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Teorell instability in concentration polarization
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We investigate the development of electro-osmotic (Teorell) oscillations at a weakly charged microporous
membrane without a preimposed transmembrane electrolyte concentration drop. This drop, necessary for the
occurrence of oscillations, develops spontaneously as a result of concentration polarization in the solution layers
adjacent to the membrane. A three-layer model comprising a membrane flanked by two diffusion layers is
proposed and analyzed for galvano- and potentiostatic regimes of operation.
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I. INTRODUCTION

Spontaneous breakdown of steady state of unknown origin
and appearance of periodic or chaotic oscillations in ion
exchange membrane systems has been known for a long time
[1–4]. Those are electrodiffusion systems strongly dissipative
in their nature and apparently devoid of any inertia or autocat-
alytic reaction elements commonly responsible for the occur-
rence of oscillations. Recently, these issues became the subject
of a renewed interest, mainly by theorists in the micro- and
nanofluidic community in their study of hydrodynamic elec-
troconvective instabilities in concentration polarization (CP)
[5–9]. In these instabilities, studied in various formulations,
a one-dimensional (1D) conduction steady state breaks down
into a vortical flow, steady at the beginning, and oscillatory
or chaotic further on into the nonlinear regime. It appears
natural to ask whether electroconvective instabilities are the
only possible mechanisms for the 1D conduction steady-state
breakdown in these systems? In particular, is the breakdown of
1D symmetry, involved in these instabilities, truly necessary?
Electro-osmotic (EO) oscillations, discovered by Teorell in
1958 [10–13], provide an alternative. Although these oscil-
lations evolved on a time scale which is at least 1 order
of magnitude longer than that in the membrane systems
we were referring to above, this could be attributed to the
particularities of the experimental setup in which they were
studied. In addition, these oscillations required an external
imposing of a concentration drop across the system. This
appeared to be a too artificial and restrictive assumption
for the Teorell oscillations to constitute any sort of general
mechanism in charged membrane and related micro- and
nanofluidic systems. It is our purpose in this study to show that
external imposition of concentration drop is nonobligatory for
the occurrence of EO oscillations, with the necessary drops
developing spontaneously in the course of CP at a weakly
charged membrane.

To outline the essence of EO oscillations, let us consider
the following imaginary setup, mimicking the classical exper-
imental model of Teorell:

Let two vessels (vessel 1 and vessel 2) be connected through
a microporous filter (membrane) whose pore walls acquire a
weak negative charge on the matrix in an aqueous solution.
The vessels contain a binary electrolyte solution with equal
ionic diffusivities (e.g., KCl), at different concentrations C1 in
vessel 1 and C2 in vessel 2, respectively, C1 < C2. Vessel 1 is
wide open to the air, whereas vessel 2 possesses a manometer

tube so that the liquid elevation in it measures the hydrostatic
pressure difference between the vessels. Both vessels contain
large working electrodes that allow a prolonged galvanostatic
passage of a dc current from vessel 1 with low concentration
to vessel 2 with high concentration. Both vessels are supplied
with small test electrodes to measure the voltage drop on the
filter. Concentrations in both vessels are assumed constant
in the course of the experiment; the osmotic pressure and
membrane potential are negligible. Thus, at zero current,
the voltage drop on the membrane is negligible and so is
the pressure drop between the two vessels. The experiment
consists of passing an increasing sequence of dc currents
(galvanostatic operation), with small increments and long
waiting times between the subsequent current values, while
observing for each value of current the evolution in time of the
voltage and hydrostatic pressure.

In brief, the observed phenomenology is as follows. Below
some current threshold I 0, I < I 0, the system approaches
each new voltage monotonically in time. For currents in the
range between I 0 and another critical value I c, the system
still approaches a steady state but this time via a decaying
oscillation. For currents above this second threshold, I > Ic,
the system does not approach any steady state at all: the
hydrostatic pressure and voltage drop oscillate; not far above
this threshold, the oscillations attain a sawlike character typical
of relaxation oscillations with amplitude dependent on the
increment of the current above the critical value. The essence
of these oscillations is the alternating avalanchelike invasion
of the membrane by a low- and high-concentration solution.

Teorell proposed a simple model of this phenomenon
in terms of a system of ordinary differential and algebraic
equations for the lumped system’s characteristics: electrical
resistance of the transmembrane voltage and pressure drop.
In this model, Teorell postulated the transmembrane solution
flow as a superposition of a D’Arcy component proportional
to the transmembrane pressure drop, and of an electro-osmotic
component proportional to the transmembrane voltage drop.
In addition, Teorell postulated a linear relaxation of the
instantaneous electrical resistance of the membrane to its
steady-state value dependent on the transmembrane flow rate.
Subsequently, electro-osmotic oscillations were modeled by
several authors. Thus, Aranow [14] proposed a continuum
model in terms of irreversible thermodynamics. Linear sta-
bility analysis of this model predicted the transmembrane
pressure and voltage oscillations for currents above a certain
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threshold. Kobatake and Fujita [15–17] assumed instantaneous
relaxation of the resistance to its stationary value, while
introducing instead, in order to preserve the overall order of
the model system, some small mechanical inertia of the liquid
in the manometer tube. Meares and Page took up this approach
in their detailed experimental study of the Teorell oscillations
phenomenon, employing a Nuclepore filter with well-defined
uniform pores [18–20]. A purely dissipative inertialess model
of electro-osmotic oscillations proposed by Rubinstein [21]
provided a rational basis for the Teorell’s relaxation hypothesis
as a lumped counterpart of the diffusional solute concentration
relaxation in the membrane. Weakly nonlinear bifurcation
analysis of this model showed that while in the “lumped”
Teorell model the transition from quiescent conduction to
oscillations could occur through either sub- or supercritical
Hopf bifurcation, depending on the system parameters; in
the distributed model the instability of the quiescent state
is solely supercritical. This study was continued by Gedalin
[22], who investigated the development of a peculiar “French
duck” pattern on the way from the instability threshold to the
large-amplitude relaxation oscillations. Pastushenko [23,24]
noticed that the dependence of the electro-osmotic factor on the
solute concentration, already accounted for in Refs. [15–20],
allows for Teorell oscillations in the potentiostatic regime
(operation at a fixed voltage), in addition to the galvanostatic
operation explored in the previous studies.

Since a transmembrane concentration drop is necessary for
the occurrence of Teorell oscillations, it has been maintained
so far in the experiments and postulated in the models, where
it has been imposed in boundary conditions at the membrane-
solution interface. Our aim is to show that the required
concentration drop with a right sign (low concentration at the
current entrance to the membrane and high at its exit) can form
spontaneously as a result of ionic CP in the electrolyte layers
adjacent to the membrane.

The term ionic CP pertains to a complex of effects related
to the formation of concentration gradients in an electrolyte
solution adjacent to a permselective (charge-selective) surface
(an electrode, an ion exchange membrane, or an array
of nanochannels in a microfluidic system) upon the passage of
a dc current. CP is an expression of diffusion limitation of
ion transfer: solution is depleted upon the current entering the
membrane (and enriched upon its exit) so that the diffusion
influx of co-ions into the vicinity of the membrane would partly
compensate (fully, for a perfectly charge-selective membrane)
their electromigration outflux in the electric field. This is a
basic electrochemical transport phenomenon which has been
traditionally studied as a key element of the ion transfer
through an electrode or an ion exchange membrane [25–27].
More recently, there has been a surge in the interest in CP re-
lated to the developments in micronanofluidics. This renewed
interest roots in that fact that a nanochannel with overlapping
electric double layers at the channel sidewalls closely mimics
an ion exchange membrane so that most CP-related membrane
phenomena have their exact analogs in micronanofluidics
and vice versa [28–32]. Thus, the “desalination shock”—an
expanding zone of low electrolyte concentration in a shallow
microchannel adjacent to a nanochannel under the passage
of a dc current—has as its exact analog the “salt exclusion”
from a weakly charged ion exchange membrane adjacent to

a highly charged one of the same kind in the course of CP
[30–34]. Moreover, the electrolyte concentration gradients
resulting from CP combined with the electric field may induce
several electrokinetic effects, such as electrodiffusio-osmosis
and electrodiffusiophoresis, potentially useful for particle sep-
aration (e.g., DNA sequencing) in micronanofluidic systems
[35] and electrode and membrane coating [36,37].

In this study we generalize the local model [21] of Teorell
instability by accounting for the ionic CP effect in the diffusion
layers adjacent to a microporous membrane with a low but
non-negligible effective fixed charge. For this purpose we
replace the previous one-layer models by a three-layer model,
comprising two diffusion layers in addition to the microporous
filter layer with negatively charged pore walls. This filter is
equivalent to a weakly cation-selective (“leaky”) ion exchange
membrane with a fixed charge density N equal to the volume
average surface charge of filter pore walls. We show that due
to ionic CP a transmembrane concentration drop, sufficient
for the occurrence of electro-osmotic oscillations, develops
spontaneously in both galvano- and potentiostatic regimes of
operation.

In the galvanostatic regime a macroscopic “empty” region,
almost free of ions, may form and disappear in the course of
oscillations in the depleted diffusion layer near the membrane.
This region is similar to the extended space charge zone
which forms in the ionic CP at the limiting current (see [38]).
Mathematically, dynamics of the empty zone is described by
an evolutionary free boundary problem [39].

This paper is structured as follows. In Sec. II we present a
model for a three-layer 1D setup comprising a weakly charged
(leaky) cation exchange membrane flanked by two electrolyte
layers and solve it numerically for the galvanostatic regime in
situations where the empty zone does not form. Next, in Sec. III
we solve the free boundary problem, modeling the dynamics
of an empty zone. In Sec. IV we address the potentiostatic
regime: also in this case the CP allows for Teorell oscillations.
Finally, in Sec. V the conclusions are drawn.

II. GALVANOSTATIC OPERATION WITHOUT
THE ION-FREE REGIONS

To model the CP effect in Teorell instability, we consider
a three-layer system consisting of a leaky cation exchange
membrane of thickness L̃, separating two diffusion layers
(δ̃1 and δ̃2 wide) of a univalent binary electrolyte. Let these
diffusion layers be flanked by two stirred tanks with the same
electrolyte maintained at equal fixed concentration C̃1. We
confine our analysis to the 1D case, assuming all variations
in the x̃ direction only, with the x̃ axis directed normal to the
membrane-solution interface. Thus the membrane, occupying
the segment 0 < x̃ < L̃, is flanked by two diffusion layers
of electrolyte, occupying the segments −δ̃1 < x̃ < 0 and
L̃ < x̃ < L̃ + δ̃2 (see Fig. 1). Assuming for simplicity equal
ionic diffusivities D̃ for cations and anions, we write the
following mass conservation (Nernst-Plank) equations for the
dimensional ionic concentrations C̃+(x̃,t̃), C̃−(x̃,t̃), electric
potential ϕ̃(x̃,t̃), and the electrolyte flow velocity ṽ:

C̃±
t̃

= −j̃±
x̃ , (1)
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FIG. 1. Sketch of the three-layer setup.

where the lower indices mean derivatives in respect to the
corresponding variables, and the ionic fluxes j̃+ and j̃− are

j̃± = ṽC̃± − D̃

(
C̃±

x̃ ± F

RT
C̃±ϕ̃x̃

)
, (2)

and the coefficients F , R, T , are the Faraday number,
ideal gas constant, and absolute temperature, respectively.
Assuming local electroneutrality in the diffusion layers and
the membrane, we obtain

C̃ = C̃− = C̃+, − δ̃1 < x̃ < 0, L̃ < x̃ < L̃ + δ̃2, (3)

C̃ = C̃− = C̃+ − Ñ

F
, 0 < x̃ < L̃. (4)

Here Ñ > 0 is the effective fixed charge density in the
membrane.

For simplicity, we disregard the flow in the diffusion layers,
whereas in the membrane we assume it to be determined
by the pressure and electric potential gradients through the
generalized D’Arcy law of the form

ṽ = −λ̃P̃x̃(x̃,t̃) − ω̃ϕ̃x̃(x̃,t̃). (5)

Here

λ̃ = r2

8μ
and ω̃ = dζ

4πμ
(6)

are the hydrostatic permeability (λ̃) and the electro-osmotic
coefficient (ω̃), r is the typical radius of the filter pore, μ is
the dynamic viscosity of the fluid, d is the dielectric constant
of the fluid, and ζ is the zeta potential—the electric potential
drop between the pore wall and the solution assumed constant
for simplicity. The first relation in (6) results from assuming a
Poiseille flow in a pore and the second one is the Helmholtz-
Smoluchowski expression for the electro-osmotic factor [40].
Incompressibility of the solution yields

ṽ = ṽ(t̃). (7)

The system (1)–(7) is supplemented by the following
boundary and interface conditions:

C̃±(−δ̃1,t̃) = C̃±(L̃ + δ̃2,t̃) = C̃1, (8)

ϕ̃(L̃ + δ̃2,t̃) = 0, P̃ (0,t̃) = 0, (9)

P̃t̃ (L̃,t̃) = ṽ(t̃)
πr2N0Ss

Sm

ρg, (10)

D̃

(
C̃±

x̃ ± F

RT
C̃±ϕ̃x̃

)∣∣∣∣
x̃=0−

=
[
D̃

(
C̃±

x̃ ± F

RT
C̃±ϕ̃x̃

)
− ṽC̃±

]∣∣∣∣
x̃=0+

, (11)

[
D̃

(
C̃±

x̃ ± F

RT
C̃±ϕ̃x̃

)
− ṽC̃±

]∣∣∣∣
x̃=L̃−

= D̃

(
C̃±

x̃ ± F

RT
C̃±ϕ̃x̃

)∣∣∣∣
x̃=L̃+

, (12)

(RT ln C̃± ± F ϕ̃)|x̃=0− = (RT lnC̃± ± F ϕ̃)|x̃=0+, (13)

(RT ln C̃± ± F ϕ̃)|x̃=L̃− = (RT lnC̃± ± F ϕ̃)|x̃=L̃+. (14)

Conditions (8) state that at the outer edges of the diffusion
layers the electrolyte concentrations are equal to the stirred
bulk concentration C̃1. Conditions (9) fix the electric potential
at the right edge of the system and the pressure at the left
edge of the filter at zero reference level. Condition (10) is the
mass balance equation written for the manometer tube, with
Ss being the membrane surface area, N0 the average number
of pores per unit cross-sectional area of the membrane, Sm

the manometer cross section, ρ fluid density, and g gravity
acceleration. Conditions (11) and (12) impose the continuity
of fluxes at the electrolyte-membrane interfaces x̃ = 0 and
x̃ = L̃, respectively, whereas (13) and (14) impose the conti-
nuity of the electrochemical potentials at these interfaces.

Adding and subtracting the mass conservation equations (1)
for the two ionic species yields, upon using (2) and applying
the electroneutrality conditions (3), (4), the following:

C̃t̃ = D̃

[
C̃x̃ − Ñ

2RT
ϕ̃x̃

]
x̃

− ṽC̃x̃ , 0 < x̃ < L̃,

(15)
C̃t̃ = D̃C̃x̃x̃ , − δ̃1 < x̃ < 0, L̃ < x̃ < L̃ + δ̃2;

D̃

[
F

RT

(
C̃ + Ñ

2F

)
ϕ̃x̃

]
x̃

= 0, 0 < x̃ < L̃,

(16)
D̃F

RT
(C̃ϕ̃x̃)x̃ = 0, − δ̃1 < x̃ < 0, L̃ < x̃ < L̃ + δ̃2.

Upon integration, Eqs. (16) yield,

D̃
F 2

RT

(
C̃ + Ñ

2F

)
ϕ̃x̃ − ṽ

Ñ

2
= − Ĩ

2
, 0 < x̃ < L̃,

D̃F 2

RT
C̃ϕ̃x̃ = − Ĩ

2
, − δ̃1 < x̃ < 0, L̃ < x̃ < L̃ + δ̃2.

(17)

Here Ĩ = F (j̃+ − j̃−) is the electric current density, the
control parameter in the galvanostatic regime.

It is convenient to introduce the following scaled dimen-
sionless variables (tilded notations are used for the dimen-
sional variables, as opposed to their untilded dimensionless
counterparts):

x = x̃

L̃
, δ1 = δ̃1

L̃
, δ2 = δ̃2

L̃
, C = C̃

C1
, ϕ = F

RT
ϕ̃,

t = t̃

t0
, N = Ñ

FC1
, P = P̃

P0
, v = ṽ

v0
. (18)

Following [21], the normalization factors v0, t0, and P0 are
chosen as follows. Substitution of (5) and (6) into (10) yields,
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taking into account (18),

8SmLμ

πr4N0Ssρgt0

dP (1,t)

dt

= −P (1,t) − 2RT

πr2F

dς

P0
[ϕ(1,t) − ϕ(0,t)], (19)

and t0 is chosen so as to make unity the coefficient of Pt in
(19),

t0 = 8μSmL

πr4N0Ssρg
. (20)

This relates the dimensionless electro-osmotic factor ω,
defined from (19), as

ω = 2RT

πr2F

dς

P0
(21)

to the still undefined pressure scale, P0. This latter is related
to the velocity scale v0 through Eq. (10), which yields

SmP0

πr2N0Ssρgv0t0

dP (1,t)

dt
= v. (22)

Making unity the coefficient of Pt in (22), and taking into
account (20), we obtain the following relation between velocity
and pressure scales in our system:

v0 = r2

8Lμ
P0. (23)

In order to specify v0 and P0, we rewrite the first of Eqs. (15)
in terms of dimensionless variables, yielding

Ct = t0D̃

L2

[
Cx − N

2
ϕx

]
x

− t0v0

L
vCx. (24)

We fix v0 by setting unity the coefficient t0v0/L in the right-
hand side of Eq. (24), which implies that t0 as defined by
Eq. (20) is the convective time scale in our system. This yields,
taking into account Eqs. (20), (21), and (23),

v0 = πr4N0Ssρg

8μSm

(25)

and

P0 = πr2N0SsLρg

Sm

, ω = 2SmdζRT

π2r4N0SsρgLF
. (26)

For

r = 10−4 cm, L = 10−2 cm, ς = 10−2 V,

μ = 10−2 g/cm s, N0 = 107 cm−1,

d = 80, Sm = 0.1 cm2, Ss = 0.5 cm2,

D̃ = 10−5 cm2/s, g = 103 cm2/s, ρ = 1 g/cm3,

Eqs. (20) and (25) yield t0 ≈ 50s and v0 ≈ 2×10−4cm/s,
which is a time scale about 1 order of magnitude longer and a
velocity lower than the typical microfluidic values. Neverthe-
less, this situation may easily change and the corresponding
scales start to overlap under a suitable parameter change.

The normalized diffusivity and the electric current density
are defined as

D = t0D̃

L2
= 8μSmD̃

πr4N0SsLρg
, (27)

I = L

FD̃C1
Ĩ . (28)

Thus, in dimensionless variables the problem to be analyzed
is described by the equations

Ct = D

[
Cx + N

2
ϕx

]
x

− vCx, 0 < x < 1,

(29)
Ct = DCxx, − δ1 < x < 0, 1 < x < 1 + δ2;

(
C + N

2

)
ϕx − N

2D
v = −I

2
, 0 < x < 1,

(30)

Cϕx = −I

2
, − δ1 < x < 0, 1 < x < 1 + δ2;

v(t) = −Px − ωϕx, 0 < x < 1, (31)

with the following boundary and interface conditions:

C(−δ1,t) = C(1 + δ2,t) = 1, (32)

ϕ(1 + δ2,t) = 0, (33)

P (0,t) = 0, (34)

Pt (1,t) = v(t), (35)

D (Cx+Cϕx)|x=0− = {D(Cx+[C+N ]ϕx)−v[C+N ]}|x=0+,

D (Cx − Cϕx)|x=0− = [D(Cx − Cϕx) − vC]|x=0+; (36)

{D(Cx + [C+N ]ϕx)−v[C+N ]}|x=1− = D(Cx + Cϕx)|x=1+,

[D(Cx − Cϕx) − vC]|x=1− = D(Cx − Cϕx)|x=1+;

(37)

(lnC + ϕ)|x=0− = (ln[C + N ] + ϕ)|x=0+,

(lnC − ϕ)|x=0− = (lnC − ϕ)|x=0+; (38)

(ln[C + N ] + ϕ)|x=1− = (lnC + ϕ)|x=1+,
(39)

(lnC − ϕ)|x=1− = (lnC − ϕ)|x=1+.

The three-layer models of this type constitute a standard
study tool in membrane electrochemistry and theory of elec-
trokinetic phenomena at charge-selective interfaces [9,41–43].
To solve the problem (29)–(39) numerically we exclude the
electric potential in the membrane, 0 < x < 1, by expressing
ϕx from the first of Eqs. (30) as

ϕx = − DI − Nv

D(2C + N )
, 0 < x < 1, (40)

and substituting it into the first of Eqs. (29). This yields

Ct = D

(
Cx − DNI − N2v

2D(2C + N )

)
x

− vCx, 0 < x < 1.

(41)
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Furthermore, integration of (40) and (31) over the segment
0 < x < 1 yields, taking into account the condition (34):

ϕ(1 − ,t) − ϕ(0 + ,t) = − (DI − Nv)

D

∫ 1

0

dx

2C + N
, (42)

v(t) = −P (1,t) − ω[ϕ(1 − ,t) − ϕ(0 + ,t)]. (43)

Note that P (1,t) is the pressure drop across the membrane.
Substituting (42) into (43) yields for the flow rate through the
membrane

v(t) =
−P (1,t) + ωI

∫ 1
0

dx
2C(x,t)+N

1 + ωN
D

∫ 1
0

dx
2C(x,t)+N

. (44)

To exclude the potential from the boundary conditions, we add
the ionic fluxes in (36) and (37), take (40) into account, and
obtain

D

(
Cx(0 − ,t) − Cx(0 + ,t) + DNI − N2v

2D[2C(0 + ,t) + N]

)

= −v

(
C(0 + ,t) + N

2

)
, (45)

D

(
Cx(1 − ,t) − Cx(1 + ,t) − DNI − N2v

2D[2C(1 − ,t) + N]

)

= v

(
C(1 − ,t) + N

2

)
. (46)

Finally, the continuity of the electrochemical potentials μ+ =
ln C+ + ϕ and μ− = ln C− − ϕ across the electrical double
layers (EDLs) at the electrolyte-membrane interface, Eqs. (38)
and (39), yields for the interface concentrations

C(0 + ,t) = −N

2
+

√
N2

4
+ C2(0 − ,t), (47)

C(1 + ,t) =
√

C2(1 − ,t) + NC(1 − ,t). (48)

Thus, our model is reduced to the following system of integro-
differential equations:

Ct +
[(

1 + N2

(2C + N )2

)
v − DNI

(2C + N )2

]
Cx

= DCxx, 0 < x < 1, (49)

Ct = DCxx, − δ1 < x < 0, 1 < x < 1 + δ2;

Pt (1,t) = v(t), v = −P (1,t) + ωI
∫ 1

0
dx

2C+N

1 + ωN
D

∫ 1
0

dx
2C+N

, (50)

supplemented by the boundary and interface conditions

C(−δ1,t) = C(1 + δ2,t) = 1, (51)

D

(
Cx(0 − ,t) − Cx(0 + ,t) + DNI − N2v

2D[2C(0 + ,t) + N]

)

= −v

(
C(0 + ,t) + N

2

)
, (52)

D

(
Cx(1 − ,t) − Cx(1 + ,t) − DNI − N2v

2D[2C(1 − ,t) + N]

)

= v

(
C(1 − ,t) + N

2

)
, (53)

C(0 + ,t) = −N

2
+

√
N2

4
+ C2(0 − ,t),

(54)
C(1 + ,t) =

√
C2(1 − ,t) + NC(1 − ,t).

The problem (49)–(54) was solved numerically by the
method of lines [44–46] using a finite difference approxima-
tion in space on a nonuniform grid; the integral balance method
was employed to obtain an accurate approximation of the
interface conditions. Significant mesh refinement was needed
near the depleted interface (x = 0) to represent the strong
concentration variation in the membrane [42]. The first-order
derivative in the diffusion equation for the membrane was
approximated by a three-point finite difference formula, which
reduces to the central difference for a uniform mesh. The
integral in (50) was approximated using the trapezoidal rule. To
integrate the semidiscretized equations in time we employed
a standard solver for stiff ODE problems, ODE15S, from the
MATLAB ODE suite [47]; this solver enabled us to control the
accuracy of integration.

For thin diffusion layers and unequal bulk concentrations,
our results agreed well with those obtained analytically for
the one-layer model in [21]. For equal bulk concentrations
and significant diffusion layers, the generalized three-layer
model demonstrated the appearance of Teorell instability
owing to the CP effect. Our results may be summarized as
follows:

For currents not exceeding some lower threshold value I a ,
the system, starting from an initial condition close to the calcu-
lated steady state P = P0, ϕ = ϕ0, v = 0, C = C0(x),
approaches this steady state monotonically in time.

For currents in the range I a < I < Ic, I c being another
threshold which we call critical, the system still approaches
the steady state but, this time, through damped oscillations
(Fig. 2, top).

For currents just above the critical value I c the oscillations
set on (see Fig. 2, middle); the oscillation amplitude increases
with current increments above the threshold value. We note
the nice elliptic shape of the limit cycle, corresponding to
harmonic oscillations right above the threshold. Upon a further
increase of current, in a narrow range I c < I < Ib, where I b

is another threshold value, these oscillations transform into
large-amplitude nonlinear relaxation oscillations. Transition to
this regime occurs through the nonlinear French duck pattern
(Fig. 2, bottom) studied previously in the Teorell oscillations
context by Gedalin [22].

For currents above I b, a macroscopic empty region, almost
free of ions (C = 0), appears and disappears in the course
of oscillations near the interface in the depleted diffusion
layer. Since the salt concentration in such a region approaches
zero, the potential drop across it tends to infinity. Mathemat-
ically, the dynamics of an empty zone is described by the
evolutionary free boundary problem addressed in the next
section.
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FIG. 2. (Color online) In the vicinity of bifurcation. Oscillations of the main variables (left) and phase trajectories (right) for δ1 = 1,δ2 = 1,

N = 0.3,D = 1, ω = 1, and three different currents: top–subcritical (I = 22.6 < Ic), middle–critical (I c = 22.82), and bottom–slightly
supercritical (I = 22.9 > Ic).

III. ION-FREE ZONES IN THE GALVANOSTATIC REGIME

In the galvanostatic regime the ion concentration in the
depleted diffusion layer can drop to zero; this happens first near
the layer/membrane interface, x = 0−. In this case an ion-free
zone propagating inside the diffusion layer appears. The model
described in the previous section becomes inapplicable; it is

necessary to solve a new problem with C(x,t) = 0 for −δ1 <

S(t) � x � 0, where x = S(t) is the free boundary which
appears at x = 0 when the decreasing concentration C(0 − ,t)
reaches zero. In the course of an oscillation, the empty zone
propagation slows down and then the free boundary movement
reverses. The empty zone shrinks completely as S(t) returns
back to zero; at this moment C(0 − ,t) starts to grow and one
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FIG. 3. (Color online) Nonlinear oscillations regime: left–I = 24 > Ib, right–I = 30. (a) v, P0, and φ0; (b) the membrane resistance R(t);
(c) C(0 + ,t), C(1 − ,t), and concentration drop on the membrane, �CM ; (d) phase trajectories. Here δ1 = 1,δ2 = 1,N = 0.3,D = 1, and
ω = 1.
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FIG. 4. Oscillations of concentration in the depleted diffusion
layer accompanied by periodic formation and shrinking of the empty
zone; δ1 = 1, δ2 = 1, N = 0.3, D = 1, and I = 30 > Ib.

should switch to solving the problem (49)–(54) without the free
boundary again. This was the approach we employed to model
the Teorell oscillations for I > Ib. We will now describe the
free boundary problem.

In the depleted layer −δ1 < x < 0, the free boundary
problem reads

Ct = DCxx, − δ1 < x < S(t) � 0, t > 0, (55)

C(x,t) ≡ 0, S(t) � x � 0, t > 0, (56)

C(−δ1,t) = 1. (57)

Since C(x,t) = 0 for S(t) � x � 0, the additional condition
at the free boundary is the equality of ionic fluxes j± into and
out of the empty zone. Adding the fluxes from the depleted
diffusion layer through the free boundary x = S(t) and also

into the membrane at x = 0+ yields, respectively,
j+ + j− = 2Cx(S − ,t), (58)

j+ + j− = 2Cx(0 + ,t) + Nϕx(0 + ,t) − N

D
v(t). (59)

Furthermore, at x = 0+, the first equation in (30) reduces to

Nϕx(0 + ,t) − Nv(t)/D = −I. (60)

Finally, combining (58), (59), and (60) yields the lacking
condition,

Cx(S − ,t) = Cx(0 + ,t) − I/2. (61)

In the membrane, 0 < x < 1, and the enriched diffusion
layer, 1 < x < 1 + δ2, the equations, boundary, and interface
conditions remain unchanged with one exception: in the
presence of an empty zone the concentration C(0 + ,t) = 0.
While such a zone exists, this concentration is known and the
problem for x > 0 can be considered (and spatially discretized)
independently of the free boundary problem (55)–(57), (61).
The latter problem is related to the former one via the boundary
condition (61) and was also discretized in space using a finite
difference scheme; the integral balance method was employed
to take the free boundary conditions into account and to predict
the position of the free boundary at each time moment.

The two problems were solved simultaneously using the
method of lines and the same ODE15S solver for stiff ODE prob-
lems. Switching from the fixed-boundary three-layer problem
approximation to that for the problem with an empty region and
back was, in our program, done automatically depending on
C(0 − ,t). Our numerical scheme for the free boundary prob-
lem (55)–(57), (61) was tested for a given Cx(S − ,t) = f (t)
on problems with known analytical solutions; the convergence
observed in these numerical experiments was of the order of
�x1.6, where �x is the spatial discretization step.

The simulated oscillations, accompanied by periodic ap-
pearance and disappearance of an empty zone, are depicted in
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FIG. 5. Bifurcation diagram for δ1 = 1, δ2 = 10, and D = 1. (a) v–amplitude versus I in the galvanostatic regime for N = 0.5(1) and
N = 1(2). Inset: the minimum value of C(0 + ,t) versus I for the same N ; the black squares stand for I c. (b) v–amplitude versus V in the
potentiostatic regime for N = 0.3(1) and N = 0.5(2). Inset: the minimum value of C(0 + ,t) versus V for the same N ; the black squares stand
for V c.
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Figs. 3 and 4. Occurrence of the empty zone depends on the
direction and magnitude of the flow rate: this zone forms for a
sufficiently large positive flow rate (in the same direction as the
electric current). The flow velocity v is determined by the two
counteracting driving forces [see Eq. (43)] in the system, the
electric potential difference across the membrane φ, and the

hydrostatic pressure drop, P (1,t) [see Fig. 3(a)]. The former
is determined by membrane resistance,

R(t) =
∫ 1

0

dx

2C(x,t) + N
, (62)
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N = 0.3,D = 1, and ω = 1. The applied voltages are: top–subcritical (V = 179 < V c), middle–critical (V c = 180.35), bottom–slightly
supercritical (V = 182 > V c).
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whose variations correspond to alternating invasion of the
membrane by concentrated and diluted solution depending
on the sign of v, as plotted in Figs. 3(a) and 3(b). We note
the “sharpness” of the top (positive) peaks compared with the
bottom (negative) ones in the v and φ plots. The increase of
the current I results in an even sharper top peaks together with
the increase of the frequency and amplitude of the oscillations.

The signatures of empty zones are the inflections (“steps”) in
the v, R, and φ time plots and the phase trajectory (see Fig. 3).
With growth of the empty zone upon the increase of current
(Fig. 3, right) these signatures become more pronounced.

As opposed to the previous models of Teorell instability
with fixed concentrations at two edges of the membrane,
C(0 + ,t) and C(1 − ,t), in our model the transmembrane
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FIG. 7. (Color online) Nonlinear oscillations regime: left–V = 190 > V c, right–V = 210. Shown are (a) v, P , and φ; (b) current I (t); (c)
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concentration drop, �CM = C(1 − ,t) − C(0 + ,t), in the
steady state controlled by I , N , and the width of diffusion
layers, varies with time [Fig. 3(c)] along with the flow rate
and the transmembrane potential drop. The amplitude of this
variation attains its maximum during the formation of the
empty zone when the oscillations stabilize.

The sharp top peaks in these oscillations reflect the
appearance of a new short time scale related to a low interface
concentration, C(0 + ,t) [Fig. 3(c)]. C(0 + ,t) approaching
zero yields an increase of the “electroconvective” flux in the
membrane [see (49)]. In the presence of an empty zone, this
term reduces to (2v − DI/N )Cx . Accordingly, the smaller the
N value, the shorter the time scale associated with this term,
resulting in ever-sharper “upper” peaks in the oscillations and a
singular character of bifurcation to them from the steady state

[Fig. 5(a)]. The bifurcation diagram is obtained by plotting
the maximum and minimum velocity as a function of current.
We note that oscillations arise solely through a supercritical
Hopf bifurcation of either singular (curve 1) or regular smooth
type (curve 2). Differently from the previous model [21,22],
in which the singularity of the bifurcation resulted from large
D only, in the current model the occurrence of singularity is
affected by additional parameters such as N and the width of
the diffusion layers. The occurrence of this singularity in the
bifurcation coincides with a sharp drop of C(0 + ,t). [See the
inset in Fig. 5(a), where we plot the minimum of C(0 + ,t)
versus I , with the black squares marking the critical current].
This singular transition, from the oscillations, harmonic at
the bifurcation, to the large-amplitude relaxation oscillations,
occurs through the nonlinear French duck pattern [22].

FIG. 8. Critical values of the current and voltage and also the derivative R′
s(0) versus N ; D = 1 and ω = 1. Top: the galvanostatic regime

(dashed line stands for I b for which the empty region forms). Bottom: the potentiostatic regime. Left: δ1 = 1, δ2 = 1; right: δ2 = 1, δ2 = 10.
Insets: the steady-state values (voltage in the galvanostatic, current in the potentiostatic regimes) and concentration drop �CM .
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IV. POTENTIOSTATIC OPERATION

In this section we study the Teorell instability in the
potentiostatic regime; now the control parameter is the voltage
drop across the system V and not the electric current:

ϕ(−δ1,t) = V. (63)

No ion-free zones forms in this case. To find the current I for
a given V , we represent the latter as the sum of the electric
potential drops across the membrane, the two diffusion layers,
and the Donnan jumps across the two membrane-solution
interfaces [see (38) and (39)]. Using (30), (38), (39), and (54)
we obtain

I =
(
V − 1

2
ln

C(1 − ,t)[C(0 + ,t) + N ]

C(0 + ,t)[C(1 − ,t)+N ]
− NP (1,t)R(t)

D+ωNR(t)

)/

(∫ 0−

−δ1

dx

2C
+ R(t) +

∫ 1+δ2

1+

dx

2C
− NωR2(t)

D + ωNR(t)

)
,

(64)

where R(t) is the electrical resistance of the membrane
[Eq. (62)].

The numerical solution for the potentiostatic regime is
similar to that in Sec. II. The results (Figs. 6 and 7) resemble
those in the galvanostatic regime without the empty zones.

We note that also in the potentiostatic regime, the sharp
peaks (Fig. 7) are related to a very short electromigration time
scale associated with the low concentration at the depleted
zone edge. The frequency of oscillations is higher in the poten-
tiostatic regime compared to the galvanostatic regime. Worth
addressing is the dependence of the instability thresholds on
the membrane charge N . As shown in Fig. 8, in both regimes, in
a certain parameter range this dependence is nonmonotonic.
Thus, with the right diffusion layer wider than the left one
(Fig. 8, right), the threshold values first decrease with N and
then start increasing. The nonmonotonic dependence of the
critical value on N could be expected based on the following
general arguments. It has been shown previously [21] that the
critical current is inversely proportional to the first derivative of
the steady-state membrane resistance as a function of the flow
rate Rs(v) at zero flow rate, that is, I c ∼ 1/R′

s(0). The steady-
state membrane resistance typically depends on the flow rate as
shown in Fig. 9. This type of dependence, postulated by Teorell
[12] on intuitive ground and subsequently derived in several
studies [14,17,19,21], merely stands for a low membrane
resistance with a negative flow velocity (membrane invaded by
concentrated solution) and vice versa, a high resistance with
a positive velocity (membrane invaded by diluted solution).
Thus, for N = 0 (nonselective membrane) there is no CP
and so no concentration drop across the membrane, and,
correspondingly, no membrane resistance dependence on the
direction of the flow, yielding an infinite critical current.
Furthermore, for N � 1 (highly permselective membrane) the
membrane invasion by the outside electrolyte is negligible,
and so the membrane resistance is largely independent of the
flow rate, yielding once more an infinite critical current. This
is illustrated in Fig. 8. For low N , an increase of N and the
related development of CP yield formation of a transmembrane
concentration drop along with a decrease of the limiting current
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FIG. 9. Stationary membrane resistance Rs(v) as a function of
the flow rate v; δ1 = 1,δ2 = 10, D = 1, and ω = 1. (1) N = 0.1; (2)
N = 0.5; (3) N = 1.

(insets to Fig. 8); this, in turn, yields the increase of R′
s(0) and

a corresponding decrease of the critical values.
It is observed that in both galvano- and potentiostatic

regimes, the Hopf bifurcation at the onset of oscillations is
supercritical of either singular (curve 1) or smooth (curve 2)
kinds [see Fig. 5]. The sharp growth of amplitude (singularity)
reflects the occurrence of the previously mentioned short
electromigration time scale associated with a sharp drop of the
concentration at the depleted interface C(0 + ,t) in the vicinity
of the threshold (Fig. 5, inset). The nearly discontinuous
drop of C(0 + ,t) with I or V in curve 1 coincides with
the occurrence of singularity in the bifurcation. This singular
transition to the large-amplitude relaxation oscillations occurs
through the French duck pattern [22]. Finally, it is noted that
occurrence of this singularity is controlled not only by N but
also the operation regime. Thus, as observed from comparing
Figs. 5(a) and 5(b), for N = 0.5 with the same diffusion layer
width, the bifurcation is singular in the galvanostatic regime
and is smooth and regular in the potentiostatic regime.

V. CONCLUSIONS

Due to the ionic CP in the diffusion layers flanking the
membrane, at a certain threshold current, Teorell’s instability
occurs for equal boundary concentrations in both galvano- and
potentiostatic regimes. The oscillations arise solely through a
supercritical Hopf bifurcation. Depending on the operation
regime and the system’s parameters, the bifurcation may be
either singular or smooth.

Under certain conditions, in the galvanostatic regime a
macroscopic empty zone, almost free of ions, may form
near the membrane in the depleted diffusion layer. Large
electric fields associated with this zone may yield destruction
of the one-dimensional setup through the development of
a hydrodynamic vortex instability and eventual onset of its
related oscillations and noise [9,39].

Nevertheless, irrelative to this possibility, it is conceivable
that 1D Teorell oscillations may constitute, more commonly
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than generally recognized, source of unsteadiness in electroki-
netic processes evolving in bulk ion exchange resins, synthetic
ion exchange membranes, or their biological counterparts
subject to swelling.
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