clearly, ȳ1 and ȳ2 are sorted. It remains to show that
ȳ1 dominates ȳ2. This follows from Observation 1 because x̄ is left dominating.

To apply Theorem 5 as the basis for a recursive construction of a sorter
network, one needs to observe as a base case that sorter1 = id1 (the empty
comparator network) is an order 1 sorter.

Figure 4 illustrates the construction of an order 8 sorting network, based on
Theorem 5. Here we adopt the graphic notation with a triangle representing a
splitter and for pairwise mergers. Notice that basically the network can be
viewed as a composition of splitters and pairwise mergers.

Clearly, a merger is also a pairwise merger, but pairwise mergers can be
simpler, and smaller, than mergers. Pairwise mergers are constructed from
balanced mergers much the same as odd-even mergers are. The specification is
recursive and the only difference between the two types of networks is in the
base case for order 2 mergers. In the odd-even case a single comparator does the
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(a) order 8 splitter (b) order 8 pairwise merger (c) order 8 odd-even merger

Figure 5: merger8 ≈ pw merger8 ◦ splitter8

job. For the pairwise merger, because the inputs are already pairwise sorted,
no comparators are required.

Theorem 6 (pairwise mergers from balanced mergers). Let pw mergern

and bal merger2n be an order n pairwise merger and an order 2n balanced
merger, respectively (for n > 1 and even). Then the following is an order 2n
pairwise merger.

pw merger2n = bal merger2n ◦ odd(pw mergern) ◦ even(pw mergern)

Proof. The proof is almost identical to that of Theorem 2, except that instead
of requiring that the initial input x̄ ∈ B2n satisfies that left(x̄) and right(x̄) are
sorted, we require also that it is pairwise sorted.

To apply Theorem 6 as the basis for a recursive construction of a pairwise
merger network, one needs to observe as a base case that pw merger2 = id2

(the empty network) is an order 2 pairwise merger. Figure 5 illustrates the
difference between order 8, odd-even and pairwise mergers.

5. Sorting Networks: Odd-even versus Pairwise

In this section we clarify the precise relation between odd-even and pairwise
sorting networks. We show that the only difference is in the positioning of the
splitters. In a pairwise sorting network a splitter occurs before the two recursive
calls to half-sized sorters. We show that in an odd-even network the splitters
occur exactly after. We first observe that composing a splitter and a pairwise
merger gives a merger.

Theorem 7 (merger from splitter and pairwise merger I). Let splitter2n

be an order 2n splitter and pw merger2n an order 2n pairwise merger. Then
merger2n = pw merger2n ◦ splitter2n is an order 2n merger.

Proof. The proof follows directly from the following lemma which states that
splitting the concatenation of two sorted sequences results in a sequence that is
pairwise sorted.
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Figure 6: On the “migration” of splitters: on the left, an order 8 odd-even sorting network
and on the right, an order 8 pairwise sorting network. Splitters (depicted as triangles) in
the odd-even network are “internal” to the merger whereas, in the pairwise network they are
“external” to the merger and occur prior to the recursive sorter4 networks.

Lemma 4. Let splitter2n be an order 2n splitter and x̄, ȳ ∈ Bn be sorted. Then
splitter2n(x̄ :: ȳ) is pairwise sorted.

Proof. Assume the premise of the lemma and denote splitter2n(x̄ :: ȳ) = x̄′ ::
ȳ′. First note that x̄′ must be sorted. Otherwise, for some i, x̄′i = 0 and
x̄′i+1 = 1 implying that both xi = 0 and yi = 0 and either xi+1 = 1 or yi+1 = 1,
contradicting that x̄ and ȳ are sorted. Similarly, ȳ′ must be sorted. Finally note
that x̄′ dominates ȳ′. Otherwise, for some i, x̄′i = 0 and ȳ′i = 1 contradicting
the specification of the splitter which imposes that x̄′i ≥ ȳ′i.

Figure 6 illustrates the impact of Theorem 7 at the sorting network level.
Both types of networks (odd-even and pairwise) are composed from the same
components. The difference being in their positioning of the splitters. In the
pairwise network a splitter occurs before its corresponding recursive sorters.
The combination of, first splitting and then sorting, guarantees that the input
to the subsequent pairwise merger is left dominating. In the odd-even network
a splitter occurs after its corresponding recursive sorters. It is internal to the
odd-even merger. The combination of first sorting and then splitting, guarantees
left domination “internally” in the second half of the odd-even merger, which is
actually, also a pairwise merger.

Theorem 7 claims a relation between the functionality of odd-even and pair-
wise sorting networks. However, the relation is even more interesting — it is
also “syntactic”. The specific merger, pairwise merger, and splitter networks
presented in Theorems 2, 6, and 4 satisfy a stronger relation. For these net-
works merger2n and pw merger2n ◦ splitter2n are syntactically equivalent (up
to some insignificant reordering of comparators). To this end we define the
following equivalence relation on comparator networks.

Definition 12 (syntactic equivalence of comparator networks). We say
that comparators, cni,j , c

n
k,l, are independent if i, j, k, l are all distinct. Let fn, gn

be comparator networks of order n which are identical except for two consecutive
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independent comparators from f which are swapped in g:

fn = prefix , cni,j , c
n
k,l, suffix

gn = prefix , cnk,l, c
n
i,j , suffix

Then we say that fn and gn are equivalent under swap. We denote the small-
est equivalence relation on comparator networks that contains all pairs fn, gn

that are equivalent under swap by ≈. If fn ≈ gn we say that fn and gn are
syntactically equivalent.

Lemma 5. Let fn and gn be comparator networks such that fn ≈ gn. Then
for any x̄ ∈ Bn, fn(x̄) = gn(x̄).

We can now state our result:

Theorem 8 (merger from splitter and pairwise merger II).
Let merger2n, pw merger2n, and splitter2n be order 2n merger, pairwise merger,
and splitter networks as specified by Theorems 2, 6, and 4, respectively. Then,
merger2n ≈ pw merger2n ◦ splitter2n.

Figure 5 illustrates the claim of Theorem 8. Consider the odd-even merger
depicted as 5(c). The left four comparators form a splitter, while the five com-
parators on the right form a pairwise merger. Theorem 8 provides also an
explanation to the fact that the two networks have the same size and depth.
After all, they are simple shufflings one of the other.

Proof (of Theorem 8). By induction on n. For n = 1 the result follows
because merger2 = splitter2 = c21,2 and pw merger2 = id2. For n > 1 (a power
of 2):

merger2n = bal merger2n ◦ odd(mergern) ◦ even(mergern) (1)

≈ bal merger2n ◦ odd(pw mergern ◦ splittern) (2)

◦ even(pw mergern ◦ splittern)
= bal merger2n ◦ odd(pw mergern) ◦ odd(splittern) (3)

◦ even(pw mergern) ◦ even(splittern)
≈ bal merger2n ◦ odd(pw mergern) ◦ even(pw mergern) (4)

◦ odd(splittern) ◦ even(splittern)
≈ bal merger2n ◦ odd(pw mergern) ◦ even(pw mergern) (5)

◦ splitter2n
= pw merger2n ◦ splitter2n (6)

The stages of the proof are justified as follows: (1) follows from Theorem 2;
(2) by the inductive hypothesis; (3) follows from Definition 1; (4) because
comparators in odd(fn) and in even(gn) are disjoint (for any fn and gn); (5)

follows from Theorem 4; (6) follows from Theorem 6.
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This completes the first part of the paper where we reconstruct the pairwise
sorting network and illustrate its simple and clear relation to the more familiar
odd-even network. The two networks are composed of the same components:
the pairwise network from splitters and pairwise mergers, and the odd-even net-
work from mergers which are constructed from the same splitters and pairwise
mergers, but this time coupled as odd-even mergers.

6. Selection Networks: Odd-even and Pairwise

Selection networks [7] are comparator networks that select the k largest
(or smallest) elements from n inputs. We focus on Boolean selection networks
where these k elements are also required to be sorted. Clearly, an order n sorting
network also selects (and sorts) the k largest inputs, for any k ≤ n. However, this
is overkill, as the n−k smaller inputs do not need to be sorted. Sorting networks
involve O(n log2 n) comparators. In [7] Knuth shows a simple construction of
selection networks with O(nlog2k) size. An additional construction with the
same size complexity is presented in [10] and also in [1, 2].

In this section we present two constructions for selection networks. One, in
the odd-even approach, where components are odd-even mergers. The other,
in the pairwise approach, using splitters and pairwise mergers. We call these
odd-even and pairwise selection networks respectively. While both techniques
lead to networks with O(nlog2k) comparators, we illustrate the superiority of
the pairwise approach, in terms of size. To simplify presentation, we assume
that both n and k are powers of 2 and k ≤ n. Also, k/2 signifies integer division
by 2 so (1/2=0).

The next definition formalizes the objective for the outputs of a selection
network where the largest k elements come first.

Definition 13 (top k sorted). We say that 〈x1, . . . , xn〉 ∈ Bn is top k sorted,
with k ≤ n, if 〈x1, . . . , xk〉 is sorted (in decreasing order) and no value from
〈xk+1, . . . , xn〉 is greater than xk.

A (k, n) selection network is a comparator network that selects and sorts the
k largest from n elements.

Definition 14 (Selection Network). We say that selectnk : Bn → Bn is a
selection network, with k ≤ n, if it is a comparator network and for all x̄ ∈ Bn,
selectnk (x̄) is top k sorted.

Figure 7 illustrates two (3, 8) selection networks obtained by removing re-
dundant comparators, depicted as dashed (red) lines, from two order 8 sorting
networks: odd-even (on the left), and pairwise (on the right). Observe that
there are 4 redundant comparators in the first network and 5 in the second.

We first illustrate the construction of an odd-even selection network. It
is based on the notion of a top (k, 2n) merger which merges pairs of top k
sorted sequences, each of length n, to provide a single top k sorted sequence of
length 2n.
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(a) (b)

Figure 7: Two (3,8) selection networks obtained by removing comparators from order 8 sorting
networks: (a) odd-even, and (b) pairwise.

Definition 15 (top (k, 2n) merger). We say that an order 2n comparator
network, merger2nk , is a top (k, 2n) merger if for all x̄, ȳ ∈ Bn, if x̄ and ȳ are
top k sorted then so is merger2nk (x̄ :: ȳ).

We now show how to construct a top (k, 2n) merger by rewiring a standard
order 2k merger. The idea is straightforward: given two top k sorted sequences
of length n, merge the top k elements from the 2 sequences. The top k elements
from the result of this merge are guaranteed to be the top k elements from the
total 2n in the original inputs.

The following rewire map is applied to map an order 2k merger to obtain a
top (k, 2n) merger. Its application is illustrated in Figure 8 where an order 4
merger is rewired to provide a top (2, 8) merger.

Definition 16 (rewiring for top k of n). The top k from n rewire map is
defined as

ρk,n : {1, . . . , 2k} → {1, . . . , 2n}
ρk,n(i) =

{
i if 1 ≤ i ≤ k;
i+ n− k if k < i ≤ 2k.

The next theorem states that this construction is correct.

Theorem 9 (Constructing a top merger). Let merger2k be an order 2k
merger and k ≤ n. Then, ρk,n(merger2k) is a top (k, 2n) merger.

Proof. Let x̄, ȳ ∈ B2n be top k sorted and denote x̄′ = 〈x1, . . . , xk〉, ȳ′ =
〈y1, . . . , yk〉 and z̄′ = merger2k(x̄′ :: ȳ′). That z̄ is sorted follows because
merger2k is a merger. That the first k elements in z̄ are of the largest in x̄ and
ȳ then follows because x̄ and ȳ are top k. The result then follows because ρk,n
maintains the position and order of the first k elements in z̄.

The following theorem provides the basis for a recursive construction of
selection networks built up from odd-even mergers. We call such a network an
odd-even selection network. The odd-even selection network is defined similarly
to the odd-even sorting network. To select (and sort) the top k elements from
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Figure 8: Rewiring an order 4 merger to a top (2,8) merger: ρ2,4(merger4) = merger82 .
Comparators are mapped from solid lines of network (a) to solid lines in network (b).

a list of 2n values, first partition the list into two lists with n values each, then
recursively select (and sort) the top k elements from each of these two lists,
resulting in a pair of top k lists, each of length n. Finally, merge the two top k
sorted lists.

Theorem 10 (selection networks from mergers). Let selectnk be a (k, n)
selection network, and merger2nk a (k, 2n) merger where k < n (and both are
powers of two). Then the following is a (k, 2n) selection network.

select2nk = merger2nk ◦ left(selectnk ) ◦ right(selectnk )

Proof. The proof follows directly from the definitions.

Figure 9(a) illustrates the application of Theorem 10 to construct a (2,8)
selection network. To apply Theorem 10 as the basis for a recursive construction
of selection networks, one needs to observe the base case, when k = n we apply
a standard sorting network: selectkk = sorterk.

We now consider the size of an odd-even selection network.

Theorem 11 (Odd-even selection network size). For k ≤ n (both powers
of 2), ∣∣ oe selectnk ∣∣ = n ∗ [

log2(k) + 3 log(k) + 4

4
]− k ∗ log(k)− 1

Proof. From Theorem 10 (and the corresponding base case)

∣∣ oe selectnk ∣∣ =

{
2 ∗
∣∣∣ oe selectn/2k

∣∣∣+
∣∣ oe merger2k ∣∣ n > k∣∣ sorterk ∣∣ n = k

The recursive term unfolds to 1 + 2 + 4 + ... + 2(logn/k)−1 = n/k − 1 order 2k
odd-even mergers and n/k order k sorters. Substituting from Equation (1) and
simplifying, we get the required result.
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select42

select22

select22

select42

select22

select22

(a) odd-even (2,8) selection network

select42

select22

select21

select41

select21

(b) pairwise (2,8) selection network

Figure 9: The odd-even (2,8) selection network (a) decomposes (in 2 steps) to four select22
networks (which are actually order 2 sorters), and to three top (2,4) mergers (which are
actually order 4 odd-even mergers). In the corresponding pairwise selection network (b)
splitters precede the recursive calls and the size of the second recursive call is reduced (and
eventually become empty). Mergers are replaced by (smaller) pairwise mergers.

We proceed to illustrate the construction of a top (k, 2n) pairwise selection
network. The key idea is, just as in the case of the pairwise sorting network:
to introduce a splitter in the first step when partitioning 2n elements into two
sequences of length n. This way, in the recursive calls we need to select k top
elements from one half of the inputs, but only k/2 from the other half. The
reason being that the first half dominates the second. Hence, if k/2 elements
from the second half take the value 1, then so do the first k/2 elements from
the first half.

We first introduce the following definition which identifies lists composed
from two halves: the first dominating the second, the first top k sorted and the
second top k/2 sorted.

Definition 17 (top k pairwise sorted). We say that x̄ ∈ B2n is top k pair-
wise sorted if left(x̄) is top k sorted, right(x̄) is top k/2 sorted, and x̄ is left
dominating.

The construction of a pairwise selection network is based on the notion of a
top pairwise merger which, given a top k pairwise sorted sequence, merges its
two halves to provide a single top k sorted sequence.

Definition 18 (top (k, 2n) pairwise merger). We say that an order 2n com-
parator network, pw merger2nk , is a top (k, 2n) pairwise merger if for all x̄, ȳ ∈
Bn, if x̄ :: ȳ is top k pairwise sorted, then pw merger2nk (x̄ :: ȳ) is top k sorted.

The next theorem states that rewiring a pairwise merger using the map from
Definition 16 provides a top pairwise merger.

Theorem 12 (Constructing a top pairwise merger). Let pw merger2k be
an order 2k pairwise merger. Then, ρk,n(pw merger2k) is a top (k, 2n) pairwise
merger.
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Proof. Let x̄ ∈ Bn be top k sorted and ȳ ∈ Bn be top k/2 sorted such that
x̄ dominates ȳ. Denote x̄′ = 〈x1, . . . , xk〉 and ȳ′ = 〈y1, . . . , yk〉. Notice that
although ȳ′ is only top k/2 sorted, x̄′ dominates ȳ′, hence together they contain
the top k elements from x̄ and ȳ. It suffices to show that pw merger2k(x̄′ :: ȳ′)
is top k sorted. That ρk,n(merger2k)(x̄ :: ȳ) is top k sorted then follows from
the definition of ρk,n. We consider two cases: (a) If yk/2 = 0, then ȳ′ is sorted

which implies that x̄′ :: ȳ′ is pairwise sorted. So pw merger2k(x̄′ :: ȳ′) is sorted
and hence also top k sorted. (b) If yk/2 = 1 then from domination also xk/2 = 1,
so both x̄′ and ȳ′ have a prefix with k/2 1’s. Consider first the simple case when
all other elements of x̄′ and ȳ′ are 0’s. So they are both sorted and the top k
elements of pw merger2k(x̄′ :: y′) are 1 and it is top k sorted. The general case
then follows because comparator networks, as Boolean formulae, are expressed
using only “and” and “or” operations and as such correspond to monotone
Boolean functions.

The following theorem provides the basis for a recursive construction of
pairwise selection networks.

Theorem 13 (selection networks from splitters and pairwise mergers).
Let selectnk and selectnk/2 be (k, n) and (k/2, n) selection networks, let merger2nk
be a (k, 2n) merger and splitter2n an order 2n splitter (for 0 < k < n). Then
the following is a (k, 2n) (pairwise) selection network.

select2nk = pw merger2nk ◦ left(selectnk ) ◦ right(selectnk/2) ◦ splitter2n

Proof. Let x ∈ B2n and ȳ = splitter2n(x̄). By definition (splitter) ȳ is left
dominating and hence, if sum(right(ȳ)) ≥ k/2 then sum(ȳ) ≥ k and so also
sum(x̄) ≥ k. Therefore, it suffices to perform a top (k, 2n) pairwise merge
involving the top k elements of left(ȳ) and (only) the top k/2 of right(ȳ). The
rest of the proof follows straightforward from the definitions.

Figure 9(b) illustrates the application of Theorem 13 to construct a (2,8)
selection network. To apply Theorem 13 as the basis for a recursive construction
of selection networks, one needs to observe two base cases: when 0 < k = n we
apply a standard sorting network, selectkk = sorterk, and when 0 = k < n we
have selectn0 = idn.

7. Pairwise Selection networks are Superior

In this section we prove that pairwise selection networks are never larger,
and are typically smaller than corresponding odd-even selection networks. We
denote by oe selectnk a (k, n) selection network constructed from odd-even merg-
ers (see Theorem 10 with the after-mentioned base cases). A (k, n) selection
network constructed from splitters and pairwise mergers is denoted pw selectnk
(see Theorem 10 with the corresponding base cases). Upfront, the result is not
obvious. Recall Figure 9. On the one hand, recursively defined sub-selection
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networks are smaller in the pairwise network. For a (k, n) network in the pair-
wise approach we have two sub-networks: (k, n/2) and a (k/2, n/2). But in
the odd-even approach both sub-networks are (k, n/2). On the other hand, the
splitters in the odd-even network involve O(k) comparators but in the pairwise
network O(n). The following theorem proves the result.

Theorem 14 (pw selectnk is no larger than oe selectnk). For 1 ≤ k ≤ n (both
powers of 2),

∣∣ pw selectnk
∣∣ ≤ ∣∣ oe selectnk ∣∣.

Proof. For 1 = k < n the result follows by a straightforward induction. For
1 > k = n the result is immediate. Assume that 1 < k < n and consider the
following (selection) network:

selectnk = pw mergernk ◦ left(oe select
n/2
k ) ◦ right(oe selectn/2k/2) ◦ splittern

The proof follows from Lemma 6 and Lemma 7 (below) which deliberate on∣∣ pw selectnk
∣∣ ≤ ∣∣ selectnk ∣∣ ≤ ∣∣ oe selectnk ∣∣

Lemma 6. For 1 < k < n (both powers of 2),
∣∣ selectnk ∣∣ ≤ ∣∣ oe selectnk ∣∣.

Proof. Recall from Theorems 10 and 8 that∣∣ oe selectnk ∣∣ = 2 ∗
∣∣∣ oe selectn/2k

∣∣∣+
∣∣ oe merger2k ∣∣

= 2 ∗
∣∣∣ oe selectn/2k

∣∣∣+
∣∣ splitter2k ∣∣+

∣∣ pw merger2k
∣∣

Therefore, the result follows if we can show that∣∣∣ oe selectn/2k

∣∣∣− ∣∣∣ oe selectn/2k/2

∣∣∣ ≥ ∣∣ splittern ∣∣− ∣∣ splitter2k ∣∣
Substituting the precise size formula from Theorems 4 and 11 and simplifying,
we have that∣∣ splittern ∣∣− ∣∣ splitter2k ∣∣ = n

2 − k∣∣∣ oe selectn/2k

∣∣∣− ∣∣∣ oe selectn/2k/2

∣∣∣ = (1 + log k) ∗ (n4 − k
2 )

It remains to show that (1 + log(k))∗ (n4 − k
2 ) ≥ 2∗ (n4 − k

2 ). This holds because,
either 2k = n and both sides are 0, or else for k > 1 because log k ≥ 1.

Lemma 7. For 1 ≤ k < n (both powers of 2),
∣∣ pw selectnk

∣∣ ≤ ∣∣ selectnk ∣∣.
Proof. The proof is by induction. For the base case, consider 1 = k < n. It
follows from the definitions that

∣∣ pw selectnk
∣∣ =

∣∣ selectnk ∣∣ = n/2− 1. Now,
assume it holds for all pairs (n′, k′) less than (n, k) (in the lexicographic order).
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(b) k = n/64

Figure 10: Order (n, k) selection network size: pairwise vrs odd even.

∣∣ pw selectnk
∣∣

=
∣∣ splittern ∣∣+

∣∣∣ pw select
n/2
k

∣∣∣+
∣∣∣ pw select

n/2
k/2

∣∣∣+
∣∣ pw merger2k

∣∣
(by definition of pw select)

≤
∣∣ splittern ∣∣+

∣∣∣ selectn/2k

∣∣∣+
∣∣∣ selectn/2k/2

∣∣∣+
∣∣ pw merger2k

∣∣
(by the induction hypothesis)

≤
∣∣ splittern ∣∣+

∣∣∣ oe selectn/2k

∣∣∣+
∣∣∣ oe selectn/2k/2

∣∣∣+
∣∣ pw merger2k

∣∣
(By Lemma 6)

=
∣∣ selectnk ∣∣

(by Definition of select)

In practice, the pairwise selection network is typically considerably smaller
than the corresponding odd-even network. This is in particular the case when
k << n. Figure 10 plots the size of pairwise and odd-even order (n, k) selection
networks for various values of n with k = n/32 and k = n/64. For example,
when n = 4096 and k = 32 (k = 64), the pairwise network is 32% (38%) smaller
than the corresponding odd-even network.

8. Conclusion

This paper makes two contributions. First it presents a clear and intuitive
explanation regarding the relation between Parberry’s pairwise sorting network
and the more classic odd-even network. The crux of the matter is that the
classic odd-even merger is precisely the composition of the splitter and the
pairwise merger introduced by Parberry. This provides an explaination for the
observation made in Parberry’s quote from [8]:

It is the first sorting network to be competitive with the odd-even sort
for all values of n. The value of the pairwise sorting network is not
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that it is superior to the odd-even sorting network in any sense, but
that it is the first serious rival to appear in over 20 years.

With this intuition in hand, our second contribution is to extend the two types
of sorting networks and to obtain corresponding k from n selection networks.
While both types of selection networks consist of O(n log2 k) comparators, we
prove that the pairwise network is never larger than the odd-even network and
illustrate that it is typically considerably smaller. So this paper makes justice
to Parberry’s approach demonstrating the superiority of the pairwise network.
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