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Abstract :  Paramet r ic  piecewise-cubic functions are used 
th roughout  the computer  graphics industry to represent 
curved shapes. For many applications, i t  would be useful to 
be able to reliably derive this representation from. a closely 
spaced set of points tha t  approximate  the desired curve, 
such as the input  from a digitizing table t  or a scanner. This 
paper  presents a solution to the problem of automat ical ly  
generat ing efficient piecewise parametr ic  cubic polynomial 
approximat ions  to shapes from sampled data. We have 
developed an algori thm tha t  takes a set of sample points, 
plus optional endpoint  and tangent  vector specifications, 
and i terat ively derives a single parametr ic  cubic polynomial 
tha t  lies close to the da ta  points as defined by an error 
metr ic  based on least-squares. Combining this algori thm 
with  dynamic programming techniques to determine the 
knot  p lacement  gives good results over a range of shapes 
and applications.  

C R  Categories and Subject  Descriptors: G.1.2 [Numer- 
ical Analysis]: Approx imat ion-Leas t  squares approxima- 
tion; Spline and piecewise polynomial approximation;  G. 1.5 
[Numerical Analysis]: Roots  of Nonlinear Equa t ions~ te ra -  
tive methods;  1.2.8 [Artificial Intelligence]: Problem Solving, 
Control  Methods and Search-Dynamic  programming;  1.3.3 
[Computer  Graphics]: P ic tu re / Image  Generat ion-Digi t iz-  
ing and scanning; 1.3.5 [Computer  Graphics]: Computa-  
t ional  Geometry  and Object  Model ing-Curve,  surface, sol- 
id, and object  representations 
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1. Introduct ion.  

We are interested in the problems tha t  arise when try- 
ing to use two-dimensional curved shapes in an interac- 
t ive design environment.  In particular,  we are interested in 
finding the best ways for a designer to define such shapes. 
Our immedia te  focus is the production of publication-qual- 
i ty documents.  The documents  are designed using an in- 
teract ive  system with a raster display, then camera-ready 
copy is digitally produced at  very high resolutions. Our 
design methodology is to represent all shapes analytically 
using piecewise parametr ic  cubic polynomials [27]. There 
are many  published methods for specifying such curves 
[2,12,15,23]. These methods  all have in common the ap- 
proach tha t  the shape designer provides a small set of con- 
troll ing points and parameters  which act as handles to 
shape the curve. At  Xerox P A R C  such algorithms, and 
similar ones for conics, have been used in design systems 
for making  il lustrations [4,3,16,26] and digital typefaces [5]. 
We conclude tha t  i t  would be a powerful addit ion to the set 
of tools for specifying shapes to be able to reliably derive 
an efficient piecewise parametr ic  cubic polynomial repre- 
sentat ion from a sequence of closely-spaced points tha t  ap- 
proximate  the  desired curve. The points could be produced 
in a variety of ways such as sketching with a digitizing 
pen, scanning and finding edges in an existing drawing, or 
wri t ing a program to compute  a set of da ta  points. In this 
paper  we will present  a method  deriving such an analytical  
representat ion from digitized data. 

For the da ta  in our curve-fit t ing work we have experi- 
mented  with hand- tuned digital curves, optically-scanned 
images and simple hand-drawn sketches. We have found 
tha t  the source of the digitized curve is relatively unim- 
portant .  The  differences principally affect how tightly you 
want  to follow the data; is i t  noisy, does it  have pronounced 
raster ing effects, are corners well defined? A scanned image 
will not  have as sharp corners as a hand- tuned bi tmap,  for 
example.  Also, the tolerance is a function of the image 
resolution. We feel our results are generally applicable 
to the problem of generat ing piecewise approximations to 
shapes from an ordered set of discrete da ta  points. 

The hear t  of our method  is an algori thm tha t  takes a 
set of sample points and derives a parametr ic  cubic curve 
tha t  lies close to the da ta  points; this algori thm is presented 
in section 4. A more elaborate  version of the  algori thm, 
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presented in section 5, allows the endpoints a n d / o r  the  
tangent  directions at  the endpoints of the piece to be 
specified. 

A piecewise approximat ion to a shape consists of a 
number  of single cubic pieces connected end-to-end. The 
location and smoothness of the joints  or knots between the 
pieces is critical to get t ing a good representation of the 
shape. Sometimes we want a smooth connection between 
pieces, and sometimes we want  to produce a sharp "corner." 
If we somehow knew in advance the position of the knots, 
and the tangent  direction at  each non-corner knot,  we could 
simply apply the single-piece fit t ing algori thm to the points 
in each span, yielding a piecewise approximation.  Finding 
the  best knot  positions and tangents,  however, is no easy 
task. Our most  promising results were obtained by sett ing 
tangents  using fairly local information,  and then using 
dynamic  programming  to search the space of potent ial  knot  
positions. 

The single-piece fit t ing routine is used in several places 
in the  overall process. In the dynamic programming phase 
i t  is used as a way of measuring how well a span of sample 
points  may  be fit with a single cubic piece, and, after the 
knots  have been found, it  is used to find the piecewise 
approximat ion.  The algori thm may also be used in the 
initial phase to compute  tangent  directions, by fitt ing a 
range of samples around the point  of interest  and finding 
the  tangent  of the resulting curve. This method  works well 
for es t imat ing tangent  directions in noisy data.  

In this paper  we want  to emphasize our paramet-  
ric cubic curve-fi t t ing algori thm and the use of dynamic 
p rogramming  to find the knots.  While it is impor tan t  to 
accurate ly  find corners and tangents,  we feel the choice of 
a lgor i thms to do so is highly application dependent  and we 
are not  in a posit ion to give a complete analysis here. 

The nex t  section of this paper  is a general discussion 
of the problem of fitting shapes with piecewise functions. 
In section 3 we describe how we use dynamic programming 
to find the knot  positions. Sections 4 and 5 will present  
in detai l  our a lgori thm for coml~uting a single paramet-  
ric cubic given a set of da ta  points. We conclude with  a 
summary  and examples  of our results. 

2. Pieeewise function approximation to shapes. 
W h a t  do we mean by the best piecewise approximat ion 

to a shape such as Figure  l(a)? The  curve must  lie near 

the  da ta  points, of course, and the representation will be 
most  efficient if we use as few pieces as possible. This 
presents an obvious trade-off between a t ight  fit and an 
efficient representation.  Also, the desired tightness of the 
fit will vary with  the amount  of noise in the data. Usually 
the  curve should be smooth,  and the pieces of the curve 
should fit smoothly  together.  In some cases, however, we 
find tha t  the  shape will look bet ter  if we introduce sharp 
bends at  locations tha t  are perceived as "corners". There 
are other  issues of perception as well. For example,  if the 
samples lie on a straight line, most  users will object  if the 
approximat ing  curve is slightly wavy even if i t  lies quite 
close to the sample points. 

In this paper  we will parameter ize the problem as 
follows: The  closeness of the fit is specified by a user-defined 
tolerance; i t  is the user's job  to consider the resolution 
and accuracy of the  input  when specifying the tolerance. 
The  fit is smooth  if the direction of the tangent  vector  is 
continuous. Rest r ic t ing only the direction of this vector 
to main ta in  smoothness gives us the max imum flexibility 
for two-dimensional  curves. We use one of a number  of 
a lgor i thms to find the corners before finding any of the 
o ther  knot  locations. These methods  all have the property 
tha t  the  user sets some parameters  to tune the a lgor i thm 
for a par t icular  set of data.  If a point is identified as a 
corner, we pu t  a knot  a t  tha t  location and simply do not  
force tangent  continuity there. While a parametr ic  cubic is 
flexible enough to have a sharp cusp in it, the  behavior of 
the  curve near  the cusp is quite constrained so we generally 
do not  t ry  to model  corners wi th  cusps. 

F igure  1 is an example  of the process we use to fit 
a shape. The  original data,  which in this case is derived 
from a high resolution bi tmap,  is shown in figure l(a).  
We need to l imit  the choice of knot  locations to a finite 
set so we can use a finite search technique like dynamic 
programming.  This set is defined to be the set of sample 
points. For  efficiency, we want  to reduce the number  of 
possible knot  locations even further.  In this example  we 
restr ict  the potent ia l  knot  locations to the vertices of a 
polygon fit to the sample points. Any ver tex  with an angle 
sharper  than  135 ° is taken to be a corner. For this kind of 
da t a  we usually filter the samples between corners to remove 
the  more pronounced rastering effects. Af te r  filtering, the 
t angen t  vectors  are set on each potent ia l  knot  tha t  is not  

a corner. F igure  l(b) shows the unfiltered samples, the 
potent ia l  knots,  and the normal  vectors to the tangents  at  
each potent ial  knot .  If  the potential  knot  is a corner, i t  has 
no tangent  set and is marked with a cross. To calculate the 
tangents  in this example  we used the curve-fit t ing algori thm 
to fit a small number  of points around each potent ial  knot  
and determined the tangent  to the resulting curve at  the 
point  nearest  the potent ial  knot.  The computed  curved 
shape is shown in figure l(c). F igure  l(d) shows the result  
in more detail.  The  small dots are the samples, and the 
large dots are the  knots  tha t  were actual ly chosen. 

Fur ther  examples of shapes fit wi th  our techniques are 
included in the  conclusions. 

3. Choosing the knots. 
Before discussing methods  for choosing knots, let us 

look first at  the problem of predict ing whether  a set of 
samples can be closely fit by a single piece of the curve. A 
paramet r ic  cubic polynomial  is quite flexible, but  has some 
obvious limits. For example,  it can contain at  most  one 
loop or, if it has no loop, at  most  two inflection points. It  
is tempt ing,  therefore,  to t ry  to derive a set of algori thms 
t h a t  measure space-curve characteris t ics  such as slope and 
curvature  and use this information to set the knot  positions. 
However, as you add constraints to guarantee continuity,  
the  degrees of f reedom available to fit the  cubic to the 
samples are reduced. Fur thermore ,  the fit is very vulnerable 
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(a): Or ig ina l  da ta ,  a p p r o x i m a t e l y  150 by 160 bi ts .  (b): Samples ,  p o t e n t i a l  k n o t s  and  no rma l  vec tors .  

(c): R e s u l t  of curve  f i t t ing  a lgor i thm,  14 cubic  pieces.  (d): Samples ,  curve and  knots .  

F igu re  1. An e x a m p l e  showing the  s teps  involved in 
f i t t ing  a p a r a m e t r i c  cubic  to  a sampled  shape.  F igure  (a) 
is t he  or ig inal  d a t a  t aken  f rom a high reso lu t ion  b i t m a p .  
F igu re  (b) shows the  sample  points ,  t he  po ten t i a l  kno t s  

a n d  t h e  c o r r e s p o n d i n g  n o rma l  vec tors .  P o t e n t i a l  kno t s  
m a r k e d  w i t h  a cross are corners .  F igure  (c) is t he  final 
shape .  F i g u re  (d) shows the  curve,  kno t s  and  samples  in 
more  deta i l .  
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to  a poor ly  chosen con t inu i ty  cons t r a in t  such as a bad  
t a n g e n t  vector .  The  only rel iable way we have found to 
tell  if a set  of samples  can  be fit by a single cubic wi th  
cons t r a in t s  is to  t ry  it. 

Given t h a t  we are going to pay the  cost of t ry ing  ou t  
different cubic pieces, one simple m e t h o d  for defining the  
kno t s  is to  "grow" the  pieces ou t  unt i l  t he  fit for t h a t  piece 
exceeds some threshold .  In o the r  words, s t a r t ing  wi th  the  
prev ious  knot ,  keep add ing  d a t a  points  unt i l  t he  piece is 
as long as possible. Each  new piece mus t  be cons t ra ined  
to  m a i n t a i n  cont inui ty .  This  works,  in the  sense t h a t  the  
resu l t ing  curve will fit  everywhere  wi th in  the  specified tol- 
erance,  b u t  is qui te  vu lnerab le  to  local p h e n o m e n a  such 
as noisy d a t a  or a bad ly  defined tangen t .  We found th is  
m e t h o d  works only modera te ly  well in t e rms  of the  to ta l  
n u m b e r  of  kno t s  in the  final solut ion especially when  t ry ing  
to  m a i n t a i n  t a n g e n t  cont inui ty .  Subdivis ion is ano the r  
obvious  choice which  has  the  same problem.  These  two 
techniques  are also descr ibed by  Reeves [20]. 

If we w a n t  to  m a i n t a i n  cont inui ty ,  the  global ly-best  set 
of kno t s  c a n n o t  be  found  by  a m e t h o d  t h a t  only opt imizes  
locally. For  example ,  if t he  first and  las t  sample points  are 
cons t ra ined  to  lie on the  curve, the  error  in f i t t ing a para-  
met r ic  cubic  piece is no t  a m o n o t o n e  func t ion  of the  n u m b e r  
of samples;  i t  may  be possible to  get  a b e t t e r  fit by  using a 
longer r un  of samples  wi th  b e t t e r  endpo in t  locations.  This  
is especially t rue  if t he  d a t a  is noisy. In theory,  to  find the  
bes t  solut ion we could t ry  all possible a r r angem en t s  of kno t s  
a n d  t h e n  take  the  bes t  fit. This  solut ion is exponent ia l  in 
the  n u m b e r  of d a t a  points ,  and  is clearly ou t  of the  quest ion 
for any  useful cases. I t  is possible, however, to  reduce the  
complex i ty  to O(n 3) by using dynamic  p rogramming .  

Dynamic  p r o g r a m m i n g  [1,6] is a m e t h o d  for efficiently 
searching  a solut ion space where  the  p rob lem can be recur- 
sively b roken  up  in to  a set of subproblems.  Since the  same 
subprob lems  con t r ibu te  to  the  solut ion of several larger  sub- 
problems ,  t he  t o t a l  n u m b e r  of com pu t a t i ons  can be reduced 
by  s tor ing  the  resul ts  of each subproblem.  We can  apply  
th i s  m e t h o d  to f inding the  kno t s  as follows: Le t  eij be the  
er ror  o b t a i n e d  when  a single piece is fit to  samples  i t h r o u g h  
j .  The  exac t  defini t ion of eij does no t  m a t t e r  insofar  as 
the  dynamic  p r o g r a m m i n g  a lgor i thm is concerned,  and  we 
have ob t a ined  good resul ts  wi th  several different ones. One 
reasonable  choice for eij is s imply the  sum of the  squares 
of the  d is tances  f rom the  sample  points  to  the  curve, plus 
a c o n s t a n t  T > 0. Increas ing the  value  of v will encourage 
fewer knots ,  a t  t he  expense  of no t  f i t t ing the  samples  as 
closely. The  to ta l  er ror  for a given a r r a n g e m e n t  of kno t s  
is j u s t  the  sum of the  errors  for the  indiv idual  pieces. Le t  
E i j  be  the  least  to t a l  er ror  over all possible a r r angemen t s  
of kno t s  for samples  i t h r u  j .  This  can be compu ted  as 

E i j  -~ min(Eek -{- ekj), i < k < j ,  

where  we have  a l ready c o m p u t e d  and  t a b u l a t e d  the  values 
for Eik for i < k < j - -  1. We can  compu te  all t he  values 
for ekj by  working  backwards  and  f i t t ing single pieces f rom 
samples  j to  k for all values of k in the  range.  

Even  us ing  dynam i c  p r o g r a m m i n g  i t  is very expensive  
to t e s t  all possible subranges  for the  bes t  fit. We can 

do several th ings  to p rune  the  search space and  improve 
t he  pe r fo rmance  a t  the  cost of no  longer gua ran tee ing  the  
o p t i m u m  solut ion.  For  example ,  i t  is usual ly  t rue  t h a t  for 
each  piece the  shape  of the  curve d i s t an t  f rom the  area  
of in te res t  will con t r i bu t e  l i t t le  to  the  local bes t  solution. 
Therefore ,  we l imit  how far  back  a long the  curve we search 
w h e n  c o m p u t i n g  Ek j  above.  As in the  example  of Figure  1, 
we general ly  use a subset  of the  sample  points  as po ten t ia l  
k n o t  posi t ions  to  fu r the r  reduce  the  cost. 

The  ma in  con t r i bu t ion  of dynamic  p rog ramming  to 
th i s  a lgo r i t hm is a way of searching in a more  global m a n n e r  
for t he  bes t  solut ion set of knots .  However, one of the  
pr inc ipa l  advan tages  of piecewise funct ions  is t h a t  they  are 
control led  most ly  by  local in format ion .  Said ano the r  way, 
for a pa r t i cu la r  subsect ion  of the  curve, the  bes t  locat ions 
for t he  kno t s  is no t  going to be affected much  by  the  shape 
of the  curve far  away. So i t  may  be possible to  cons t ruc t  
a more  efficient a lgo r i thm t h a n  ours t h a t  looks only in a 
smal l  region of the  curve for each k n o t  location.  W h a t  
our  exper ience  indica tes  is t h a t  i t  is i m p o r t a n t  to  do some 
searching  to give i m m u n i t y  f rom local aberra t ions .  

The  n e x t  two sections will describe our  a lgor i thm for 
f i t t ing  a p a r a m e t r i c  cubic polynomial  to  a set of da t a  points.  

4. Leas t - squares  curve f i t t ing  w i th  a p a r a m e t r i c  cubic 
polynomia l .  

For  c o m p u t e r  graphics  appl icat ions ,  the  common  spec- 
if icat ion of a p a r a m e t r i c  cubic polynomial  is F(X( t ) ,  Y(t)), 
where  X a n d  Y are cubic polynomials  and  t lies in the  
r ange  0 to 1. Such a curve can be t h o u g h t  of as a three-  
d imens iona l  curve in the  space X , Y ,  t. The  curve is con- 
s t r a ined  such t h a t  the  pro jec t ions  on the  X - t  and  Y - t  
planes  are cubic polynomials .  W h a t  is usually displayed 
is t he  p ro jec t ion  of th i s  curve on the  X - Y  plane. Our  
p rob lem is: given a set of points  on the  X - Y  plane,  find 
t he  3-space curve whose X - Y  projec t ion  is such t h a t  the  
sum of the  squares  of the  d is tances  be tween the  points  and  
t he  p ro jec ted  curve is minimized.  Note  t h a t  there  is no t  a 
un ique  solut ion to th i s  problem.  A simple example  of th is  
is t h a t  if X is a scalar  mul t ip le  of Y, the  resul t ing  pro jec ted  
curve  is a s t ra igh t  line, and  m a n y  different (X ,  Y) pairs  will 
yield the  same line. 

L e t  us look a t  th i s  p rob lem a b i t  differently. We are 
given a set of d a t a  points .  If we knew the  pa rame t r i c  
curve  t h a t  gave the  bes t  fit, we could find the  points  on the  
p ro jec ted  curve t h a t  were neares t  each of the  d a t a  points .  
If  we ass igned the  cor responding  value of t to  the  d a t a  
point ,  we are in effect pos i t ioning  the  d a t a  points  near  the  

curve  in X , Y ,  t space. The  in teres t ing  th ing  abou t  th is  
r ep re sen t a t i on  is t h a t  if we consider the  projec t ion  of the  
poin ts  a n d  curve on, for example,  the  X - t  plane,  we have 
t he  cubic  po lynomia l  t h a t  minimizes  the  sum of the  squares 
of t he  d is tances  to  the  points  in X .  This  means  if we only 
knew the  correct  t values for our  d a t a  points,  we could solve 
for our  curve by  per forming  simple least-squares  f i t t ing in 
X a n d  Y independent ly .  Our  a lgor i thm is an  i te ra t ive  
t echn ique  t h a t  converges to  this  set of t values. 
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Our  a lgo r i thm is s imple to  s tate:  Assign an  ini t ia l  
a p p r o x i m a t i o n  to t for each d a t a  point .  Solve X ( t )  and  Y( t )  
i n d e p e n d e n t l y  us ing convent ional  least-squares  techniques.  
Measure  the  result ,  and  if necessary,  ad jus t  the  t values for 
the  d a t a  points  and  repeat .  This  is a f ixed-point  i t e ra t ion  
t h a t ,  if i t  converges, will converge to a local m i n i m u m  for 
our  non- l inea r  system. For the  class of curves we are using 
i t  usual ly  does converge and  gives a good solution.  

We use an  ini t ia l  app rox ima t ion  based  on the  Eucl idean  
d i s tance  be tween  the  d a t a  points  in the  X - Y  plane. T h a t  
is, let  

k - - 1  

s~ = ~ ~ / (~ ,+1  - ~ ) ~  + (y~+l - y~)~, (1) 
$ 

i = 1  

be the  to ta l  l eng th  of the  polygonal  segment  connec t ing  
points  1 t h r o u g h  k. We set the  ini t ia l  value of tk be sk /sn .  

To solve for X ( t )  and  Y(t) ,  simple least-squares  curve- 
f i t t ing [8] will be fine for th is  p rob lem as s ta ted.  We will 
defer any  fu r t he r  discussion of th is  pa r t  of the  a lgor i thm 
unt i l  sect ion 5, where  we will ex t end  th is  t echnique  so t h a t  
i t  is possible to  specify endpo in t  and  t a n g e n t  condi t ions  for 
t he  final curve. 

Given X and  Y, we a d j u s t  the  ti values by  f inding for 
each  d a t a  poin t  the  po in t  on the  curve closest to  it. We 
t h e n  assign th i s  new t value to the  d a t a  point .  In X ,  Y, t 
space, we are moving  the  d a t a  po in t  closer to  the  cu r ren t  
curve, chang ing  only the  value for t. We stop i t e ra t ing  
w h e n  the  values for t no longer change  significantly, or 
w h e n  some o the r  condi t ion  is satisfied; for example,  if t he  
m a x i m u m  dis tance  f rom the  points  to  the  curve falls below 
some th reshold .  We also set an  upper  bound  on the  n u m b e r  
of i te ra t ions .  

The  square  of the  d i s tance  between a given poin t  (x, y) 
a n d  any  po in t  (X(t) ,  Y( t ) )  t h a t  lies on the  curve is 

(X( t )  - -  x) 2 --[- (Y( t )  - -  y)2 (2) 

To find where  th i s  is m i n i m u m  we different iate  and  
equa te  to  zero, yielding 

2 (X( t )  - -  x)X ' ( t )  J- 2(Y(t) - -  y)Y'( t )  = 0 (3) 

The  left  side of th i s  equa t ion  is a f if th-degree polynomial  in 
t. Since we have an  app rox ima t ion  to the  desired root ,  t he  
previous  value, we can  use N e w t o n - R a p h s o n  i te ra t ion  to 
f ind the  root .  The  formula  for N e w t o n - R a p h s o n  i te ra t ion  
for solving f ( t )  = 0 is 

t ~- t f ( t )  (4) 
f , ( t )  

so each  i t e ra t ion  should decrease t by  the  a m o u n t  

(X( t )  - -  x )X ' ( t )  + (Y(t)  - -  y)Y ' ( t )  
x , ( t )~  + g , ( t )  2 + ( x ( t )  - ~)x , , ( t )  + (g ( t )  - y )y , , ( t )  

(5) 
Because  N e w t o n - R a p h s o n  i t e ra t ion  converges quickly, only 
a few steps are needed to find a close app rox ima t ion  to the  
root .  In  fact ,  t he  a lgo r i thm performs well when  only one 
i t e ra t ion  s tep is used to make  the  ad ju s tmen t .  

Af te r  all t he  t i  have  been ad jus ted ,  i t  is i m p o r t a n t  t h a t  
they  still lie in the  range  0 to 1. Therefore,  we l inearly scale 
the  values before each re-calcula t ion of X and  Y. 

F igure  2 shows an  example  of the  a lgo r i thm in opera-  
t ion.  The  smal l  dots  m a r k  the  sample  points ,  and  lines have 
been  d rawn  f rom each d a t a  poin t  (xi, Yi) to  the  correspond-  
ing po in t  (X( t i ) ,  Y( t i ) )  on the  curve. W h e n  the  a lgor i thm 
has  converged,  i t  can  be seen t h a t  the  po in t  (X( t i ) ,Y ( t i ) )  
is t he  closest po in t  on the  curve to (xi, Yi)- 

5. Handling continuity constraints. 
The  a lgo r i t hm as s t a t ed  in the  previous  sect ion is no t  

su i tab le  for f i t t ing smooth ,  cont inuous,  piecewise funct ions  
because  we c a n n o t  easily cons t ra in  the  endpo in t s  and  tan-  
gents  for each cubic  piece. To u n d e r s t a n d  how to ex t end  
th i s  me thod ,  we m u s t  look a t  least-squares  curve f i t t ing in 
some more  detail .  

I n i t i a l  fit. 1 i t e r a t i o n .  10 i t e r a t i o n s .  100 i t e r a t i o n s .  

F i g u r e  2. T h i s  f igure shows severa l  i t e r a t i o n s  of t h e  
c u r v e - f i t t i n g  a l g o r i t h m .  T h e  s a m p l e  p o i n t s  a re  shown  as 
sma l l  do ts ,  w h i c h  a re  c o n n e c t e d  by  s t r a i g h t  l ines to  t he  
p o i n t s  on  t h e  cu rve  w i t h  t h e  c o r r e s p o n d i n g  va lue  of t. 

A p o r t i o n  of t h e  cu rve  ou t s i de  t h e  reg ion  0 ~ t ~ 1 is 
i n c l u d e d  give a b e t t e r  feel for  t h e  overa l l  shape  of t h e  
cubic .  
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Fi t t ing  a polynomial  of one variable using least squares 
curve fi t t ing means the following: given a set of da ta  
points  {(xi, yi), 1 < i < n}, find the polynomial  p(x) tha t  
minimizes  the  sum 

~ ( p ( ~ )  - y , )~  (6)  
i = l  

This problem has a unique solution tha t  can be derived as 
follows. Le t  the  polynomial  p(x) be expressed as a linear 
combinat ion of polynomial  basis functions 

d 

E ajCj(x) (7) 
j = 0  

The problem at  hand is to determine A ---- (ao, a l , . . ,  ad) 
such tha t  the  funct ion 

n d ) 2  

S=i~l(j~oaiCj(xi)--yi_ _ (8) 

is minimized.  To do this we take the part ial  derivatives of 
S with  respect to each value of A and set them to zero to 
obta in  a set of d Q- 1 linear equations. 

The  par t ia l  derivatives of S are given by 

o ) 
O a k  i = l  - -  

and by sett ing these to zero and rearranging, we obtain the 
linear system 

E aj Cj(xi)¢k(xi) = yiCk(xi), 0 < k < d. 
j = 0  i = 1  i = 1  

(10) 
This  linear system may be easily solved, for example 

by using Gaussian elimination.  Furthermore,  for a small 
l inear system like this, i t  is seldom necessary to worry about  
numerical  instabil i ty problems. 

The  basis functions Cj = x j ,  where j = (0, 1, 2, 3> are 
typically used for cubic polynomials.  However, the values 
of  A mult iplying these basis functions have no intuitive 
meaning wi th  respect to the shape of the curve. Since 
any set of l inearly independent  polynomials would work as 
basis functions, consider what  happens if we use instead the 
the  Hermi te  polynomials <s0, Sl, s2, s3) shown in Figure  3. 
These polynomials have the property tha t  if you combine 
scalar mult iples of them to produce a curve, the values of 
t h e  posit ion and tangent  at  each endpoint  of the curve are 
each controlled by exact ly  one of the basis functions. The 
values of A are jus t  scalar multiples for the basis functions, 

so this means tha t  by sett ing an element of A to some 
fixed value, we can predefine the endpoint  or tangent  of 
the  result ing curve. 

S ta ted  more formally: We may t rea t  jus t  a subset 
of {a0, a l , . . . ,  ad} as variables, and the rest as constants. 
To simplify the notat ion,  rename the basis functions as 
needed so tha t  {ao, a l , . . . , a ,~ - - l }  are the free variables, 

//  
so(t) = 2t 3 - -  3t 2 + 1 

sl(t) = t 3 - -  2t 2 Jr- t 

~ ( t )  = t 3 - t ~ 

s3(t) = - - 2 t  a - I -  3t 2 

F i g u r e  3. The  He rmi t e  basis funct ions .  

and {am, am+l , . . . ,ac t}  are the constants.  Then equation 
10 becomes, for 0 _~ k < m, 

j = 0  i = l  i = i  x j = m  

(11) 
which specifies an m X m linear system. 

This  means tha t  by using the Hermite  basis in our 
least-squares fitting, we can preset the endpoints of the 
result ing cubic. The  tangents  in the above discussion, 
however, are the slopes of X or Y with respect to t. If  we 
t ry  to fix the slope of our curve by fixing those two values, 
the  result ing curve is overconstrained for our purposes. The 
only value we need to fix is the slope of Y with  respect to 
X ;  t ha t  is, the  slope of the curve as projected on the X - Y  
plane. The  length of this vector  can be left free and used 
to improve the fit. We would like a representat ion where it  
is possible to have the length of this tangent  be a variable 
in A. 

As long as we are fit t ing the x and y components  
of the  parametr ic  curve independently,  we cannot  design 
our basis functions such tha t  a single value of A controls 
the  length of the  tangent  vector  in the X - Y  plane. The 
solution is to fit both  x and y simultaneously by specifying 
the  curve as a linear combinat ion of basis functions tha t  
are vector-valued functions of the variable t. In other  
words, F(t i)  ---- (x, y). Formally,  given a sequence of da ta  
points  {zi E R 2 1 1  < i _~ n}, a corresponding sequence 
of parameters  {ti E ~ ]  1 < i < n}, a set of linearly inde- 
pendent  basis functions {Oj : • -~ R 2 I 0 ~ j < d}, and 
real numbers  {am, a m + l , . . . ,  ad}, w e  will find real numbers 
{a0, a l , . . . ,  am--l} tha t  minimize the function 

n d 2 

S=i~=l(j~oaJC~j(ti)-:--zi)_ _ (12) 

The  square denotes the dot  product  of the argument  with 
itself. 

For  each point  zi we are comput ing the square of the 
magni tude  of the vector  between the point and the value 
of the  curve a t  t i. In o ther  words, once F(t i)  is the closest 
point  on the curve to zi, we are minimizing the projected 
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distance between the da ta  point  and the curve, jus t  as we 
wanted.  As before, however, we don ' t  know which values of 
t are the best to use in our minimization.  If we think of each 
da t a  point  as a point  in space at  (zx, zy, t), the  inner te rm 
in equat ion 12 is jus t  the square of the distance between 
the curve and the sample point  computed in the plane t ---~ 
ti. Using this distance in our algori thm is equivalent to 
solving for X and Y independently.  At  each ti, we are 
now comput ing  (Fz( t i )  - -  z=) 2 -f- (Fy(ti) - -  zy) 2. Before, we 
were comput ing  for X the value ( X ( t i )  - -  zz) 2 and for Y 
similarly. Since 

n ~ n 

- -  z , )  = F _ , ( x ( t , )  - -  + F , ( Y ( t , )  - 
i ~ l  i ~ l  i ~ l  

if X ( t i )  ~ Fx(ti)  and Y ( t i )  ---- Fy(ti)  the results will be 
identical.  

The  derivation goes through as before, and the result- 
ing linear system is 

%(t,).¢k(td = z , -   jcj(t ) .¢k(td 
j ~ 0  i ~ l  - -  j ~ r n  

(13) 
for 0 < k < rn. 

Once again we will use basis functions tha t  are com- 
binat ions of the Hermite  polynomials. Each basis function 
will be of the  form 

• (t) = (q(t), r(t)) 

where q and r are scalar multiples of Hermite  polynomials. 
There  are up to 8 basis functions, one for each degree 
of f reedom in the curve. For example,  if we choose the 
functions 

¢bj(t) = (sj( t) ,  0); Oj+3( t )  = (0, sj( t)) ,  j = (0, 1, 2, 3) 

we get  the same results as solving X and Y independently 
using the Hermite  basis functions. 

To pick a basis funct ion such tha t  direction of the 
tangent  in the X - Y  plane is constrained to a value, for 
example,  (~, v)  at  t = 0, we use a function of the form 

(I)(t) : ( ~ 8 1 ( t ) , . 8 1 ( t ) )  

where sl( t)  is the Hermite  polynomial  tha t  has a slope of 
1 at  t ---- 0. If  we pick the rest of our basis functions such 
there is no other  eontribution to the slope at  tha t  point, 
the  slope of the final curve is guaranteed to lie along the 
specified vector.  

Le t  us give a complete example.  Suppose we have the 
da ta  points as shown in Figure  4(a), along with the desired 
position of the endpoints (x0, Y0), (Xl, y~) and the desired 
tangent  direction (~, v)  at  t ---- 1. The basis function tha t  
will control the tangent  is ~0(t) ---~ (~s2(t), v s , ( t ) )  and its 
associated free variable is ao. To leave the other  tangent  
free we need two basis functions: ~ l ( t )  ~- (81(t), 0), ~2(t) --~ 
(0, and two free variables: 

To fix the endpoint  positions we use 

¢3( t )  ---- (XoSo(t), yoso(t)),  (I)4(t) ----- (Xls3(t) ,  YlS3(t)) 

and preset  the  values of a3 and a4 to be 1. We now have 
5 basis functions, 3 values of A tha t  will vary and 2 fixed 
values of A tha t  specify the solution for this example.  There 
are 8 degrees of freedom in a parametr ic  cubic piece, but  
since our goal is to restr ict  the shape of the curve tha t  can 
result,  we should not  be surprised tha t  we end up with  fewer 
than  8 basis functions. 

In this example,  we have a 3 X 3 linear system to solve 
a t  each i terat ion of the general algori thm. The values of 
the ti are still adjusted at  each step, in accordance with 
equat ion 5. However, i t  is no longer necessary to rescale 
the ti to lie between 0 and 1, because those ex t ra  degrees of 
f reedom have already been specified by fixing the positions 
of the  endpoints.  When  the algori thm is run, the result  is 
the  curve shown in Figure  4(b). To show tha t  the tangent  
vector  at  (xl ,  yl)  is really parallel to (~, v),  we can calculate 
this vector  at  t = 1 as 

d 

aj%(1)  = (14) 
j ~ 0  

The value of aj¢~.(1) is (0,0) for j ~ 0 because either 
the  slope of the Hermite  polynomial  is 0 at  t = 1, or the 
corresponding aj  ~ O. 

(x0, y0) 

• (~) 

9 

(~,  ~3) (2~1, Yl )  

F i g u r e  4. (a) D a t a  points  wi th  bo th  end posi t ions  and the  
t a n g e n t  vec to r  a t  t ~ 1 specified. The  t angen t  d i rec t ion  
is (~, v).  (b) The  resul t  of app ly ing  the  f i t t ing a lgor i thm 
to (a). 

Clearly this method  of specifying parametr ic  curves 
is not  restr icted to basis functions tha t  are combinations 
of Hermite  cubic po lynomia l s - -any  set of linearly inde- 
pendent  twice-differentiable functions will serve as well. 
If  quadrat ic  basis functions are subst i tuted for the cubic 
ones, least-squares fit t ing of parabolas may be obtained. 
Circles or ellipses may be fit by using an appropriate  set of 
t r igonometr ic  basis functions. 

I t  is interest ing to note how this representation for 
piecewise cubic polynomials relates to more common spec- 
ifications, specifically B6zier curves and B-splines. In these 
representations,  the variables are vector values (often called 
control points)  which are multiplied by real-valued func- 
tions of t to fix the shape of the curve. Such a specifica- 
tion can be converted to a scheme of vector-valued basis 
funct ion and real-valued coefficients as follows: let the con- 
trol points be specified as aj  = aljblj ~- a2jb23, each 
control point  having its own coordinate system with basis 
{b l j ,  b2j}. Fur thermore ,  let the original basis functions be 
{¢j(t)}.  Then the parametr ic  curve is 
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E ajCj( t )  = E ( a l j b l j  + a2jb2j)¢j( t )  

J J (15) 
= E (alj(blj~j(t)) -~- a2j(b2jCj(t))) 

J 

so the appropr ia te  set of vector-valued basis functions is 
{bi jCj( t )  I i --~ 1, 2}. This means we can use this algori thm 
to solve for cubic polynomials with B-spline or Bernstein 
basis functions, and we can preset linear constraints on 
the  control points  for the  resulting curve. Since each 
control point  has been given its own coordinate system, by 
appropr ia te  choice of the coordinate  systems and the free 
coefficients, each control point  can be constrained to be on 
a par t icular  point  or line, or to be free to move anywhere 
in the  plane. 

6. Relation to previous work. 
There  is a weal th of l i terature on piecewise polynomial  

funct ions or splines, and much of it is available in tex tbook 
form [10,21,24,25]. Spline functions are often used to 
approx imate  more complicated functions because they are 
computa t iona l ly  simpler. Much of the spline l i terature 
involves methods  for smoothly  interpolat ing a small set of 
da t a  points. This  is similar to the problem of designing with 
a small number  of interpolat ing points. The applications 
tha t  are relevant to our problem are those which t ry  to fit 
a large set of da ta  points wi th  a small number  of pieces. 
The  first reference to this problem we can find is by Rice  
[21]. The  paper  by Cox [9] gives a nice description of the 
problem of curve fitt ing with  splines using the least-squares 
error metric.  He also mentions using dynamic programming 
as the  method  for finding knots, but  does not  extend it 
to spline functions wi th  constraints.  Some more recent 
publicat ions tha t  discuss curve fitt ing with splines are listed 
in the  references [7,11,14,19,22]. 

There are two significant issues tha t  separate the prob- 
lem of fi t t ing shapes from the problem of function ap- 
proximat ion.  Firs t ,  shapes are usually represented as para- 
metric funct ions to make the representation independent  
of the  choice of axis. The usual technique in computer  
graphics applications is to use two functions, X and Y, 
each of which is a piecewise polynomial  function of the 
paramete r  t. By assigning some value of t to each  of the 
da t a  points, i t  is possible to extend methods  developed for 
spline funct ions to parametr ic  spline functions by t reat ing 
X(t) and Y(t)independently [11,20]. However, the shape 
of  the  curve can be dramatical ly  influenced by the choice 
of  parameter iza t ion  (figure 5). The second issue is tha t  
the  continuity constraints  at  the knots for shapes are quite 
re laxed by funct ion fitt ing standards.  A polynomial  spline 
funct ion of order k generally has k - -  1 continuous deriva- 
t ives at  the knots.  This is not  necessary, or in most  cases, 
even desirable for two-dimensional  shapes. If we want  the 
most  efficient representation,  clearly we must  not  constrain 
the  curve unnecessarily. A more complete discussion of 
cont inui ty conditions is available in the l i terature [17,18]. 

Flegal  developed a method  for fitting curves to hand- 
drawn sketches at  Xerox P A R C  in 1974 [13]. In his thesis, 
Reeves  [20] presents and compares several techniques, in- 

eluding Flegal ' s  algori thm, for fit t ing piecewise paramet-  
ric cubic polynomial  curves to hand-drawn sketches. The  
focus is on algori thms tha t  are computat ional ly  efficient 
enough to give real- t ime feedback in a sketching system, 
so in general the techniques tend to sacrifice ou tpu t  quality 
for speed. For many  of our purposes, especially for deriv- 
ing analyt ical  representations for digital typefaces, we are 
willing to t rade  computa t ional  speed for be t ter  results. 

There  are two published algori thms which take a set 
of samples and produce the B-spline control points for the 
approximat ing  curve for use in an interactive environment  
[28,29]. These algori thms create a representation tha t  has 
the  knots  evenly spaced with respect to the parameter ,  
which is not  the most  efficient representation for our pur- 
poses. Also, these techniques include a significant amount  
of user intervent ion to achieve the final shape. We want  to 
minimize the  amount  of user interact ion necessary. 

7. Conclusions. 

We have presented a method  for fitting shapes defined 
by a discrete set of da ta  points with a parametr ic  piecewise 
cubic polynomial  curve. Our  goal is to give an efficient rep- 
resentat ion tha t  "looks good" for graphics arts applications. 
The  two new techniques we have introduced are dynamic 
p rogramming  for determining the knot  positions, and an 
i terat ive method  for fit t ing a parametr ic  cubic wi th  optional 
endpoint  and tangent  vector  constraints to a set of da ta  
points. 

Most  of our work to date  has been with let ter-form 
shapes. One of the goals of our laboratory is to have a 
uniform, resolut ion-independent  font representat ion for our 
digital  printers.  Many of the fonts we would like to use 
are current ly defined only as a bitmaps.  Therefore,  we 
have been mot iva ted  to apply our system to convert  fonts 

t=~  

t ~ t _ _ _ _ O  t = l  

F i g u r e  5. The  curves  are each defined by the  same 
four  d a t a  points .  The  only difference is the  values  of 
the  p a r a m e t e r  assoc ia ted  wi th  the  inner  points .  By 
c o m p a r i n g  the  two curves  i t  is easy to see t h a t  the  shape 
of  t he  curve  can be d r a m a t i c a l l y  inf luenced by the  choice 
of p a r a m e t e r i z a t i o n .  
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f rom b i t m a p s  to curve out l ines .  F igure  1 and  figure 6 are 
e x a m p l e s  of d a t a  derived f rom such b i tmaps .  

F igu re  7 shows an  example  of a more  general  graphics  
a r t s  appl ica t ion .  We have also used  our  m e t h o d s  on very 
s imple  h a n d - d r a w n  sketches .  The  d a t a  points  in figures 1 
an d  2 are h a n d - d r a w n ,  for example .  

8. F u t u r e  work.  

The re  are several  ways  in which  we would like to 
improve  our  m e t h o d ,  a few of which  are wor th  men t ion ing  
here.  

We do no t  comple te ly  u n d e r s t a n d  the  convergence 
proper t ies  of  our  a lgor i thm,  especially why  it  some t imes  

AB CDEF GHIJK 
LMNOPQRSTU 
VWXYZ 
abcdefghij klmno 
pqrstuvwxyz 

F i g u r e  6. T h i s  f on t  was  c o n v e r t e d  f rom a b i t m a p  (160 
p ixe l s  per  em)  w h i c h  was  o r ig ina l ly  p r o d u c e d  u s i n g  
Meta fon t [15 ] .  Once  t h e  t o l e r a n c e  p a r a m e t e r s  were ad-  

j u s t e d ,  no f u r t h e r  u se r  i n t e r v e n t i o n  was  r equ i red  to  
p r o d u c e  t h e  cub ic  r e p r e s e n t a t i o n .  

F i g u r e  7. T h e  d a t a  for t h i s  s a m p l e  comes  s c a n n i n g  a 
3 / 4  inch  h ig h  o r ig ina l  w i t h  a 95 l i n e / i n c h  s canne r .  Some  
de t a i l  was  los t  in t h i s  p rocess ,  e spec ia l ly  w i t h  r e s p e c t  
to  co rne r s .  T h e  i m a g e  was  fit u s i n g  a loose t o l e r a n c e  
to  a c h i e v e  f u r t h e r  s m o o t h i n g .  (a) T h e  o r ig ina l  ima ge ,  

a p p r o x i m a t e l y  72 by  72. (b) T h e  s a m p l e  p o i n t s  a n d  
t h e  r e s u l t  of  t h e  c u r v e - f i t t i n g  process .  (c) F i n a l  cu rve  
in m o r e  de ta i l ,  s h o w i n g  t h e  curve ,  t h e  k n o t s  a n d  t h e  
s a m p l e s .  
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does not converge at  all. While our system can easily reject 
these cases as part  of the fitting process (because they are 
simply instances of a very bad fit), we would like to avoid 
them. The type of i teration method we use is suitable for 
convergence acceleration techniques. However, we observe 
tha t  these methods decrease the stability of the algorithm 
even further. Further understanding of these properties, 
especially with respect to the initial approximation for the 
parameter  values, should lead to a more efficient and stable 
algorithm. 

We have chosen a method for fitting piecewise func- 
tions tha t  separates somewhat the problems of finding the 
knots and fitting the curve for each piece. This is not the 
only way to solve this problem. It  is possible to set up 
a global system that  does a least-squares fit for an entire 
spline [9,11,22]. Then, on each iteration we can adjust  
the values for t or adjust  the knot locations or both. It 
is easiest to think of solving X and Y separately in this 
case, although it is also possible to extend the idea of vec- 
tor basis functions to spline curves. The problem with this 
approach is that  it requires the solution of a large hnear 
system, proportional to the number of pieces, during each 
iteration. Our experience has been that  this quickly be- 
comes too expensive to be practical. Also, it is not clear 
what  is the best way to adjust  the number and location of 
the knots each time. However, a good algorithm of this sort 
might converge to a globally better  solution. 

Both the iteration technique and the dynamic pro- 
gramming application presented in this paper can be com- 
putat ionally expensive, and some applications do not need 
the full power of these algorithms to get acceptable results. 
We have developed a system for experimenting with meth- 
ods for fitting shapes. In the future, we would like to get 
a bet ter  understanding of how to parameterize the applica- 
t ion-dependent aspects of this problem. 
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