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Analysis of Critical-State Problems
In Type-ll Superconductivity

Leonid Prigozhin

Abstract—An efficient numerical scheme is proposed for mod- A IE| |E| B
eling the hysteretic magnetization of type-Il superconductors. |
Numerical examples are presented for the Bean and Kim critical ‘
state models. It is shown that Bean’s model is a Hele—Shaw type
problem.
" . ! |71 171 |71
Index Terms—Critical current, high-temperature superconduc- g g o

tors, magnetization, numerical analysis, variational methods.
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Fig. 1. (a) Bean’s model, (b) its generalization, and (c) an approximation
|. INTRODUCTION byga pov(ve)r law. (b) g © PP

LUTION of critical-state problems for samples of ar-

itrary shape, especially those with high demagnetIZIrg;na”erm’ as a means to account for the thermally activated

factors, is a matter of current interest in applied supercondqﬁ—eep of magnetic flux in type-Il superconductors (see, e.g.,
tivity. In this paper, we consider the solution of these problerrrg] and [5]).

for two-dimensional and axially symmetric configurations. FOr s analytical solutions to critical-state problems are avail-

such configurations, the electric field and current density i”a%le only in special cases, see [6]-[10]. To solve these free
superconductor are parallel and the critical—stat_e model mayﬁ’(ﬁmdary problems numerically, several front-tracking meth-
characterized by a scalar current-voltage relation (the matetigk have been developed [11]-[13]. Such methods, although

is assumed isotropic). exact and efficient in some cases, are not universal. Their

The first critical-state model has been proposed by BegRyication is difficult if the topology of the free boundary
(see [1]) and it is still most often employed for S|mulat|ngS complicated, changes in time, or is not knowvpriori.

the magnetization of type-Il superconductors. In this model, 11,4 universality is the advantage of the free-marching

the superconducting material is characterized by a nonsmoffinerical schemes, like the scheme derived in our work. As in
multivalued E(J) graph: the current density cannot exceegh anq [5], we use the magnetic vector potential formulation
some critical value/. and, until this threshold is reached, the;¢ crifical-state problems. However, instead of approximating
electric field is zero [Fig. 1(a)]. _the current-voltage relation by a power law (1), we deal with
The Bean model leads to a free boundary problem whigfle jivalued £(.J) characteristic directly and arrive at a
was studied mgthemgtlgqlly in [2]. It was, in partllcula.r, ShOWGeneralization of variational formulation proposed in [2]. The
that the effective resistivity of superconductor in this quasfsrmyjation obtained can be used for numerical solution of

stationary model is a Lagrange multiplier related to the curregisica|_state problems with arbitrary current—voltage laws and

density constraint. o allows the avoidance of front-tracking.
Generalizations and approximations of Bean’s current—

voltage law for a superconductor have been proposed by many

authors. Kimet al. [3] showed that the critical current density Il. VECTOR POTENTIAL FORMULATION

depends on the magnetic induction. The material transitionLet a superconductor be placed into magnetic fi#ldz, ¢)
into the normal state at a point where the effective resistivitiduced by a given external current with densily(z, ¢).

of superconductor reaches its resistivity in the normal stafée limit our consideration to configurations that are either
[Fig. 1(b)] may be introduced into the Bean model to make éxially symmetric (and then denote § half the cross

more realistic. The power law [Fig. 1(c)] section of superconductor), or two-dimensional (cylindrical
me1 superconductor with the cross sectithin a perpendicular
E=E.|J/J| I/ 1) field). As a simplification, we neglect the Meissner current and

assume that the lower critical field.., is zero andB = pH,
where B is the magnetic inductionHd is the magnetic field,
and po is the permeability of vacuum.
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the magnetic vector potentigd = A; + A. if the potentials Thus we obtain the following formulation for the axisymmetric

of induced and external current4; and A. are chosen as critical-state problems:

convolutions of the current densitidsandJ, with the Green’s ‘ .

function of Laplace equatio = —(1/2) log(|z — z’|) B+ (AilJ]+ A) =0, EeE(J). O
Additionally, the initial current density must be given

L — ! / !
A; = po / Gz, «')J(z', t) dz Jlemo = Jo(x). (8)
Ao =10 / Gz, x')J (x', t)dx. (2) Several remarks about the formulations obtained seem appro-

priate.

This choice corresponds to the Coulomb galiged = 0 and  Equations (5), (6), (8), and (7), (8) should be solved only

A satisfies the equation inside the superconductor, where the current-voltage relation
is determined by a critical-state model. The electric field in

—AA = po(J + Je). (3) the exterior space is irrelevant and remains undetermined.

) S If the electric field in a superconductor were determined
current density. This field can be expressed via the vector 8g¢lte £ = E(J) in (5) and (7). Brandt [4], [5] used the
scalar potentials [14] power law approximation (1) withn > 1 to simulate

numerically the Bean-like magnetization of a rectangular bar in
E=-A-VV. 4 . Lo
a perpendicular applied field. The convergence of such power-
Since bothE and A are directed along the axis and law approximations to the Bean model, as the powetends
do not depend or, this equation can be satisfied only iffo |nf|n|ty,_ is an interesting question which we discuss at the
VV = C(t)e. and so (4) becomes scalar. Specifying th&nd of this paper.

current-voltage law for the superconductor and taking (2) into Generally, the modet(/) dependence may be multivalued
account, we obtain [see Fig. 1(a) and (b)]. Provided this law is a monotone graph,

the solution of critical-state problem may be sought as a pair
E+ 6(A[J]+ Ae) = =C(1), E e E(J). (5) offunctions{E, J} satisfying (5), (6), (8) or (7), (8).
For zero transport current, (6) is almost automatically sat-
Although the cylinder is supposed to be long, its lengtigfied with C(t) = 0 in (5) if the cylinder cross section
is finite. Therefore, if no transport current is fed into thgs symmetric and the external field uniform. (Assuming the
superconductor, the current in the positive direction of the external field is induced by two parallel sheets of currents, one
axis must return as a negative current. The additional conditigis only to place the superconductor symmetrically between
the two sheets, then the conditign/ = 0 is a consequence
/ J=0 of the problem’s symmetry.) Only such problems have been
& considered in [4], [5], and [15], where (6) has not been
fixes the time-dependent constatitt). formulated explicitly.
Problems in which the applied transport currén(t) is not ~ Applying the Laplace operator to (5), using (3), and taking
zero are also of much practical interest for this configuratiolfito account that/. is zero inside the superconductor, we
In such cases((t) is determined by the condition obtain

/ J =1I.(t). pody — AE =0, EeE(J). (9)
Q

(6)
This nonlinear differential equation looks simpler than the

In axisymmetric case, we use the cylindrical Coordinatégtegrp-differ_ential relz_ition (5). I_-|oweve_r, unlike_ this relation,
(r, 2, $) andz = (r, z) as coordinates of cross section pointsf.he differential equation contains no information about the

The functionG in (2) can be expressed using the complel"extemal field and transport current and has to be coupled with a
elliptic integrals of the first and second kin&;(k) and E(k) nonlocal boundary condition (see below) or solved jointly with
an exterior problem defined in an infinite domain. The latter

1 k? method was proposed in [16] and recently realized in [17] for
g= Tk \/;{K(k) <1 - E) - E(k)} the same geometry as in [4] but with the constitutive laws as
on Fig. 1(a) and (b). To make the calculations feasible, these
where multivalued E(J) graphs were approximated by functions

4 ! having neither infinite nor zero slopes.
G+t (z=2)2 An interesting numerical pr_ocedu_re prop(_)sed in [18]_is
based on a dual approach, in which the inverse relation,
Equation (4) is scalar also in this case, since only fite J € J(F), is used. Since it is difficult to distinguish between
coordinates off, A, andE are nonzero. It is not difficult to seesmall and strictly zero electric field values if they are found
that nowVV = {C(t)/r}es; and we must choos€'(t) = 0, numerically, an approximation of this multivalued graph is
because otherwise the electric field becomes infinite-at). necessary in this case as well (see also [19]).

k=
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The free-marching numerical schemes based on the vectérsuch that it belongs td{[J] and the inequality in (11)
potential formulation and mentioned above allow the solvirigolds for all functionsy from K[J]. Such problems are called
of the critical-state problems. However, the rate of theguasi-variational inequalities.
convergence and the accuracy of solutions obtained can b&he numerical methods for variational inequalities are well
sensitive to the parameters of approximation of a multivalue®veloped [21]. We refer to [15] for the details of our numeri-
current—voltage law in the model of superconductor. cal procedure and the comparison of numerical and analytical

We will now present a numerical method that deals witholutions. Here we describe briefly this numerical scheme and
these multivalued relations directly, without any approximgresent some more interesting examples.

tion. Let us start with the Bean and Kim models. If K = K[J], the finite-difference approximation of (11)
in time leads, for each time layer, to the stationary quasi-
lIl. THE BEAN AND KIM MODELS variational inequality
According to the Bean model, the current densityin a AT F'T; € {(4[‘]] SECh thatJ >0 13
superconductor satisfies the conditjoh < J. and the electric (AilJ] = AilJ]+ Ae = Ao, o= J) 2 (13)
for all ¢ € K[J]

field £ is zero wherevefJ| < J.. For J = £J,, this model . .
gives E € =+[0, oo) [see Fig. 1(a)]. Therefore, (5) simplywhere./ and A, are the values taken from the previous time

means layer. It can be shown that the inequalities (13) are equivalent
>0 if J=—J. to optimization problems with an implicit constraint
GA[T+ 0 A+ C)S =0 if |J] < J. FlJ]= min_ Fly] (14)
<0 if J=J, ety
- where

whereC(¢) is implicitly determined by (6). Let us define, for

1 i _ T7 _ 1
each time moment, the set of admissible current densities FlI]= 5(‘4”[‘]]’ J) = (AilJ] = Ae + Ae, J)

is a quadratic functional.

K = {¢($); lo| < Je, / @ = ]tr}_ (10) To solve (14), we apply an iterative scheme,
@ .7-"[](""'1)] = min Fly] (15)
We supposél,| < J.|Q|, and so the sek is not empty [ PEK[I]

means the area @t). Obviously, for anyy from the setk’ and discretize (15) in space using the method of finite elements
‘ (piecewise constant elements are most convenient here). Fi-
{0 A[J] + 0 A + C(O)Hp = J) 20 nally, we solve numerically the resulting problems of convex
everywhere in{). Integrating this inequality and taking intoprogramming.
account thatf ¢ = [J = I, we can reformulate the To calculate the constraint in (15), it is necessary to find
critical-state problem (5), (6), (8) with the Bedtl(J) law first the magnetic field corresponding to current density from

as a variational inequality the previous iteration/ (™. This can be done (for each finite
Find J € K such that element) by simply summing up the fields induced by the
(0 A [J)+ O Ae, o — J) > 0forall p € K, (11) currents of other elements and adding the field of external
Jli=0 = Jo. current. These iterations are not needed for the Bean model,
Here (f, g) is the scalar product of two functions defined asince the_crltlcal CL_jrrent density in this model is flxe(_j. _
fQ fq. For axisymmetric problems, where only the point-wise

urrent density constraint should be taken into account [see
2)], the optimization problem (15) can be efficiently solved
using a modification of the point relaxation method [15]. In the

For axisymmetric problems, the variational inequality mal
be written in the same form but with the set of admissibl

functions 9 . . . .
cylindrical case, where an additional integral constraint arises
K =g |p| < J:} (12) [see (10)], this algorithm can be combined with the Lagrange
multiplier method to resolve all constraints iteratively. At the
and the scalar product of two functions definedfgs'fg.  th iteration, given the Lagrange multipliéf = C%, the point

It may be noted that, although the variational formulationg|axation method is used to determisg the minimal point
where the solution is sought as an extremal point of sorge

functional are much more familiar, the variational inequali-

ties do appear in many problems of mechanics and physics F[J] +C</ J - Itr>
containing a unilateral constraint or a nonsmooth constitutive 2
relation (see [20]). on the set of functions satisfying the current density con-

A similar formulation is readily obtained for the Kim model,straint |J| < J.. Then a new approximation to the Lagrange
in which the critical current density depends on the magnetieultiplier C' is calculated in accordance with
field: J. = J.(|H]|). Provided the current density is known,
one can find the magnetic field via the Biot-Savart law. ol =t —m(/ Jt —Itr> (16)
Hence,H = H[J] and the set of admissible functions in &
the variational inequality/(, itself depends on the unknownwherex is a constant. These iterations are performed until the
solution. This is an additional nonlinearity: we need to finthtegral condition is satisfied with the given tolerance.
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| = Magnetic moment

0.3 _o2 Applied field, He/Ho 02 03

Fig. 3. The hysteresis loops for Kim's model. Magnetic momeft\/max
versus applied magnetic fiel. / Ho; Ho = aJeo, Mmax = a®Jeo /4.
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Fig. 2. Normalized current density/J.o computed using Kim’'s model ? f
[Jo = JoHi/(H + Hg), Hrx = 0.05aJ] for cylindrical supercon-
ductor with squarez x a cross section in a growing perpendicular field }
H./aJ.o = 0.05, 0.10, 0.15.

=\

IV. NUMERICAL EXAMPLES

We assume that the superconductors initially are in a vir-
gin state,J, = 0, and consider first the magnetization of ; \
a cylindrical superconductor with square cross section in ‘ ’s»\“\\w
a uniform perpendicular external fiell. = H. 1(t)i; + \
H. 2(t)ip. This field in the neighborhood of superconductor \
can be generated by two parallel sheets of current and the |
corresponding magnetic potential i = xoH. 1 — x1 He, 2. ' ,
No transport current is applied. N\ - )
The first example demonstrates a solution of quasi =/
variational inequality corresponding to Kim’s model (Fig. 2).
As the external field, parallel to the, axis, grows, the
shielding regions of plus and minus critical current apped: 4 Penetration fronts and magnetic field lines, Bean's model. Long
L erconductor with squarex a cross section in a perpendicular field which
at the boundary and propagate inside the superconductor. fi‘rf?grows up toH./aJ. = 0.1, then rotates. Arrows show the direction
zero field core shrinks and eventually disappears. At each timfesxternal field.
layer, the convergence in (15) has been achieved after four to
five iterations. The evolution of magnetized state in a rotating perpendic-
Quallitatively, the solution obtained is similar to the Beanlar field was calculated for the same sample (Fig. 4). In this
model solution [5], [15], and we will use the Bean model itase we assumed the Bean model and solved the variational
other examples below. Note, however, that the critical curreimequality. The lines of magnetic field in this picture are drawn
density in Kim’s model decreases with the growth of magnetas the level contours of magnetic potential
field and this explains the shape of computed hysteresis loop#\s it was explained above, the zero transport current con-
of magnetic momenM = [, = x J (Fig. 3). dition in these two examples is satisfied witt(t) = 0
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Fig. 5. Cylindrical superconductor with an asymmetric cross section; penetration fronts and magnetic field lines. The uniform external magisetic fiel
directed vertically,H./aJ. = 0.1,0.2,0.3,0.2,0.1,0.0,—0.1,—0.2 (a is the cross section height).

Fig. 6. Penetration fronts and magnetic field lines. Cross section is a sector with the fadamd central angle3=/2. The transport current:
Iw/JcR?> = 1,2,1,0.

in (5) due to the symmetry of the cross section and thbe Lagrange multiplier technique (16) was used with 0.3.
chosen external potential. In such cases the integral constréot more than five to eight iterations were needed.
in (10) may be omitted. In the general case, however, thisThe next two examples (Figs. 7 and 8) show axisymmetric
condition is necessary and we took it into account to simulateagnetization of two samples, a hollow ball and a cone, in
the magnetization of a cylindrical superconductor with aa growing external field. This uniform fiel#. = H.(t)i.
asymmetric cross section (Fig. 5). Also, in this example rgenerated inside a long solenoid corresponds to magnetic
transport current is applied. The external uniform magnetiotential A. = rH./2. In this geometry, the magnetic field
field first grows, and the zero field core shrinks as thaes can be drawn as the contoursrof.
regions of shielding critical currents propagate inside the As the last example, let us consider the magnetization of
superconductor. Then, as the external field decreases, dheinfinite tape. A solution to this problem has been recently
current density changes its direction near the sample surfggeesented in [22] and we will use the same set of parameters.
The moving boundary between regions of plus and minket a coil of radiusR. = 1.0 mm be parallel to the surface
critical current densities becomes really complicated in thig an infinite superconducting tape of thickness 0.2 mm and
case. placed at a height 0.4 mm above the tape surface. The magnetic
Let us now consider a problem with the transport current afiéld induced by the coil current penetrates the tape and may
zero external field (Fig. 6). Numerical simulation shows thabe felt in the half-space below the tape if this current is strong
as the transport current increases, an expanding region of émeugh (Fig. 9). In this case, the external field is not uniform
critical current density appears near the sample surface; taigd a known expression for the potential of coil current should
region surrounds a shrinking zero field (and zero current) coreaw be substituted into the variational inequality.
The boundary of the core remains stationary as the appliedAs the penetration front reaches the tape lower surface,
current decreases, but a new front appears at the sample surfaeefront breaks into two parts. To account for this change
and a region of the opposite critical current starts to propagate
inside the superconductor. In this and the previous examplelA. can be found ag G J. with the delta-function external current.
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Fig. 7. Magnetization of
H./RJ. = 0.2,0.3,0.4.
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Fig. 9. Magnetization of superconducting tape, Bean’s model. Left edge of

) o _ pictures is the central axis of the coil. Coil currefi.J.R? = 0.3,0.5,0.7.
Fig. 8. Magnetization of a cone, Bean's model. External field

H/RJ. = 0.1,0.3,0.5.

shown thattl ¢ E(J) everywhere in2 if and only if
of free boundary topology, Koo and Telschow [22] derived , ,
two different front-tracking algorithms, similar to that in [13]. U -ulll z (£, 7' = J)
For each value of coil current, the fronts were sought as th& any ./’ (the electric field is a subgradient of the functional
functions of radial coordinate = W(r). However, such a ;4 see [16]).

representation is not possible after the breaking point (seeor axisymmetric problems, using (7) we immediately ob-

Fig. 10), and so only the first part of the solution [22] i$5in that.J satisfies the variational inequality
correct.

This example demonstrates the advantage of free-marching U[J'] — U[J] + (0, Ai[J] + 81 A, J' — J) >0 (17)
numerical schemes: they do not need arpriori information
about the free boundary behavior and are applicable WithJB _ L . . R
modifications even if the topology of free boundary chang merically, it is _con\_/enlent o s_tar_t with the implicit finite
with time. ifference approximation of (17) in time and to seek, at each

Another important feature of the presented numericii"® layer, such current density that
method is that all the calculations are confined to the regiop(u[Jf] — UL + (A[J] = Al + Ac— A, J = J) 20
of superconductor. Solving an exterior problem (see [16] and
[17]) seems to us more difficult and less efficient than solvirfgr any J’ (herer is the time step). Using standard convex
the variational inequality (11) with a nonlocal operator. analysis arguments, it is easy to show that the problem
obtained is equivalent to the optimization problem

mJin{'rU[J] + FlJ)} (18)

[ any test functionJ’. To solve this variational inequality

V. GENERAL CURRENT-VOLTAGE RELATIONS

The numerical scheme presented above for the Bean and
Kim models may be generalized for models with arbitrary cutvhere F is as in (14). After the piecewise constant finite
rent-voltage laws. For simplicity, we consider the constitutivelement approximation in space, this problem can be solved
laws which do not depend on the magnetic field. numerically.

Let us assumet(.J) is a monotone graph and, following A variational inequality, similar to inequality (17), can be
Bossavit [16], define a function(J) = fo‘] E(s)ds and derived for the current density in cylindrical superconductors
a convex functional/[J] = [, u(J) for two-dimensional, if we additionally demand that the solution and test functions
UlJ] = [, u(J)r for axisymmetric configurations. It can besatisfy the constraint (6). Indeed, thefi(t), J' — J) = 0 and
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Fig. 10. Penetration frontsl/J.R? = 0.1,0.2,---,1.3.

the inequality can be derived as this was done above. Corre-
spondingly, for the cylindrical configuration, optimization in
(18) should be performed over the set of functions satisfying
(6).

Note that the time step appears in the optimization problem
(18), although in (14) it does not. This is because the critical-
state problems are rate independent only in case of a Bean-like
E(J) constitutive law [Fig. 1(a)]. For this law

U[J]:{o, if |[J]<J.inQ,

oo, otherwise Fig. 11.
and (14) is recovered. Fdt(.J) laws as on Fig. 1(b) and (c),
the functionall/ is finite for any current. Using the normalized variables= J/J. ande = E/E.
and inverting the current—voltage relation (1), we can rewrite
VI. BEAN'S MODEL AS A HELE-SHAW PROBLEM (9) as jiodrj(e) = Ae, wherej(e) = |e['/™ sign(c) and

Although the variational reformulation of Bean’s model i¢"© ~ HoJe/Ee. Differentiating, we obtain

convenient for numerical solution, a different representation
offered below leads, possibly, to a deeper insight into this
model. o . _ and, putting formallym = oc, arrive at the equationAc = 0,
Let us consider first the magnetization model with a powgy pAE — 0. Also, the limit of j(e) power law yields the
current-voltage law (1). With this law, (9) is the porougean model relation betweeB and J, therefore|J| < J.
medium equation. Instead of coupling (9) with an exte'n'oo{ndj = J.sign(E) if E # 0. Note also that iflJ| < J. the
problem, we may employ (5) as a nonlocal boundary conditiffysion of current in (9) is extremely slow for large, so
_ dtJ =~ 0, and the current density does not change.
E+ 0 A[J+ A+ C( =0 19 t .
{E+0Al]+ 0 + OB Hon (19) These arguments suggest that,yas— o, the domaing?
whereE = E(J), 99 is the boundary of?, and the unknown breaks into subdomain&*, ~, andQ2® in which the current

Ho le[Y™d,e = |e|Ac
m

C is determined by (6). Equivalently, since density tends torJ., —J., andJo(z), respectively (Fig. 11).
In each subdomain, the limiting electric field satisfies the
9 Ai[J] = pro / GoJ :/ GAE equation
Q Q

AE =0 22
=/ (GO, E — E9,0] - E (22)
o0 and the continuity of this field is ensured by the condition

we can write this condition as E—=0 (23)

{@Ae +C(t) + /aQ [GOE — Eang]} =0.  (20) onthe moving boundaries between the subdomains. Since (9)
is a conservation law, at these free boundaries the following

Let us assume balance relation also holds:

ol < . (21) [0, E) = —po[TJon- (24)

o0

and consider the behavior of this problem solution as tliere[.] is the jump across the boundary, angdis the normal
power m in (1) tends to infinity. Such limit of the porousvelocity of the boundary. Equations (22)—(24) supplemented
medium equation is well studied for the Cauchy problem, afy the nonlocal boundary condition (20) form a Hele—Shaw
our asymptotic arguments below may be compared with thaspe problem.

in [23]. However, in our case the dynamics are governed by aAdditionally, the following rule has to be postulated: a new
nonhomogeneous boundary condition and the limiting solutidree boundary appears &f2, and a new subdomain starts to
is not stationary (for the Cauchy problem such solution grow, whenever the boundary value &f would otherwise
trivial, J = Jo(x), if (21) is satisfied). contradict Bean'sF(.J) law. Note that in each subdomaii
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takes its minimal and maximal values at the boundary. Sincg]
E = 0 on the free boundaries, the formulated rule ensures
E € E(J) everywhere. 6

No attempt to prove the convergence is made here. Instead,
we will show that the vector potential formulation (5) of v
Bean’s model can be derived from the Hele—Shaw equationg

Let /() be a continuous function ang be a solution to
the Dirichlet problem

Ap =1,
[10]

Let us multiply (22) by and integrate it over each subdomain
. Using the integration by parts and taking (23) and (ZAHH
into account, we obtain

0:2/{ pAE
- /Q B [ ,Eove=m Y [, e @5 B

[9]
¢log = 0.

[12]

[14]

whereT'* are the free boundaries. Since [15]
d

zk: /Fk elon = /Q 2 [16]

anduoJ = —AA;, the equality (25) can be easily transformeg,
into

/ (E + 3, Al — / (E + 3 Ai[J]) o = 0.
Q IN

[18]
Finally, using (19) and remembering thAtd, = 0 in , we
arrive at (19]
/ B + 0 AilJ] + DA+ O] = 0. 0]
Q

Since ) is arbitrary, this is equivalent to (5), and hence thgl]
Bean model is a Hele—Shaw problem. [22]
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