
dcxtde dipn zeneiqw` 1

opi`y zeax zeaeh zepekz ,lynl ,sxecqe`d iagxnl ik mincewd miwxta epi`x

-xtd zneiqw` z`xwp sxecqe`d zneiqw` .millk mibeleteh miagxna zeniiw

`evnl xnelk - zecewp izy oia cixtdl zexyt`d z` dgihan `idy meyn ,dc

dibeletehd ly dini ziy`xa .zecewpd on zg` lk zeliknd zexf zegezt zeveaw

.odpia miqgid xwge ,dcxtd zneiqw` ly dnly diyrz dgztzd zizveawd

xewqp df wxtae ,zeiyeniyk elld zeneiqw`d on hrn wx elbzp onfd ogana

zeniqw`a cwnzp ep` .odn zeraepd zeixwird zepwqnd z`e oze` dxvwa

X lr d dwixhn yi izn ,X ibeleteh agxn ozpda :dl`yd lr zeprl epl eriqiy

zixewnd dibeletehd mr zcklzn X lr dxyn d-y zixhnd dibeletehdy jk

.iliafixhn X izn :zexg` milina -

:oekp dfn xzei daxd la` .sxecqe`d X f` iliafixhn X m`y xak epi`x

yi f` x /∈ C m` ,C ⊆ X dxebq lkle x ∈ X dcewp lkl f` iliafixhn X m`

dixhn d m`y al miyl witqi ,z`f ze`xl ick .zexf C ⊆ V -e U 3 x zegezt

wxe m` x ∈ C̄ f` idylk dveaw C-e zixewnd dibeletehd z` dxynd X lr

iliafixhn X m` :oekp dfn xzei elit` la` .inf{d(x, y) : y ∈ C} = 0 m`

dpga`a ynzyp .zexf Ui ⊇ Ci zegezt yi C1, C2 ⊆ X zexf zexebq lkl f`

jk B := Bε(x)(x) xeck `evnl xyt` x ∈ Ci lkl :z`f ze`xl ick zncewd

zegezt
⋃
x∈Ci

Bε(x)/2(x)-y xexa yleynd oeieey i`n sdzr .B ∩ C3−i = ∅-y
.yxcpk ,Ci z` zeliknd zexfe

:zenyl ekf elld zepekzd

dcewp lkle C dxebq dveaw lkl m` ixlebx `xwi ibeleteh agxn 1.1 dxcbd

lkl m` ilnxep `xwi agxnd .C ⊆ V -e U 3 x zexf zegezt zeniiw x /∈ C

.Ci ⊆ Ui-y jk zexf U1, U2 zegezt yi zexfe zexebq C1, C2

xak zraep ef dprh ,dyrnl .ixlebx `ed ilnxep sxecqe`d agxny al miyp

agxn X m`y `l` .dxebq `id agxna dcewp lky xzei dylgd dgpdd on

zextqa .sxecqe`d X-y xexa f` zexebq X ly zecewpdy jk ixlebx ibeleteh

- zexebq od zecewpy dyixcd z` zeilnxepde zeixlebxd zegpd k"ca ,zellek

C, B ⊆ lkly `id zeilnxep ly zpit`n dpekz .ef dlaewn un`p el` zeniyxa
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V̄ ∩U = -y jk dn`zda B-e C z` zeliknd V -e U zegezt yizexfe zexebq X

B-e dxebq C xear dpekp ef dpekz m` ,sxecqe`d agxndy dgpdd zgz .∅
dpekza ynzyp epgp` .zeixlebx zpit`n ef dpekz ,ixlebx agxnd f` ,dcewp

icnl dxiaq `id zeixlebxd zpekz cera ik xirp .iyteg ote`a zeilnxep ly ef

okle ,zegt daxd zizecici zeilnxepd zpekz ,zibeletehd dzebdpzd zpigan

d`xp jynda) dipyd mr `le dpey`xd mr cearl xyt`d zcina - lczyp

.(ilnxep `ed ixlebx agxny jkl iyeniy witqn i`pz

-xlebx miagxn ly idylk dltkne ixlebx `ed ixlebx agxn ly agxn-zz :libxz

dpi` milnxep miagxn ly dltkny (zeyx) ze`xdl elkez m`d .zixlebx `id mi

?ilnxep gxkda epi` ilnxep agxn ly agxn zzye zilnxep gxkda

xiaqp) miliafixhn miagxn oeit`a ifkxn ilk `id d`ad dnld 1.2 dxcbd

d`xze ,znkgezn j` dheyt `id dgkedd .(xzei xge`n alya recn hexit xzia

.zeilnxepd zneiqw` ly dgek z` epl

.zexfe zexebq A, B ⊆ X eidi .ilnxep h"n X idi (oeqixe` ly dnld) 1.3 htyn

.f |B = 1-e f |A = 0-y jk f : X → R dtivx divwpet yi if`

lvpl `id eply dxhnd .dixeg`n divi`ehpi`d z` `iap dgkedl ybip mxha

-l) F (t) ⊆ X zeppewn zegezt zeveaw sqe` zepal ick X ly zeilnxepd z`

miiwzy f dtivx divwpet efi`l F (t) = {x ∈ X : f(x) < t}-y jk (0 < t < 1

on f divwpetd z` xfgyl lkep ,epzniyna gilvp m`y xexa .epizeyixc z`

zveawd ,dtetv T ⊆ R m` ,ziaihi`ehpi` ,xac ly ezin`l .F (t) zeveawd

epzniyn zglvdl igxkd i`pzy xexa .f z` xfgyl ick ewitqi t ∈ T -l F (t)

f(B) = 1-e f(A) = 0-y mivex ep`y oeeik .F (t) ⊆ F (s) f` t < s m`y `ed

gipdl xyt` ,ok lr xzi .A ⊆ F (t) ⊆ B yexcl epilr 0 < t < 1 lkly xexa

yxcip okl .(xiyw X m` ,lynl) rhw zeidl dkixv dpapy f divwpetd zpenzy

xfgyl ick witqn mpn` dfy d`xp ,ziy`x .F (t) ( F (s) miiwzn t < s lkly

.epzeyixc z` zniiwnd (dtivx gxkda `l) divwpet

.F (1) = X-e F (t) ( F (s) miiwzn t < s ∈ T lkl ,T ⊆ R-y gipp 1.4 dnl

2



divwpet xicbp

f(x) = inf{t ∈ T : x ∈ F (t)}

:miiwzn s ∈ [0, 1] lkl if`

{x : f(x) < s} =
⋃
t<s

F (t)

-e

{x : f(x) ≤ s} =
⋂
t>s

F (t)

,ok lr xzi:aygp heyt :dgked

{x : f(x) < s} = {x : inf{t ∈ T : x ∈ F (t)} < s} =⋃
t<s{x : inf{r ∈ T : x ∈ F (r)} = t} =

⋃
t<s F (t)

.libxzk dze` xizepe ddf hrnk dipyd dprhd zgked .yxcpk

zlawznd f divwpetdy gihadl ick miyxcd mi`pzd mdn xxal epilr dzr

oeeike ,jk meyn .[0, 1]-a dtetv T -y gipdl epilr jk myly xexa .dtivx didz

yiy `vei ,t < s-l F (t) ( F (s)-y migipn ep`y

t < r1 < r2 < s

miiwzne

F (t) ( F (r1) ( F (r2) ( F (s)

z` rval gilvp m`y d`xp .F (t) ( F (t) ( F (s)-y `vei dtivx f m` ,hxtae

`id dpexg`d dnla zlawznd divwpetd ,ef dpekz ly dneiw gihadle ,epnnf

:dtivx ok`
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F (t) ( F (t) ( F (s) miiwzn t < s ∈ T lkly gippe dtetv T ⊆ R idz 1.5 dnl

divwpetd if` .(F (1) = [0, 1]) t lkl dgezt F (t)-e

f(x) = inf{t ∈ T : x ∈ F (t)}

.dtivx

.X-a dgezt f−1(U)-y ze`xdl epilr .ziqiqa dgezt U ⊆ R idz :dgked

-xg`d dnld on .t < r ∈ [0, 1] eli`l U := {x : t < x < r}-y mircei epgp`

mb dnld ly ipyd wlgd on .dgezt Ur := f−1((0, r)) dveawdy xexa dpe

.dxebq `idy ,Cs :=
⋂
s>t F (s) =

⋂
s>t F (s) epzgpdn .f−1([0, t]) =

⋂
s>t F (s)

.yxcpk ,dgezt dveaw `idy f−1((t, r)) = Ur \ Cs-y `vei

:oeqixe` ly dnld z` gikedl mipken ep` dzr

{qi}i∈N ipylk dipn xgape .T = Q ∩ (0, 1) xgap (oeqixe` ly dnld) :dgked

ilnxep X-y oeeik :`ad ote`a F (qi) zegezt zeveaw divwecpi`a xicbp .T ly

.F (1) = V -e F (0) = U xicbp .A, B z` zecixtnd zexfe zegezt U, V yi

f` qj < qi m`e dgezt F (qi)-y jk i ≤ n lkl F (qi) z` xak epxcbdy gipp

xgap .qn z` xegal cvik d`xp .j < n lkl ,F (qj) ⊆ F (qj) ( F (qi)

qi1 < qi2 ∈ {0, 1} ∪ {qi}i<n

epzgpdn .l"pk ixrfn qi2-e l"pk iaxin qi1xy`k qi1 < qn < qi2 -y jk

F (qi1) ⊆ F (qi1) ( F (qi2)

,dgezt yi zeilnxepn okl .C ∩ F (qi1) = ∅-e dxebq C := X \ F (qi2) hxta .

-y jk F (qn) dl `xwpy

.F (qi1) ( F (qn) ( F (qn) ( F (qi2)

.htynd zgked z` zenilyn zepexg`d zenld izy dzr

,zetqep zegpd zgz zeiliafixhnd htyn z` gikedl dvxp zeipkh zeaiqn

:miigd z` hrna epilr elwiy
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.dipn za dtetv dveaw-zz el yi m` cixt `xwi ibeleteh agxn 1.6 dxcbd

.dipn oa qiqa el yi m` dipyd dipnd zneiqw` z` miiwn `edy xn`p

R-ly libxza xak mzi`x (?dnl) cixt X f` dipn oa qiqa X-l m`y xexa

Q-y oeeikne ,dipyd dipnd zneiqw` z` miiwn `ed okle ,dipn oa qiqa yi

weica lewiyd eze`n .cixt mb `ed (zizxcphqd dibeletehd mr) R-a dtetv

B m`y epi`x ,ok enk .dipn oa qiqa el oi`y mzi`x j` ,cixt agxn Rl mb

qiqa B ∩ Y if` agxn zz Y ⊆ X-e X agxn ly (idylk) dibeletehl qiqa

.ely agxn zz lk mb jk ,dipyd dipnd zneiqw` z` miiwn X m` okl .Y -l

.zecixtd zneiqw`l qgia oekp epi` xacd

j` ,cixt ef dibeleteha R if` .Rl-n dltknd zibeleteh mr R2-a hiap :libxz

.cixt epi`y agxn zz el yi

:efk zebdpzd okziz `l mixhn miagxna

agxn zz lk okle ,dipn oa qiqa el yi if` .cixt ixhn agxn X idi 1.7 dnl

.cixt X ly

,B := {Bq(y) : q ∈ Q, y ∈ Y } idi .dipn za dtetv dveaw Y ⊆ X idz :dgked

k"da gipdl xyt` x ∈ U-e dgezt U ⊆ X m` :X-l dipn oa qiqa B if`

jk y ∈ Y yi X-a dtetv Y -y oeeik .x aiaq q ∈ Q qeicxa gezt xeck U-y

agxn zz lky `vei .yxcpk ,x ∈ B q
2
(y) ⊆ U if` ,dfk y xgap .d(x, y) < q

4
-y

.cixt X ly agxn zz lk okle ,dipn oa qiqa yi X ly agxn zz lkly

.dipn oa qiqa mdl yiy mixhnd miagxnd z` oiit`l ozip ik d`xp jynda

.dcxtdd zeneiqw` megza xvw xeiq dyrp df oeit`a oeicd z` ligzp mxha

:milibxz

.ilnxep `ed ihwtnew sxecqe`d agxn .1

:fnx) ilnxep X f` cixt ixlebx agxn X m` :oekp dfn xzei dyrnly e`xd .2

eynzyd dzr .dipn-oa ieqik-zz `ivedl xyt` X ly ieqik lkny e`xd

zeneqg ,zexebq zeveaw izy lky ewiqd .(zncewd dl`yl dnec oeriha

.dcxtdl zepzip Rn-a zexfe
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zeiliafixhn 1.1

qgia xy` X lr dwixhn yi m`d dl`yd zl`yp X ibeleteh agxn ozpda

ztqepd dgpdd zgz ef dl`yl daeyz ozip df wxta .ixhn agxn `ed X dil`

xirdl ie`xd on .oeriha ifkxn ciwtz `lnz oeqixe` ly dnld .cixt X-y

zepeirxa yeniy dyery - dgkedd j` ,illkd dxwna mb miiw dnec oeit`y

.o`k `aez `le ,xzei zakxen hrn minec

jk X lr d dixhn zniiw m` iliafixhn `xwi X ibeleteh agxn 1.8 dxcbd

.X lr dibeletehd mr zcklzn zixhnd dibeletehdy

xfgyl iekiq lk epl oi` X lr dibeletehd on ,ixhn agxn X m` mby al miyp

i"r dpezpd d′(x, y) mb if` ixhn agxn (X, d) m` ,dnbecl .dwixhnd z`

d′(x, y) =

d(x, y) d(x, y) < 1

1 d(x, y) ≥ 1

mixeckd ik) X lr dibeleteh dze` dxicbn `ide (?recn) X lr dwixhn `id

dibeletehl qiqa mieedn ,ok lr xzie d(x, y)-a mb migezt d′(x, y)-a migeztd

lr s` ,mfitxene`ined `id Id :(X, d) → (X.d′) dwzrdd zexg` milina .(ef

.zepey zewixhndy it

agxn `evnl didz iliafixhn `ed X ibeleteh agxny gikedl eply jxcd

zzk .dzpenz lr mfitxene`ined `idy f : X → Iω dwzrde (Iω xn`p) ixhn

ly xeg`l dkiyn i"re ,ixhn agxn dnvra `id f(X) ixhn agxn ly agxn

-xene`ined dziid f-y oeeik .X lr dwixhn lawp f(X)-a migeztd mixeckd

dibeletehl qiqa mieedn f(X)-a migeztd mixeckd ly zexewndy lawp mfit

.eplgzd dpnn dibeletehd dze` z` X lr dxicbn epxcbdy dwixhnd okle ,X lr

:ziyeniy j` ,dheyt `id Iω-a X ly oekiyl dhiyd

ibeleteh agxn l` X ibeleteh agxnn zeivwet ly dgtyn F idz 1.9 dxcbd

.Y

-y jk f ∈ F zniiw x 6= y ∈ X lkl m` zecewp dcixtn F-y xn`p .1

.f(x) 6= f(y)
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dxebq C ⊆ X lkl m` zexebq zeveawn zecewp dcixtn F-y xn`p .2

.f(x) /∈ f(C)-y jk f ∈ F divwpet yi x ∈ X dcewpe

f` (dxebq X-a dcewp lk xnelk ,T1 e`) sxecqe`d agxn X m`y al miyp

dxqgd zixwird dnld z` gqpl lkep dzr .ipyd on raep oey`xd i`pzd

:zeiliafixhnd htynl

m` .Y ibeleteh agxn l` X ibeleteh agxnn zeivwpet zgtyn F idz 1.10 dnl

e : X → Y F dwzrdd f` zexebq zeveawn zecewp dcixtne zecewp dcixtn F
i"r dpezpd

x 7→ (f(x) : f ∈ F)

.dzpenz lr mfitxene`ined `ia

dpenzd lr i`ceea `idy oeeik .r"gg e-y xexa zecewp dcixtn F-y oeeik :dgked

:ziciin dtivx e-y dcaerd .dtivxe (dpenzd lr) dgezt e-y gikedl witqi

y ∈ f(X)-e f ∈ F rawp .gezt dvgnl qiqa xai` ly xewndy `ceel witqi

f` ,U ×
∏

g 6=f Y :i"r dpezp Uf,y ⊆ Y F idz .y ly dgezt daiaq U ⊆ Y -e

idz .dgezt dwzrd e-y `ceel ,ok m` ,xzep .dgezt e−1(Uf,y) = f−1(U)

x ∈ V xgape ,C = X \ V onqp .dgezt e(V )-y `ceel epilr .V ⊆ X dgezt

mr ekezige gezt `ed yf /∈ f(C)−y jk dgtkna y mixai`d sqe` .idylk

z` dcixtny f ∈ F divwpet yi epzgpdn :zexg` milina .e(V )-l iwlg e(X)

ziqiqad dgeztd U ⊆ Y F xicbp m` ,xnelk .f(x) /∈ f(C) xnelk ,C-n x

-y lawp f dhpicxe`-ewa Y \ f(C)-e f-n dpey dhpicxe`-ew lka Y `idy

.ze`xdl mikixn epiidy dn dfe ,f(x) ∈ U ∩ e(X) ⊆ e(V ) ∩ e(X)

:oeqixe` ly zeiliafixhnd htyn z` gikep dzr

.iliafixhn `ed dipn oa qiqa lra ixlebx sxecqe`d agxn 1.11 htyn

agxn `ed Iω-y xak epi`x .htynd zegpdak ibeleteh agxn X idi :dgked

oekiy `evnl witqi ixhn `ed mb ixhn agxn ly agxn zzy oeeik .ixhn

-tyn `evnl witqi dpexg`d dnld itl .Iωly agxn zzk X ly itxene`ined

zecewp dcixtn dgtyndy jk f : X → I zetivx zeivwpet ly dipn za dg

7



oa qiqa X-ly oeeik .(sxecqe`d `ed agxndy oeeik z`f) zexebq zeveawn

.ilnxep X (ixlebx mb `edy oeeik) okle cixt X-y epi`x dipn

ly (U, V ) zebefd lk ly dipn {(U, V )i}i∈ω idz .X ly dipn oa qiqa B idi

f : X → I dtivx divwpet yi oeqixe` ly dnld itl .Ū ⊆ V -y jk B-a mixai`

ly dipn za dgtyn `ceea efy oeeik .f(X \ V ) = {1}-e f(Ū) = {0}-y jk

m` :xexa df la` .zexebq zeveawn zecewp dcixtn `idy `ceel xzep ,zeivwpet

,V ⊇ Ū ⊇ U 3 x zeiqiqa zegezt yi zeixlebxn f` x /∈ C-e dxebq C ⊆ X

la` f(x) = 1-y jk eply dgtyna f divwpet yi okle ,V ∩ C = ∅-y jk

.yxcpk ,f |C = 0 hxtae f |X \ U = {0}
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