CHAPTER

6

The Laplace
Transform

Many practical engineering problems involve mechanical or electrical systems acted on
by discontinuous or impulsive forcing terms. For such problems the methods described
in Chapter 3 are often rather awkward to use. Another method that is especially well
suited to these problems, although useful much more generally, is based on the Laplace
transform, In this chapter we describe how this important method works, emphasizing
problems typical of those arising in engineering applications.

6.1 Definition of the Laplace Transform

Among the tools that are very useful for solving linear differential equations are integral
transforms. An integral transform is a relation of the form

B
F(s) =f K (s, 1) f(1) dt, (n

where K (s,¢) is a given function, called the kernel of the transformation, and the
limits of integration @ and g are also given. It is possible that « = —o0 or f = o0,
or both. The relation (1) transforms the function f into another function F, which is
called the transform of f. The general idea in using an integral transform to solve a
differential equation is as follows: Use the relation (1) to transform a problem for an
unknown function f into a simpler problem for F, then solve this simpler problem to
find F, and finally recover the desired function f from its transform F. This last step
is known as “inverting the transform.”
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There are several integral transforms that are useful in applied mathematics, but
in this chapter we consider only the Laplace' transform. This transform is defined in
the following way. Let f(¢) be given for ¢ > 0, and suppose that f satisfies certain
conditions to be stated a little later. Then the Laplace transform of f, which we will
denote by L{f ()} or by F(s), is defined by the equation

ﬁunn=ﬂn=L e 1) dt. )

The Laplace transform makes use of the kernel K (s, t) = ¢, Since the solutions of
linear differential equations with constant coefficients are based on the exponential
function, the Laplace transform is particularly useful for such equations.

Since the Laplace transform is defined by an integral over the range from zero to
infinity, it is useful (o review some basic facts aboul such integrals. In the first place,
an integral over an unbounded interval is called an improper integral, and is defined
as a limit of integrals over finite intervals; thus

o0 A
ffmw=}mjfmw, 3)

where A is a positive real number. If the integral from a to A exists for each A > a,
and if the limit as A — oo exists, then the improper integral is said to converge o
that limiting value. Otherwise the integral is said to diverge, or to fail to exist. The
following examples illustrate both possibilities.

Let f(t) = e, t > 0, where ¢ is a real nonzero constant. Then
o A e{_‘)’ A

f e’ dt = lim f e dt = lim —
0 A—=ro 0 A—=o (O 0

1
= lim —(e* —1).
A=—o O

It follows that the improper integral converges if ¢ < 0, and diverges if ¢ > 0. If ¢ = 0,
the integrand f(¢) is the constant function with value 1, and the integral again diverges.

Let f(t) = 1/t,t = 1. Then
® di A di
f — = lim — = lim In A,
1 i A—oo ) i A—oo

Since Alim In A = oo, the improper integral diverges.
—* 20

"The Laplace transform is named for the eminent French mathematician P. S. Laplace, who studied the relation (2)

in 1782. However, the techniques described in this chapter were not developed until a century or more later. They
are due mainly to Oliver Heaviside (1850-1925), an innovative but unconventional English electrical engineer,
who made significant contributions to the development and application of electromagnetic theory.
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Let f(z) =177, ¢ =1, where p is a real constant and p # 1; the case p =1 was
considered in Example 2. Then

oo A 1
f 77 dt = lim 7P dt = Alim 1—(A'_P —1).
1

A—o0 1 - | —p

o

As A — 00, A7 > 0if p>1,but A'™? - oo if p < 1. Hence t~% dt con-

1
verges for p > 1, but (incorporating the result of Example 2) diverges for p < 1. These
O

results are analogous to those for the infinite series Z n~ ¥,

n=I

Before discussing the possible existence of f OQ [ () dt,itis helpful to define certain
[

terms. A function f is said to be piecewise continuous on aninterval ¢ <1 < g if the
interval can be partitioned by a finite number of pointsa =1, <, < --- <t, = B 50
that

1. f is continuous on each open subinterval ¢,_, <1t < ;.

2. f approaches a finite limit as the endpoints of each subinterval are approached
from within the subinterval.

In other words, f is piecewise continuous on ¢ < ¢ < fif itis continuous there except
for a finite number of jump discontinuities. If f is piecewise continuouson & < ¢t < p
for every 8 > «, then f is said to be piecewise continuous on ¢ > «. An example of a
piecewise continuous function is shown in Figure 6.1.1.

If f is piecewise continuous on the interval a <t < A, then it can be shown that

A A
f f(t) dt exists. Hence, if f is piecewise continuous for ¢ > a, then f f(t) dt exists

a a
for each A > a. However, piecewise continuity is not enough to ensure convergence
=]
of the improper integral f [ (t) dt, as the preceding examples show.
a
If f cannot be integrated easily in terms of elementary functions, the definition of
oo
convergence of f [f(t) dt may be difficult to apply. Frequently, the most convenient
i

way to test the convergence or divergence of an improper integral is by the following
comparison theorem, which is analogous to a similar theorem for infinite series.

FIGURE 6.1.1 A piecewise continuous function.



296

Chapter 6. The Laplace Transform

Theorem 6.1.1

Theorem 6.1.2

If f is piecewise continuous for t > a,if | f(¢)] < g(t) whent > M for some positive
(s 4] [s 4]
constant M, and if f;" g(t) dt converges, then f f(#) dt also converges. On

the other hand, if f(r) = g(t) = 0 for 1 = M, and if ﬁ:o g(1) dr diverges, then
foo f (1) dt also diverges.
i

The proof of this result from the calculus will not be given here. It is made plausible,
however, by comparing the areas represented by fM w g(t) dt and fM > |f ()] dt. The

functions most useful for comparison purposes are ¢ and ¥, which were considered
in Examples 1, 2, and 3.

We now return to a consideration of the Laplace transform L{ f (¢)} or F(s), which
is defined by Eq. (2) whenever this improper integral converges. In general, the pa-
rameter s may be complex, but for our discussion we need consider only real values
of 5. The foregoing discussion of integrals indicates that the Laplace transform F of a
function [ exists if f satisfies certain conditions, such as those stated in the following
theorem.

Suppose that

1. [ is piecewise continuous on the interval 0 < ¢ < A for any positive A.

2. |f()] < Ke* whent > M. In this inequality K, a, and M are real constants, K
and M necessarily positive.

Then the Laplace transform L{f(¢)} = F(s), defined by Eq. (2), exists for s > a.

To establish this theorem it is necessary to show only that the integral in Eq. (2)
converges for s > a. Splitting the improper integral into two parts, we have

o'} M o'}
f e f(1)dt = f e f(1) dt +] e~ f() dr. @
0 0 M

The first integral on the right side of Eq. (4) exists by hypothesis (1) of the theorem;
hence the existence of F(s) depends on the convergence of the second integral. By
hypothesis (2) we have, for 1 > M,

|e—si‘f(r)| < Ke—si‘ea)‘ — Ke(a—s])‘,

oo
and thus, by Theorem 6.1.1, F (s) exists provided that f e“=" dr converges. Refer-
ring (0 Example 1 with ¢ replaced by a — s, we see that this latter integral converges
when a — s < 0, which establishes Theorem 6.1.2.

Unless the contrary is specifically stated, in this chapter we deal only with functions
satisfying the conditions of Theorem 6.1.2. Such functions are described as piecewise
continuous, and of exponential order as t — oo. The Laplace transforms of some
important elementary (unctions are given in the following examples.
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Let /(1) = 1,7 = 0. Then

e 1
C{l}:f e dt = —, s = 0.
0 §

Let f(1) =e*,1 > 0. Then

o o
Lie“} = f e e dt = f e dt
0 0

1
= \ § =>da.
§—a

Let f(¢) =sinat, ¢t = 0. Then
o0
Lisinat} = F(s) = [ e*"sin at dt, s > 0.
0
Since

A
F(s) = lim e ¥ sin at dt,
A—0o

0
A ) A
3 —st
- = e cos at dt
o @Jo

, oo
=—— —f e cos at dt.
a a Jo

upon integrating by parts we obtain

) e cos at
F(s) = Allm |:——
— 00 a

A second integration by parts then yields

IS e
F(s) =—— —,f e sin at dt
a a” Jo
2
§

1
=—=—=F(s).
Pl (s)
Hence, solving for F(s), we have
a
F(5) = —, s > 0.
) s +a

Now let us suppose that f; and f, are two functions whose Laplace transforms exist
fors > a, ands > a,,respectively. Then, for s greater than the maximum of a, and a,,

Lle, f,@) + oy f, (1)) = ] e, £ + ¢, f,(0)] d
0

& oo
=c fo e fi(1) dt + szo e f,(1) dt;
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hence

E{lel () + szg(t)} = Clﬁ{fl (f.)} + Czﬁ{fg(t)}- (5)

Equation (5) is a statement of the fact that the Laplace transform is a linear operaior.
This property is of paramount importance, and we make frequent use of it later.

PROBLEM s In each of Problems 1 through 4 sketch the graph of the given function. In each case determine
whether f is continuous, piecewise continuous, or neither on the interval 0 < ¢ < 3.

2, 0<r=1 2, 0<r<1
1. f=13 241, l<t<2 2. fy=4 -7, l<i<2
6—t, 2<t=3 1, 2<it=<3
2, 0<t<1 t, 0<r=<1
3. fin= 1, l<t=<?2 4, f(h=4 3—1t, l<t=<2
3—1t, 2<t<3 1, 2<t<3
5. Find the Laplace transform of each of the following functions:
(&) 1
(b)

(¢) t", where n is a positive integer
6. Find the Laplace transform of f(¢) = cos at, where a is a real constant.
Recall that coshbr = (¢ +e7%)/2 and sinhbt = (" — e7)/2. In each of Problems 7
through 10 find the Laplace transform of the given function; @ and b are real constants.
7. coshbt 8. sinhbt
9. " coshbt 10. e sinh bt

In each of Problems 11 through 14 recall that cosbt = (™ + e ™) /2 and sinbt = (™ —
e~'")/2i. Assuming that the necessary elementary integration formulas extend to this case, find
the Laplace transform of the given function; a and b are real constants.

11. sinbt 12, cosht

13. " sinbt 14. " cos bt

In each of Problems 15 through 20, using integration by parts, find the Laplace transform of the
given function; n is a positive integer and « is a real constant.

15. e 16. tsinat 17. tcoshat

18. t"e™ 19. f*sinat 20. ¢*sinhat

In each of Problems 21 through 24 determine whether the given integral converges or diverges.

o0 o0

21, f P+ 1) de zz.f te™ dt
0 0
(=]

[=5]
23, f (72 dr 24. f e " cost dr
1 0

25. Suppose that f and f* are continuous for¢ = 0, and of exponential order as t — oc. Show
by integration by parts that if F(s) = L{f ()}, then lingO F(s) = 0. The result is actually
true under less restrictive conditions, such as those of Theorem 6.1.2.

26. The Gamma Function. The gamma function is denoted by I'(p) and is defined by the
integral

(=)
T(p+1) =f e xP dx. (i)
1]
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The integral converges as x — oo for all p. For p < 0 it is also improper because the
integrand becomes unbounded as x — 0. However, the integral can be shown to converge
atx =0forp > —1.

(a) Show that for p > 0

I'i{p+1) = pl'(p).

(b) Show that I'(1) = 1.
(c) If p is a positive integer n, show that

(n+1)=nl

Since I'(p) is also defined when p is not an integer, this function provides an extension of
the factorial function to nonintegral values of the independent variable. Note that it is also
consistent to define 0! = 1.

(dy Show that for p > 0

plip+Dp+2)---(pt+tn—-1)=T(p+n)/I'(p).

Thus I'(p) can be determined for all positive values of p if I'(p) is known in a single
interval of unit length, say, 0 < p < 1. It is possible to show that I'( %) = /. Find F(%)
and I'(4)).

27. Consider the Laplace transform of 7, where p > —1.
(a) Referring to Problem 26, show that

oo
e *xP dx

E[rp}=f e P dt =
0

=T(p+1)stH, s = 0.

sp+l 0

(b) Let p be a positive integer n in (a); show that
L{t") = nt/s" T s>0.
(c) Show that
2 % 2
L) = —f e " dx, s> 0.
Vs Jo

It is possible to show that

1

o0
f e_xz dx = ﬁ
0 2
hence

L™y = /ays, s> 0.
(d) Show that
LYy = Jmp2s¥?, s> 0.

6.2 Solution of Initial Value Problems

In this section we show how the Laplace transform can be used to solve initial value
problems for linear differential equations with constant coefficients. The usefulness of
the Laplace transform in this connection rests primarily on the fact that the transform
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Theorem 6.2.1

Corollary 6.2.2

of f'is related in a simple way to the transform of f. The relationship is expressed in
the following theorem.

Suppose that f is continuous and f' is piecewise continuous on any interval
0 = ¢ = A. Suppose further that there exist constants K, @, and M such that | £ (¢)| <
Ke® fort > M. Then L{f'(¢)} exists for s > a, and moreover

LU @} = sLUf ()} — f(O). (1)

To prove this theorem we consider the integral

A
f e (1) dt.
0

If f' has points of discontinuity in the interval 0 <t < A, let them be denoted by
.t ..., 1. Then we can write this integral as

A t T A
f e™ (1) dr:fle‘”f’(t) dx+[2e—“f'(z)d:+~-+[ e~ f'(2) dt.
0 0 .'l 1

L

Integrating each term on the right by parts yields

A Tt
f e f @) di =& f @) e f0)
0 V]

t ! !
s Ule_srf(;) dt+[2e_”f(t) dr+-~+f e ft) d‘]‘
0 1 I

#

1y st A
+o e )]
I Ty

Since f is continuous, the contributions of the integrated terms at f,, ¢,, ..., ¢, cancel.
Combining the integrals gives
A

A
f e @) dt = e f(A) — f(0)+ s f e f(t) dt.
] 0

As A — oo, e f(A) — 0 whenever s > a. Hence, for s > a,

LU @) =sLUf () — f(0),

which establishes the theorem.

If " and f" satisfy the same conditions that are imposed on f and f', respectively,
in Theorem 6.2.1, then it follows that the Laplace transform of f” also exists for s > a
and is given by

LU @) = s>LLf @)} — s£(0) — f(0). 2)

Indeed, provided the function f and its derivatives satisfy suitable conditions, an
expression for the transform of the nth derivative /™ can be derived by successive
applications of this theorem. The result is given in the following corollary.

Suppose that the functions £, f'. ..., f® " are continuous, and that f™ is piecewise
continuous on any interval 0 < ¢ < A. Suppose further that there exist constants K, a,
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and M such that | f(1)| < Ke“, | f'(t)] < Ke™, ..., 7 D@)| < Ke* fort > M.

Then £{ ™ (r)} exists for s > a and is given by
LUPOY=s"LU O} =" fO) = =sf"720) — fO7P0).  3)

We now show how the Laplace transform can be used to solve initial value problems.
It is most useful for problems involving nonhomogeneous differential equations, as we
will demonstrate in later sections of this chapter. However, we begin by looking at some
homogeneous equations, which are a bit simpler. For example, consider the differential
equation

Y=y =2y=0 “)

and the initial conditions
yy=1, y'(0) = 0. (&)

This problem is easily solved by the methods of Section 3.1. The characteristic
equation is

rP—r=2=0r-20+1)=0, (6)
and consequently the general solution of Eq. (4) is
y=rce +ce”. @)

To satisfy the initial conditions (5) we must have ¢, +¢, =1 and —¢; + 2¢, = 0;
hence ¢, = % and ¢, = % so that the solution of the initial value problem (4) and (5) is
y=¢@) =3¢ + 3. (8)
Now let us solve the same problem by using the Laplace transform. To do this we must
assume that the problem has a solution y = ¢ (¢), which with its first two derivatives
satisfies the conditions of Corollary 6.2.2. Then, taking the Laplace transform of the
differential equation (4), we obtain
L™ — LYY —2L{y} =0, &)

where we have used the linearity of the transform to write the transform of a sum as the
sum of the separate transforms. Upon using the corollary to express £{y”} and L{y'}
in terms of £{y}, we find that Eq. (9) becomes

SPL{y} — sy(0) = ¥'(0) — [sL{y} — y(O)] — 2L{y} =0,
or
(2 —5—=2)Y () + (1 —s)y(0) — y'(0) =0, (10)
where ¥ (s) = L{y}. Substituting for y(0) and y'(0) in Eq. (10) from the initial condi-
tions (5), and then solving for ¥ (s), we obtain
s—1 s—1
P52 -6+

We have thus obtained an expression for the Laplace transform ¥ () of the solution
¥y = ¢ (1) of the given initial value problem. To determine the function ¢ we must find
the function whose Laplace transform is Y (s), as given by Eq. (11).

Y(s) = (1)
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This can be done most easily by expanding the right side of Eq. (11) in partial
fractions. Thus we write

s—1 _a + b _a(s+1)+b(s—2)
5=+ s—2 s+1  (5=2(s+1)
where the coefficients a and b are to be determined. By equating numerators of the
second and fourth members of Eq. (12), we obtain

s—1=a(s+ 1)+ b(s —2),

Y(s) = , (12)

an equation that must hold for all s. In particular, if we set s = 2, then it follows that

a = L. Similarly, if we set s = —1, then we find that b = Z. By substituting these
values for a and b, respectively, we have
/3 2/3
Y(s) = . 13
) s—2+s+1 (13

Finally, if we use the result of Example 5 of Section 6.1, it follows that %ez’ has the
transform %(.S’ - similarly, %e_’ has the transform _%(3 + 1)~ Hence, by the
linearity of the Laplace transform,

y=¢@F)= %32’ + %e_’

has the transform (13) and is therefore the solution of the initial value problem (4), (5).
Of course, this is the same solution that we obtained earlier.

The same procedure can be applied to the general second order linear equation with
constant coefficients,

ay” +by +cy = f(t). (14)

Assuming that the solution y = ¢ () satisfies the conditions of Corollary 6.2.2 for
n = 2, we can take the transform of Eq. (14) and thereby obtain

als*Y (s) — sy(0) — ¥ ()] + b[sY (s) — y(0)] +c¥ (s) = F(s), (15)
where F(s) is the transform of f(z). By solving Eq. (15) for ¥ (s) we {ind that
Y(s) = (as +bq)}’(0) + ay'(0) _ F(s) . (16)
as*+bs+c¢ as“+bs+c

The problem is then solved, provided that we can find the function y = ¢(#) whose
transform is ¥ (s).

Even at this early stage of our discussion we can point out some of the essential
features of the transform method. In the first place, the transform Y (s) of the unknown
function y = ¢(z) is found by solving an algebraic equation rather than a differential
equation, Eq. (10) rather than Eq. (4), or in general Eq. (15) rather than Eq. (14). This is
the key to the usefulness of Laplace transforms for solving linear, constant coefficient,
ordinary differential equations—the problem is reduced from a differential equation to
an algebraic one. Next, the solution satisfying given initial conditions is automatically
found, so that the task of determining appropriate values for the arbitrary constants in
the general solution does not arise. Further, as indicated in Eq. (15), nonhomogeneous
equations are handled in exactly the same way as homogeneous ones; it is not necessary
to solve the corresponding homogeneous equation first. Finally, the method can be
applied in the same way to higher order equations, as long as we assume that the
solution satisfies the conditions of the corollary for the appropriate value of n.
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Observe that the polynomial as” + bs + ¢ in the denominator on the right side of
Eq. (16) is precisely the characteristic polynomial associated with Eq. (14). Since the
use of a partial fraction expansion of ¥ (s) to determine ¢ (z) requires us to factor this
polynomial, the use of Laplace transforms does not avoid the necessity of finding roots
of the characteristic equation. For equations of higher than second order this may be a
difficult algebraic problem, particularly if the roots are irrational or complex.

The main difficulty that occurs in solving initial value problems by the transform
technique lies in the problem of determining the function y = ¢ (¢) corresponding to
the transform Y (). This problem is known as the inversion problem for the Laplace
transform; ¢ (¢) is called the inverse transform corresponding to ¥ (s), and the process
of finding ¢ () from Y (s) is known as inverting the transform. We also use the notation
youl {¥ ()} to denote the inverse transform of Y (s). There is a general formula for the
inverse Laplace transform, but its use requires a knowledge of the theory of functions
of a complex variable, and we do not consider it in this book. However, it is still
possible to develop many important properties of the Laplace transform, and to solve
many interesting problems, without the use of complex variables.

In solving the initial value problem (4), (5) we did not consider the question of
whether there may be functions other than the one given by Eq. (8) that also have
the transform (13). In fact, it can be shown that if f is a continuous function with
the Laplace transform F, then there is no other continuous function having the same
transform. In other words, there is essentially a one-lo-one correspondence between
functions and their Laplace transforms. This fact suggests the compilation of a table,
such as Table 6.2.1, giving the transforms of functions frequently encountered, and
vice versa. The entries in the second column of Table 6.2.1 are the transforms of those
in the first column. Perhaps more important, the functions in the first column are the
inverse transforms of those in the second column. Thus, for example, if the transform
of the solution of a differential equation is known, the solution itself can often be found
merely by looking it up in the table. Some of the entries in Table 6.2.1 have been used
as examples, or appear as problems in Section 6.1, while others will be developed
later in the chapter. The third column of the table indicates where the derivation of the
given ransforms may be found. While Table 6.2.1 is sufficient for the examples and
problems in this book, much larger tables are also available (see the list of references at
the end of the chapter). Transforms and inverse transforms can also be readily obtained
electronically by using a compulter algebra system.

Frequently, a Laplace transform F (s) is expressible as a sum of several terms,

F(s) = F(s)+ Fy(s) + -+ + F,(s). amn
Suppose that f,(t) = L7 {F,(5)}, ..., f,(t) = L7{F,(s)}. Then the function
J@& = fO)+---+ 1,0

has the Laplace transform F (). By the uniqueness property stated previously there is
no other continuous function f having the same transform. Thus

LYF$) =L HF ()} +---+ L7HE ()} (18)

that is, the inverse Laplace transform is also a lingar operator,

In many problems it is convenient to make use of this property by decomposing a
given transform into a sum of functions whose inverse transforms are already known
or can be found in the table. Partial fraction expansions are particularly useful in this
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TABLE 6.2.1 Elementary Laplace Transforms

f@0) = LTHF () F(s) = L{f (1)} Notes
1
1.1 -, s=0 Sec. 6.1 Ex. 4
s
at 1
2.¢e X s>a Sec. 6.1; Ex. 5
s—a
!
3.1"; n =positive integer f—J;l, s =0 Sec. 6.1; Prob. 27
s
r 1
4.07, p > —1 P+ D 0 Sec. 6.1; Prob. 27
S,p+l
. a
5. sinat 5 5> s=0 Sec. 6.1, Ex. 6
s+ a
6. cosat 3 i 3 s>0 Sec. 6.1; Prob. 6
s“+a
7. sinhat 3 a4 3 s > |a| Sec. 6.1; Prob. 8
s“—a
8. coshar ., s>lal Sec. 6.1; Prob. 7
s°—a
al o3 b
9. e sinbt —_— s>a Sec. 6.1; Prob. 13
(s —a)y +b
s—a
10. e cos bt —_— s>a Sec. 6.1; Prob. 14
(s—a)y+b
n!
11.t"e™, n = positive integer T s>a Sec. 6.1; Prob. 18
(_.5' _a)n+
e—CS
12, u (1) - s>0 Sec. 6.3
13.u,(t) f(r —c) e " F(s) Sec. 6.3
14. e f(r) F(s—c¢) Sec. 6.3
1
15. f(et) -F (i) . >0 Sec. 6.3; Prob. 19
c \c
I
6. [ f(e—Dg(ryde F(5)G(s) Sec. 6.6
17.6(t — ) e ™ Sec. 6.5
18. £™ (1) S"F(s) —s" L (0) — oo — FE0)  Sec. 6.2
19. (=) f(1) F"(5) Sec. 6.2; Prob. 28
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EXAMPLE

1

EXAMPLE

2

connection, and a general result covering many cases is given in Problem 38. Other
useful properties of Laplace transforms are derived later in this chapter.

As further illustrations of the technique of solving initial value problems by means of
the Laplace transform and partial fraction expansions, consider the following examples.

Find the solution of the differential equation
y' +y =sin2t, (19)
satisfying the initial conditions
y(0) =2, Y'(0) = 1. (20)

We assume that this initial value problem has a solution y = ¢(#), which with its
first two derivatives satisfies the conditions of Corollary 6.2.2. Then, taking the Laplace
transform of the differential equation, we have

§2Y () — sy(0) — Y'(0) + Y(5) = 2/(s* + 4),

where the transform of sin 2¢ has been obtained from line 5 of Table 6.2.1. Substituting
for y(0) and y’(0) from the initial conditions and solving for Y (s), we obtain

B 2% 452+ 85+ 6

Y(s) = . 21
(s) D614 (21)
Using partial fractions we can write Y (s} in the form
Y(s) = as+b cs+d _ (as + b)(s* +4) + (cs + d)(s*> + l). 22)

P10 4 (s> + D(s” +4)

By expanding the numerator on the right side of Eq. (22) and equating it to the numerator
in Eq. (21) we find that

253+ 5> +8s+6=(a+0c)s+ (b+d)s*>+ (da+ c)s + @b+ d)

for all s. Then, comparing coefficients of like powers of s, we have

a+c= 21 b + d= ]-1
da+c=8, 4b+d=6.
Consequently, @ = 2,¢ = 0,b = 2, and d = —2, from which it follows that
‘ 53  2/3
Y 5= + — . 23
) s+1 0 2+ s7+4 @9

From lines 5 and 6 of Table 6.2.1, the solution of the given initial value problem is

y=¢(t) =2cost + 2sint — Lsin2z. 24

Find the solution of the initial value problem
yYW—y=0, (25)

y(©0) =0, y'0) =1, y'(0) =0, y"(0) =0. (26)
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In this problem we need to assume that the solution y = ¢ (¢) satisfies the conditions
of Corollary 6.2.2 for n = 4. The Laplace transform of the differential equation (25) is

s4Y (5) — 52y(0) — 52y'(0) — 57" (0) — y"(0) — Y (5) = 0.

Then, using the initial conditions (26) and solving for ¥ (s), we have

2

Y(s) = . 27
(5) - 27)
A partial fraction expansion of ¥ () is
Y(s) = af+b N c.,s;+d’
sT—1 s +1
and it follows that
(as +b)(s* + 1) + (cs +d)(s*> — 1) = §° (28)

for all s. By setting s = 1 and s = —1, respectively, in Eq. (28) we obtain the pair of
equations

2a+d)y =1, 2(—a+b) =1,

and therefore a = Oand b = 1. If we set s = 0 in Bq. (28), then b —d = 0,s0d = 1.
Finally, equating the coefficients of the cubic terms on each side of Eq. (28), we find
thata + ¢ = 0,50 ¢ = 0. Thus

1/2 1/2
=1 241
and from lines 7 and 5 of Table 6.2.1 the solution of the initial value problem (25),
(26) is

Y(s)=

(29)

sinht + sin¢
y=o@)=— 10 T 30)

The most important elementary applications of the Laplace transform are in the
study of mechanical vibrations and in the analysis of electric circuits; the governing
equations were derived in Section 3.8. A vibrating spring-mass system has the equation
of motion

d’u du
— +ku=F(), 31
Tty thu=FO) G1)
where m is the mass, y the damping coefficient, £ the spring constant, and F(z)
the applied external force. The equation describing an electric circuit containing an
inductance L, a resistance R, and a capacitance C (an LRC circuit) is
’Q dQ 1
L—+R— +—=0=E(@), 32
> R+ GO =E®), (32)
where Q(z) is the charge on the capacitor and E'(¢) is the applied voltage. In terms of
the current I (t) = dQ(t)/dt we can differentiate Eq. (32) and write
1 di 1 dE

R— — 1 = —(1). 33
dtz+ dt+C dt(t) (33)

Suitable initial conditions on u, Q, or I must also be prescribed.

m

L
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We have noted previously in Section 3.8 that Eq. (31) for the spring—mass system
and Eq. (32) or (33) for the electric circuit are identical mathematically, differing only
in the interpretation of the constants and variables appearing in them. There are other
physical problems that also lead to the same differential equation. Thus, once the
mathematical problem is solved, its solution can be interpreted in terms of whichever
corresponding physical problem is of immediate interest.

In the problem lists following this and other sections in this chapter are numerous
initial value problems for second order linear differential equations with constant
coefficients. Many can be interpreted as models of particular physical systems, but
usually we do not point this out explicitly.

In each of Problems 1 through 10 find the inverse Laplace transform of the given function.

PROBLEMS

1. ; 2. L
i -1
2 3s
30 5T 4 =
s°+35s—4 s°—5—6
5 22.s+2 6. 2;'—3
s°42s 45 s°—4
25 +1 852 —4ds + 12
?, 2— 8, 2—
s°—2s+2 s(s*+4)
1-—2s 25 —3
2 1 Ao s 10, ——F——
s°+4s+5 s+ 25+ 10

In each of Problems 11 through 23 use the Laplace transform to solve the given initial value
problem.

1L y' =y —6y=0;  yO)=1, Y©O)=-1

12 y" 43y +2y=0; yi=1, Y(OM=0

13. y" =2y +2y =0; y(0)=0, Y0)=1

14, y"—4y' +4y =0; y)=1, y@O@=1

15, y" =2y =2y =0y y0) =2, Y0 =0

16. y"+2y' +5y=0;  y(0)=2, y(0)=-1

17. ym o 4_\”” 4 6_\?” 74}): +y=0; y(0) =0, y!(O) =1, y"(O) =0, yr.r.r(o) =1
18. YW —y=0, yO)=1, YO=0 y©O=1 y'"©0=0
19. Y —4y=0; O =1, YO =0, Y O)=-2 y"0)=0
20. y' + o’y =cos2t, o®#4; vy =1, Yy =0

21. y" =2y +2y =cosi; y=1, yY=0

22, y' =2y 42y =e""; y0) =0, YO =1

23, '+ 2y +y =4 y0) =2, y(0)=-1

In each of Problems 24 through 26 find the Laplace transform ¥ (s) = L[y} of the solution of

the given initial value problem. A method of determining the inverse transform is developed in
Section 6.3.

1, 0<t<m,
> y"+4y== 0 0St<T  yo=1 y©=0
" | 0=tr<l, _ Oy —
5.y +y—! 0. l<t<oo: YO=0 yO=0
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260 Y 4y = {

f, 0<t <1,

1 | =1 < oo: y0)=0, »(0)=0

27. The Laplace transforms of certain functions can be found conveniently from their Taylor

series expansions.

(a) Using the Taylor series for sint,
) o0 (_])HIZR'FI
sint =

k]

L on+ 1!

and assuming that the Laplace transform of this series can be computed term by term,
verify that

Lisint} = , 1.
[sint} 11 s>
(b) Let
| (sinny/u, 1 #0,
fo=y 7 (=0,

Flind the Taylor series for f about = 0. Assuming that the Laplace transform of this
function can be computed term by term, verify that

L{f (1)} = arctan(1/s), s> 1.

(¢) The Bessel function of the first kind of order zero J, has the Taylor series (see
Section 5.8)

00 n,2n
Jy(6) = ; %
Assuming that the following Laplace transforms can be computed term by term, verify that
LUMY=6"+D72 s>,
and

ﬁ{]o(ﬁ)] =g le7ls, s = 0.

Problems 28 through 36 are concerned with differentiation of the Laplace transform.
28, Let

F(s) = fw e f(1) dt.
0

It is possible to show that as long as f satisfies the conditions of Theorem 6.1.2, it is
legitimate to differentiate under the integral sign with respect to the parameter s when
8§ >=d.

(a) Show that F'(s) = L{—1f(1)}.

(b) Show that F™(s) = L{(—t)" f(¢)}; hence differentiating the Laplace transform cor-
responds to multiplying the original function by —t.

In each of Problems 29 through 34 use the result of Problem 28 to find the Laplace transform of
the given function; ¢ and b are real numbers and » is a positive integer.

te™ 30. t%sinbt
f” 32 t.n'ea.f
te™ sin bt 34, te™ cosbt

Consider Bessel’s equation of order zero
' +y +ry=0.
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36.

37.

38.

Recall from Section 5.4 that f = Qis a regular singular point for this equation, and therefore
solutions may become unbounded as 1 — 0. However, let us try to determine whether there
are any solutions that remain finite at 1 = 0 and have finite derivatives there. Assuming that
there is such a solution y = ¢ (1), let ¥ (s) = L{¢(1)}.

(a) Show that ¥ (s) satisfies

(14 sHY'(s) + s¥(s) = 0.

(b) Show that ¥(s) = c(1 +s3)7™"2, where ¢ is an arbitrary constant.
(c) Expanding (1 +s?)~'/ in a binomial series valid for s > 1 and assuming that it is
permissible to take the inverse transform term by term, show that

oo (_I)HIZR
= — =cJ (1),
y ; 22"(_".!)2 o )

where JO is the Bessel function of the first kind of order zero. Note that J’O (0) = 1, and that
J, has finite derivatives of all orders at ¢ = 0. It was shown in Section 5.8 that the second
solution of this equation becomes unbounded as ¢ — 0.

For each of the following initial value problems use the results of Problem 28 to find the
differential equation satisfied by ¥ {s) = L{¢(¢)}, where y = ¢(r) is the solution of the
given initial value problem.

(a) y' —ty=0; y(0) =1, ¥'(0) =0 (Airy’s equation)

(b) (1 =63y =2ty +ale+ 1)y =0; y0)=0, y(0)=1 (Legendre’sequation)
Note that the differential equation for ¥ (s) is of first order in part (a), but of second order
in part (b). This is due to the fact that ¢ appears at most to the first power in the equation
of part (a), whereas it appears to the second power in that of part (b). This illustrates that
the Laplace transform is not often useful in solving differential equations with variable
coefficients, unless all the coefficients are at most linear functions of the independent
variable.

Suppose that

f
g(t)=f f(r)dr.
0
If G(s) and F(s) are the Laplace transforms of g(z) and f(r), respectively, show that
G(s) = F(s)/s.

In this problem we show how a general partial fraction expansion can be used to calculate
many inverse Laplace transforms. Suppose that

F(s) = P(s)/Q(s),

where Q(s) is a polynomial of degree n with distinct zeros r,,...,r, and P(s) is a
polynomial of degree less than n. In this case it is possible to show that P(s)/Q(s) has a
partial fraction expansion of the form

Ps) A, A, .
Q(s)_s—r1+”.+s—rn' ®
where the coefficients A, ..., A, must be determined.
(a) Show that
A, =Plr)/0'(r), k=1,...,n (ii)

Hint: One way to do this is to multiply Eq. (i) by s — r, and then to take the limitas s — r,.
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(b) Show that

LTYF(s)) = Z meah

; (i
20 )

6.3 Step Functions

In Section 6.2 we outlined the general procedure involved in solving initial value
problems by means of the Laplace transform. Some of the most interesting elemen-
tary applications of the transform method occur in the solution of linear differential
equations with discontinuous or impulsive forcing functions. Equations of this type
frequently arise in the analysis of the flow of current in electric circuits or the vibra-
tions of mechanical systems. In this section and the following ones we develop some
additional properties of the Laplace transform that are useful in the solution of such
problems. Unless a specific statement is made to the contrary, all functions appearing
below will be assumed to be piecewise continuous and of exponential order, so that
their Laplace transforms exist, at least for s sufficiently large.

To deal effectively with functions having jump discontinuities, it is very helpful to
introduce a function known as the unit step function, or Heaviside function. This
function will be denoted by u_, and is defined by

u (1) = { o S0 ez M

The graph of y = u_(t) is shown in Figure 6.3.1. The step can also be negative. For
instance, Figure 6.3.2 shows the graph y = 1 —u (7).

Vi ¥ 4
— — e f————
1 | 1 |
I I
| |
I |
I .
¢ t e t
FIGURE 6.3.1 Graphof y = u_(¢). FIGURE 6.3.2 Graph of
y=1—u/l).

Sketch the graph of y = A(t), where

EXAMPLE
1 h(t) = u () —u, (1), t =0.
From the definition of u _(r) in Eq. (1) we have
0—-0=0, 0<t<m,
ht)=31—-0=1, T <t <?2m,

1—1=0, 2T <t < 00,
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Thus the equation y = A(t) has the graph shown in Figure 6.3.3. This function can be
thought of as a rectangular pulse.

158 *r—

|
|
|
|
s |

2z 3 t

|
|
|
|
|
.
FIGURE 6.3.3 Graphof y = u_(1) —u,_(t).

The Laplace transform of u_ is easily determined:

Liu (1)} = [me'“uc(r) dt = ]ooe_” dt
0 <

= , 5> 0. (2)

For a given function f, defined for ¢ > 0, we will often want to consider the related
function g defined by

0, t<c,
y=g(r)={f(1_c)’ >0

which represents a translation of f a distance ¢ in the positive ¢ direction; see Figure
6.3.4. In terms of the unit step function we can write g(¢) in the convenient form

gW) =u () f(@—oc).

The unit step function is particularly important in transform use because of the fol-
lowing relation between the transform of f(¢) and that of its translation u_(¢) f (t — ¢).

Yy ¥

£(0) /\ o) 7/’\
|
(4

(@) ()

FIGURE 6.3.4 A translation of the given function. (@) y = f(#); (b) y = u (1) f(t — ¢).

Theorem 6.3.1 If F(s) = L{f(?)} exists for s > a = 0, and if ¢ is a positive constant, then

Liu ) [t —c)y =e “LIf()} =e “F(s), s > a. (3)
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EXAMPLE

2

Conversely, if f(t) = L7'{F(s))}, then
u, (1) f(t —c) = L™ {e " F(s)}. 4)

Theorem 6.3.1 simply states that the translation of () a distance ¢ in the positive ¢
direction corresponds to the multiplication of F(s) by e~ . To prove Theorem 6.3.1 it
is sufficient to compute the transform of u _(z) f (1 — ¢):

Ll —o) = [ et wsa—odr
0
=[me_5’f(t —¢) dt.

Introducing a new integration variable & =t — ¢, we have

Llu @) f(t —c)) = f e T f(E)dE = f e f(E)dE
0

0
=e “F($).

Thus Eq. (3) is established; Eq. (4) follows by taking the inverse transform of both
sides of Eq. (3).

A simple example of this theorem occurs if we take f(z) = 1. Recalling that £{1} =
1/s, we immediately have from Eq. (3) that L{u_(¢)} = e~ /5. This result agrees with
that of Eq. (2). Examples 2 and 3 illustrate further how Theorem 6.3.1 can be used in
the calculation of transforms and inverse transforms.

If the function f is defined by

F) = sint, 0=t <m/4,
T | sint + cos(z — m/4), t > m/4,

find £{ f (¢)}. The graph of y = f(¢) is shown in Figure 6.3.5.
Note that f(r) = sint + g(f), where

80 = { S&s(r —n/4), i ; iﬁj
Thus
et) = uﬂﬂ(n‘) cos(t — m/4),
and

L{f()) = Llsint} + L{unm(t) cos(t — m /4)}
= L{sint} + e ™" L{cost}.
Introducing the transforms of sin 7 and cos ¢, we obtain
§ 1+ g7 m/%
P+1 ol

You should compare this method with the calculation of L£{f(t)} directly from the
definition.

1
MN= ——— —wsf4
L@y = 5 +e
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EXAMPLE

3

Theorem 6.3.2

y
2
151
1l
0.5 |y = Sin £ + wyy(t)cos(z —Z)
|
I
L1 1 | | | L
05 % 1 15 2 25 \3 t

FIGURE 6.3.5 Graph of the function in Example 2.

Find the inverse transform of

1 — 8—25

5

From the linearity of the inverse transform we have

Fs)=

§

1 e
f(r)=£"{F(S)}=E"{—o}—ﬁ"l 3 }
o2 2
=1 —u,()t—2).
The function f may also be written as

t, 0<t<?2,
f(”‘{z, t=>2.

The following theorem contains another very useful property of Laplace transforms
that is somewhat analogous to that given in Theorem 6.3.1.

If F(s) = L{f ()} exists for s > a > 0, and if ¢ is a constant, then

L{e” f(1)) = F(s —¢), §>a+c. 5)
Conversely, if f (1) = £L™{F(s)}, then
e (1) =L YF(s — o). (6)

According to Theorem 6.3.2, multiplication of f (1) by e results in a translation of
the transform F(s) a distance ¢ in the positive s direction, and conversely. The proof
of this theorem requires merely the evaluation of L{e“" £ (¢)}. Thus

Lie” f()) = f e e f(t) dt = f e TN f () dt
0 0
=F(s—c),
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EXAMPLE

4

PROBLEMS

which is Eq. (5). The restriction s > a + ¢ follows from the observation that, according
to hypothesis (ii) of Theorem 6.1.2, | ()| < Ke“; hence |e f(1)] < Ke'**" . Equa-
tion (6) follows by taking the inverse transform of Eq. (5), and the proof is complete.

The principal application of Theorem 6.3.2 is in the evaluation of certain inverse
transforms, as illustrated by Example 4.

Find the inverse transform of

Gl§) = 5———.
) §*—4s+5
By completing the square in the denominator we can write

G(s) = = F(s —2),

(s—2%+1
where F(s) = (s> + 1)~L. Since E"{F(S)} = sint, it follows from Theorem 6.3.2
that

g() = L7HG(5)) = € sint.

The results of this section are often useful in solving differential equations, partic-
ularly those having discontinuous forcing functions. The next section is devoted to
examples illustrating this fact.

In each of Problems 1 through 6 sketch the graph of the given function on the interval ¢ = 0.
Loowy (1) + 2u5(t) — 6u, (1) 20 (1= 3uy(r) — (t — 2uy(t)
3. f(t—mu (), where f(t)= t? 4. f(r—3)uy(t), where f(r) =sint
5. ft = Duylr), where f(t) =2t
6. f(1) = (t — Du (1) — 20t — 2)u, (1) + (t — 3)uy(t)

In each of Problems 7 through 12 find the Laplace transform of the given function.

0, <2 _] 0, r<=1
7. ﬂ-‘)‘l(z—z)z, (>2 8. f(‘)‘|;2—21+2, (>1
0, t=m
9. f(n= t—, 7 <t<2m 10, f(t) = u (8) + 2uy(t) — 6u,(r)
0, I >2m
1. f(1) = (t — 3uy(t) — (1 — 2uy (1) 2. f=t—u@@—-1), >0
In each of Problems 13 through 18 find the inverse Laplace transform of the given function.
31 e
13. F(s)= 14, F(s) = ——
) (s —2* ) s+s—2
2s — 1)e™™ 2%
15, F(s) = 54— 16. F(s) =
®) s2—2¢ +2 ) s —4
— D)~ -5 =25 __ -3 s
17 F(s) = =2 18, P()= o te —e e

57 —45+3 s
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19. Suppose that F(s) = L£{ (1)} exists fors > a = 0.
(a) Show that if ¢ is a positive constant, then

cipeny==F(2).  s>ea








































































