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1 Introduction

At some point there was the Davis-Putnam-Logemann-Loveland (DPLL) algo-
rithm [6]. Forty five years later, research on Boolean satisfiability (SAT) is still
ceaselessly generating even better SAT solvers capable of handling even larger
SAT instances. Remarkably, the majority of these tools still bear the hallmark
of the DPLL algorithm. In sync with the availability of progressively stronger
SAT solvers is an accumulating number of applications which demonstrate that
real world problems can often be solved by encoding them into SAT. When suc-
cessful, this circumvents the need to redevelop complex search algorithms from
scratch.

This presentation is about the application of Boolean SAT solvers to the
problem of determining program termination. Proving termination is all about
the search for suitable ranking functions. The key idea in this work is to encode
the search for particular forms of ranking functions to Boolean statements which
are satisfiable if and only if such ranking functions exist. In this way, proving
termination can be performed using a state-of-the-art Boolean satisfaction solver.

2 Encoding Lexicographic Path Orders

In [3] we describe a propositional encoding for lexicographic path orders (LPOs)
[15, 8] and the corresponding LPO-termination property of term rewrite sys-
tems. In brief, a term rewrite system (TRS) is a set of rules of the form ` → r
where ` and r are terms constructed from given sets of symbols and variables.
A lexicographic path order is an order �lpo on terms, induced from a partial
order > on the symbols occurring in the terms (a so-called precedence). A term
rewrite system is LPO-terminating if and only if there exists a partial order on
the symbols such that the induced LPO orients all of the rules in the system.
Namely such that ` �lpo r for each rule ` → r.

There are two variants of LPO-termination: “strict” and “quasi” depending
on if we restrict the precedence to be strict or not. Both imply termination of
the corresponding term rewrite system. Quasi-LPO-termination is typically the
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harder problem as the search for a non-strict precedence is more extensive than
that for a strict precedence. Both of the corresponding decision problems, strict-
and quasi- LPO-termination, are decidable and NP complete [16].

We encode an LPO-termination problem to SAT in two steps: first, a partial
order constraint on the symbols in the system is derived; then this constraint is
solved through an encoding to SAT obtained by viewing each symbol as an inte-
ger value corresponding to its index in the partial order. Partial order constraints
are propositional formula in which the atoms are statements about a partial or-
der on a finite set of symbols and can be seen as an instance of the more general
formulae of separation logic (sometimes called difference logic) described in [23].

Consider an example. To orient a rule not(or(A,B)) → and(not(A), not(B)),
is reduced to solving the following partial order constraint on the symbols
{or, and, not}:

((or > and) ∧ (or > not)) ∨ (not > and).

We encode each of the three symbols as an integer in two bits, and each atom
in the partial order constraint as a comparison on a pair of integers in bit repre-
sentation. For instance, numbering the bits with subscripts on the symbols, the
encoding of the atom (or > and) works out to:

(((or[2] ∧ ¬and[2]︸ ︷︷ ︸
or[2]>and[2]

) ∨ (or[2] ↔ and[2]︸ ︷︷ ︸
or[2]=and[2]

∧ or[1] ∧ ¬and[1]︸ ︷︷ ︸
or[1]>and[1]

))

The experimental results presented in [3] are unequivocal. Our SAT based
implementation of LPO-termination surpasses in orders of magnitude the per-
formance of previous implementations such as those provided at the time by the
termination proving tools TTT [13] and AProVE [12].

3 Encoding Argument Filterings

Lexicographic path orders on their own are too weak for many interesting ter-
mination problems and hence are typically combined with more sophisticated
termination proving techniques. One of the most popular and powerful such
techniques is the dependency pair (DP) method [1]. A main advantage is that
this allows the application of argument filterings which specify parts of terms
that should be ignored when comparing terms. It can be viewed like this: given
a set of pairs of terms to orient with an LPO, first decide which parts of the
terms to filter away and then orient the filtered pairs in an LPO. The argument
filtering specifies for each function symbol f if subterms of the form f(s1, . . . , sn)
should be collapsed to their ith argument; or if some of the argument positions
should be filtered away. Filtering terms can simplify considerably the partial or-
der constraints that need be solved to find an LPO. However, argument filterings
represent also a severe bottleneck for the automation of dependency pairs, as the
search space for argument filterings is enormous (exponential in the sum of the
arities of the symbols).
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In [5] we introduce a propositional encoding which combines the search for
an LPO with the search for an argument filtering. The key idea is to introduce
a small number of additional Boolean variables: one for each symbol to indicate
if it is collapsed, and one for each argument position of a symbol to indicate
if it is filtered. Then the encoding of LPO is enhanced to consider these new
variables. So, there exist an argument filtering and an LPO which orient a set of
inequalities if and only if the encoding of the inequalities is satisfiable. Moreover,
each model of the encoding corresponds to a suitable argument filtering and a
suitable LPO which orient the inequalities. Once again experimental results [5]
indicate speedups in orders of magnitude.

4 Encoding Recursive Path Orders

In [22] we introduce two additional extensions which together lead to an encoding
of the so-called recursive path order with status (RPO). In the first extension,
the lexicographic path order is extended to consider the lexicographic extension,
not just from left-to-right, but rather with respect to any fixed order. It can be
viewed like this: given a permutation for each symbol in a term rewrite system,
first reorder the arguments of every subterm as prescribed by the permutation
for its root symbol. Then check if the resulting system is LPO-terminating. So,
now to orient a set of rules we seek a partial order on the symbols as well as
permutations for each symbol. For the encoding, we introduce a small number
of additional Boolean variables to represent for each symbol the order its argu-
ments are permuted to. Then the encoding of LPO is enhanced to consider this
order (in terms of these new variables). In the second extension, we consider an
encoding of the the multiset path order (MPO) [7] where term arguments are
compared with the multiset ordering. Also, in this case, with a small number
of additional Boolean variables we can model the multiset order in the encod-
ing. For RPO, each symbol in the system is associated with a status (one more
Boolean variable per symbol in the encoding) indicating if its arguments are to
be compared with a multiset extension or with a lexicographic extension modulo
some permutation. By now the reader will not be surprised that we simply en-
code all of the components for RPO to SAT to obtain an implementation using
a SAT solver. The results presented in [22] again leave no doubt that encoding
to SAT is the way to go.

5 Experimental Results

Throughout this work we have found Prolog a convenient language for express-
ing the various encodings to SAT. Prototype analyzers were written in SWI Pro-
log [25] applying the MiniSAT solver [20] through its Prolog interface described
in [4]. Subsequently the approach has been integrated within the termination
analyzer AProVE [11], using the SAT4J solver [21].

In [22] we report the following results for the various analyses described in
this paper. We tested the implementation on all 865 TRSs from the TPDB
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[24]. The TPDB is the collection of examples used in the annual International
Termination Competition [19]. The experiments were run under AProVE on a
2.2 GHz AMD Athlon 64 with a time-out of 60 seconds (as in the International
Termination Competition [19]).

In the table below, the first two rows compare our SAT-based approach for
application of the various path orders to the previous dedicated solvers for path
orders in AProVE 1.2 which did not use SAT solving. The last two rows give a
similar comparison for the path orders in combination with the dependency pairs
method and argument filterings. The columns contain the data for LPO with
strict and non-strict precedence (denoted lpo/qlpo), for LPO with permutations
(lpos/qlpos), for MPO (mpo/qmpo), and for RPO with status (rpo/qrpo). For
each encoding we give the number of TRSs which could be proved terminating
(with the number of time-outs in brackets) and the analysis time (in seconds)
for the full collection (including time-outs). For the SAT based implementation,
checking the full collection of 865 TRSs for strict-RPO termination with ar-
gument filterings requires about 100 seconds. Allowing non-strict orders takes
about 3 times longer.

Solver lpo qlpo lpos qlpos mpo qmpo rpo qrpo

1 SAT-based 123 (0) 127 (0) 141 (0) 155 (0) 92 (0) 98 (0) 146 (0) 162 (0)
(direct) 31.0 44.7 26.1 40.6 49.4 74.2 50.0 85.3

2 dedicated 123 (5) 127(16) 141 (6) 154(45) 92 (7) 98(31) 145(10) 158 (65)
(direct) 334.4 1426.3 460.4 3291.7 653.2 2669.1 908.6 4708.2

3 SAT-based 357 (0) 389 (0) 362 (0) 395 (2) 369 (0) 408 (1) 375 (0) 416 (2)
(arg. filt.) 79.3 199.6 69.0 261.1 110.9 267.8 108.8 331.4

4 dedicated 350(55) 374(79) 355(57) 380(92) 359(69) 391(82) 364(74) 394(102)
(arg. filt.) 4039.6 5469.4 4522.8 6476.5 5169.7 5839.5 5536.6 7186.1

The table shows that with our SAT encodings, performance improves by orders
of magnitude over existing solvers both for direct analysis with path orders and
for the combination of path orders and argument filterings in the DP framework.
Note that without a time-out, this effect would be intensified. By using SAT,
the number of time-outs reduces dramatically from up to 102 to at most 2.
The two remaining SAT examples with time-out have function symbols of high
arity and can only be shown terminating by further sophisticated termination
techniques in addition to RPO. Apart from these two, for SAT, there are only
15 examples that take longer than two seconds and only 3 of these take longer
than 10 seconds. The table also shows that the use of RPO instead of LPO
increases the proving power substantially, while in the SAT-based setting, run-
times increase only mildly.

6 Other SAT Based Termination Analyses

The first encoding of a termination problem into propositional logic is presented
in [17]. The encoding is different than the one we consider and adopts a BDD-
based representation. It does not provide competitive results. However, it makes
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an important step. Another BDD-based encoding, this one for size-change ter-
mination [18], is described in [2]. Here, sets of size change graphs are viewed
as partial order constraints, similar to those considered in this paper for term
rewrite systems.

In the past year, several additional papers [9, 10, 14, 26] have illustrated the
huge potential in applying SAT solvers for other types of termination proving
techniques for term rewrite systems. A common theme in all of these works is to
represent (finite domain) integer variables as binary numbers in bit representa-
tion and to encode arithmetic constraints as Boolean functions on these repre-
sentations. Results indicate uniformly that the SAT based approach to proving
termination is very attractive.

7 Summary

Lexicographic- and multiset- path orders are about lifting a base order on terms
to consider the arguments of terms as sequences or as multisets with corre-
sponding lexicographic or multiset orders. We have introduced a new kind of
propositional encoding for reasoning about termination of term rewrite systems
based on variants of these path orders. Our results have had a direct impact on
the design of several major termination analyzers for term rewrite systems.

Of particular and general interest are the encoding techniques which enable
to refine a search algorithm to consider a property of interest for all subsets of
objects, instead of for the full set of objects; or to check if a property holds
when considering a sequence of objects in any order, instead of in the fixed
left-to-right order. The common theme is to represent with a small number of
additional Boolean variables the large number of cases which need be considered.
For the extensions of LPO-termination considered in this work, the additional
cost in analysis time is minor in comparison to the increase in the size of the
search space.

Acknowledgment. The author has been lucky to work on this research with
friends, old and new. Thankyou coauthors of [3], [5], and [22]: Elena Annov,
Jürgen Giesl, Vitaly Lagoon, Peter Schneider–Kamp, Peter J. Stuckey, and René
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