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Abstract

The concentration of measure phenomenon was rst discoverkin the 1930's by Paul levy and
has been investigated since then, with increasing intensjt in recent decades. The probability-
theoretic results have been gradually percolating througlout the mathematical community, nding
applications in Banach space geometry, analysis of algotiims, statistics and machine learning.

There are several approaches to proving concentration of nasure results; we shall o er a brief
survey of these. The principal contribution of this thesis is a functional norm inequality, which
immediately implies a concentration inequality for nonproduct measures. The inequality is proved
by elementary means, yet enables one, with minimal e ort, to recover and generalize the best
current results for Markov chains, as well as to obtain new rsults for hidden Markov chains and
Markov trees.

As an application of our inequalities, we give a strong law oflarge numbers for a broad class of
non-independent processes. In particular, this allows onéo analyze the convergence of inhomoge-
neous Markov Chain Monte Carlo algorithms. We also give someartial results on extending the
Rademacher-type generalization bounds to processes withrlaitrary dependence.

We end the thesis with some conjectures and open problems.
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Chapter 1

Introduction

1.1 Background

The study of measure concentration in general metric spacewas initiated in the 1970's by Vitali
Milman, who in turn drew inspiration from Paul levy's work ( see [[65] for a brief historical ex-
position). Since then, various deep insights have been gadéa into the concentration of measure
phenomenon [4D], with a particular surge of activity in the last decade.

The words \measure" and \concentration" suggest an interplay of analytic and geometric as-
pects. Indeed, there are two essential ingredients in provig a concentration result: the random
variable must be continuous in a strong (Lipschitz) sensd, and the random process must be mixing
in some strong sense. We will give simple examples to illusite how, in general, the failure of
either of these conditions to hold can prevent a random vari@le from being concentrated.

A common way of summarizing the phenomenon is to say that in a lgh-dimensional space,
almost all of the probability is concentrated around any setwhose measure is at Ieast}. Another
way is to say that any \su ciently continuous" function is ti ghtly concentrated about its mean. To
state this more formally (but still somewhat imprecisely), let (X;)1 i n, Xj 2 , be the random
process de ned on the probability space (";F;P),andf : "! R be a function satisfying some
Lipschitz condition { and possibly others, such as convexiy. For our purposes, a concentration of
measure result is an inequality of the form

Pfif(X) Ef(X)j>tg cexp( Kt?) (1.1)

where ¢ > 0 is a small constant (typically, ¢ = 2) and K > 0 depends on the strong mixing
properties of P as well as the underlying metric. It is crucial that neither ¢ nor K depend onf

A few celebrated milestones that naturally fall into the paradigm of (I) include Levy's original
isoperimetric inequality on the sphere (see the notes and ferences in[[41l]), McDiarmid's bounded
di erences inequality [51], and Marton's generalization d the latter for contracting Markov chains
[45]. (Talagrand's no-less celebrated series of resul{Sdpdoes not easily lend itself to such a compact
description.)

Building on the work of Azuma [3] and Hoe ding [27], McDiarmid showed thatiff : "! R
haskf k , 1 under the normalized Hamming metric andP is a product measure on ", we have

Pfif Efj>tg 2exp( 2nt?) (1.2)

! But see [71] for some recent results on concentration of nonkipschitz functions.
2 See [[4D] for a much more general notion of concentration.
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(he actually proved this for the more general class of weigltd Hamming metrics). Using coupling
and information-theoretic inequalities, Marton showed that if the conditonson f : "! R are as
above andP is a contracting Markov measure on " with Doeblin coe cient < 1,

2 3
2

log 2 5.
2n ’

r

Pfif M¢j>tg 2exp4 2n t(1 ) (1.3)

where M is a P-median of f . Since product measures are degenerate cases of Markov mees
(with = 0), Marton's result is a powerful generalization of (L2).

Two natural directions for extending results of type ([L2) are to derive such inequalities for
various measures and metrics. Talagrand's papef[65] is a tw de force in proving concentration for
various (not necessarily metric) notions of distance, but t deals exclusively with product measures.
Since the publication of Marton's concentration inequality in 1996 { to our knowledge, the rst of its
kind for a nonproduct, non-Haar measure { several authors poceeded to generalize her information-
theoretic approach [1I%,16], and o er alternative approactes based on the entropy method[38,60]
or martingale techniques [37,[1IB8]. Talagrand in[[6b] discuses strengths and weaknesses of the
martingale method, observing that \while in principle the m artingale method has a wider range of
applications, in many situations the [isoperimetric] inequalities [are] more powerful." Bearing out
his rst point we use martingales [34] to derive a general stong mixing condition for concentration,
applying it to weakly contracting Markov chains. Following up, we extend the technique to hidden
Markov [33] and Markov tree [34] measures.

Although a detailed survey of measure concentration literdure is not our intent here, we remark
that many of the results mentioned above may be described asavking to extend inequalities of type
(L) to wider classes of measures and metrics by imposing drent strong mixing and Lipschitz
continuity conditions. Already in [45], Marton gives a (rat her stringent) mixing condition su cient
for concentration. Later, Marton [£7] 48] and Samson[[60] pove concentration for general classes
of processes in terms of various mixing coe cients; Samson @plies this to Markov chains and

-mixing processes while Marton's application concerns ldice random elds.

1.2 Main results

The main result of this thesis is a concentration of measureriequality for arbitrarily dependent
random variables. Postponing the technical details until the coming chapters, the inequality states
that for any (nonproduct) measure P on " and any functionf : "! R, we have
I
2 '
2kf K2 K aWK3

Lip ;W

Pfif Efj>tg 2exp (1.4)

where , isthe\ -mixing" matrix de ned in Chapter 3Zhnd kf k., is the Lipschitz constant of
f with respect to the weighted Hamming metric d:

X
dW(X;y) = Wi ixi6yig (1-5)
i=1

for some vectorw 2 R7.
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It must be pointed out that (LZ] is not as novel as the author had hoped when proving it. A
thorough literature search as well as discussions with expts suggest that Marton's [46, Theorem
2] should be considered the rst result of comparable genetdy. Almost contemporaneously with
our proving (L4), Chazottes et al. published a very similarresult [I3]. Our main contribution is
the proof technique { we o er the rst (to our knowledge) non- coupling proof of (I4), via Theorem
B3, which may be of independent interest, as well as someowel applications.

Sincek nwk, Kk nk,kwk,, the utility of (ILZ) will depend on our ability to control th e
quantities kf k . ., kwk,, andk nk,. Intypical applications, we will have w;  n 1 (corresponding
to the usual normalized Hamming metric) andkf k .., 1 (though it would be interesting to nd
a natural application that exploits the generality of weighted Hamming metricsE). The applications
we have considered admit a somewhat cruder version of {1.4yja the bound

K nwks n max ( AW)?: (1.6)

Having xed the metric at normalized Hamming and the Lipschitz constant of f at 1, our bound
on the deviation probability becomes

nt?2

Pfif Efj>t 2ex _—
J J g p ok nki

(1.7)

Again, one hopes to nd scenarios where the full sharpness diC4]) would be used.

Once we establish [LF), we will derive concentration bound for various measures of interest
by bounding k k; . The construction of  in Chapter B2 implies& K nky n but as [T4)
makes clear, this trivial bound is useless. We would neeld ,k; = O(" n) for a meaningful bound,;
for a number of interesting measures, we will actually havek ,k; = O(1).

Though a full statement of our concentration results for various measures will have to be deferred
to Chapter @, we will attempt a brief summary. For Markov chains with contraction (Doeblin)
coecient < 1, we have

K ok, 1=1 ) (1.8)

which recovers Marton's result {I3) up to small constants ad vanishing terms. Our bound is
actually a strict generalization of Marton's since it is sersitive to the contraction coe cients ; at
dierent time steps 1 i< n and even allows then to achieve unity.

Expanding our class of measures to include the hidden Markoehains, we observe a surprising
phenomenon: k nk; can be controlled by the contraction coe cients of the underlying Markov
chain. Thus a hidden Markov process is \at least as concentried" as its underlying Markov process;
however, this property fails for general hidden/observed pocess pairs.

Our concentration result for Markov trees requires a bit of overhead to state so we defer it to
Chapter@. It is stated in terms of the tree width and the contraction coe cients at each node and
reduces to our Markov chain bounds in the degenerate case ofsingle-path tree.

% Since product measures (as we shall see) satisfk nk, = 1, (IZ] recovers McDiarmid's inequality (LZTwith a
slightly worse constant. In its full generality, the latter reads

Pfif Efj>tg 2exp( 2t°=kwk3)

for any f with kf k 1.

Lip ;w
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The concentration results for various processes in turn yilel new tools in statistics and machine
learning. One of these is a law of large numbers for strongly iRing processes, which has already
found applications in statistics [I1] . We also show how[{TJycan be used to generalize the classical
PAC results to non-independent samples.

1.3 Applications of concentration

The word applications means di erent things to di erent people. Computer scientists are typi-
cally concerned with algorithms and their performance anaysis while statisticians often need a
handle on the asymptotics of estimators and samplers, and nthematicians are always looking for
new theorem-proving techniques { in short, each specialisivants to know what a given tool will
contribute to his eld.

The remarkable thing about concentration of measure is thatits uses span the wide gamut
from something as practical as decoding neural signal§ L] to esoteric topics such as analyzing
convex bodies in Banach space§i[4].

Whole books and monographs have been devoted to the di erenépplications of concentration.
Toward the applied end of the spectrum, there is the forthconing book of Dubhashi and Panconesi
on analysis of algorithms [20], while the more theoretical onsequences of concentration (in par-
ticular, in Banach spaces and groups) are described in Scheman's paper [61] and his book with
Milman [B4].

A few celebrated applications of concentration include

Milman's proof [63] of Dvoretzky's theorem [21] on sectionsof convex bodies

a widely cited lemma of Johnson and Lindenstraus<129] conoeing low-distortion dimension-
ality reduction in R" by random projections

Shamir and Spencer's work[[62] on the concentration of a ranaim graph's chromatic number
statistics and empirical processes[49] and machine leamg [5].

Rather than reproduce these results here, we will focus on # areas in which our methods are
most readily applicable { viz., the last item. This will be covered in some detail in Chapter4B.

1.4 Thesis overview

This thesis is organized as follows. In Chapte[2 we de ne thenotational conventions used through-
out the thesis (Chapter ZZI.2), prove some preliminary reslis concerning the total variation norm
(Chapter E2), review the main existing techniques for proing concentration (Chapter Z3), and
prove our main inequality (Chapter E£3) as well as the concetration bound following from it
(Chapter B3).

Chapter @ will deal with applications of the main concentration result. First, we proceed to
apply the general inequality to various processes: Markovhidden Markov, and Markov tree. In
the next application, we obtain a law of large numbers for stongly mixing processes, which in
particular yields an analysis of an inhomogeneous Markov Cain Monte Carlo algorithm; this is
joint work with Anthony Brockwell. Finally, we exhibit some applications of our techniques to
empirical process theory and machine learning.
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In Chapter Bl we collect some miscellaneous results, such gsoving that kk and kk are
valid norms (Chapter B2), giving examples where concentréon fails if P is not mixing or f not
Lipschitz (Chapter B5)), discuss the measure-theoretic nances of conditioning on measure-zero
events (Chapter[5.3), extend our results to countable and cntinuous spaces (Chaptel’all), as well
as the ", metrics (Chapter B3). We also construct some illustrative examples of measures with
speci ¢ mixing coe cients (Chapter 5.7

Finally, Chapter Gldiscusses some open problems, conjectes, and future research directions.
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Chapter 2

Methods

2.1 Preliminaries

2.1.1 Measure theory

When dealing with abstract measures, one must typically tale care to ensure that all the objects
are in fact measurable, the conditional distributions welkde ned, and so forth. On the other hand,
our main contribution is not measure-theoretic in nature; indeed, the = fO0;1g case captures most
of the interesting phenomena. Furthermore, since our natual metric is a discrete one (Hamming),
it seems reasonable to restrict most of our attention on the ase of countable . In fact, we will
take to be nite until Chapter 5.Cvhere we extend our resul ts to countable and continuous
without too much e ort.

Thus, until further notice, is a nite set and questions of m easurability need not concern us
(no niteness assumptions are made when we use the genericrapol X).

2.1.2 Notational conventions

Random variables are capitalized K ), speci ed sequences (vectors) are written in lowercasex(2

concatenation: ! x,;]= x¥. Often, for readability, we abbreviate [y w] asyw.

We use the indicator variable 4 to assign O-1 truth values to the predicate infg. The sign
function is de ned by sgn(z) = ¢, og fz<o0g- 1he ramp function is de ned by (2), = Z f,sqg-
We denote the set (Q1 ) by R,

The probability P and expectation E operators are de ned with respect the measure space
speci ed in context. To any probability space ( ";F;P), we associate the canonical random
processX = X[, X; 2 , satisfying

PfX 2Ag = P(A)

forany A 2 F . If we wish to make the measure explicit, we will write (A) for probabilities P (A)
and f for expectationsE f.
If (X;F; )isa(positive) measure space, we writd (X ; ) for the usual space of -measurable
functions f : X! R, whoseL, norm
z 1=p
Kfk x:) = y jf jbd
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is nite. We will write kk_ .y askk_ orjust kk_ if there is no ambiguity; when is the
counting measure on a discrete space, we write this askp.
Likewise, the L1 norm, kf k . = esssupjfj is de ned via the essential supremum:

esssud (x) = inffa2[1 ;1]: ff(x)>ag=0g:
x2X

A weighted Hammingmetric on a product space " is a weighted sum of the discrete metrics
on :

X
dw(X;y) = Wi fx8yig
i=1

for x;y 2 " and some xedw 2 R:. We will write d for the (frequent) special casew; n 1.

2.2 Total variation norm: properties and characterization S

Remark 2.2.1 The results proved in this section were discovered indeperahtly by the author. It
came as no surprise that they are not new; even where concreteferences are not available, these
inequalities are well-known in probability-theoretic folklore. We o er simple computational proofs,
in contrast to the typical coupling arguments used to obtain such results (see, for example, David
Pollard’'s book-in-progressAsymptopia, or his online noteﬂ). It is hoped that the technique used
here might some day facilitate a proof where the coupling mdiod is less forthcoming. 3

If is a positive Borel measure on X;F) and is a signed measure onX;F), we de ne the
total variation of by

R
2k k,, = sup i (Edj; (2.1)
i=1

where the supremum is over all the countable partitionsg; of X (this quantity is necessarily nite,
by Theorem 6.4 of |p9]i§ It is a consequence of the Lebesgue-Radon-Nikod/m theorenf[5Y],
Theorem 6.12) thatif d = hd , we have

z
2k k,, = jhjd :
X
Additionally, if  is balanced meaning that (X) =0, we have
Z
Kky = (h),d; (2.2)
X

this follows via the Hahn decomposition ([59], Theorem 6.1%
If p and g are two probability measures on a ( nite) set X, there are many di erent notions
of \distance" between p and q; we refer the reader to the excellent surveyl124], which sumarizes

! |nttp:/iwww.stat.yale.edu/~pollard/607.spring05/hand outs/Totalvar.pdf
2 Note the factor of 2 in (£2I], which typically does not appear in analysis texts but is standard in probability
theory, when is the di erence of two probability measures.
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the relationships among the various de nitions. A central role is occupied by thetotal variation
distance; it will also be of key importance in this work.
The discussion above implies the identities

ko ok, = 3kp d = (P 9. i (2.3)

which we will invoke without further justi cation througho ut this work. Another widely used
relation is

kp ok, = sup  jp(A)  a(A)j; (2.4)
Borel A x
its proof is elementary and is traditionally left to the reader (see (9], p. 126 for a proof).
Given the measuresp and g on X, de ne
z z

M(p;d = u2[01% : XU(dx;)=q(); XU(;dy)=p() (2.5)

to be the set of all couplingsof p and q { i.e., all joint distributions on X X whose marginals are
p and g, respectively. It is a basic fact (see, for example[142, Tharem 5.2]) that
z

kp ok, = uzrairgp;q) ‘x fxe ygdu(x;y); (2.6)

the Iatterpas the interpretation o,g PfX 6 Yg minimized over all joint measuresu on X X with
X p= u(;y)andY g= , u(x; ). We will give a (possibly new) elementary proof of this
fact, in the case of nite X.

Let us de ne the (unnormalized) measurep” g as the pointwise minimum of p and q:

(PN a)(x) = min fp(x);q(x)g:
The quantity kp” ok, is called thea nity betweenp and g and satis es

Lemma 2.2.2. If p;p®are probability measures onX and ¢= p” p° then

p P’ = 1 Kkek: (2.7)
Proof. De ne the function
X X
F(uv) = 1 minfugvg 3 jux V]
x2X x2X

over the convex polytopeU RX RX,

n X X 0]
U= (uVv):uxvxy 0 Uy = v =1 ;

note that proving (E7) is equivalent to showing that F 0 on U.
Forany 2f 1;+1g%, let

U =f(u;v) 2 U :sgnux Vx)= «G;
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S
note that U is a convex polytope and thatU = of 141g< Y B Fix some 2f 1;+1¢¥.
Observing that for u;v 2 U

minfuy,vxg = Ux § ,<ogt Vx f y>0g
and
Jux VW) = x(Ux  Vx);
we de ne the function
X L X
F(uv) =1 (Ux f y<og* Vx f y>09) 3 x(Ux  Vx)
x2X X2X

over U ; note that F agrees withF on this domain.

Observe that F is a ne in its arguments ( u;Vv) and recall that an a ne function is determined
by its values on the extreme points of a convex domain. Thus toverify that F OonU , we
need only check the value of on the extreme points of U . The extreme points of U are pairs
(u;Vv) such that, for some x%x%2 X, u= (x9 and v = (x%, where (z) 2 RX is given by
[ (@)]x = fx=zg-

Let (0;¢) be an extreme point of U . The caseu’= 4 trivial, so assumeu‘'6 #. In this case,

minfay; g O

and X
jux Vyj =2:
x2X
This shows that F vanishes onU and proves the claim. O

An easy consequence of this lemma is the following minorizain property of the total variation
distance:

Lemma 2.2.3. Let p;p°q be probability distributions on X satisfying

pe);px)  "ax); x2X (2.8)
for some" > 0. Then
p o, 1 ™ (2.9)
Proof. Condition (E38) implies
P PY)  ak); x2X:
Summing overx 2 X , we have" k p” p(kl, which implies (Z39) via LemmalZZ2. O

Another consequence of Lemm&8ZZ2 2 is a very simple proof dZg):

D

3 Note that the constraint wox Ux = " «ox Vx =1forcesU = f(u;v) 2 U :ux = vxgwhen +land U =;
when 1. Both of these cases are trivial.
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2.2 Total variation norm: properties and characterization s
Lemma 2.2.4. If p and q are probability measures onX, then
X
kp ok, = min u(x;y) ixevyg:
uzM (p:q) Xy 2X

Proof. For a givenu 2 M (p; @), the r.h.s. becomes

X X X
u(xy) txeyg = u(x;y)
X;y 2X Xx y8 X
= [P(x)  u(x;x)]
X
=1 u(x; x):

X

The constraint u 2 M (p; @) implies
0 u(x;x) minfp(x);q(x)g

and minimizing the r.h.s. means takingu = p” q.

O

Another useful property of total variation is the following \tensorizing" inequality; the proof

below rst appeared in [34]:

Lemma 2.2.5. Consider two nite sets X;Y, with probability measuresp;p®on X and q;fon Y.

Then

0

p a p° o, p p°

0 0 0
TV+ q q TV p p TV q q

Remark 2.2.6 Note that p qgis a 2-tensor inR* Y and a probability measure onX Y .

Proof. Fix q;cf and de ne the function

F(uv) = jux wjt+ g o, 2 jux Wy Ux Gl
x2X x2X x2X ;y2Y

over the convex polytopeU R* RX,

n X X 0]
U= (uVv):uxvx 0 Uy = v =1 ;

note that proving the claim is equivalent to showing that F 0 on U.
Forany 2f 1;+1g*, let

U =f(u;v) 2 U :sgnux Vx)= «G;

S
note that U is a convex polytope and thatU = 5 .., x U .

Pick an arbitrary 2f 1;+1g*Y and dene
!
X 0 X X
F (uv) = x(Ux W)+ g ¢ v 2 x(Ux  Vx) xy (Ux Oy
X X Xy

v -

ey

(2.10)
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over U . Since ,(uy Vx) = jux Vyj and can be chosen (for any givenu;v:q; ) so that
xy (Ux 0y vxq)‘)) = UxQy vqu , the claim that F 0 on U will follow if we can show that F 0
onU .

Observe that F is ane in its arguments ( u;v) and recall that an a ne function achieves its
extreme values on the extreme points of a convex domain. Thuso verify that F OonU ,
we need only check the value ofF on the extreme points of U . The extreme points of U are
pairs (u;Vv) such that, for somex®x%2 X, u= (x9 andv = (x%, where (xg) 2 RX is given
by [ (Xo)lx = fx=xq@- Let (4;¢) be an extreme point of U . The caseu*= 4 is trivial, so assume
06 4. Inthis case, ,,x x(0x ®¥)=2and

X 0 X 0
xy (Ox 0y qu)/) Ox 0y 0‘xq)/
x2X ;y2Y x2X ;y2Y
2:
This shows that F 0 onU and completes the proof. O

Remark 2.2.7. Lemma[ZZ5 has a simple coupling proof and appears to be fdtke knowledge
among probability theorists (we were not able to locate it in the literature). Our proof technique,
consisting of converting the inequality into an ane functi on taking nonnegative values over a
convex polytope, appears to be novel. Aside from being an aftnative to coupling, this technique
can lead to natural insights and generalizations. For instace, our proof of LemmaZZb admits an
immediate generalization to the case of Markov kernels.

Let pp be a probability measure onX, and py( jX), X 2 X, a (conditional probability) kernel
from X to Y, and write = pp p; for the measure onX Y de ned by

(x;y) = po(x)ps(yjx); Xy2X Y

Similarly, let go be a measure onX and ¢; a kernel fromX to Y;dene =q .
Then a straightforward modi cation of the proof of Lemma £2Z.3 yields

Kk Kk do+ di  dody; (2.11)

TV

wheredp = kpo ok, and
di = maxkp(jx)  w(ix)ky :

There may well be a simple coupling proof of [Z111), though itseems to us that a bit of work
would be required. Our point is that our \a ne-function" tec hnique suggestedhe generalization
and o ered a proof, with minimal e ort. 3

2.3 Survey of concentration techniques

Given the excellent survey papers and monographs dealing i concentration of measure (in par-
ticular, [40], [61], and [43]), we will con ne ourselves to biie y mentioning the main techniques and
refer the reader to the cited works for details and proofs.
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2.3.1 levy families and concentration in metric spaces

A natural language for discussing measure concentration irgeneral metric spaces is that of levy
families. This de nition is taken, with minor variations, f rom Chapter 6 of [54]. Let (X; ; ) be a
metric probability space (that is, a Borel probability space whose topology is induced by the metric
). Whenever we write A X , it is implicit that A is a Borel subset ofX. For t > 0, de ne the
t-enlargementof A X :
Ar=fx2X : (x;A)<tg

The concentration function ()= x.. () is de ned by:
() = 1 inff (A):A X ; (A) 3o
Let (Xn; n; n)n 1 be afamily of metric probability spaces with diam , (Xy) < 1 , where

diam ,(Xp) = sup a(XYy): (2.12)
X;y 2X n

This family is called a normal levy family if there are constants ¢;; ¢, > 0 such that
Xninin(t)  crexp( cnt?)

foreacht> Oandn 1.

The condition of being a normal levy family implies strong concentration of a Lipschitz f :
Xn ! R about its median (and mean); this connection is explored indepth in [AQ]. In particular, if
(X;; ) is ametric probability space andf : X ! R is measurable, de ne itsmodulus of continuity

by

() = supfif(x) f(j: (xy)< o (2.13)
A number M; 2 R is called a -median of f if

ff Mfg 3 and ff  Mig 3

(a median need not be unique). These de nitions immediatelyimply the deviation inequality
[40](1.9)

fif Mij>1+()g 2 x;; ()
which in turn yields [£0](1.13)
fif M¢j>tg 2 x;; (t=kfk,); (2.14)

where the Lipschitz constantkf k , is the smallest constantC for which !'¢+() C ,forall > 0.
In particular, (£14) lets us take kf k ,; =1 without loss of generality, which we shall do below. The
following result lets us convert concentration about a medan to concentration about any constant:

Theorem (Thm. 1.8 in [40]L Let f be a measurable function on a probability spacéX;A;P).
Assume that for somea 2 R and a non-negative function on R: such thatlim; (r)y=0,

Pfif a rg (r)
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for all r> 0. Then

Pfif M¢j r+rog (r); r>0;
here M; is a P-median of f and whererg > 0 is such that (rg) < % If moreover =
01 (r)dr< 1 thenf is integrable,ja Ef] , and for everyr > 0,
Pfif Efj r+ ¢ (r):

Thus, for a normal levy family, deviation inequalities for the mean and median are equivalent
up to the constants c;;c,. Theorem 1.7 in [40] is a converse to[{Z14), showing that if Ipschitz
functions on a metric probability space (X; ; ) are tightly concentrated about their means, this
implies a rapid decay of x.. (). We remark that for typical applications it is usually most
convenient to bound the deviation of a variable about its mean.

2.3.2 Martingales

Let (X;F;P) be a probability space and consider some ltration

f,;Xg=Fg F 1 ::: Fph=F: (2.15)

Vi = E[fjFi] E[fjFi 4l (2.16)
It is a classical result going back to Azuma [3] and Hoe ding [Z7] in the 1960's, that
Pfif Efj>tg 2exp( t?=2D?) (2.17)

where D? P kv kf (the meaning of kVik; will be made explicit later). Thus, the problem
of obtaining deviation inequalities of type () is reducel to the problem of bounding D2. This
will be the approach we take in this thesis, where our ability to control D2 will depend on the
continuity properties of f and the mixing properties of the measureP.

The most natural application of Azuma's inequality is to a product measureP on X = " and
f: "1 Rwith kfk, ., 1. Inthis case, itis straightforward to verify that kVik;  w;, and sd

Pfif Efj>tg 2exp( 2t?=kwkd);

this is McDiarmid's inequality [%1], which has found particularly fruitful applications in computer
science and combinatorics. Kim and VuU[[3ll] have recently uskmartingales to obtain a concentra-
tion result for a class of non-Lipschitz functions, again with combinatorial applications in mind.
Besides the present work, we are only aware of one systematapplication of the martingale
method to nonproduct measures, namely that of Chazottes et b [L3]. The authors de ne a coupling
matrix D , analogous to our ,, and use Cherno exponential bounding together with Markov's
inequality to obtain an inequality of a similar avor to (1[Z7), applying it to random elds. The main

4 The sequencef E[f jFilg’, is a martingale with respect to fF g, .
5 See [[4D] for a modern presentation and a short proof of [ZZIT)
% The improvement by a factor of 4 is obtained by observing that in fact supVi infVi  w;.
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result of Chazottes et al. is essentially identical (modulosmall constants) to our Theorem[3:3#,;
their bound was obtained contemporaneously with ours via a ttally di erent method (coupling).

We cannot resist mentioning a rather clever application of he martingale method. Let ( ; )
be any nite metric space. For a2 R?, de ne an a-partition sequence of to be a sequence

of partitions of such that Aj+; renes A; and wheneverA 2 Ay 1;B;C A andB;C 2 Ay,
there is a bijectionh : B ! C such that (x;h(x)) & forall x2 B. The length™ = kak, of ( ; )
is de ned to be the in mum over all a-partition sequences. Then we have (seé¢154].161] dr140])

() exp( r’=8'?)

where is the normalized counting measure on . In the case of the synmetric group of permu-
tations S, with the (normalized Hamming) metric

1 X
(; )=n f ()8 (g
i=1
we may bound its length by " P 2=n and thus its concentration function by (r) exp( nr2=32),
recovering Maurey's theorem [bi)ﬂ More results of this sort have been obtained on general grou
see [54].

2.3.3 Isoperimetry

Classical isoperimetric results relate the measure of a sstboundary to its full measure. Following
Ledoux [40], we endow a metric spaceX; ) with a positive Borel measure , and de ne the
boundary measure(Minkowski content) of a Borel A X to be

"(A) = lminf (A nA)

where A, is the r-enlargement of A de ned in XZ31.
The isoperimetric function I :[0; (A)]! R+ isde ned, for each BorelA X with (A)< 1,
to be the maximal value that satis es

"(A) L ( (A): (2.18)

Any set B achieving equality in @I8) minimizes the boundary measue *(A) among all setsA
with (A) = (B) and is called anextremal set One may obtain concentration from isoperimetry
by imposing mild conditions on and assuming the existence of a strictly increasing di eretiable

function v: R! [0; (X)] for which | v® v 1. Under these assumptions, we can bound the
concentration function [40, Corollary 2.2]:
x;; () 1 (v 1(%)‘F r):

The isoperimetric function is notoriously di cult to compu te in general, but admits a few benign
special cases, among them the unit spher8” R" endowed with the uniform probability measure
" and geodesic distance . In this case, we have[l40, Theorem 2.3]

s;; n(r) exp( (n 1)r2:2)i

"The latter also has an elementary proof; see X5.3.
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which is essentially levy's inequality.

A more modern approach, pioneered by Talagrand85], dispeses with the isoperimetric function
and works directly with enlargements. Endow any product prabability space ( ";P) with the
weighted Hamming metric dy,, w 2 R} de ned in (L) and de ne the convex distance

Da(x) = kSllipldw(XQA)
WK,

for Borel A n.
Then Talagrand's famous inequality [40, Theorem 4.6] reads

PfDa tg P(A) lexp( t?=4): (2.19)

Though at rst glance not much di erent from McDiarmid's ine quality, (£I9) is actually quite a
bit more powerful, with numerous applications given in [65]

2.3.4 Logarithmic Sobolev and Poincae inequalities

Let (X; ; ) be a metric probability space. In this case,jr fj may be de ned as
if(x) fyi

(x;y)
without assigning independent meaning tor f. De ne the following three functionals mapping
f 2 R* to R+ : entropy,

jr f(X)j] = limsup (2.20)
yl x

z Z Z
Ent (f) = f logfd fd log fd (2.21)
X X X
variance,
Z Z )
Var (f) = f2d fd : (2.22)
X X
and energy, .
E@) = jr f(x)j%d: (2.23)
X

(in each case we make the necessary assumptions for the qudigts to be well-de ned and nite).
The measure is said to satisfy a logarithmic Sobolev inequality with corstant C if

Ent (f?) 2CE (f) (2.24)
and a Poincae (or spectral gap) inequality with constant C if
Var (f) CE (f); (2.25)

in each case the inequality is asserted to hold for aff with kfk 1 (with respectto ).
If (24) holds, we have [[4D, Theorem 5.3]

x;: () exp( r2=8C);
if (£229) holds, we have [[4D, Corollary 3.2]
.. () exp( r=3p C):

These inequalities are proved in[[6/l],[140] and’[39], the lé&r an encyclopedic source on the
subject. The reader is referred to[[6] for recent results anditerature surveys.
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2.3.5 Transportation

The technique of usingtransportation (alternatively: information) inequalities to prove concentra-

tion was pioneered by Marton in her widely cited paper on contacting Markov chains [45]. Since
the publication of Marton's paper, several authors proceeed to generalize the information-theoretic

approach [1I6,[I5[1I7["25]. These techniques are also at thedreof Samson's result [60], which we
shall discuss in greater detail below. The material in this ction is taken from [40]; a comprehensive
treatment is given in [6Y].

For a metric space X; ) and two Borel probability measures ; on X, de ne the transportation
cost distance (also referred to as Wasserstein 1, Monge-Kantorovich, orathmover distance [55])
between and

z

TG = it (x;y)d (xy); (2.26)
() xx

whereM (; )is denedin (£5). De ne also the relative entropy (or Kullback-Leibler divergence)
of with respectto as
. d z d
H( j ) = Ent — = log—d (2.27)
d X d
whenever with Radon-Nikogym derivative J-.
The measure is said to satisfy a transportation inequality with constant C if

p —
T(; ) 2CH( j ) (2.28)
for every . This condition implies concentration for
p
x;; (1) exp( r2=8C); r 2 2Clog2

Note that computing T (for nite X) amounts to solving a linear program. A consequence of
our main inequality in Theorem BT is a simple bound onT ; see Chapte5b.

The transportation cost distance T can be vastly generalized by replacing in (E228) with a
(possibly non-metric) e: X X ! R+ and numerous concentration results can be obtained via
these methods; see the references in40] arld[69] for detail

2.3.6 Exchangeable pairs

A novel technique for proving concentration was presentedn Sourav Chatterjee's 2005 PhD thesis
[I2]. 1t is based on Stein's method for exchangeable pairs, lich is explained in Chatterjee's
dissertation.

Let be a probability measure on ", and X = (X1:::X,) 2 " be a random variable with
law . Forany x2 ", let

X' =[x} txfg]
denote the element of n 1 obtained by omitting the i symbol in x. Foreach1 i nand
x 2 " let j(jx") be the conditional law of X; given X' = x'. One of the main results in

Chatterjee's thesis is the following elegant inequality:
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Theorem (Thm. 4.3 of [12]). SupposeA = (a;) 2 R} " satises a; =0 and
. i X
i(1x7) i(1y) v aj fx;6y;g
j=1

forall x;y2 "and1l i n. Then,iff: "! Rsatiseskfk,., 1forsomew2 R} and
KAk, < 1, we have

Pfif Efj>tg 2exp( (1 k Aky)t?=kwk3);
where KAK, is the ", operator norm of A.

Chatterjee applies his technique, among other things, to spctra of random matrices.



Chapter 3

Linear programming inequality and
concentration

3.1 The inequality

In this section, taken almost verbatim from [32], we prove the main inequality of this thesis, which
is at the core of all of our concentration results. We extend he subsequence notation de ned in
AZT2 to vectorsw 2 R": forl k =~ n, we write Wl; = (wg;::;w) 2 RE 1) Fixing a nite
set , n> 0andw 2 R}, we make the following de nitions.

1. K, denotes the set of all functions : "! R (and Kg= R)
2. the weighted Hamming metricd,, on " "is de ned as in (I.3)

3. for' 2 Ky, its Lipschitz constant with respect to d,,, denoted by k' kLip W is de ned to be
the smallest ¢ for which

)y cdy(X;y)
forall x;y 2 ";any' with K" k., cis called c-Lipschitz
4. forv2[0;1),dene Y Kjtobethesetofal' suchthatk k, ., 1and
0 "(x)  kowk;+ v x2 M
we omit the +v superscript whenv = 0, writing simply

5. the projection operator ()°takes 2 K, to %2 K, 1 by

X
W) = (xy);  y2 "%
X12
i P
forn=1, Olisthescalar °= |, (x1)
6. fory 2 , the y-sectionoperator (), takes 2 K to 2 K, 1 by
y) = (xy); x2 "%

forn=1, y()isthe scalar (y)
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7. the functional .5 : Kn! Risdenedby .o()=0and
X

wn() = wi (st wpn al %; (3.1)

x2 n

whenw; 1 we omit it from the subscript, writing simply

8. the nite-dimensional vector spaceK, is equipped with the inner product
X

h; i = (x) (x)

x2 N

9. two norms are dened on 2 K,: the -norm,

kKk., = sup jh;"ij (3.2)
' l2 w;n
and the -norm,
kk ., = max1 wn (S ): (3.3
; om

Remark 3.1.1 For the special casew; 1, dy is the unweighted Hamming metric used in [3F]. It
is straightforward to verify that ,-norm and ,-norm satisfy the vector-space norm axioms for
any w 2 R"; this is done in [37] forw; 1. Since we will not be appealing to any norm properties
of these functionals, we defer the proof to ChapteiZ5]2. Notehat for any y 2 , the projection
and y-section operators commute; in other words, for 2 K42, we have ( ‘ﬁy =( y)02 Kn and
so we can denote this common value by 2 K:

X X

y(2) = y(x12) = (xazy); 22
X12 X12

n.

Finally, recall that a norm k Kk is called absoluteif kxk = kjxjk, wherejj is applied componentwise
and monotoneif kxk k yk wheneverjxj | yj componentwise. Norms having these properties are
also calledRiesznorms; the two conditions are equivalent for nite-dimensional spaces[28]. Neither

w-norm nor -norm is a Riesz norm; these should be thought of as measuringscillation as
opposed tomagnitude Indeed, for nonnegative , we trivially have

k k.,=kk ., =kwkk Ky;
so the inequality is only interesting for  with oscillating signs. 3
The main result of this section is

Theorem 3.1.2. Forall w2 R} and all 2 K,, we have
kK K kK Kk (3.4)

Remark 3.1.3 We refer to (4) { more properly, to (B8), from which the former immediately
follows { as a linear programming inequality for the reason that F() = h; i is a linear function
being maximized over the nitely generated, compact, conva polytope . R ". We make
no use of this simple fact and therefore forgo its proof, but ee [37, Lemma 4.4] for a proof of a
closely related claim. The term \linear programming" is a bit of a red herring since no actual LP
technigues are being used; for lack of an obvious natural nae) we have alternatively referred to
precursors of [34) in previous papers and talks as the \ -noom bound" or the \ - inequality."

3
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The key technical lemma is a decomposition of -4 () in terms of y-sections, proved in [37] for
the casew; 1:

Lemma 3.1.4. Foralln 1, w2R? and 2 K,, we have
2 0 1 3

X X
wn( ) = 4 () W@ y()A 5 (3.5)
y2 X2 n 1 +

Proof. We proceed by induction onn. To prove the n = 1 case, recall that © is the set containing
a single (null) word and that for 2 K1, y 2 Kqis the scalar (y). Thus, by de nition of  .1(),
we have

X
wii( ) = wi (y);
y2
which proves (33) forn = 1. )
Suppose the claim holds for som& = ° 1. Pick anyw 2 R, and 2 K-;; and examine
2 0 1 3
X X
4 Ly W, @ yO)A S
y2 x2 +
20 1 0 1 3
X X X
= 4@\Nl ( y(X))+ + W‘Z;‘ 1( )O/)A + W\+1@ y(X)A 5
y2 x2 x2 +
0 1 3
X o X o X
= 4 (D wa@ WA S+ w ( (@),
y2 uz 1 + z2 '+t
(3.6)
where the rst equality follows from the de nition of Wy in (B7) and the second one from the

easy identities

X
(y(x), = ( (2).

y2 x2 z2 1
and
X X 0
y(X) = y(u):
x2 u2 1
On the other hand, by de nition we have X
wi+t( ) = wp (@) + 9: (3.7)
z2 '+

P
To compare the r.h.s. of [Z®B) with the r.h.s. of (31), note that the w; ,, -« ( (2)), termis

common to both and 5 0 1 3
X

X
v A DFwa @ WA S = (9
y2 u2 1t +

by the inductive hypothesis. This establishes [33b) forn = *~ + 1 and proves the claim. O
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Our main result, Theorem [31.2, is an immediate consequencef
Theorem 3.1.5. Foralln 1, w2R},v2][0;1)and 2K, we have
!

X
sup h;' i wn( )+ v x) (3.8)
‘2 ;v,\rl1 x2 N +
Proof. We will prove the claim by induction on n. For n = 1, pick any w1 2 Ry, v 2 [0;1 ) and
2 K. Since by construction any' 2 V.. is wy-Lipschitz with respect to the discrete metric on

wi;l
, ' must be of the form

(X)) = ~(X)+ v, X2
where'~: I [O;wi]land O v v (in fact, we have the explicit value v = (max x> ' (X) Wwi),).
Therefore,
X
h;" i = h; 'H+wv (x): (3.9)
X2

The rst term in the r.h.s. of (IY]lis clearly maximized when '<(x) = Wy ¢ (x)>qq for all x 2,
whichﬁhows that it is bounded by ,.1( ). Since the second term in the r.h.s. of[[3P) is bounded
byv ., (x),,we have established[[3I8) fom = 1.

Now suppose the claim holds fom = °, and pick any w 2 Rgl, v2[0;1)and 2 K-y . By

the reasoning given above (i.e., using the factthat 0 ' v+ ,;’i w; and that ' is 1-Lipschitz
with respect to dy), any ' 2 \jv;‘fﬂ, musthe of the foom' = ~ + v, where'~2 -4+ and
0 v v.Thuswewrite h;" i=h;'~-+% _, -u (X)and decompose
X
h; 'S = hy'~i; (3.10)
y2
making the obvious but crucial observation that
~2 s ) w2 W
w; +1 ) y wy;
Then it follows by the inductive hypothesis that
0 1
_ X
x2 +
Applying Lemma B4 to @11), we have
2 0 1 3
X X X
hy;'~yi 4 wr(Cy)+ Wiy @ yOOA D = e () (3.12)
y2 y2 x2 +
This, combined with (BZI0) and the trivial bound
0 1
X X
v (x) v@ (x)A
X2 T+l X2 T+l

+

proves the claim forn = ~ + 1 and hence for all n. O
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Remark 3.1.6. The power of Theorem[3I.2 comes from its bound of a natural bunot readily
computable (in closed form) quantity by a less intuitive but easily computed quantity. Although
our main application of this inequality is to bound the marti ngale di erence in Theorem[3:34, one
hopes that it will nd other applications. One such possibility is a bound on the transportation
cost distance, via Kantorovich's duality theorem; seeXa.d. 3

3.2  -mixing

The notion of mixing we de ne here is by ho means new; it can be aced (at least implicitly)

to Marton's work [46] and is quite explicit in Samson [60] and Chazottes et al. [13]. We are
not aware of a standardized term for this type of mixing, and have referred to it as -mixing in

previous work [37]. That choice of terminology is perhaps shoptimal in light of the unrelated

notion of -dependenceof Doukhan et al. [19], but the su ciently distinct contexts should help
avoid confusion. We will observe a few simple facts about-mixing coe cients.

3.2.1 De nition

Let ( ";F;P) be a probability space and Xi)1 i n its associated random process. For 1 i<
j nandx2 ' let _
L(X{"j X1 = x)

be the law (distribution) of X" conditioned on X = x. Fory2 ' Yandw;w°2 , dene

i (swiw) = L iXi=yw) L (XPiXi=ywd) (3.13)
where
i = max_ max i (y;w;wO: (3.14)
y2 T lww®

Let = n(P) be the upper-triangular n n matrix dened by ( )i =1 and
( n)ij = j: (3.15)
forl i<j n. Recall that the *; operator norm is given by

kK nki = max 1+ jj+1+ 04 n): (3.16)

1 i<n
We say that the processX on ( N:F;P)is -mixing if

supk n(P)k; <1: (3.17)
n 1

Let us collect some simple observations abouk n»( )k, :
Lemma 3.2.1. Let be a probability measure on ". Then
@ 1 k a()ky n

() kK n( )ky =1 is a product measure
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(c) if is ameasure on ™ then
K n+m( Ky maxfk n( )k; sk m( )k; 9:

Proof. (a) is immediate from 1; (b) the \if" direction is trivial; \only if" is establishe d by
proving the (straightforward) n = 2 case and applying induction; (c) follows by observing tha
m+n( ) is a block-diagonal matrix. O

Remark 3.2.2 A careful reader will note that j; may also depend on the sequence length;
thus any meaningful bound on this quantity must either take this dependence into account or be
dimension-free. The bounds we derive below are of the lattetype. 3

3.2.2 Connection to  -mixing

Samson [[6D], using technigues quite dierent from those hex, showed that if = [0 ;1], and
f :]0;1]" ! R is convex with kf ki 1 (in the "2 metric), then
!
2

Pfif (X) Ef(X)j>tg 2exp  —— (3.18)
2K k3
wherek kK, is the ", operator norm of the matrix
q___
(n)i = ( i (3.19)

wherep " is applied to , component-wise. Following Bradley [7], for the random proess K;)i2z
on ( 4;F;P), we de ne the -mixing coe cient
(k) = sup (Fy iF}y); (3.20)
j2z
where Fij F is the -algebra generated by theXij, and for the -algebrasA;B F , (A;B)is
de ned by
(A;B) = supfiP(BjA) P(B)j:A2A; B2B;P(A)> 0g: (3.21)
Samson observes that
i 25 i (3.22)
which follows from
LOXMjXi=yy 'w) L (X jXi=y; W L iX=yy 'w) LX)
+ LXMjXi=y wh LX)
This observation, together with (BZId), implies a su cient condition for -mixing:

h 3
k < 1; (3.23)

k=1

this certainly holds if ( ) admits a geometric decay, as assumed il [60].
Although -mixing seems to be a stronger condition than -mixing (the latter only requires !

0), we are presently unable to obtain any nontrivial implications (or non-implications) between -
mixing and either -mixing or any of the other strong mixing conditions discus®d in [4]. A fuller
discussion of mixing is deferred until ChapteiG.5.1L.
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3.3 Concentration inequality

The main probability-theoretic inequality of this thesis i s the following:

Theorem 3.3.1. Let be a nite set and P a measure on ", forn 1. Forany w2 R} and
f: "l R, we have

t2
2kf K2 .k aWK3

Lip ;W

Pfif Efj>tg 2exp

wherekk ., is dened in X3 and , is the -mixing matrix de ned in (II2).

It is proved by bounding the martingale di erence and appeaing to Azuma's inequality. The
rst order of business is to bound th_e ma_rtingale di erence by a slightly more tractable quantity.
Forf: "I R,1 i nandy;2 ' dene

Vi(fyh) = E[F(X)iXi=yil EFX)ixXyt=y; ™ (3.24)

this is just the martingale di erence. It will be more convenient to work with the modi ed martin-
gale di erence:

V(fsyy Bzizd) = EF(X)jXi=v: 'zl Ef(X)iXi=y) 2 (3.25)

wherez;; zi°2 . These two quantities have a simple relationship, which may be stated symbolically

askVi(f; )ki k Vi(f; )ks and is proved in the following lemma, adapted from [35]:
Lemma 3.3.2. Supposef : "! R and yi1 2 '. Then there are zi;zioz such that
Vi(f5yh) N syy Bznz) (3.26)

n 0
Remark 3.3.3 Here and belowp(x!" j y}) will occasionally be used in place o X" = x!'jX} = yj ;

no ambiguity should arise.

Proof. Let X
a= E[f(X)jX]=yi]= p(X{h JYDT (yixih )
Xin+12 n i
then
i X n:i 1 i 1yn
Vi(fiyy)) = a P(Xi' jyy Hf (y1 X

xN2 n i+l
1

0 1

X . X . _
a pizjy; H @ p(xMhy Yy P2 (v) tzxPy)A

n n i
22 Xi+1 2

We use the simple fact that forg;h: | Ry

X X X
minh(z)  9(2) a2)h(z)  maxh(z)  9(2);
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P :
together with = ,, p(zjy} 1) =1, to deduce the existence of azi°2 such that

) X ) )
Vi(f 1yl a p(x[hy iy 12Df (vy Tz
X, 2 " i

Taking z;j = v;j, this proves the claim. O

The next step is to notice that V;( ;yi1 1;zi;zi‘), as a functional on K (seeX3), is linear; in
fact, it is given by

. X
Ci(fyl Lziz) = f(x)0(x) = H; §i; (3.27)
x2 N
where
g(x) = fxilzy;. 1zigp(xin+l Jyll 1Zi) fxilzy;. 1Zing(Xin+l Jyll 123 (328)

An application of Theorem 31,2 to @ yields a bound on the martingale di erence.

Theorem 3.3.4. Let be a nite set, and let (Xi)1 i n, Xi 2 be the random process associated
with the measureP on ". Let | be the upper-triangularn n matrix de ned in (£I5). Then,
foral w2 R! andf : "! R, we have

VAF) Kk TKE L K awk] (3.29)
i=1
where
Vi(f) = max Vi(f;yh) : (3.30)
yi2 !

Remark 3.3.5 SinceV(f) and kf k ., are both homogeneous functionals of (in the sense that
T(af) = jajT(f) for a 2 R), there is no loss of generality in takingkf k ., = 1. Additionally,
sinceV,(f ;y) is translation-invariant (in the sense that V;(f;y) = Vi(f + a;y) for all a2 R), there
is no loss of generality in restricting the range off to [0;diamg,( ")]. In other words, it su ces
to considerf 2 .. Since essentially this result (forw; 1) is proved in [37] in some detail, we
only give a proof sketch here, highlighting the changes neestl for generalw.

Proof. It was shown in Section 5 of [[3F] that if dy, is the unweighted Hamming metric (that is,
wi 1)andf : "! R s 1-Lipschitz with respect to d,, then

X
Vi(f) 1+ ij - (3.32)

j=i+l

This is seen by combining Lemma3:312 with [327) to concludehat for1 i nandy2
there are zi;zi°2 and g : "! R (whose explicit construction, depending ony;zi;zi0 and P, is
given in 83Z8)), such thatforall f : "! R, we have

vifiy) b Gty (3.32)
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It is likewise easily veri ed (as done in [37, Theorem 5.1]) hat
hoi;fi = HIyG;Tyfi;
where the operatorTy : Kp ! Ky j+1 is de ned by
(Tyh)(x) = h(yx);  forall x2 " I*1:
Appealing to Theorem 3.1.5 withw; 1, we get
HTy6;; Tyf i n(TyG): (3.33)

Itis now a simple matter to apply the de nition of  , and recall a characterization ofk k,,, (namely,
(2.3)), to obtain

xXn
n(Ty0i) 1+ i (3.34)
=i+l

establishing (3.31). To generalize (3.31) tow; 6 1, we use the fact that if f 2 K is 1-Lipschitz
with respect to dy, then Tyf 2 Ky i+1 is 1-Lipschitz with respect to dyn. Thus, applying Theorem
3.1.5, we get

hry G fi win i+1 (TyGi): (3.35)

It follows directly from the de nition of ., and the calculations above that

xn
V|(f) w;j + Wj ij (336)
j=i+l
xo
= ( niw =( nawi: (3.37)
j=1
Squaring and summing overi, we obtain (3.29). O

Proof of Theorem 3.3.4. Since by de nition of the ", operator norm, kK ,wk, k nk,kwk,, the
claim follows immediately via (2.17) and (3.29). O
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Chapter 4

Applications

We will have three sections dealing with applications. Firg, we proceed to apply the general in-
equality to various processes: Markov, hidden Markov, and Mrkov tree. The next application
deals with laws of large numbers for strongly mixing processs and yields an analysis of an inhomo-
geneous Markov Chain Monte Carlo algorithm; this is joint work with Anthony Brockwell. Finally,
we exhibit some applications of our techniques to empiricaprocess theory and machine learning.

4.1 Bounding j for various processes

4.1.1 Notational conventions

X :
Sums will range over the entire space of the summation varidle; thus f (x’i) stands for

i

X

X .
f(x!):

ij joi+l
i

By convention, wheni>j , we de ne
X .
fod)  f(7)

i
X

where" is the null sequence.

4.1.2 Markov chains

Although technically this section might be considered supeuous { its results are strictly general-
ized in both x4.1.4 andx4.1.5, it is instructive to work out the simple Markov case asit provides the
cleanest illustration of our techniques. This was, in fact,the motivating example that prompted
the investigation of the more general case, culminating in heorem 3.1.2.

Let be an inhomogeneous Markov measure on", induced by the kernelspg and pi( j ),
1 i<n. Thus,

n(l
(X) = po(Xx1)  pi(Xi+1 [Xi):
i=1



30 Applications

De ne the i contraction coe cient :
= max pi(jy) piC vy
this quantity turns out to control the  -mixing coe cients for
Theorem.
ij RS &

This fact is proved in [60] using coupling. We will take a dierent route, via the Markov
contraction lemma:

Lemma 4.1.1. LetP:R ! R be a Markov operator:
X
(P)Xx)= P(xjy) ()
y2

P
whereP(xjy) Oand ,, P(xjy)=1. Dene the contraction coe cient of P as above:
= max P(jy) P(iyY) -
Then

kP k kK k

TV TV

P
for any balanced signed measure on (i.e.,, 2R with ,, (x)=0).

This result is sometimes credited to Dobrushin [18]; in fact is also known asDobrushin's
ergodicity coe cient . However, the inequality seems to go as far back as Markov hiself [44]; see
[37] for a proof.

Proof of Theorem 4.1.2. Fix1 i<j nandy, 2 71 w;w’2 . Then

X ) .
i (yyw,wd = 3 (x]'jyy wy) (x]'jy1 wh

x|
= 3 (XN ()
x|
where
. y1
(ug) = Pt (Ut+1 J Ut)
t=k
and
8 X _ - _ _ o
3 P 1Xiiz 1) @) piziaiw) pi@eaiwd) ; j i>1
i1
(xj) = Ziv 4.1)
3

pi(xg jwi) Py jw); j i=1:
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Dene h 2 R by h, = pi(viw)) pi(viw)and P® 2 R by PX = pe(ujv). Likewise,
denez2 R byz, = (v). Itfollows that

z=p0 Vpl 2...p+2) pl+l) p.

Therefore,
jiww) = 3 (x) zy
X}
1 X X n
= 2 ZXj (XJ )
X; X[y
= 1z =kek, :
X
The claim follows by the contraction lemma. O

4.1.3 Undirected Markov chains

For any graph G = (V; E), where jVj = n and the maximal cliques have size 2 (are edges), we can
de ne a measure on " as follows
Q . Q :
Gigge i (Xi:%) @iz i (XiiXj)
~

(x) PfX =xg=PR -
x2 (i )2E i (Xiovxjo) Zg

for some j; 0.

Consider the very simple case of chain graphs; any such measuis a Markov measure on ".

We can relate the induced Markov transition kernelp;( j ) to the random eld measure as follows:
" vy

p(xjy) = P—FP2 oy X070

x® ool [VOy x0z9

Xy 2
Our goal is to bound the i!" contraction coe cient ; of the Markov chain:

1 X _ .
i = max = p(xjy) pi(xjy9 :
yiy®2 2x2

in terms of ;. We claim a simple relationship between ; and j :

Theorem 4.1.2.

Ri rj
i 4.2
R 4.2)
where
Ri = max ii+1(XY)
Xy 2
and

ri=min i+ (Xy):
Xy 2
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First we prove a simple lemma:

Lemma 4.1.3. Let ;; 2 RX! andr,R 2 Rbe suchthat0 r i R,forl i k+1.
Then
1
lwpii p I R 1, 4.3)
3 K+l s ' :
i=1 jzl i jzl i R+T

Proof. When p;q 2 R'i*l are two distributions satisfying 0 <r pi; G, it is straightforward to
verify that kp gk, may be maximized, with value d, by choosinga 2 [r; (1 d)=k], b= a+ d=k
and settingp; = a;g = bforl i kandpg+s1 =1 ka, qk+1 =1 kb. Applying this principle
to (4.2), we obtain

et i i gkR g% gR gkr
S gkR+ g%  gR+ gkr

20°%k(R? r?)
(R + g%kr)(g°%kR + 1)

P
whereg= X, i, d®= 41 and g®= g=¢
Denef :R:! Rby
2 2
F(x) = 2(R=  r9x ;
(R+ rx)(Rx +r)
elementary calculus veri es that f is maximized at x = 1. O

Proof of Theorem 4.1.2. Let us de ne the shorthand notation:
1

(u) = tt+1 (Ut; Ugs1)
t=k

Then we expand

P .
_ v (VD ni oY) k(X)) e (6 Zis2) (22)
pi(xjy) = P—F—HR2 32 5 5,07 (27
%02 L V959 0wy y) ii+1 (Y5 %9 i+1:i+2 (X5 Z%2) (2%
- P i +1 (y, X)ayx
<0 i+ (Y XCbayx0
where

X i 2

ayx = (Vi %) i Vi 1Y) i+1ie2 (% Ziv2) (Zh2)
Vil 1Zin+2

(we take the natural convention that ; ( j ) =1 whenever (i;j ) 2 E).
Fix y;y°2 . De ne the quantities, for each x 2 :

x = i+ (Y;X%)
x = i +1 (yO; X)
X = Qyx

)? = Gyoy:
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Then

X . . X D X X D X )c()
pxjy) pixjy) = : : 0 (4.4)
X2 X2 x02 x0 x0 X2 x0 X0
X
— P X X P X X ’ (45)
X2 x%2  x0 x0 x%2  x0 x0
the last equality follows since ¢ = ¢ x, wherec= % Now Lemma 4.1.3 can be applied

to establish the claim. O

Since all the inequalities invoked are tight, so is the boundn Theorem 4.1.2.

4.1.4 Hidden Markov chains

The material in this section is taken almost entirely from [33]. Consider two nite sets, " (the
\hidden state" space) and (the \observed state" space). Let (""; ) be a probability space,
where is a Markov measure with transition kernelsp;( j ). Thus for & 2 ", we have

vy 1
(R) = po(R1)  Px(Rk+1 ] Rk):
k=1

Suppose (‘" " ) is a probability space whose measure is de ned by

Y
&x) = & agxjRr); (4.6)
=1

where g ( jR) is a probability measure on for each %2 "and 1 n. On this product space
we de ne the random process )@i i Xi)1 i n, which is clearly Markov since
n o]

P (Ris1; Xie1) = (% x) ] (XL XD = () Pi(R]9)G+1 (X]R)

n
P (Xisr; Xis1) = (X)X X0) = (Vis i)

o

The (marginal) projection of (X;X;) onto X; results in a random process on the probability space
n. ), where
X
(x)= PfX = xg= (%;x): 4.7)

~n

R2

The random process Ki)1 i n (or measure ) on " is called ahidden Markov process (resp.,
measure); it is well known that (X;) need not be Markov to any order. We will refer to (X;) as
the underlying process; it is Markov by construction.

! One can easily construct a hidden Markov process over "= f0;1;2g and = fa;bg where, with probability 1,
consecutive runs of b will have even length. Such a process cannot be Markov.
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Theorem 4.1.4. Let (X;)1 i n be a hidden Markov process, whose underlying proceé¥i)1 i n
is de ned by the transition kernelspi( j ). De ne the k" contraction coe cient | by
« = sup pe(iR) pe(iRY
220"
Then for the hidden Markov processX , we have
ij i i+l i 1
for 1 i<j n.

Since the calculation is notationally intensive, we emphake readability, sometimes at the slight
expense of formalistic precision. We will consistently disnguish between hidden and observed state
sequences, indicating the former with a 2 X _

As usual, sums range over the entire space of the summation xiable; thus f (x‘i) stands for

X . X . g
f (x!) with an analogous convention for  f (&).
x{ 2 1 i+ R{

The probability operator Pfg is de ned with respect to ( "; ) whose measure is given in

(4.7). Lastly, we use the shorthand

. y1
(0x) = po(0k) =9 pp(Op+1 Or)
t=k
o Y
(Ugjly) = Qe (Ut j O)
‘ “§ o
(u) = P Xyg=u

The proof of Theorem 4.1.4 is elementary { it basically amouns to careful bookkeeping of
summation indices, rearrangement of sums, and probabiligs marginalizing to 1. As in the ordinary
Markov case inx4.1.2, the Markov contraction Lemma (4.1.1) plays a centralrole.

Proof of Theorem 4.1.4. For 1 i<j n,y, *2 T Tandw;w’2 , we expand

i1 Bwsw) =5 POXTEiXa sy twil P OXT = Xy = s ]
xh
]
X X n . _ _ 0
= 2 P XM = (2, xMiX1 = [y; *w]
X z.,"
n - _ _ o}
P X :[Z=+1 Xjn]jxllz[yll lWﬂ
O N (ki | VO B P [
_ 1 . | _
o gt Iy} *wil) (Iy; *wd)

J i+1

1XXXXX i sl 1an nigny (- Lial 1y i 1igi 1
7 (91241 R (X R) (Z i) i o)

n j 1 i j 1 xR0
X] Z{+1 % 2{+1 RJ
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where , :
G (Wi j §1) G (W] 91) :

5 5 (Iyr *wi) vz "wid)
Since  ; ab ia& ;b fora Oandh 2R, we may bound

(9i) =

i1 1X X n n;.pn
i (vL hwiswd) 3 & <R (&) (4.8)

n n
RJ X]

=3 @) @ (4.9)
5

where

L2 8D oh L h @L2lh o)

(%j)

i 1. 1 i
Zi+12=+1 Y1

= L2 D) o Ligh Y )

A.t N
De ne the vector h 2 R by
X . . .
he = (® (5 "D (1 tigy (4.10)
9t

Then
X X —
(&) = (91 2.1 R Dhy,:
At Y

De ne the matrix A® 2 R" " py Agf(), = p(0j9), for 1 k<n. With this notation, we
have (&j)= zg,, wherez 2 R is given by

z = AU DAG 2D A(+D) ADR: (4.11)
In order to apply Lemma 4.1.1 to (4.11), we must verify that
X
hy =0; khk, 1 (4.12)
2"

From (4.10) we have
!

j (Wi j o (W) ¢ X i i1
?[y(:v 1Jwi)]) ?[y(:v 1sz1) (95 79D 01 7%

9t
Summing over vy we get
X i X
G(wij9) i 1o (vi Ligi 1) = 1 i RERRTIN
" oL tw) . g2 0D (1 “ith ) P X1 = [yl Tw] . () (Iy; “wiliya)
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G (WP 9i)
Iy *wf)
Therefore, combining (4.9), (4.11), and Lemma 4.1.1, we hay

an analogous identity holds for the term, which proves (4.12).

i (YL wisw)) 3 (&) za,
A]
1 X X n
= 3 Iy (%))
% Rjn+1
= kzk,,
i+l j 1

O

Observe that the -mixing coe cients of a hidden Markov chain are bounded by those of the
underlying Markov one. One might thus be tempted to pronoune Theorem 4.1.4 as \obvious"
in retrospect, based on the intuition that the observed seqence X; is an independent process
conditioned the hidden sequenceX;. Thus, the reasoning might go, all the dependence structure
is contained in X;, and it is not surprising that the underlying process alone s ces to bound i
{ which, after all, is a measure of the dependence in the procss.

Such an intuition, however, would be wrong, as it fails to cary over to the case where the
underlying process is not Markov. As a numerical example, tien =4, "= = {0;1g and de ne

the probability measure on "4 as given in Figure 4.1. De ne the conditional probability

q(xjRr) = %1 fx=xg T % fx6/g-
Together, and g de ne the measure on *

X Y
(x) = (®)  a(xjRr):
R2 "4 =1

Associate to ("4; ) the \hidden" process (X;)$ and to ( 4; ) the \observed" process (X;){. A
straightforward numerical computation (whose explicit steps are given in the proof of Theorem
4.1.4) shows that the values of can be chosen so that 24(X) > 0:06 while ,4(X) is arbitrarily
small.

Thus one cannot, in general, bound j; (X) by c j (X) for some universal constantc; we were
rather fortunate to be able to do so in the hidden Markov case.

4.1.5 Markov trees

The material in this section is taken almost entirely from [34]. We begin by de ning some notation
then we write x;  X[I]= fXi,;Xi,;::7;Xi,, 9; we will write x; and x[l ] interchangeably, as dictated
by convenience. To avoid cumbersome subscripts, we will absoccasionally use the bracket notation

for vector components. Thus,u 2 R ! , then

Ux,  Uxpp  Ux[] = U(xi, iXipiiXim ) 2R
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T 1 &)
0000 | 0.000000
0001 | 0.000000
0010 | 0.288413
0011 | 0.000000
0100 | 0.000000
0101 | 0.000000
0110 | 0.176290
0111 | 0.000000
1000 | 0.000000
1001 | 0.010514
1010 | 0.000000
1011 | 0.139447
1100 | 0.000000
1101 | 0.024783
1110 | 0.000000
1111 | 0.360553

Figure 4.1: The numerical values of on "*

for each x[I] 2 '. A similar bracket notation will apply for matrices. If A is a matrix then
A j = A[ ;j] will denote its j™ column.

We will use>{j to denote set cardin9<lities. Sums will kange over the entirespace of tge summation
variable; thus f (x’i) stands for f (x’i ), and f (X[I]) is shorthand for f(X[I].

x! xl2 it X[1] x[j2 !

it will always denote the total variation norm kk_,, .

If G =(V;E) is a graph, we will frequently abuse notation and write u 2 G instead ofu 2 V,
blurring the distinction between a graph and its vertex set. This notation will carry over to set-
theoretic operations (G = G1\ G») and indexing of variables (e.g.,Xg).

Graph-theoretic preliminaries

Consider a directed acyclic graphG = (V; E), and de ne a partial order g on G by the transitive
closure of the relation
u gV if (u;v) 2 E:

We de ne the parents and children of v 2 V in the natural way:
parents(v) = fu2 V : (u;v) 2 Eg

and
children(v) = fw2 V :(v;w) 2 Eg:

If G is connected and eachv 2 V has at most one parent,G is called a(directed) tree. In a
tree, wheneveru ¢ v there is a unique directed path fromu to v. A tree T always has a unique
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minimal (w.r.t. 1) element ro 2 V, called its root. Thus, for every v 2 V there is a unique
directed path ro 1 r1 1 ::: 71 rq = Vv; dene the depthof v, dep;(v) = d, to be the length
(i.e., number of edges) of this path. Note that dep (ro) = 0. We de ne the depth of the tree by
dep(T) = sup 1 depr (V).

For d=0;1;::: de ne the d" level of the tree T by

levr(d) = fv2V :depr(v) = dg;
note that the levels induce a disjoint partition on V:

dep(T)
V = levr (d):
d=1

We de ne the width? of a tree as the greatest number of nodes in any level:

wid(T)= sup jlevr(d)j: (4.13)
1 d dep(T)

We will consistently take jVj = n for nite V. An ordering J : V! N of the nodes is said to
be breadth- rst if

depr(u) < depr(v) =) J(u) <J (v): (4.14)

Since every nite directed tree T = (V; E) has some breadth- rst ordering,® we will henceforth blur
the distinction between v 2 V and J(v), simply taking V =[n] (or V = N) and assuming that
depr (u) < depr(v) ) u<v holds. This will allow us to write v simply as " for any set .

Note that we have two orders onV: the partial order 1, induced by the tree topology, and
the total order <, given by the breadth- rst enumeration. Observe that i 1 | impliesi<j but
not vice versa.

If T =(V;E)is atree andu 2 V, we de ne the subtreeinduced by u, Ty, = (Vy;Ey) by
Vo=fv2V:u tvg Ey=f(v;w) 2 E:v,w2 V0.

Markov tree measure

If is a nite set, a Markov tree measure is denedon " by atreeT = (V;E) and transition
kernels po, fpj ( ] )g(i.j )2E - Continuing our convention above, we have a breadth- rst order < and

the total order T onV, and take V = f1;:::;ng. Together, the topology of T and the transition
kernels determine the measure on ":

Y
(x) = po(x1) pi (Xj ] Xi): (4.15)
(i )2E

A measure on " satisfying (4.15) for someT and fp; g is said to be compatible with tree T; a
measure is a Markov tree measure if it is compatible with soméree.

2 Note that this de nition is nonstandard.
3 One can easily construct a breadth- rst ordering on a given t ree by ordering the nodes arbitrarily within each
level and listing the levels in ascending order: levr (1);levr (2);:::.
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Suppose is a nite set and (X;)ian, Xi 2 is a random process de ned on ( N;P). If for
eachn > 0 there is a treeT(™ = ([ n];E() and a Markov tree measure ,, compatible with T
such that for all x 2 " we have

PfXI =xg= n(x)

then we call X a Markov tree process The treesf T("g are easily seen to be consistent in the sense
that T( is an induced subgraph of T("*1) | So corresponding to any Markov tree process is the
unique in nite tree T = (N;E). The unigueness ofT is easy to see, since fov > 1, the parent of

v is the smallestu 2 N such that

PfXy = xyjXi{ = xjg= PfX, = xyjXy = Xu0;

thus P determines the topology ofT.
It is straightforward to verify that a Markov tree process fX,gy2t compatible with tree T has
the following Markov property: if v and v®are children ofu in T, then

P X1, = XX1,=x%Xu=y =PfXy, =xjXy=ygP X1,=x%Xy=y :

In other words, the subtrees induced by the children are conifionally independent given the parent;
this follows directly from the de nition of the Markov tree m easure in (4.15).

Statement of result

Theorem 4.1.5. Let be a nite setand let(Xi)1 i n, Xi 2 be a Markov tree process, de ned
by a tree T = (V;E) and transition kernels po, fpu( j )9(.v)2e- Dene the (u;v)- contraction
coe cient , by

w = max pu(y) P (YY) ¢ (4.16)

Supposemax,.v)2e uv < 1forsome andwid(T) L . Then for the Markov tree processX
we have

i 1 (1 )b P ohse (4.17)
for 1 i<]j n.

To cast (4.17) in more usable form, we rst note that for L 2 Nandk 2 N, if k L then

Kk k
T L1 (4.18)
(we omit the elementary number-theoretic proof). Using (418), we have
i S0 forj i+ L (4.19)

where
~_ (1 (1 )L)1:(2L l):

In the (degenerate) case where the Markov tree is a chain, wedve L = 1 and therefore 7=
thus we recover the Markov chain concentration results in [3, 45, 60].
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Proof of Theorem 4.1.5

The proof of Theorem 4.1.5 is combination of elementary grap theory and tensor algebra. We
start with a graph-theoretic lemma:

Lemma 4.1.6. LetT =([n];E) be atree and x1 i<j n. Suppose(Xi)1 i n is a Markov
tree process whose laW? on " is compatible with T (this notion is de ned above). De ne the set

consisting of those nodes in the subtre&; whose breadth- rst numbering does not precedg. Then,
fory2 ' landw;w’2 , we have

0 T =;

io(yiw;w9)  otherwise (4.20)

i (ysw;wd) =

where o is the minimum (with respect to <) element of Tij.

Remark 4.1.7. This lemma tells us that when computing j it is su cient to restrict our attention
to the subtree induced byi.

Proof. The casej 2 T; implies jo = j and is trivial; thus we assumej 2 T;. In this case, the
subtreesT; and T; are disjoint. Putting T; = T; nfig, we have by the Markov property,

P X = Xpi X7, = X7, jXi=yw = P Xy =xjXij=w P Xy =xqjX] 1=y :

Then from (3.13) and (2.1), and by marginalizing out the X, , we have

jyiwwd) = 3 P XM=x"jXj=yw P X"=x"jXj=ywl
xn
X n o n 0
= % P XTij :XTiiji:W P XTij :XTiiji:WO
XTij
If Tii = ; then obviously j =0; otherwise, j = j,, sincejg is the \rst" element of Tij. O

Next we develop some basic results for tensor norms; recalhat unless speci ed otherwise, the
norm used in this paper is the total varia}_x,ion norm. If AisanM N column-stochastic matrix:
(Aj Ofor1l \3 M,1 j Nand M Aj=1forall j N)andu2RN is balanced

in the sense that szl uj =0, we have, by Lemma 4.1.1

kAu k k Akkuk; (4.21)
where
KAk = max A A jo, (4.22)
1 jj°N ’
and A ;  A[;j] denotes thej th column of A. An immediate consequence of (4.21) is thak k
satis es
kAB k k AkkBk (4.23)

for column-stochastic matricesA 2 RM N agndB 2 RN P,
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Remark 4.1.8 Note that if A is a column-stochastic matrix thenkAk 1, and if additionally u is
balanced thenAu is also balanced.3

If u2 RM andv 2 RN, de ne their tensor product w = v u by
Wejy) = UiV,

where the notation (v u)(;;) is used to distinguish the 2-tensorw froman M N matrix. The
tensorw is a vector in RMN indexed by pairs (;j ) 2 [M] [N]; its norm is naturally de ned to be

X
-1 .
kwk = 5 Wiy - (424)
(i)2[M] [N]
To develop a convenient tensor notation, we will x the index setV = f1;:::;ng. For | V,

a tepgor indexed byl is a vectoru 2 R A special case of such arl -tensor is the product
u= 5 v, wherev®) 2 R and

Y
uxi] = v [xi]
i2l

for eachx, 2 '. To gain more familiarity with the notation, let us write the total variation norm
of an | -tensor:
X
kuk = 3 julx;Jj: (4.25)
X2 !

In order to extend Lemma 2.2.5 to product tensors, we will ned to de ne the function  :R¥! R
and state some of its properties:

Lemma 4.1.9. Dene :RK! R recursively as 1(x)= x and
ke (X25 X230 Xaen ) = Xier +(10 Xiwn) k(X1 X235 1005 X)) (4.26)

Then

(@) « is symmetric in its k arguments, so it is well-de ned as a mapping

fxi:1 i kg7'R
from nite real sets to the reals

(b)  takes[0; 1] to [0; 1] and is monotonically increasing in each argument on{0; 1K

(c) If B C [0;1] are nite sets then (B) (C)

(d) kOexiix)=1 (1 x)k

(e) if Bis niteand 12 B [0;1]then (B)=1.

P
(f) if B [0;1] is a nite set then (B) «2B X
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Remark 4.1.1Q In light of (a), we will use the notation (X1;X2;:::;Xk) and (fxj:1 1 ko)
interchangeably, as dictated by convenience.

Proof. Claims (a), (b), (e), (f) are straightforward to verify from the recursive de nition of and
induction. Claim (c) follows from (b) since

and (d) is easily derived from the binomial expansion of (1 x)X. O

The function  is the natural generalization of »(X1;X2) = X1+ X2 X31X» to k variables, and
it is what we need for the analog of Lemma 2.2.5 for a product ok tensors:

Corollary 4.1.11.  Let fu(gi,; and fv(gz, be two sets of tensors and assume that each of
u®;v(® is a probability measure on . Then we have

O] 0] n o]
u® v u® v@ 2 (4.27)
i21 i21

Proof. Pick anig2 | and let p = ulio) g = v(o),
O _ O .
pO: u(l), qO: V(I)
i06i2l ioBi2l
Apply Lemma2.25tokp g p° g% and proceed by induction. O

Our nal generalization concerns linear operators overl -tensors. Anl;J -matrix A has dimen-
sionsj 7j j 'j and takes anl-tensoru to a J-tensor v: for eachy; 2 7, we have

X
vly;] = Alys;xiJulxiT; (4.28)
X 2 I

which we write asAu = v. If A is anl;J -matrix and B is a J; K -matrix, the matrix product BA
is de ned analogously to (4.28).
As a special case, ar;J -matrix might factorize as a tensor product of j j j | matrices

A 2 R . We will write such a factorization in terms of a bipartite gr aph* G = (I + J;E),
whereE | J and the factors A1) are indexed by (;j) 2 E:
o .
A = AGI: (4.29)
(i )2E
where

Y i)
Alys;xi]= Ay,
(ij )2E
forall x, 2 'andy; 2 J. The norm of an I;J -matrix is a natural generalization of the matrix
norm de ned in (4.22):

kAk= max A[;x;] A[;x" (4.30)

x;x02 !

4 Our notation for bipartite graphs is standard; it is equival entto G = (1[ J;E) where| and J are always assumed
to be disjoint.
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whereu = A[;X,] is the J-tensor given by

ulys]= Alys;xi s

(4.30) is well-de ned via the tensor norm in (4.25). Sincel;J matrices act onl -tensors by ordinary
matrix multiplication, kAu k k Akkuk continues to hold when A is a column-stochasticl;J -
matrix and u is a balancedl -tensor; if, additionally, B is a column-stochasticJ; K -matrix, kBA k
kB kkAk also holds. Likewise, since another way of writing (4.29) is

(@)
Al;x]= A G x1;
(i5j )2E

Corollary 4.1.11 extends to tensor products of matrices:

n

0

Lemma 4.1.12. Fix index sets|;J and a bipartite graph (I + J;E). Let A®) - be a
Il]

collection of column-stochasticj j | | matrices, whose tensor product is thd;J matrix

O
A = A i)
(i )2E

Then

n N (0]
KA k AW - (i:j)2E

We are now in a position to state the main technical lemma, fran which Theorem 4.1.5 will
follow straightforwardly:

Lemma 4.1.13. Let bea nite setandlet(Xi)1 i n, Xi 2 be a Markov tree process, de ned by
atree T = (V;E) and transition kernels po, fpu( j )9,.v)2e- Let the (u;v)-contraction coe cient
uv be as de ned in (4.16).

Fix 1 i< n and letjo = jo(i;j) be as de ned in Lemma 4.1.6 (we are assuming its
existence, for otherwise j; =0). Then we have
dewy (io)
i f w:v2levr(d)g: (4.31)
d=dep  (i)+1

Proof. Fory2 ' landw;w°2 , we have

X | o
i (ysw,wd = 3 P XM"=xjX;=yw P X'"=x"jXxj=yw° (4.32)
xn
]
X X n L o
= 3 P X[\ =2, x"jX}=yw
xh Zj 1

] i+1

n _ _ 0
P X =12, xTiX]=yw° : (4.33)
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Let T; be the subtree induced byi and
Z=Ti\fi+1;:::;jo 19 and C=fv2T:(uVv)2E;u<joVv jog (4.34)

Then by Lemma 4.1.6 and the Markov property, we get

i (y;w;wd) =
% PEX[C[ Z]=x[C[ Z]jXi=wg P X[C[ Z]=x[C[ Z]jX;i=w°
x[C] x[Z]
(4.35)
(the sum indexed byfjo;:::;ng nC marginalizes out).

0 k< |Dj. Ford2 D, letlqg= T\ levr(d) and Gy = (14 1 + lg4;Eq) be the bipartite graph
consisting of the nodes inly 1 and |4, and the edges inE joining them (note that I4, = fig).
For (u;v) 2 E, let A(“Y) bethej j j | matrix given by

Afrd = puv(xix9

X;x 0

and note that A(%Y) = . Then by the Markov property, for each z[l4] 2 ' and x[l4 1] 2
la 1 d2 D nfdgg, we have

P Xi,=2z,jXi,, =%y, = AQz:x, .5

where

Likewise, ford 2 D nfdgg,

_ X X X
PEXi, = X, Xi=wg =
x?l xf’g X'(Z i)
PnXu =xP iXi=w P xl%): xOj X1, = xP,
, d
P Xy = Xigl Xy, = Xl(d 11)
= (A@DAE@ D AUy, -w]: (4.36)
De ne the (balanced) |4, -tensor
= TW ‘W .
h A(dl)[ ] A(dl)[ 0_| (4.37)

the I, -tensor

f = Aldpj)a (dipj 1) A(dz)h; (4.38)
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Co=C\ IdepT (o) C1= CnCy; Zo= IdepT (o) n Co; (439)

whereC and Z are de ned in (4.34). For readability we will write P(xy j )instead of PfXy = xyj @
below; no ambiguity should arise. Combining (4.35) and (4.8), we have

X X

i (yyw,wd = 3 P(X[C[ Z]jXi=w) P(X[C[ Z]jXi= w9 (4.40)
X X X

= 2 P(X[C1]jx[ZoDf[Co [ Zo] (4.41)

= kBfk (4.42)

whereB is thej ColCij j  Col Zoj column-stochastic matrix given by

B[XCO[ XC1;X80[ XZO] = =x0 OP(XcleZO)

Xco=Xcg

with the convention that P (xc, jXz,) = 1 if either of fZ(,C19 is empty. The claim now follows by
reading o the results previously obtained:

kBf k  k Bkkfk Eq. (2.1)
k fk Remark 4.1.8
k th{P:"Z A (40 Egs. (4.23,4.38)
ijzjl f AUV (u;v) 2 Eg g Lemma 4.1.12

O

Proof of Theorem 4.1.5. We will borrow the de nitions from the proof of Lemma 4.1.13. To upper-
bound j we rstbound f AMY) :(u;v) 2 Eg4.g. Since

JEq,j wid(T) L
(because every node i g, has exactly one parent inlg, ,) and
Aluv) = v < 1
we appeal to Lemma 4.1.9 to obtain
f AUV (u;v) 2 EgQ 1 @ - (4.43)

Now we must lower-bound the quantity h = dept(jo) dep;r(i). Since every level can have up to
L nodes, we have

jo 1 hL
and soh b (jo i)=Lc b ( i)=Lc. O
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The calculations in Lemma 4.1.13 yield considerably more iformation than the simple bound
in (4.17). For example, suppose the treel has levelsfly: d=0;1;:::g with the property that the
levels are growing at most linearly:

ila] cd
for somec > 0. Let d; =dep+(i), d =dept(jo), and h=d; d;. Then
N
b jo i c k
di+1
c
= S +1) di(di+1)
c
< S+ &)
< g(di +h+1)2

SO

p
h> 26 i)=c d 1,
which yields the bound, via Lemma 4.1.9(f),

Yo X
k=1 (u;v)2Eyg
Let x =maxf y :(u;v) 2 Exg; then if ck g holds for some 2 R, this becomes
Y
i (ck )
k=1
p2(j Y=c d 1
< (ck «)
k=1

2( )= d 1. (4.45)

This is a non-trivial bound for trees with linearly growing | evels: recall that to boundk k; (3.16),
we must bound the series 2

ij -
j=i+l

P
By the limit comparison test with the series jlzl 1=j2, we have that

p2(j h=c d 1
j=i+l
converges for < 1. Similar techniques may be applied when the level growth ifbounded by

other slowly increasing functions. It is hoped that these tehniques will be extended to obtain
concentration bounds for larger classes of directed acydligraphical models.
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4.2 Law of large numbers

The material in this section is taken, with minor modi catio ns, from a paper in progress with
Anthony Brockwell [36].

Roughly speaking, laws of large numbers assert the convergee of empirical averages to true
expectations, and, under appropriate assumptions, ensur¢hat inferences about persistent world
phenomena become increasingly more valid as data accumukg. When this convergence is in
probability, we have a weaklaw of large numbers (LLN); when the convergence is almost se we
have astrong LLN, and the Borel-Cantelli lemma [63] allows one to converta su ciently rapidly
converging weak LLN into a strong LLN.

We give a brief survey of strong LLNs in [36], with a special emhasis on results for non-
independent processes. Even this specialized eld has praded a formidable body of work { to do
each result justice could easily require a book. We refer theeader to
http://www.stats.org.uk/law-of-large-numbers/
in the hope that the list of papers is both comprehensive and egularly updated. Keeping in mind
the necessarily limited nature of any such endeavor (i.e., an ned to a single thesis chapter), we
nevertheless attempt a rough summary of the state of a airs n non-independent strong LLNSs.

From Birkho 's ergodic theorem we get a law of large numbers br ergodic processes; this has
been strengthened by Breiman [8] to cover the case where thdationary distribution is singular
with respect to the Lebesgue measure. Assumptions of ergagify are typically too weak to provide
a convergence rate { this requires a stronger mixing conditbn. A classical (and perhaps rst of
its kind) example of the latter is the paper by Blum, Hanson and Koopmans [26], which proves a
strong law of large numbers under a mixing condition known ina modern form as -mixing [7].
This mixing condition guarantees exponentially fast convegence, but the proof does not directly
yield rate constants.

For many practical applications, one actually wants to know for how many steps to run an
algorithm to achieve a specied accuracy at a given con dene level { and this is precisely the
problem we wish to address. Our strong LLN provides a nite-sample bound with readily com-
putable (at least in principle) rate constants. The downside is that we must assume a stronger
mixing condition, though it turns out to be quite realistic i n many applications [11].

We state our LLN for a real-valued random process. Though allof our results so far have been
for nite , they readily generalize to the continuous case, as shown in Chapter 5.1.

Theorem 4.2.1. Let ( ;B; ) be a (positive) Borel measure space. De ne the random procas

X1 on the measure spacd N;BN;P), and assume that for alln 1 we haveP, N, where
Pn is the marginal distribution on X and " is the corresponding product measure or{ ";B").
Suppose further that for any measurableA , Its empirical measure de ned by
1 X
Pn(A) = o fXi2Ag

i=1

has uniformly converging expectation:

lm EP.() O 'O

de ne ng = no(") to be such that EP,() @) <" for all n>no(").
TV
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Then P,(A) converges to (A) almost surely, exponentially fast:

n (0}
Pn Bh(A)  (A) >t +" 2exp( nt?=2k ki)

for all n>n ("), where , is the -mixing matrix de ned in (3.15).

Modulo questions regarding the generalization from nite  to R (which are addressed in
Chapter 5.1), this result follows directly from Theorem 3.3.1, by observing that the function ' 4 :
X{ 7' Rdenedby ' a(X7)= P.(A) has Lipschitz constant 1=n. For a recent application of this
result in statistics, see Brockwell's forthcoming paper [1] on a Monte Carlo estimator for a particle
Iter.

4.3 Empirical processes and machine learning

Empirical process theory is concerned with establishing tle almost sure convergence of path func-
tionals to their expected values, uniformly over classes opermissible functionals. A classical ref-
erence is Pollard's excellent book [57]; for a more recent éatment, focusing on non-iid processes,
see [14].

In the simp'(?st setting, we have a seiX (sample spackand collection of subsetsC 2% (concept
clasg. If P = il=1 P is a product measure onX N, we say that Cis a Glivenko-Cantelli class if for
all *; > 0thereis anmg = mg("; ) such that for all distributions P on X, we have

sup P" sup P,(A) P(A) >" < (4.46)
A2C

n mo

where P, (A) is the empirical measure de ned by

1 X
Pa(A) = ~ fXi2Ag:
i=1

In general, measurability issues may arise concerningh X and { more subtly { the possibly
uncountable supremum overCin (4.46); these are addressed in detail in [57], and followig Pollard,
we call C permissibleif it avoids such pathologies.

Machine-learning theorists de ne learnability in essentially the same way, though they use the
language of oracles and learners [30]. Aaracle labels examplesx 2 X as \positive" or \negative,"
depending on their membership in some targetC 2 C. Given a random P-iid labeled sample
X1, Xi 2 X, the learner produces a hypothesisH = H(X]), whose empirical error E(H) is
the normalized count of the examples it mislabels and whosertie error E(H) = P(C H) is the
probability of misclassifying a P-random example. The concept classC is said to be Probably
Approximately Correct (PAC) learnable if for all distribut ions P and all "; > 0 there is an
mo = mo("; ) such that for all samples of sizen  mg, with P"-probability at least 1 , we
have E(H) E(H)+ ". The main dierence between the empirical process and machie learning
approaches is that the latter imposes the additional constaint that the problem of nding an
H 2 C with low empirical error be e ciently solvable, while the fo rmer is mainly concerned with
characterizations and rates of convergence.

®C H=(CnH)[ (H nC)is the symmetric set di erence.
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The necessary and su cient conditions for Cto be a Glivenko-Cantelli class (and therefore also
PAC-learnable) are stated in terms of a combinatorial propety known as the VC-dimension (see,
for example [30] or [67]) and have been generalized to reakled (as opposed to binary) concepts
[2].

In this work, we are concerned with relaxing the independene assumption in Glivenko-Cantelli
laws. Extensions of uniform laws of large numbers to non-iiprocesses are fairly recent. Nobel and
Dembo [56] show that if C satis es (4.46) for an iid process, then the statement also blds for a

-mixing process having identical marginals (see [7]). Fotiwing up, Yu [71] gave asymptotic rates
for -and -mixing stationary processes. For the more specialized sétg of homogeneous Markov
chains, Gamarnik [23] gives a nite sample PAC-type bound interms of the spectral gap.

We shall depart from the methods above, emphasizing uniformaws of large numbers as con-
sequences of measure concentration results. Our goal is tdbt@in nite-sample (as opposed to
asymptotic), possibly data-dependent bounds for arbitrary processes having identical marginals.
Our result hinges on a decoupling conjecture, which though til open, has accumulated much
numerical evidence.

Boucheron, Bousquet and Lugosi [5] present a powerful and aéhetic technique for deriving
generalization bounds from concentration inequalities. V& begin with a condensed summary of
empirical risk minimization, taken from [5], pp. 3-7. In this section, = X Y , where X is the
instance spaceand Y = f 1;+1g are the labels. Our random process (sample) is a sequence of
labeled instances, Zi; Yi)1 i n, and we take it to be iid for now.

Let Cbe a collection of classiersg: X !'f  1;+1g and take the loss function

L(g) = Pfg(Z)6 Yg

which we estimate by the empirical error

1X
Ln(g) = 0 fg(xi)8yig-
i

Let g, be such that

Ln(g,) Ln(g) forall g2C:

We wish to control the amount by which the empirical error L,(g,) can dier from the true
error L(g,), so we are interested in bounding the quantity

supjLn(9) L(9)j;
g2C
called the uniform deviation.
variables taking values in and let F be a class of bounqu functiong . ! [ 1;1]. We use

Pollard's convention of writing Pf = Ef (X1) and P,f = % i T (Xi). The quantity of interest is
supr o JPf Ppfj; which is a random variable of the sample:

X 1 X
"(XT) = sup P(X)f(x) = f(Xi) : (4.47)
f2F x2 n i=1
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Boucheron et al. begin by observing that' is 2=n-Lipschitz with respect to the (w; 1)
Hamming metric, and so McDiarmid's inequality applies:

Pf' (X! E'(X])>tg exp nt?=2 ;

meaning that with probability at least 1 , we have
! #or
SupiPf  Pufj E supjpf Pofj + 2°907). (4.48)
f 2F f 2F n

It remains to bound the quantity E sup,e jPf  Pnfj , which Boucheron et al. do in terms of
Rademacher averages. De ne the Rademacher sequence of iidriablesf g, ; ,,, with ; taking
on the values 1 with equal probability. Then (via Jensen's inequality and some calculations) one
obtains

" #
X
Epn supjPf Pupfj 2Epn. sup if (Xi) = 2EpnRy(F(X71)); (4.49)
f 2F f2F 4
where
FXP)=ff(X)):1 i nf 2Fg

is the projection of F onto the sample, and theRademacher averagdR,, is de ned for any bounded
A R" by

1 X

Rn(A) = E sup-— ia .
a2zA N i=1

Now R, (F (X 1)) is once again a En-Lipschitz function of the sample, and so will be very close ®

its mean with a high probability. Thus one obtains

Theorem 4.3.1 (Thm. 3.2 of [5]). With probability at least 1, we have
r

supjPf  Pafj 2ERn(F (X)) + Z'O*Jnﬁ (4.50)
f 2F
and
r——
SUPJPf  Pnfj 2R (F (X)) + %: (4.51)
f 2F

The inequality in (4.50) reduces the problem of bounding thegeneralization error to one of
bounding ERn (F (X1)); g]e latter is a property of the function class F alone, and may be bounded
(for f0; 1g-valuedf ) by ¢ d,c =n whered,. is the VC-dimension of F and c is a universal constant.
The bound in (4.51) has the useful property of beingdata-dependent its value will vary depending
on the observed sequence and thus it has the potential of bejnsigni cantly sharper when the
learner gets a particularly \friendly" sample ©.

5 It may not be obvious how to compute R, (F (X)) for a given sample; Boucheron et al. suggest Monte Carlo
integration as one method.
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We would like to extend this technique to non-iid processes.The analog of (4.48) comes essen-
tially for free. Indeed, let P be a measure on N having identical marginals P. Then it follows
directly from Theorem 3.3.1 that

Pf'(X]) E' (XM)>tg exp nt?=4k K& ;

where' is the uniform deviation (4.47), from which we get that
n # r

supjPf Pnfj E supjPf Pufj +2k ak; log(1=)
f2F f 2F n

holds with P-probability atleast 1 . Observe also that the bounds in (4.50) and (4.51) continue
to hold for non-iid processes, with the con dence term modi ed as above.

The crux of the matter is to generalize (4.49) to non-iid proesses. We attempted to modify the
de nition of a Rademacher average, but this approach yielde no fruit. Instead, we shall pursue a
path of further abstraction. Let us now state a conjecture, for which there is strongly compelling
numerical evidence; for partial results, see Chapter 6.

Conjecture 4.3.2. Let be an arbitrary probability measure on ". Let ~ be the unique product
measure on " having the same marginals as. Let' : "! [0;1 ) be1-Lipschitz with respect to
the unnormalized Hamming metric. Then

X
(x)" (x) 1+k n( )k ~(x)" (x):

x2 N x2 N

If this conjecture were true, we would have
1
Ep Ra(F(XINI  k  n(P)ky Epn [Ra(F(XT)]+ o (4.52)

and the latter can be bounded by the numerous classical methis for bounding Rademacher com-
plexities of function classes (see the amply documented refences in [5]).
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Chapter 5

Examples and extensions

5.1 Countable and continuous state space

This section borrows heavily from [35]. Our concentration lesults extend quite naturally to the
countable case = N and the continuous case = R. We need to clear three potential hurdles:

(1) check that the martingale di erence is well-de ned and Azuma's inequality (2.17) continues
to hold

(2) check that -norm and ,-norm are well-de ned

(3) check that the various inequalities { (3.26), (3.4), (3.29) { continue to hold.

Inthe = N case, no measurability issues arise, so we only need to verif2). Let "1( ") be
the set of all summable : " ! R. The ,-norm continues to be well-de ned by (3.1) and is
nite since

k k., nkf Kk, ; (5.1)

as shown in Theorem 5.2.2 below. The de nition of ,-norm in (5.12) is likewise unchanged, and
again a trivial bound holds by Helder's inequality:

kKK k wk, k ki : (5.2)
The requisite inequality follows from Sec. 8.1 of [35]:
Theorem 5.1.1. For = Nand 2 "i( "), we have

K K k k.t

Proof. Pick any '; in "1( "), with the additional constraint that ' : " ! [0;kwk;] have

Kkp,w 1. Form 1let n=fk2 : k mganddene the m-truncation of to be

the following function in “1( "):
m(X) = x2 ng (X):
Then we have, by Theorem 3.1.2,

hom' i wn( m)
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foralm 1,andlimp:;  wm(x)= (x)forall x2 " Let hn(X) = n(X)' (x) and note that

jhm(x)j k wk, jk(x)j, the latter in “1( "). Thus by Lebesgue's Dominated Convergence theorem,

we haveh ;" i!'h ;' i. A similar dominated convergence argument shows that w.n( m) !
w:n (), which proves the claim. O

The continuous version of Theorem 3.1.2 likewise follows by straightforward approximation
argument. We consider the function spac&k, = L1(R";B"; "), where " isthe Lebesgue measure.
Sums are replaced with integrals overR" with respect to " (seex5.2 for formal details); the
niteness of the corresponding , and , norms is easily established (Theorems 5.2.3 and 5.2.2).

Theorem 5.1.2 (Thm. 3.3 of [36]). Let " be the Lebesgue measure oR". Then, for all
f;9 2 L1(R"; ") with g: R" ! [0; kwk,] and kgk 1, we have

z

Rnf(X)g(X)d "(x) win (f): (5.3)

Lip ;W

Proof. For readability we take wj; 1 and suppress it from the subscripts; this incurs no loss
of generality. To avoid ambiguity we will indicate explicit ly when inner products, -norms and
-norms are computed over R" using the notation r, Rr(), and h;ig.

Let C. denote the space of continuous functiong : R" ! R with compact support; it follows
from [59, Theorem 3.14 of] thatC, is dense inL1(R"; "), in the topology induced by k k. This
implies that for any f 2 Ly(R"; ") and " > 0, there is ag 2 C. such that kf gk , <"=n and
therefore (via (5.6) and (5.9)),

ki gk <" and ki gk <"

So it su ces to prove (5.3) for f 2 C..
For m2 N, dene Qn Q to be the rational numbers with denominator m:

Qm = fp=r2Q:r =mg:

Denethemap m:R! Qm by

m(X)

andextenditto ,:R"! Qp bydening[ n(X)i = m(Xi). ThesetQp, R" will be referred
to as the m-grid points.

We say thatg 2 L.(R"; ")is agrid-constant function if there isanm > 1 such thatg(x) = g(y)
whenever n(Xx) = m(y); thus a grid-constant function is constant on the grid cells induced
by Qm. Let G. be the space of the grid-constant functions with compact suport; note that
G: Li(R™; M). It is easy to see that G. is dense inC.. Indeed, pick any f 2 C. and let
M 2 N be such that suppf) [ M;M ]". Now a continuous function is uniformly continuous on
a compact set, and so for any' > 0, thereisa > O suchthat!;( ) <"=(2M)", where!; is the
“1 modulus of continuity of f. Take m = dl= eand let g2 G, be such that supp@ [ M;M "
and g agrees withf on the m-grid points. Then we have

max fg2 Qm :q Xg

kf gk, @M)"Kf gk, <"

Thus we need only prove (5.3) forf 2 G¢, g2 G\ R
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Letf 2 Gcandg2 Gc\ R be xed, and let m> 1 be such thatf and g are m-grid-constant
functions. Let ;' :Qp ! Rbesuchthat ( n(x))= f(x)and"' ( m(x)) = g(x) for all x 2 R".
As above, chooseM 2 N so that supp(f)[ supp(g) [ M;M ]". Thus we have

vl VI
I.-f. 1 — h LI
!glR m ] I
and
M "
R) = T ()

Now Qn is nite and by construction, * 2, so Theorem 3.1.5 applies. This showsf;gig
r(f) and completes the proof. O

The next order of business is item (1) above. The simplest wayo ensure that Azuma's inequality
continues to apply is to assume thatP N, where " isthe Lebsegue measure oR". This allows
us replacek k; onV; with esssup with respect to "; Azuma's inequality only requires that the
martingale di erence be bounded almost surely. Similarly, the max in the de nition of j (3.14)
gets replaced by ess sup with respect to". The subtleties of conditioning on measure-zero events
(and indeed, the existence of conditional distributions) ae addressed inx5.4.

5.2 Norm properties of kk and kk

In this section, taken almost entirely from [35], we take w; 1 without loss of generality and
suppress it in the subscripts. It was proved in [37] thatkk and kk are valid norms when
is nite. We now do this in a signi cantly more general settin g, and examine the strength of the
topologies induced by these norms. We begin with a formal denition of the two norms in abstract
metric spaces.

Let (X; ) be a metric space and de ne Lip(X; ) to be the set of allf : X I [0;diam (X)]
such that

qup 10)_fO)

X6 y2X (x;y) b (5.4)

note that Lipschitz-continuity does not guarantee measurdility (indeed, no measure has been
speci ed as of yet).
Let be a positive Borel measure on and letF, = Li( "; ") be equipped with the inner
product
z

Higi = f)g(x)d "(x): (5.5)

Sincef;g 2 F, might not be in Lo( "; "), the expression in (5.5) in general might not be nite.
However, forg 2 Lip( "; ), we have

ihf; gii diam (") kK, n): (5.6)
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The continuous analog of the projection operator : F, ! F, 1 is dened as follows. If
f: "l Rthen(f): " ! Ris given by
z
(f )(X2;::10%0) = f(x1;X2; 1105 %n)d (X1): (5.7)

Note that by Fubini's theorem (Thm. 8.8(c) in [59]), f 2 Li( " 1; " 1). De ne the functional
n:Fn! Rrecursively: ¢=0and
Z

n(f) = (F0).d 0+ na(f) (5.8)

for n 1. The latter is nite since
n(f) n kf kLl( X (5.9

as shown in Theorem 5.2.2 below.
We say that the metric space ( "; )is -dominated with respect to a positive Borel measure
on if the inequality

sup H;gi n(f) (5.10)
g2Lip( ;)

holds forall f 2 Ly( ™; ™).

Lemma55.2.1. Supposg "; )isa -dominated metric space with respect to some (positive Bole
measure and ( "; ) is another metric space, with dominated by , in the sense that

(x;y) (Xy); xy2 ™ (5.11)
Then ( "; ) is also -dominated with respect to .

Proof. By (5.11), we have
Lip( "5 ) Lip( " );

which in turn implies

sup  jhf; gij sup  jhf; gij n(f):
g2Lip( "; ) g2Lip( ";)
O
The -norm and -norm are de ned as before:
kfk = sup  jhf; gij (5.12)
g2Lip( ;)
and
kfk = max1 n(sf); (5.13)
S=

note that both depend on the measure and -norm also depends on the metric.
Establishing the norm properties ofk k is straightforward:
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Theorem 5.2.2. Let F, = Li( "; ") for some positive Borel measure . Then
(@ kk is a vector-space norm onkFp

(b) for all f 2 Fy,

lkfk, kfk  nkfk,:

Proof. We prove (b) rst. Since
kfk, = k(f), ke, + k( ), keys

we have thatkf k (de ned in (5.8) and (5.13)) is the sum of n terms, each one at moskf k  and
the rst one at least %kf k_,; this proves (b).

To prove (a) we check the norm axioms:

Positivity : It is obvious that kf k 0 and (b) shows thatkifk =0andi f =0a.e. [ ]

Homogeneity It is immediate from (5.8) that ,(af)= a ,(f)fora 0. From (5.13) we have
ki k =k fk . Together these imply kaf k = jajkfk .

Subadditivity: It follows from the subadditivity of the function h(z) = (z), and additivity of
integration that kf + gk Kk fk + kgk . O

Theorem 5.2.3. Let F, = Li( "; ) for some measure spacé "; "). Then kk is a seminorm
on Fy, for any metric

Proof. Nonnegativity: kf k 0 is obvious from the de nition (5.12).
Homogeneity, It is clear from the de nition that kaf k = jajkf k forany a2 R.
Subadditivity: kf + gk k fk + kgk follows from the linearity of h; i and the triangle
inequality for jj. O

Under mild conditions on the Borel measure space ("; "), kk is a genuine norm. Let be
a Borel measure onX, whose -algebra is generated by some topology . The measure is called
outer regular if

(E)=inf f (V):E V; VisT -operg
for all measurableE X ; is called non-atomic if (x)=0forall x 2 X.

Theorem 5.2.4. Let be a non-atomic outer regular Borel measure onX. Then for any f 2
Li(X; ), forany metric on X, kfk =01i f=0ae.[]

Proof. Supposef 2 L1(X; ). The casef 0 a.e. [] is trivial, so we assume the existence of a
T -closed BorelE X such that

0< (E)<1; f> 0OonE:

Since is outer regular, there is a sequence ol -open setsV, X such that E V, and
limyp, (Vh)= (E). Dene

(X Vi)

W)= B (V)
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whereV,f = X nV,; assuming without loss of generality diam (X) 1 it is straightforward to verify
that h, 2 Lip(X; ).
By non-atomicity of , we have
z
lim H;h,i = fd > O
nil E

which implies that H; i cannot vanish on all of Lip(X; ), and sokf k > 0. O

Theorem 5.2.2 shows thatk k is topologically equivalent to kk, .. The norm strength of k k
is a more interesting matter. In the case of nite , F, = “1( ") is a nite-dimensional space so
all norms on F,, are trivially equivalent. Suppose is a countable set (equipped with the counting
measure) and has the property that

do=inf (x;y)> O:
X&'y
The functions g(x) = do ¢ (x)>0g @Nd h(X) = do ¢ (x)<0g are bothin Lip( ; ), and sincedo kf k; =
jhf; gij + jHf; hij, we have
%do kfk, kfKk diam () kfk; (5.14)

for all f 2 F,, so the normsk k and k k; are equivalent in this case.
Suppose, on the other hand, thatT = fxj;X»;:::g forms a Cauchy sequence in the countable

space , with | = (X;;Xj+1) approaching zero. Letf 2 “1() be such that f (xzk) = (X 1)
fork=1;2:::andf(x)=0for x 2 T, then
x _ R
kf k jf(Xok )] 2« 1 K kg 2k 1 (5.15)
k=1 k=1

If = Q\ [0;1] (the rationals in [0; 1]) with (X;y) = jx Yj as the metric on , the r.h.s. of (5.15)
can be made arbitrarily small, so for this metric space,

inffkfk :kfk;,=1g = 0

and kk is a strictly weaker norm than k k;.

Similarly, when is a continuous set, kk will be strictly weaker than kk,_  in a fairly general
setting. As an example, taken =1, =[0 ;1], the Lebesgue measure on [Q], and (X;y) =
jX yj. ForN 2 N,dene y :[0;1]! N by

N(X) = maxfO k<N :k=N xg:
Consider the function
fne)=( 10

for N =2:4;6;:::; note that f is measurable andkf kLl =1.
For a xed even N, de ne the k" segment

k k+2

Iy = fx2][0;1] : k n(X) k+2g= W; N ;
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fork=0;2:::;N 2. Since diamly =2=N, for any g 2 Lip( ; ), we have

supg(x) ilnf g(x) 2=N;
Ik k

this implies
z
fn()g0)d (x)  2=N%

Ik

Now [0; 1] is a union of N=2 such segments, so
Z,
fn(X)g(x)d (x) 1=N:
0

This means that kf k can be made arbitrarily small while kf k_ =1, so once again andkk is a
strictly weaker norm than kk_ ..

5.3 'pand other -dominated metrics

In this section, we show how our concentration results exted to metrics other than Hamming,
such as the™, metrics on R". Throughout this discussion, we will take = [0 ;1] and to be
the Lebesgue measure. Fof : R" ! R, we de ne kf k., to be the Lipschitz constant of f with
respect to the metric d(x;y) = kx ykp, wherel p 1

We begin with the simple observation that the unnormalized Hamming metric on [0; 1] domi-
nates "1([0; 1]"). Recall also that forany 1<p 1 and anyx 2 R", we have

kxky, k xk;  ntkxk; (5.16)
where E=p+1=g= 1. The rstinequality holds because the convex function x 7! kxkp is maximized
on the extreme points (corners) of the convex Bolytope‘x 2 R" : kxk; = 1g. The second inequality
is checked by applying Helder's inequality to  Xx;y;j, with y 1. Both are tight. Thus, in light
of Lemma 5.2.1, the -dominance (with respect to the Lebesgle measure), ofk k, implies the
-dominance of k kp.

We are now in a position to attempt a rough comparison betweenthe results obtained here
and the main result of Samson's 2000 paper [60]. Assume forngplicity that for a given random
processX on [0;1]", the two quantities k hk; andk pk, (de ned in (3.19)) are of the same order
of magnitude. For example, for the case of contracting Marke chains with contraction coe cient

< 1, we have

1 1

Kok 77 Kok

(as computed inx4.1.2 and [60], respectively).
Supposef : [0;1]" ! R haskf k,.2 1. Samson gives the deviation inequality
I
, !

Pfif Efj>t 2ex —
J =19 p oK nk§
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with the additional requirement that f be convex. By (5.16) we havekfk ., 1 and we have
established above that the™; metric is -dominated. Thus, Theorem 3|.3.1 applies:

2
pﬁ 2exp tiz
2k k2

forany f : [0;1]" ! R with kf ki :2 1 (convexity is not required).
To convert from the bound in Theorem 3.1.2 to Samson's bound,we Btart with a convex

f :[0;1]" ! R, having kfk, ., 1. By (5.16), this means that kf k n, or equivalently,

n 172f w2 1. Applying Samson's bound ton 1=2f | we get

P jf Efj>t (5.17)

Lip ;2

!
t2

. . p_
P jf Efj>t n 2ex —_—
J J p ok nkg

; (5.18)
while the bound provided by Theqgrem 3.1.2 remains as statedni (5.17).

We stress that the factor of * n in (5.17) and (5.18) appears in the two bounds for rather
di erent reasons. In (5.17), it is simply another way of stating Theorems 3.3.1 forkf k .,  1;

namely, Pfif Efj>tg 2exp( t?=2nk nki ). In (5.18), the pﬁ was the \conversion cost"
between the 1 and the “» metrics.

5.4 Measure-theoretic subtleties

Measurability issues typically arise in probability theory when one considers continuous-time pro-
cesses [66], takes suprema over uncountable function class[64], or considers set enlargements
with respect to a metric incompatible with the topology generating the Borel -algebra [65]. Our
martingale approach involves neither, so the only potentidly sticky issue is the existence and well-
behavedness of the conditional distributions we so heavilyely upon.

Let us illustrate the sort of di culty that arises when condi tioning on measure-zero events, with
the following example. Let = f0;1g and de ne the measure on 3 as follows:

(x) = %fX1=X2=X3g: (5.19)

What value does the de nition in (3.14) imply for 2.3( )? One might consider slightly perturbing
to make it strictly positive and appeal to the continuity of . Conditional distributions are
indeed well-behavedif they are well-de ned:

Lemma 5.4.1. Let X be a measurable space and suppose the sequence of probghitieasures ,
converges ink k., to some probability measures . If A;B X are measurable, with (B) > 0 and
n(B) > 0 for all n, then
nIli{n n(AjB)= (AjB):

Proof. Let the measures and °be suchk %, <". Then
(A\ B) YA\ B) (A\ B) YA\ B)
(B) 9B) (B) (B)+"
(B)( (A\ B) 9A\B)) " (A\ B)
(B)?
o

(B)2
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O

However, when conditioning on sets of measure zero, all besre 0. De ne the sequence of

measuresf g, 5 on f0;1g® as follows:
8
< 3 & ifXi=X2= X3

k(x) =

=+ else

It is straightforward to verify that ¢ converges ink k,, to the measure de ned in (5.19), and

that 23( x)! 1=2. On the other hand, consider the homogeneous Markov measer i on fO; 1g3

given by po(0) = po(1) =1=2 and

p(ajb) =  fazmgl Kk N+ faspgk !

for a;b2f0;1gand k 2. Again, it is easily seen that ! , but this time 23( k) ! 1. The
moral of the story is that when conditioning on sets of measue zero via a limiting process, the
limit is not uniquely de ned.

Fortunately, this is no cause for despair. Our overarching gal is to bound the deviation probabil-
ity fif f j>r g, and this quantity is surely insensitive to small perturbations of . Thus we may
safely approximate a measure on a countable set by a sequence of strictly positive measuse .
Though di erent limiting sequences will give rise to dierent values of D =1lim ;1 k n( k)k; ,
we are justi ed in using the best (i.e., smallest) value we oltain from any limiting sequence to
bound the deviation probability.

The case of = R is somewhat simpler { mostly due to our requirement that the probability
measure on R" have a density with respect to the Lebesgue measure. The coitbnal densities
may be obtained by dividing the joint by the marginal; Theorem 3.12 of Pollard [58] assures that
under mild conditions the ratio will be well-de ned and well -behaved almost everywhere. (Pollard
also gives a fascinating discussion oflisintegration { the mild yet subtle topological conditions
under which a joint measure decompaoses into a kernel produgt

Mos$ relevant to us is the observation that sinceD? in Azuma's inequality (2.17) need only
bound [, kVik? almost surely, we may de ne j via the esssup in the continuous case:

i = esssup i (y;w;w9); (5.20)
y2Ri Lww®2R

where esssup is taken with respect to the Lebesgue measure.

5.5 Breakdown of concentration

Lipschitz continuity and strong mixing have been a prevailing theme throughout this work; let us
demonstrate by example (taken from [35]) how concentrationcan fail if either of these conditions
is dropped.

Let be the uniform probability measure onf0;1g" and (Xi)1 i n be the associated (indepen-
dent) process. Though di erent notions of mixing exist [7], X trivially satis es them all, being an
iid process. De nef :f0;1g" ! [0;1] by

f(X)= X1 X2 i Xn;
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where is addition mod 2. SincePff(X)=0g = Pff(X)=19g = % f is certainly not con-

centrated about its mean (or any other constant). Though X is as well-behaved as can bd, is

ill-behaved in the sense that ipping any single input bit causes the output to uctuate by 1.1
For the second example, takef : f0;1g" ! [0; 1] to be

X
f(x)= 1 Xi:
Nz

If (Xi)1 i n is the iid process from the previous example, it is easy to shwe that the martingale
di erence V; is bounded by En, and so by Azuma's inequality, f is concentrated about its mean.
What if we relax the independence condition? Consider the (égenerate) homogeneous Markov pro-
cess:PfX1=0g=PfX;=1g= % and Xij+1 = X; with probability 1. This process trivially fails
to satisfy any (reasonable) de nition of mixing [7]. Our well-behavedf is no longer concentrated,
since we again havePff (X)=0g= Pff(X)=1g= %

5.6 Using -norm to bound the transportation cost

Recall the de nition of the transportation cost distance fr om Chapter 2.3.5. Villani [69] gives a
fascinating account of the independent discovery of this ditance by Monge and Kantorovich, and
explains the origin of the synonym \earthmover".

Recall the transporation cost distance between two Borel pobability measures ; on a metric
space ¥; ), de ned by

z
T( ) = inf (xy)d (xy); (5.21)
X X
where the in mum is taken over all couplings of and

Our main interest in this distance is due to Marton's transportation cost inequality (2.28), but
this notion extends well beyond measure concentration intoareas such as mathematical physics
and economics; again, Villani [69] is an encyclopedic souecon the matter.

A fortuitous consequence of our linear programming inequaty (Theorem 3.1.2) is a simple
analyticboundon T (; ), for the case where is any metric dominated? by the weighted Hamming
metric dy, on ". This bound is made possible by the Kantorovich duality theaem [69, Thm. 5.9],
which states that

Z z
T( ) = sup 'd 'd ;
"2Lipo(X;) X X
where Lipy(X; )isthesetofall' : "! R suchthatk' k, 1 (withrespectto )and' (xo) =0
for somexg 2 X . Applying thisto X = " and = d, (and noting the translation invariance:
h; i=HhH + a i for any a2 R), we have that

T( ) = kK k
k

W

1 without making far-reaching claims, we comment on a possibl e connection between the oscillatory behavior of f
and the notorious di culty of learning noisy parity functio  ns [22]. By contrast, the problem of learning conjunctions
and disjunctions under noise has been solved some time ago [3].

2 in the sense of (x;y) dw(x;y)forall x;y 2 "
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Then point is that T , both in its primal and dual form, involves solving a linear program,
and is not, in general, computable in closed form, while the ., functional provides a simple,
closed-form bound. We hope that this observation leads to ne concentration results via Marton's
transportation cost inequality, and perhaps nds other applications.

5.7 A \worst-case" family of measures with constant K nky

The brief investigation we embark upon in this section was mtivated in [35] by a comparison
between our main indicator of mixing, k k; , and Samson's [60] closely related quantityk Kk,
given in (3.18). We proved in [35] that neither is uniformly a sharper indicator of the mixing
properties of a measure:

Theorem (Thm. 5.3 of [35]). There exist families of probability spaces "; n)n 1 such that
R, ! 0Oand also such thatR, ! 1 , where

K n( n)ky
K n( n)ky

Since Samson's concentration result is for convex;,-Lipschitz functions while ours is for d-
Lipschitz ones (without the convexity requirement), it is n ot clear how meaningful such a compar-
ison is in general { though we attempt one inx5.3.

A potentially interesting byproduct of this investigation is the problem of constructing families
of measures whose mixing coe cients ,( ) behave in some prescribed way. In particular, we
construct a process Ki)1 i n that achieves a sort of \worst-case" mixing behavior while gill having
kK nky =2

Rn

Lemma (Lemma 5.1 of [35]).  There exists a family of probability spaceq "; ,)n 1 such that
i (n)=1=(n i) (5.22)
for 1 i<j n.

Proof. Let = fO;lgand xan n2 N. Forl k<n, we will call x 2 f0;1g" a k-good sequence
if Xx = Xp and a k-bad sequence otherwise. De neAﬁk) f 0;19" to be the set of the k-good
sequences an® = fo; 19" nA%¥ to be the bad sequences; note thatAl® = B =2n 1 et
%0) be the uniform measure onf 0; 1g":
Oxxy=2 " x2f0;1g:

Now take k = 1 and de ne, for some px 2 [0; 1=2],
) = KD P et P N p0° (5.23)

, . P
where | is the normalizing constant, chosen so that 5 o4 M(x) = 1.

We will say that a probability measure on f0;1g" is k-row homogeneousf forall 1 Kk
we have

@ h()= val()= va()=:0= n()
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(b) ()=0for k<i<j

(c) hg is a continuous function of px 2 [0; 1=2], with h,(0) =1 and hy(1=2) = 0.

It is straightforward to verify that ﬁl), as constructed in (5.23), is 1-row homogeneou$.Therefore,

we may choosep; in (5.23) so that hy = 1=(n  1). Iterating the formula in (5.23) we obtain the
sequence of measures ﬁk) :1 k<n ;each ﬁk) is easily seen to bé&-row homogeneous. Another

easily veri ed observation is that h-( )= h( ¥YYforalll k<n 1andl ° k. This
means that we can choose thépyg so that hy( ﬁk)) =1=(n k)foreach1l Kk<n. The measure
a= ™ has the desired property (5.22). O

5.8 The signi cance of ordering and parametrization

An important feature of the martingale method is that it is sensitive to the ordering and the
parametrization of the random process. We illustrate the rst point with a simple (if not trivial)
example.

De ne the measure onf0;1g" as assigning equal probability to thex 2 f 0; 1g" with x1 = X,
and zero probability to the rest:

1) = 2 " kg
and let (X;)1 i n be the associated random process. For this measure, it is gato see that
i = fi=1gs 1 i<j n;

which forcesk n( )k; = n. Let bethe permutationonfl;:::;ngthat exchanges 2 and, leaving

the other elements xed, and de ne the random processY = (X) by Yi= X 4,1 i n. It
is easily veried that k (Y)k, =2. Thusif f : f0;1g" ! R is invariant under permutations
and 1; » 2 R are random variables dened by ; = f(X), > = f( (X)), we have | = »

with probability 1, yet the martingale technique proves much tighter concentration for » than for
1. Of course, knowing this special relationship between; and »,, we can deduce a corresponding
concentration result for 1; what is crucial is that the concentration for 1 is obtained by re-indexing
the random variables.
Our second example is perhaps more interesting. Recall fror@hapter 2.3.2 that a martingale-
derived method, using the notion of metric-space length, ca be used to prove Maurey's theorem:
if is the Haar measure on the symmetric groupgS, then

fif fj>rg exp( nr2=32) (5.24)

forany f : S, ! Rwith kfk, 1 with respect to the normalized Hamming metric [61].
A naive attempt to re-derive (5.24) from McDiarmid's inequality might proceed as follows. Let
= f1;2;:::;ngand de ne to be the measure on " that assigns equal weight to permutations
(i.e., sequencesx 2 " without repeating symbols) and zero weight to all other seqences. This
approach is doomed to fail, since an easy computation yieldsy; = (n j +1)=(n 1) for this
process, forcingk nk; is to grow linearly with n.

% The continuity of hy follows from Lemma 5.4.1 and the perturbation argument.
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A more clever parametrization (communicated to us by Jim Pitman) does enable one to recover

McDiarmid's inequality to the independent processX ', we get
fif fj>rg exp( 2nr?);

which is even an improvement over (5.24).



66

Examples and extensions




Chapter 6

Open problems, conjectures, future
directions

One of the joys of mathematics is that the right questions hae a way of asking themselves, and
in the course of writing this thesis, many more fascinating poblems came up than | could hope
to solve within the timeframe of a doctorate. That a novice is able to stumble onto such deep
problems so early in his journey indicates that the eld of measure concentration has no risk of
running dry in the near future, and promises to be a fertile giound for fundamental ideas for many
years to come. Therefore, | end this thesis by listing some ggn problems, conjectures, and future
directions { both as personal goals and an invitation to the readers to join in the exploration.

6.1 Further applications

The principal contribution of this thesis is the linear programming inequality of Theorem 3.1.2
and the concentration results it implies for nonproduct measures. Anthony Brockwell and | did
nd an application of these bounds to a concrete real-world poblem, and a general application
to empirical processes was sketched out in Chapter 4. Howemethe applications we surveyed
in Chapter 1.3 make one optimistic about exploiting the nonproduct nature of our inequalities
to extend the corresponding results for product measures.tlwould be particularly good to nd a
learning problem, randomized algorithm, or Banach space panomenon where the random variables
have a dependence structure that lends itself to Theorem 3.2. We are also hopeful about nding
novel ways to apply the linear programming inequality in functional analysis.

6.2 Decoupling

Decouplinginequalities deal with bounding the expectation of a randomvariable under a nonproduct
measure by the same expectation under a product measure; s¢@8] for a survey of results. As
discussed in Chapter 4.3, we need just such a result in ordeotextend the method of Rademacher
averages to non-independent processes.

We conjecture that whenever is a measure on " and ~is its product approximation (i.e., the
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unique product measure on " having the same marginals as ), we have

X
()" (x) 1+k n( kg ~(x)" (x):

x2 N x2 N

forany ' : " ! [0;1) that is 1-Lipschitz with respect to the unnormalized Hamming metric.
There is compelling numerical evidence supporting this cojecture, and if true, it will have impor-
tant implications for empirical process theory. | thank Richard Bradley, Richard Dudley, Magda
Peligrad and Vctor de la Pena for the helpful correspondence regarding this question.
Another intriguing decoupling possibility is the followin g. As above, and ~ are measures on
", For A " with (A) 1=2, we conjecture

~(A)
(A)

for some universal constantcg 2. If true, (6.1) would provide a generalization of Talagrand's
inequality (see below) for nonproduct measures; the evidere for (6.1) is currently scant, however.

(cok n( )k;) ! cok n( )k (6.1)

6.3 Extending Talagrand's inequality to nonproduct measur es

We mentioned Talagrand's powerful inequality in Chapter 2.3.3. Let d,, w 2 R} be the weighted
Hamming metric on some product probability space ( "; ), and recall the de nition of the convex
distance:

Da(x) = kSijpldW(X;A)
WKy

for Borel A N, Talagrand's inequality reads
(A0 (A) ‘exp( t?=4) (6.2)

whereA; = "nAiandA;=fx2 ":Da(x) tgis the t-enlargement ofA.
A natural problem, posed to us by Amir Dembo, is to extend (6.2 for nonproduct measures. Let
be a nonproduct measure on " and ~its product approximation; x A "with (A) 1=2.
If (6.1) holds, then we have

(B)  k~(A)  k~(A) Texp( t?=4) k2 (A) lexp( t>=4)

wherek = cok n( )k, ; this would provide the desired nonproduct generalization
Alternatively, one could work with (6.2) directly. Going out on a limb, one might be tempted
to conjecture the following generalization:
|
2

A A) lex
(Ar) (A) p K il

(6.3)

where k nk, is the ", operator norm of the -mixing matrix de ned in (3.15). Set-measure in-
equalities have a disadvantage over functional inequalits in that they are much more di cult to
test numerically; the evidence in favor of (6.3) is at this pant rather scant.
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Consider, however, the following variant. Let F be a countable (to avoid measurability issues)
subset of the unit ball B, = fx 2 R" : kxk, 1g. Dene ' :[0;1]"! R by

X
"(X) = sup Wi Xi: (6.4)

Let us write Vi(* ) for the maximal i martingale di erence, as in (3.30):

Vi(') = max Vi(';yh)
yi12 !

(see (3.24) to recall the de nition of Vi(' ;)).
Conjecture 6.3.1. If ' :[0;1]! R is de ned as in (6.4) then we have

Vi()? clog(n)k nk; (6.5)
i=1

for some universal constantc.

Being a functional inequality, (6.5) lends itself more eady to numerical investigation and has
accumulated a fair amount of evidence to lend it credence. Th conjectured bound is not quite
dimension-free, but is signi cantly stronger than the one furnished by Theorem 3.3.4:

Vi( )2k a1k nk oK
i=1

the rst place to start would be to prove Conjecture 6.3.1 for the product case.

6.4 Spectral transportation inequality

Let A = (a;) be a column-stochastic matrix, meaning thata; 0 and i @ = 1. Compute its
(complex) eigenvalues, take absolute values, sort in decasing order (keeping multiplicities), and
let > be the second value on the list; this value is known as second largest eigenvalue modulus
(SLEM), [9].
De ne the contraction coe cient of A to be
=max kA;  Ajk

v !

where A; and A; range over the columns ofA; s alternatively referred to as Doeblin's or Do-
brushin's coe cient.
Consider the metric probability space ( ";d; ), where is a nite set, d is the normalized
Hamming metricon " and is a homogeneous Markov measure on".
We may represent the transition kernel of by a column-stochastic matrix A, and de ne , and
as above. We know (either from [37] or, in a slightly di erent form from [45]) that the contraction
coe cient  controls the concentration of

fif fj>rg 2exp( n(1  )?r?=2) (6.6)

! The largest-modulus eigenvalue is always 1, by the Perron-Frobenius theorem [28].
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forany f : "! R with kf k,, 1 (with respect to d).

It is also well-known (see, for example, [1] or [52]) that » controls the rate of convergence (in
k k., ) of the Markov chain to the stationary distribution:

kP, Pk, < %pﬁexp( @ 2)n) (6.7)

whereN = | |, P, is the marginal distribution at time step n, and P is the stationary distribution.

Now can be a rather crude indicator of the mixing properties of the Markov chain. Consider,
for example,

0
A = @

= O O
OoOr o
O r o

> =

here, =1 and yields a trivial bound, while , =0, correctly indicating that the chain is actually
very rapidly mixing. For 2 2 matrices, it is straightforward to verify that = »; in general we
have

2 : (6.8)

A proof may be found in [1] or [9, Corollary 7.2] and | thank David Aldous, Pierre Bemaud, and
Cristopher Moore for providing proof sketches and pointingme to the references.

In light of (6.7) and (6.8), it is tempting to conjecture a bou nd of the type
fif fj>rg 2exp( N1 2)%r?) (6.9)

which would be a signi cant strengthening of (6.6). In the discussion following Proposition 4,
Marton [46] discusses a similar spectral bound, but hers degnds on the stationary distribution of
the chain and blows up if the latter takes small values.

One approach for proving (6.6) would be via a transportationinequality (see Chapter 2.3.5):

r

() (6.10)

TG

where T is the transportation cost distance (with respectto = d) and H( | ) is the Kullback-
Leibler divergence. If true, (6.10) would strengthen Marton's analog of Pinsker's inequality [45];
some preliminary numerical evidence indeed supports thisanjecture. | thank Michel Ledoux for
helpful correspondence.
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6.5 Questions regarding  -mixing

6.5.1 Connection to other kinds of mixing

Let (X;F;P) be a probability space andA;B F be two -algebras. Following Bradley [7], we
recall some common measures of dependence:

(A;B) = supfiP(A\ B) P(AP(B)j;A2A;B 2Bg (6.11)

(A;B) = supfiP(BjA) P(B)j;A2A;B 2B;P(A)> 0Og (6.12)

(A;B) = sup % 1;A2A;BZB;P(A)9> o;P(B)>0 (6.13)
15X X =

(AiB) = sups. iP(Ai\ Bj) P(A)P(B))i. (6.14)
Ti21 )23 ’

where the last sup is over all pairs of nite partitions fA; :i 2 Igand fB; :j 2 Jg of X such that
Ai 2 A and Bj 2 B. (See [7] for other types of mixing.) The following relatiors are known and
elementary:

2 (A;B) (A;B) (A;B) (1=2) (A;B):

If X = ZandX?} isthe associated random process, we can de ne the various Rihg coe cients
as follows:
(i) = sup (FL ;Fl):
j2z
(i) = sup (F4Y ;FL):;
j2z
(i) = sup (F% ;FL);
j2z
(i) = sup (FY ;FLy);
j2z

where F 2 denotes the -algebra induced byX 2. The processX is said to be
strongly or -mixingif (i)! Oasi!l
-mixing if (i)! Oasi!l
-mixing if (i)! Oasi!l
absolutely regularor weak Bernoullior -mixing if (i)! Oasi!l ;

each type of mixing is additionally called geometricif the corresponding quantity decays to zero as
' for0< < 1. We have shown in Chapter 3.2.2 thaf

; 2 0 (6.15)

which implies that for processes with summable -mixing coe cients we have sup, 1k nk; < 1.

2 This observation seems to have been rst made by Samson [60].
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As discussed in Chapter 3.2.2, -mixing appears to be a stronger condition than -mixing; but
it would be good to obtain some nontrivial implications (or non-implications) between -mixing
and the other types of mixing mentioned here.

We conjecture that for any measure on ", we have

1X1t X 1
> ik onkg 2 i (6.16)
i=1 i=1

note that the second inequality is nothing else than (6.15).There is a fair amount of evidence for
(6.16).

6.5.2 Local independence and mixing

A question worth investigating is the following: if a measure satis es some \local" independence
properties, what can be said about (any) mixing properties & ? Throughout this section, will
be a nite set and P, will denote the set of all probability measures on .

To formalize the notion of local independence consider somd 2fLung For | 21, de ne the
I -marginal operator T, : P, ! P j;; by

X [
(T Ny) = (X); y2 b
x2 "x[l]=y
The notation X[l ] is to be interpreted as follows: forl = (iq;ip;:::;ik)andx2 ",
X[IT = (XiXiy oo Xi )

also, we will henceforth write | to denote T . We say that a measure 2 P, is | -independent
if for each| 21, | is a product measure on '.

A natural indicator of how dependent the components ofX 2 " under measure 2 P, is the
quantity

dep() = Kk n( kg ;

recall that dep( ) =11 is a product measure.
This leads to a quantitative notion of | -independence. Forl 219, de ne the quantity
R, = sup QM (6.17)

22, 12 dep( 1)

(the sup is actually a max sinceP,, is a compact set). We have the trivial bound O< R, n. Note
that if we are able to upper-boundR; by some constant independent oh, we will have shown that
any | -independent measure is -mixing.

The rst notion of independence we will consider is a \sliding window" of width k. Formally,
dene V 2f1=5n0 py

Vi = flI f L::o;ng:jlj=k; maxl minl =k 1g:

It appears that the sliding window is a very weak notion of independence { far too weak to say
anything about the -mixing of . Formally, we have
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Conjecture 6.5.1.
Ry, = n (6.18)
forall 1 k<n.

(Trivially, Ry, =1.) This means that a measure on " can be such that all of its windows of
width n 1 have marginal product measures, yet itself has the worst -mixing constant possible.
There is compelling numerical evidence to support this corgcture.

Our second notion isk-wise independence, formalized by de ning

Conjecture 6.5.2.
R, = n k+1 (6.19)
forall 1 k<n.

(Trivially, R;, =1.) Again, there is compelling numerical evidence for thisconjecture. This is
not a strong result. It means that a k-wise independent measure can havekp n( )k = n k+1
To give a meaningful concentration bound,k »( )k; nwst be of order O(" n). To achieve this
bound on the rate of growth, we have to requirek n n.

Proving the conjecture in (6.18) should not be dicult; it su ces to construct the measures

2 P, that achieve the requisite Ry, . Proving (6.19) might be more involved, but it's not clear
how worthwhile the e ort would be, given its relative uninfo rmativeness. One possible direction
for the future is to de ne a stronger (yet still realistic) no tion of local independence, which does
imply nontrivial bounds on k ,( )k; .

6.5.3 Constructing n With given entries

By the construction in Chapter 3.2,  =( j ) is an upper-triangular matrix whose entries are in
[0;1]. Itiseasytoseethatforalll i<n andi<ji<j, n,wehave jj, ij . Do these
constraints completely specify the set of the possible ,, { or are there other constraints that all
such matrices must satisfy? We are inclined to conjecture tk former, but leave this question open
for now.

6.5.4 A structural decomposition of n

Let be a probability measure on ", and fory 2 , de ne jy to be the law of X3 conditioned
onXi=Yy:

jy(x) = PfX3=xjX1=yg; x2 "L
De ne py() to be the marginal law of X ;. Then we conjecture that
X
Pu(y)  no2Cdy) ko n( kg (6.20)
y2

Though there is substantial numerical evidence for (6.20),ts applications (or indeed a proof) are
waiting to be discovered.
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