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Investigate the character of the critical points using the sufﬁciencyc:
tions. Find the second-order partial derivatives of the function 4: 7 -

0%u 0 . 0% ]
5;:——2!/, W—Q—QX_Q!/, Wz— —2x.

2 2,
At the point M; (0,0 we have A=a—£—O;B= iu

oxt

AC—B?= g2, Hence, at.the point M,
4 minimum. At the point M, (0, a) we have

o=
AC—B2= —a?< ().

Which means that at the point M, there is neither 4 maximum nor am
mum. At the point M; (a, 0) we have A=0, B= —a, C=—29q:

AC—B2= g2
At M, too there is neither a maximum nor a minimum. At the

2a a

a a . e 2a
M, 3 ?) we have A_——B—, B_~§, C--—g,

2 2
AC_32=4%_59~ >0 A< Q.
Hence, at M, we have a maximum.

SEC. 18. MAXIMUM AND MINIMUM OF A FUNCTION ;
OF SEVERAL VARIABLES RELATED BY GIVEN EQUATIONS |
(CONDITIONAL MAXIMA AND MINIMA)

In many maximum and minimum
extrema of a function of several variab]
dent, but are related to opne another
example, they must satisfy given equations).

By way of illustration "let s consider the fol]
Using a piece of tin 9g i i
box in the form

Denote the length, width a
The problem reduces to findin

U =xyz

provided that 2xy+2xz-|—2yz=2a. _
a conditional extremum: the variables , Y, z are restricted by
condition that 2xy—l—2xz+2yz=2a. In this section we shall ¢
sider methods of solving such problerms.

Let us first consjder the question of the conditional
of a function of two variables if these variables are restricte
a single condition. 4



Variables

oints using the sufficiency cop
es of the function u:

0%
Zy, (9__[/22 ~—2x.
2
(72
A="a—-x2— —2a,

0.

either a maximum nor a m
B=—qa, C=—2a:

M OF A FUNCTION
BY GIVEN EQUATIONS

ID MINIMA)

Vlems, one has to find #h
les that are not indeper
by side conditions (fo

ns).

T the following probl
:quired to build a clo
1aximum volume.

of the box by x, y, and
imum of the function

problem here deals
Y, z are restricted by 1
his section we shall co

1e conditional extremt
wrriables are restricted

0% :
N7
um

0% —0a
oxdy ~ '
there is neither a maxim

2 2
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"Let it be required to find the maxima and minima of the func-
tion

u=f(x, y) (1)
- with the proviso that x and y are connected by the equation
| ¢ (x, y)=0. @)

Given condition (2), of the two variables x and y there will be
only one which is independent (for instance, x) since y is deter-
mined from (2) as a function of x. If we solved equation (2) for
y and put into (I) the expression found in place of y, we would
obtain a function of one variable, x, and would reduce the prob-
lem to onme that would involve finding the maximum and minimum
of a function of one independent variable, x.

But the problem may be solved without solving equation (2) for
v or y. For those values of x at which the function « can have
¢ @ maximum or minimum, the derivative of u with respect to x

du_ o, of dy
dx~ 0x " dydx *

Hence, at the points of the extremum

of | Ofdy_
5t or =0 3)

Tom equation (2) we find

dp , dpdy
5% tTa,a: =0

4)

S Squality is satisfied for all x and y that satisfy equation (2)
Sec. 11 Ch, VIII). | :

Multiplying the terms of (4) by an (as yet) undetermined coef-
Gent & and adding them to fhe corresponding terms of (3),

€ have

(%"‘7”%0)4“(%"‘*%?)%:& (5)

quality is fulfilled at all extremum points. Choose A
or thg values of x and y which correspond to the ‘extre-

€ latter e
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aum of the function u, the second parentheses in () should vanish

of 0P __
But then, for these values of x and y, from (5) we have
of op __

[t thus turns out that at the extremum points three equati
(with three unknowns x, y, ) are satisfied: ‘
of 0P __
of 99 _
57'1* ?vgg—, =0,
¢ (x, y)=0.

From these equations determine x, y, and A; the latter only play
an auxiliary role and will not be needed any more. '
From this conclusion it follows that equations (6) are necess;
conditions of a conditional extremum; or equations (6) are satisf
at the extremum points. But there will not be a conditional ex
mum for every x and y (and }) that satisfy equations (6). A _
plementary investigation of the nature of the critical point m th
uired. In the solution of concrete problems it is sometimes :
sible to establish the character of the critical point from
statement of the problem. It will.be noted that the left-hand si
ol equations (6) are partial derivatives of the function '

F(X: Y, }’):f(x’ EX)"}‘MP(X; y)

with respect to the variables x, y and A.

Thus, in order to find the values of x and y which satisy
dition (2), for which the function u=f(x, y) can have a ¢
{ional maximum or a conditional -minimum, one has to con
an auxiliary funetion (7), equate to zero its derivatives wi
spect to x, y, and A, and from the three equations (6)
obtained determine the sought-for x, y (and the auxiliary fact
The foregoing method can be extended to a study of the cond
al extremum of a function of any number of variables.

Let it be required to find the maxima and minima of a fun
of n variables, u=f(%,, %,-.., %,) provided that the var

*) For the sake of definiteness, we shall assume that at the critical

dp
@-;0.
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:ntheses in (5) should vanish;

=0.

'xl" X;, -++» %, are connected by m(m<<n) equations:

¢, (%, X%y ..., %,)=0,
(P2 ('xp xz, ey Xn)=07

........... . (8)

y, from (5) we have

=0.

. R In order to find the values of x,, x,, ..., x,, for which there
emum points three equatio may be conditional maxima and minima, one has to form the
itisfied: function

0, F(xx’ x;z' ceey Xy ?"1’ "‘7}"m)=f(x-n "':xn)'*‘}‘qq), (xlx ey xn)"f'
. ' : FAP, (s ooy X)) F AL, (-, X)),
O’ equate to zero its partial derivatives with respect to x,, x,, ..., x,:
: of ap, 0

| TR R, S,

and A; the latter only pla 6;‘ gx‘ 0,

:ded any more. a—f-- hl—%—}—...—)—k EL)’"r_—O,

it equations (6) are neces a2 0%, 7 0x, (9)

................

. or equations (6) are satis
ill not be a conditional ex
satisfy equations (6). A sij
e of the critical point is
roblems it is sometimes
the critical point from
1oted that the left-hand si
>s of the function :

+Ag (x, y)

cL N TR L S

52, 1 0x, ™ Ox, .

nd-from the m+n equations (8) and (9) determine x, x,, ..., x
and. the auxiliary unknowns A, ..., M. Just as in the case of a

tion of two variables, we shall, in the general case, leavé
ded the question of whether the function, for the values li
will have a maximum or minimum or will have neither. ||
Il decide this matter on the basis of additional reasoning. '

ample 1. Let us return to the probl inni
) ) ‘ e ) problem formulated at the beginning of
f x and y which satisfy ¢ tion: fo find the maximum of the function & g0

=f(x, y) can have a cofl v=xyz 4
nimum, one has to constr d that i
zero its derivatives with; XYy +xztyz—a=0 (x>0, y>0, z>0). (10)

1e three equations (6) t
(and the auxiliary factor,
| to a study of the conditid
nber of variables.

na and minima of a fun
provided that the wvari

the auxiliary function
i ‘:(“‘ﬁ >‘>= Fx, y, N =xyz+21 (xy + xz+ yz—a).
“SI‘ partial derivatives and equate them to zero:

yz+4-A(y +2)=0, }

xz+ M (x-2)==0,
xy +A(x+y)=0.

D}Oblem reduces t i
g o solving a system of four equations (10) and (Il
fowns (x, y, z and A). To solve this system, multiply the ﬁrst( o%

(11}

assume that at the critical p

e

e
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equations (11) by x, the second by y, the third by z, and add; takip

———4—————-—-, . | into account we find that }‘,:_352/2

Thus, if thefill | (11) we get N

b may be fougit yz [I-Zl (y—}-z)] =0,
exist, then.[g L ;

as\"m'ptote- i xz [l~—y(x+z)] =0,
“the i 2a

the

B N - = *T
J ('.'E :.l'-\.-\‘. CUT Y

Erample

Solutiot
zsymptote
T when

W Ren
“Theref
-9 Log

kel

X

w [1-3 (x+)] =o.

Since it is evident from the statement of the problem that g, Y, z are
rent from zero, we get from the latter equations '

3x, . 3y _ 3z _
5 WF2)=1, 5, ¥t+2)=1, 5, (x+y)=1
From the first two equations we find x=y, from the second and third equati

Y=z. But then from equation (10) we get x=p=7= %.This

only system of values of X, ¥, and z, for which there can be 3 maximum

minimum. )

It can be proved that the solut

is also evident pr

indicates that the volume of the box cannot be big without bound

therefore natural to expect that for some definite values of the si

“volume will be a maximum). ‘
Thus, for the volume of the box to be a maximum, the box must

cube, an edge of which is equal to T

Example 2. Dete
.of numbers x,, Xoy o .., X
ber a. Thus, the problem is stated as follows:

imum of the function y=— V¥ .. x, on the condition that
Htx4 . x,—a=0
7 (x1>0,x2>0,...,xn>0).
Form an auxiliary function:
Fea oo xp M= 1/2 2 40 G+ x4 ... 2y —a),
Find its partial derivatives:
I oxx, ..,

. x 1l u
F == £}+A=7x_,+l=o O = —n)x,,

Or u=—nhx,,

Or U= —nhAx,.




of Several Variables Singular Points of a Curve 305

y y, the third by 2 and add; l”kiﬁg,m the foregoing equations we find

bxyz . . - i o
Sq putting this value of A into equa gy =y . =X
3y . from equation (I12) we have
—— z2 =\, "f
5 W ):\ LA
i n
W (xra)| = ., ~
2a ’ APy the meaning of the problem these values yield a maximum of the
3% (A+l/)] 0 "",,ction WETRNE > equal to %,
2a S Thus, for any positive numbers x,, x
: A CTS Xy, X3y coen X connected by the relation-
e Y Y =a, the inequility y fon
sment of the problem that x. y, 2 arefl pr g inequality
latter equations 2 n a
Xy oon Xp < ‘ (13)

4 (xt2)=1, 2 etp=1.

2
from the second and third eq_‘;;';tion)‘ Now substituting info (13) the value of a obtained from (12), we gel

nd x=y,
10) we get x=y=z= 1/5.”[11?17“ -
(10) gel ¥ Y 3 WERS Pt b ol
nd z, for which there can be a maxig n (14)
#fis inequality holds for all positive numbers x;, X,, ..., x,. The expression

tion obtained yields a maximum. Incidegthe left-hand side of i ;
tical reasoning (the statement of thejs, the geometric m‘;aélzlo)f 1ssecvaelr1:]d tl‘é}ziégeometrwbmea@ of these numbers.
the box canmot be big without boun‘(};r arithmetic mean positive numbers is not greater than
2t for some definite values of the sif )

box to be a maximum, the box misk SEC. 19. SINGULAR POINTS OF A CURVE

a e

to 5 Ailhe concept ; ot

3 o pt of a partial derivative is used in i G nti
aximum value of the nth root of af o in investigating

‘jed that their sum is equal to a giy .et a curve be given by the equation
F(x’ y)=0

‘ed as follows: it is required to find g
x, on the condition that :
#'he slope of
Tl P the tangent to the curve is determined Irom the

b
,;.I;

L
+...—|—x,,—a=0
, X%, >0, ..., x,>0).

oF

X .- P N R s Z_!Jz_ja_;
. x oF
dy

5 zecé 11, Ch. VIII).
given point M (x, y) of the c;rve under consideration
F 1

1 u
n_ — — — = = e—
-1+9” . xl—l A=0or u nhxy,

o e — i t > 0l the partial derivatives = and %—S does not vanish,
at this i : dy dx .
point either —= ord—; is completely determined. The

F(x, )= :
(%, ¥)=0 has a very definite line tangent at this point.

€
his case. :
» the point M (x, y) is called an ordinary point.

or u=—nhiy

ulfilled (since it 2 i '
(since it has already been proved that — Is the maximum of this

i A e rer e
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