'T88 Woday ey G
133nGWoY) UOSIPEI-UISLOISIAL Jo AJIsIdAus} S8 PUE (6-197-YL1-§D 1oday Im!ﬂt{‘ar e
uojoound se sigadde osje wvowsiea Areunuyazd sy -Sepap-efupdg *20uag 134 d%
ammoan] seuss 21 Wy yeadde sSuipsasord puw | Sudeln pajySie 1o sisuuedg *tudg
apy ayy Jepun ‘0gg) ‘AeasoN ‘meSzag ‘foay] wiiuoSiy uo doysyrom URlARY Py
72 pajuesasd seam UOISIAA AlenInald W UOSIPE-UISUOISI A 30 K11830A1uL) 3y 10 1uopny g
UM PAYSI[GTUOOOE SEA YOIUISAT SIY T, ‘ZOCFI0G- DD LI ASN PUE (lzeig) 18 fﬁfﬂf.ﬂt
£q papoddns sem saIRog T JO NIOM 2l 'LT600L8-9DD UBID ASN A9 panoddng gy
JO oM Y1 "ELETOYE-YDA WD TAd ASN Aq paisoddns sea ydasof ' pue seg

‘Do Yok

Spunoq samo) Burysiew £jreay

yussaxd pue $)jnsar mo jo Lemndo syp sSasIp apy syde1d vespipng pu ¢

Jeueld 105 synser syweds uelqo 0y wyjuode sty Aidde uayy sy “Sldul 1

| Aremigae 107 sisuveds asyeds Surpnnisuos 10] WLOETE 2)duns v sard om gEe 4
g U] 'O UL S0UBISIP Y3 UEY) JA3U0] SAUE) 7 ISOW IR S D UL 4 07 7 w0 sauy
‘420 'n £1240 10] 'J} O Jo Jeuueds-s e s 5 ydeidqns € ‘p ydeid v usan

B

npa'oﬁmmaﬁﬁ

VS 'Levoy 1y 4

‘ofiwopyyy Jo A1sI124lUL) "80USIOS 1ndwiosy jo qu
PUE ‘[IZeIg ‘JS-0[0Td oug i

‘DVIN/ASN-HIAL OINBd 0BS 2D Spupjsamg

np:}'asw-n
VS '90LES 14
WISTODSIA JO Ausizatup) ‘saduag 1A Jo uswnvdig)

nparueionuLdg

VS ¥F580 [N ol i
'AyIsraAfu) uojadul ‘a0uaog andwor) jo juawniwiyy

i

X
"

npaiswatrisaw | xou By

VSN ‘TST8E NL siydusig;
*ANisIaatun) 21El§ siydwspy ‘Justnreds(] S55UIG [RONTIUAYIRM y 2o

Auewzen jo snqndsy [BIspad PRI ik
0998 YOBNSO ‘PIAJAIAIE TEISISASLL) NEWSYIEIA 1) IIRgRY ¢

S2Ir0g 980f pue  ‘Ydasof YeIoqa(] Uqo PIAR( ,'SB( WRNeD JIsjoyny ofe :

LSydersy paigSa jo swouuedg asiedg ug)

E; 'ouy yiop man Sepap-1adupdg €661 @ . f

1190

[#uopmnditey B 3218




LS b1 > (DB (7) =
Lygu i > (D)Pz1s (1)

1§ £ douunds-(] + 17) 21qHonI5U0)
3 X21420-4 WD UANIL) T WRI0IN]

£q peziiewnns oIt A9 (O SH
eds 0501 S10198] UDIRI]S JUBISUD
asneosq ‘SuifeInodus aIE synsy
ads ajeisuaf 01 £13 pue ‘ssauasieds
TTUTIT 973 95T 94 ¥ JO 1uapuadaPug
);' }['001 0] a1} PINOM 2 “PEIISU]
[ — ) U St 923 84} S0y | — ¥
Azs ‘28pa Uk ULRILOI 30U SIOP )y
rp1ie ‘s pe JySiom Jrun i AJUO IIM)
Se PRO SB 20 UBD I030Ef U219 8
 58pe [e10] jses] 3y} yiim ydeidqn
yun souteds 1sasieds a1) A[SNOIAQ
blLSW se pajousp ‘ean Suluued
A ‘PRI0AULIOD “XOLIDA-Y U' 3 oW

5

1suuedg estedg JO NOYINISIO])

Lok

{

wapqoid tado swos Yua apnjd :
D G UTON0RG '§)usal punog , )
pa ATenIqIe YIM sydead 18U

]U

#
0
.l

sued a3 uo ydesd a1epdwon a1 105 srouueds 1s1xa a1ayy 7 Aue 100 [17] ‘[r]
syde1d-osay] 10 s1euueds jo ssauasieds JySrom parapisuod sawy sraded M3 [OY]
{111 ‘[rad “(sdal o] sued oY) uo sydeid ps8pa-jysens ajardwos syruurXoad
-de suoneniueLn. 1930 pue dounvjeg ‘ouejsur Joq “sapdurexa 9Aoqe oy
iun ‘s1suueds pazis ATIEoul] Jonnsuod o] slqissod usaq sey 3t ‘uonomsar sy
Jo 351833 "AIBI}IqIE 10U DUR SAOUEISIP ueaplony sle s)gdlom ay) Jnq ‘paurwexs
usaq 24®Y SpySiem oFps Furdiea ym sydess 'so110q01 uf 1ySrem 213 I jou mq
- ‘ssauueds JO 9715 ST} UY PoASIOE G584 S6y sseussieds *(OIE9saT SAOQE 8Y) B U]

SIB1om 28pa Jmun sary

sydesd asayy Joaamoy [gq] ur sydead jo sossed [eoads 10J PaI1apIsuos Useq aigy
sisunedg yde1s sy jo wreump oY1 1 @ arsym g Soyu ,Sof 41+ 14O 81 pannbar
flowour ot} oygm ‘r3uof (,7)o are saynor i [dv] up (o Y1+ 140

S[QE} Sy1 10] parmbar Arowotw [e10) oty oqrym ‘syied jssuoys ouy wer

18uo] (6,70 1S0W 1B 2IE g sqied Buore seynor [d19v] w ewasyoss s
fue 109 [qv] ‘[d1dv] s1ydem ofpa Areniqre mum syderd 10] palepisuos
Uaaq sey saqel Bupnor jouroons Zurudisep jo woejqord a3 Apusssy s1ySiom
s Lrenrqre yim syders o1 wyjiode Fugrasno oy szeIsuss 01 Asvs j0U 51
I 9ar0ar0py “teded smgy ur WyLIog[e 9y} ueyy ¥a(dwos srow ST UOIYM ‘wigyg1408)n
buumsms v wodn P3sBq a1® sufisep asay[ (14140 218 siouueds assy} Jo
IS ayy (7)o 10308) yMans Lue 1o J "Ieuueds asieds ® jo safpa 33 MO[[O] $21101
W) [dnd] serqes Junnoi FutuSisop wi ‘ordwexa 1o o sufbraa aBpa jrun yym sydesg
0] s1ouureds pajersus Anwrdurn [gnd] seqe; Sunnol jouroons jo uSisep sy3 pue
INd] ‘[ny] siszmorysufs Jo ugisap ay) vonenduron PaInqQINsIp Uy "S)UIRISUOD
Weds Y1 sydess uo P3SN0 SeY yoreasal snolaaid suonyesyydde ssoqe sy ug

U111 T3] D] “lead “[saal ‘(0] swod jo sired
utof stuaurSas oy are $38pa pue ‘soeds uy sjured are ydeid om3 Jo saonpran s1eym

lAwoag UDaPIIoNT JO S)UTRIISUOD 2y3 Japun srouueds PIIPTIS JABY SISYDIRDSII

 #0T] SoqLIDSaP UOH03S 1XAU 2 yoN0q0Y [qg] sewads Suiay L1erodursuon Fuowe Sa0UBISIP onausd jusseids:

qSiam A1e1igIe 10§ SS[q¥) 3; L
1 1o jey) adoy am PASE L
puo8ie Supaisnio 942 01 aAg
s7IuoIyouAs Sunonnsuod JO3
ide yiia Jouweds fue soulS ¥
1 ur stsuueds U0 SHNS3Y 2
suueds unonisuod 10§
; 5218 U1 704 9818ds) SIBUUEE
[dm‘;s 104 v a2 Jeded suﬂ P
1 opiaosd os[r 2 9ZIS (e ISR
3 1ons £1aAa ey} MOYS o 4 _
‘sguppaque [epads 0? j\
[ oy yoeordde oam Jau-‘
onias Krenune aAey £ ] ‘
2SED [eoads o1} 10J E:gn J
UTIoA "99H gurgueds Wi
aySem pue ‘()0 10108] B

- =

g eds 5 ydesg v
3qtuny ) 210u3p - (D)azig- 101 pue *H ydeig Jor SIYBloM” 98p3 e’ jo wns oy

Wua asoym ‘SSOLIIBII O] SoaI} aysusBojlyd Funporrisuonar Jo ssaooad o

‘Soloiq ut teadde osje Layg Tdndd Tindl v SHI0MISU TOIBOTUNTLILIOD

> SWaAsAs pangiysip m SUONINIISUOD SNoMeA Ul a1njoni)s ydeig Buwik[1opun sy
9 teadde sroumredg ‘suoneaydde snosswnu ur readde odf; ST} JO Sura[qoig

. "A1essaoau a1 $03ps Jo 1aquinu IBIUTUOL B JISYM SISSE]D
$1010) yojons juejsuon 2A3MOE $39pe Aurw Al1eser yum sisuueds 2 m
O o1t sydess ojeredes Sinsat g “Trews st 3yBrem o8pa [v)0) 83t It JyB1am
“Alrequrg ‘sa8ps may sey 1 J1 8215 ur as1eds s1 ydesd ¥ 's398po

I 4]

P O)ybrag 107 ‘BLISIID 04 01 Bup1030E panseaw st Ansredg ydeis oy jo
) jo 1U3puadapuy Jueisuos e sy pue ssieds 218 stauveds a3 atoym sydesd

Uieds-; dutuunsejep jo weyqoid sy 1SPISUOD 34 .0 YIIM PIIEIDOSSE 10730/

;I:’ql SLijo anpea syg o U 30UBISID 3y} Uey) 12500] sauly 7 Jsow je sT,O u
_p U} ‘saonrah Jo Ired Lue usamioq 1 touunds-; v SI{F ‘1) = ,0 ydeiSgns y
" 38pa aamsod Argmiqre yim yders xejrea-u paypeuuod e aq (7 ) = 0 197

uoponporuy -y

o T PUR i . : .. . - e e




(g fu + TNOLLSWBEM > (o (2)
i Ju > (9)pas (1)

Qo1 Yons 0 Jawupds-(y + 17) 21gNINAISU0?
Appoiwtoudjod v §1 24341 <1 P pur o ydpif x23430-u UD UIOLD) ‘] WIRI0IYL,

‘7 pue | SUWRICAUL £q pozULIBUIUINS JIB fauy (OVLSH
JO Yey} 03 35070 A[HERIIIQIE IPEW 2q UBd ssaunsyeds 9SOUM ‘SI0)IBJ GDI9XS JUEISUOI
i sreuueds SEY ydeid Aue jEU) MOYS 94 asneooq ‘Fureinodus 9IE Sjnsal
ImQ *}1 01 980[0 $IWOD ssoussreds ssoum sreuueds ojeIata3 03 11 pue ‘gsouosTRds
FunInseal 10] Jouspled B SB 9913 Furnueds WOWDLT 3Y1 380 3 ‘u Jo yuapuadopul
‘g)IEISUOD ST SI0JOE] YDI31S 250YM s1ouueds 10) YOO] 0} 93] P[NOM 34 ‘pealsu]
roumeds{] — 1) Ug st ea1} S} SOUL ] — U st 3
501} S} UI @ O} 7 WOJ) 2OUEISIp I pue ‘[a ‘n] Les ‘43pa UE UTBIUOD JOU S90D 330 !
Supuueds N A ‘fIealy) "9[0AD B 1 paSueLe ‘sadpa 1ySrom JIUT ¥ A[UO YIIM
ydeiS x91194-4 UE IOPISUOD ‘siyy 998 O (W)L se PEq ST aq ueon 1030¥f Yolens S
‘12ASMOY] "S30THISA [[E §103UU02 J[HS Ty} JyStem oFpo 12103 1583[ a3 gy ydeasqns
o] ST W 9STBO3G ‘geanasieds Jo BUIRILID Yioq IopUn rawreds jsesieds 2} A[snolaqo
st 1] “leuueds € 10] ajepipuen sfgissod € sE {n)ISA SB pIousp ‘901 Furnueds
NI 2Y) SUIIEX S0 327 -ydeig paiyslem ‘pajoeuilod tyajloa-d UB 3Q D 197

stouuedg asiedg Jo woponusue) T

-surapqoid tado JUIOS 3L apnsued
q Iomo]

apy 'syderd ueaplony 10j s1ouueds SISSTIOSIP ¢ -uoToag “synsal puno
ugyd se

[BI5A0S (L4 TESP ¥ PUB € suonosg “SIYHIam adpe Areniqie Yia sydeis Ie

|1 SE [e1ouad 10] srsumeds 2s7eds J0MIISTOD 0) MOY $3GLIISP wor}oss 1xal YL

-sydeid parysdrom £1vajiqre 10§ seqel Funmnol
JOUIOONS JO UOTIONISU0D U} £mdus i $nsa1 M0 JE adot] am ‘Kprejrung S92t
-uoxyouks Surjonijsuod I0f pasi £isnoward unpyoSie Supe)sai 3yl 03 2ATYRLLISYE
apduns ® sapuoad wyrosS[e Ino ‘nd] $1a71U0IYouAS Junonnsuod I0] pasn
aq UEO 10}08j [OjaNs PUE ssauesteds syendoidde iim 1ouneds fuE somg SUHOL
pue SUOISUSWIP frexgie jo saoeds UEAPHORH ur sieuueds 0O S)NSA awos Pug
‘gjnisal punoq Iamog amos ‘syded apupyd JO g1aueds SunonIsuoen 10§ seap! 9537}
Fursn ‘sydesd pojySrem A1eDIQIE JO (1yStom pue 9ZIS ULH10g as1eds) szouueds asxeds
Suron1suod 10] wyode aum-erwrou[od ojdus £194 © 18I 1aded sy} Jo suoli

-nquIued YL “sTatieds 0 I0)Spunoq nSom-splaold osfe apoz18 Gy Mov

410)08) [yoIens ()0 UE Yim rouueds ® sey yde1s yons A1243 1Bl moys am ‘7 AUE 10;
‘s)ySram 93P aansod KIBIJIQIR MO[TE 34 pue ‘sguIppaguIa [eioads ou 9ABY syde
mQ -eanoadsiad peoq L1aa ® woy wegod 2yl yoeoxdde am 1aded sugi Ul

“§90[310A AJBI[IXTIE DAY Arw1 s:xau'-ﬂ“ -

plouss ® lopun slouueds-1 JO 25¥3 Tewads 2] 0] Is] pue -’ a.

2ISUM [9RPUI T e
oIl !

Tyl u paIapisuod ussq OS[E STy ssoussieds NyBlep 921) Fumueds W
j0 JuTrom 2y Jo aidninur (/1 + 1o ue v wSes pue ()0 1018 4o

sydeiey poiFioza Jo siouueds 251708



o) yia opdo ay) ut 558pe (Auew
ut sy ‘2 Jo jyBiem 13 5B 3B1e se
es ‘wyiof[e a1y} AQ PauILeX3 5q
v 31 ‘A[1EarD) D U1 2 93P9 SWOS 10f
wal 7 S[0AD € JBY) SWNssY Joouq

(@)ybrag -4 < ({2} — Dby
apda dup 2q D 17 g WMOW]

TTOTOIPEIIu0d

ases jemq uy ([a n)ybiag 45 S|
weysur 1eyd e sy, ([e n]rybra

pe J }SO 18 S8 uonod sRL " H Ul
ro wonod SunRwsl 3} ‘unyyizod[e .

380938] oY) Y 2[0A0 2} UL selpy
S1e o3 Aq pauIIEx? 39 03 ) Ul ofpa
a1 ) 2[0AD B JEY] SWNSSY :[oo.rd“-

e

y ur a2 dup 29 D 177 T Puw]

Buoy sey pue 9 ul A3es(o st § pud,

oys Furpuodsaliod Y] £q ofps YA

] s8pe A15A9 30 1 24 yped s
aq yyed js9y0ys AUE I19pISU0I ‘.".“3‘ ;
Fpa PaIe[ep [oes yndino [ruy Y3, .'.‘”
5100 o1} I ¢ 0} 7 WOl (4 ‘md P
UEsul Y] 1y enn s Sumouf)j ¢

11 [a ‘n] oFpa Aue I9pISUO))

"0 fo tauupds-4 ub 1D ‘1 ®

‘pus
¢ o mding
fpus
- 012 PpE
> (@ybom. I .
Y3 (o ‘n)g andwod
ul8aq
[ ] = 3 99pa AI2A9 .lO_}
({ya)=20
TuiseeIsepuou £Q 1108
' udeq

— O)TNNYS Mprosy

sydein paydEm J° srouueds ¥

b 3124w ‘s1ouueds 4au121S 10] USAD SPIOY pUnNQq 13M0] 1eyeam AQUSIS B ‘Afenioy

‘santedoad Funssiaur Luew
sey sayersuad j1 ydeidqns syy ‘awn fenzoudjod w juswsiduwr oy Ases pue s[durs
Ao ST I S[YM [S¥] s200ds oruaw fo wonppp jo weiqold Sy M UONDIUTOD
ur ‘9xa1u05 JualagIp & ul [ag] wisg £q paisacosip Apjuepuadepur usaq OS[E SBY
wyodye oy g "[1] sean Burureds wnururw Sunndues 10) wnpuod[e s[eysnry
Jo uoneziferauad e A[[enuasss st wiyinode siyy jey) 930N 0 ydeiSgns g ndino — 9,@
se soonpoud 31 -anbrun aq j0u pssu syTrem oy 4 rejoweied aanmsod B pue ‘9 l’
ydei3 parydrem e ndur se soxe; (4 D)FNNY IS DoI[E0 “WYILIOS[B oY [, ‘PIASTYOR ST N
10108] YNans paxmbar e Jey) os sadpa jo jesqns osteds v syonnsuoo ) ‘sisuueds j’y éj }

Funonnsuod 10} WYLIOS[E UE 0NPONUI am ‘synssr o 9a01d sm 510]9g : |
'sydeid ueapronyg YIM UOLIDSUIUOD |

u st Jo uoneordde Supsorejur ue aA1d Iete[ apy 1ySn 2Ie spunoq juSrom

PUE 5ZIS Y}Oq JBY] MOYS [t $INSAI PUNOQ IoMO] INO 9SNEBISQG ‘T WAIONY], UBYL / i
JOABY UT 19FUONS SI 7 WAI0SY ] "PIONPal 2q UED 9ZI8 313 UL JUB)SU00 aATjeondIyjnty s

oY) U242 JBY3 S1BIISUOWRP M JO9K3 UT 0§ ‘9 — ug oq ueo ydeid reueyd ® jo 9z

WNWIXEW 37} 1By} UAOUY [[om ST 1] SI0NORJ 4o1aI)s POos aAvY Yoy 151X sisuneds

ssreds Aqurenygre sy s1yBrem o8pe oy jo pue ‘ydeid reued o ur $aonIan”

Jo Iaqummu 913 Jo Wapusdapul ST J0J0B) Yo3oIls ATI 1B} 2AI9SqO UIESE oM JI0Y

i "/
9J‘/ EM 9&' '(1/}1)((9)_L(S}W)mﬁim > ()b ‘-(z) !
) e G AU D ;i)%m)az.rs (1)

‘11 yons 5 auunds] 17) 2]qHINAISU0D
fipnuoudjod v s1 aaayy ) < 1 v puv gy ydvib IGUDIE X51450-4 up uanln 'z WAIoayy,

‘eyde1d seue[d SuIsouos WRIOSY) 1XSU 9T
(v uonoag ass) ydeis sy 0] PaPpPE oq 03 PSMO[[ SIR SIMIdA ATRIIXNE

e+ MOLSHIYybIay & < (D)iyblam (T)
‘erimems 142 < (D)oz18 (1)

Goy; yons §1 5 dauupds-(1 + 17) disaa yoym 1of o ydo.b

pIHR0-1 up sps1300 240Y1 T T U pup (= 7 Stabaquy Jo aind A4zaz i0f p waroay]

if monoag ul pasoid aq 0] ‘spunoq 1amof SEmMOo[Q]
i peredwoo aq pjnoys spunoq sseyl ‘pakojdwis urpuoSpe Bumejsnp
UBYY Jajduns st wrgiLod[e o ‘os[y A0 9Z1S Aq POINSESwu SeA Ssoussieds pue
WBamun arom 2oy} palapisuod sydeid sy Jnq ‘510)0B] YOIAIIS PUB SZIS SUIES
Y14 s1ouueds paonpord sey [§d] Tav] yoiessal snomal 10108} §0ja0s oij)
Wearour e jo asuadxs o3 32 (D) LSHY JO 1E1]1 O] 950[0 A[UBI}IGIE IPBUI 9 UBD
Teds ay3 ‘Growayln,] 'S1030€] yo12138 pood sARY YoIym 181X sisuueds asieds
P (15 ynm ydeiF asusp v 10 u9a ‘snyJ, siyStom aSpe oy Jo pue ‘ydeid o

WU os3or 104 Jo Jaqunu oy jo juspuadopur ST J0JOB) UOIBIS 3U) IBYY ION

i

v

T pue ‘ydosor (1 ‘uryqoq “¢I ‘Seq 'O “1AJOUIY | 8 =

MR AT



Jo uontod Fuyurewal 3} UYL ySiam 1Sa8IE] 3Y) Y 21240 oY) Ul sogdpa (Auew :
- !

£yqussod) sy jo suo st [a ]} ‘BWIS] SA0QE 3y} UI 8Y 72 JO 1uBrom oy} se o317 se sey |
1589] 1€ ST [ ‘7] JO 1yBlam 373 281Ed3q “[a ‘n] Kes ‘unpuod[e 243 £q PATIUIEX? aq K10 '
01 H w 33pa ISB[ S} 10j UCTIIPUOD ST} SAT[OTA 11 ‘{1231 "D U1 2 98p2 SWOS 10] m 4 |
wonIpuoo JYSrem SA0QE Y} SRIOTA UDIYM PSTIEWSI 9[040 B JRY) WINSSY  f004yq uil{l ;
. jou|
@yybray -4 < ({2} — Oybrayg se 5 i
usyy ) ur afpa dup ag 2 1] puv D U appdy Aup ag D 327 g BUUL] ' ydes
' - loyor
c "IOTJAIPRIIUCD Suns
B SI OIYM ‘POPPE Uaaq 3ABY JoU PINOTS [a‘n] sses yey ul “([a n]yiybray - 45> st o
38us] ssoyM ‘O UT'a 03 11 WOy red © ST 210U} JURISUIL JEL) 1B SUYL ([ ‘n))rybray U1 sn
uey) 1a7ea1S 10U T 3em sey 93pa (o€ pue ‘safipa £ Jsow e sey uoniod sTyy "o Ul pﬁe s
popN{oUl Uaq APESITE SBY 4 01 71 TWOY apo40 ayy Jo uoniod Sujurewar sy3 ‘wipjtiod(e 10ARY
ay} Aq parepisuos Fureq st [ ‘n] usypy ‘1yBrom 1seBIe] AU YHA 9[040 oy} i saBpR’ oy u:
{(Auewr £[qssod) sy} Jo SUO ST ‘freel) ‘uryiLIoS[e oY) Aq paultIeXs aq 01 ) Ul o8 W
yse] o1 oq [@ 1] 197 °1 -+ 4 > 921 YiIm pauEial a[oko © yeY) oumssy {00 osyeds
Jo g

T+ 4 < (D)ezig [ " W apodz dup 2q D 127 T v

-gurwia] oy seao1d yorga .75 yiSus] sey pue 0 uy A[rea[ st q' P!

g
1ed 110ys Surpuodsariod 37} Aq 98pd

p usamieq tred Sanmsal sl (a'md U
sopyder am *H Ul 10U yied siyy Suope [a 7] 28ps £reas 104 77 oq wed IW

10 qfua] oy} 197 O Ul  PUR U S30NIAA TOMIAG med jssiroys Aue IapIsuod
‘(@ ‘m)g yyed 1107S € Il PIIEIOOSSE 5] [a ‘] 58p> paje[ep yors judino [2uY ]
‘snyy, {([o ‘n]ybrag - 4> UIFUS] Jo ydeis juanms Y3 Ul 4 03 # WOl (a‘n)d. X
 s1 1oy} ‘wyiuoS[e oyl Aq pouturexa St il juelsul oYl 1y aniy SI ﬂU!MOI_I
unpof[e eyl £q pajoafer sem 1 0UIg D — D Ul [a n] 28ps Aug 18pISUOD

-0 fo iouupds-1 up 51,9 N,

"5 ydes§ ndino a7} Jo santedoxd o1 9GII0SSp SEUIWD] SuimOoTIoky
‘pua

¢ o mdinQ
‘pur .

:D 0} 2 PpE

ey (& ng e > O)b1ap- ) P

:,0 ut n 0] n woy yed 1se1I0YS 9 {a ‘m)g smdwo)
ui3aq

op 57 mw [an] =3 28pa A1ans 10}
() ) =D

‘uSiem Juisearsepuou A9 105
1o

(T 4) = DWINNY IS WPEt

51 III

sydeiny pawydnm 1o




d0 I Atdler, GoDas, 1 Drabkio, 1,

HUTUN T

the cyele has length > r+ Weight([x, v]). In this case [u, vf should not have been
added, which is a contradiction. [}

Lemma 4. MST(G) is contained in G'.

Proof. Before we prove this lemma, let us repeat that our algorithm is essentially
a generalized minimum spanning tree algorithm. In fact, for an infinite 7 its
behavior is exactly like Kruskal's minimum spanning tree algorithm {T].

Our proof is by induction on the order in which edges are examined. Let the
sequence {} = Gp, G\,..., Gyqp = & tepresent the growth of &, where Gj re-
presents the partially constructed subgraph after the ith edge has been examined.
At any stage the subgraph will be a collection of connected components, which
will finally become one connected component.

Now let us consider Kruskal's algorithm, which also examines edges by
nondecreasing weight. Let the sequence {} = My, My, ..., Mi-opy = MST(G) re-
present the growth of the minimum spanning tree, whers M; represenls the
partially constructed tree after the ith edge has been examined. This edge is added
only if it does not form a cycle in the partially constructed tree, Thus at any stage,
the partially constructed tree will be a forest, which will finally become one
connecied tree. .

We now prove by induction the [cllowing, which is a stronger hypothesis than

the lemma. For all #, the number of connected components of A7, is the same as

that of G}, and each component of M; is contained in a corresponding companent
of Gy

To prove this, let us imagine that both algorithms are being run simuitaneously.
The basis of the induction is easily proved, because: at the start both the tree and
the spanner have n componenls each, consisling of isolated vertices. For the
induction step, assume that the hypothesis is true for same 7. Lel the (i + 1)st edge
to be considered be e = [u, v]. Two cases arise.

Case 1= u and v belong 1o the swne component of M, Then e forms a cycle with
M, and hence it is not included in M, ,. Since x and v belong to the same
component of M, by the hypothesis they also belong to the same corresponding
component of G, If ¢ is not included in Gj..,, nothing has happened, and the
hypothesis remains true. If e is included in Giyy, it gets added to the same
component of G,,and the hypothesis remains true.

Case 2: u and v belong to different components of M}, Then e does not form a cycle
with M, and hence it is included in Hi,,. In this case two components of M,
merge 0 form one component of M. Since u and v belong to different
components of M, by the hypothesis they also belong to different corresponding
companenis of G In other words, the distance from # to v in G is infinite. Thus
& will clearly pass the test in the SPANNER algorithm and be included in Gy ).

Tn this case the two components of G; merge to form one component of Giyy. Thus 4

the hypothesis remaias true, and the inductive proof in complete.

Finally, since Mypn = MSTG), and G g = &, the lemma is proved. O

R7

In proving the two theorems, Lemma 2 is used in proving size sparsencss, while
hn..:..:wm.m and 4 are used in proving weight sparseness of the'resulting subgraphs.

We still need two more lemmas. Let the size of a face of a planar graph be the
number of edges encountered while traversing around the boundary of the face.
We are ﬂ.__os.nn_ to repeat an edge along the boundary, in case the face contains
: several biconnected components, connected by edges. Lemma 5 bounds the size
3 of a planar graph, given & minimum face size.

Lemma 5. If all the faces of an n-vertex connected planar graph G have sizes =r,
then Size(G) < (n — 2)(1 + 2/ — 2)).

Proof. Intuitively, the lemma shows that the minimum face size acts as a
parameter for size sparseness of planar graphs. To prove this, let s be the size of
m_ﬁ graph. Euler’s formnular for planar graphs states that 7 — m <+ JF=2, where f
is the number of faces in the graph Thus, f=m +2 —n If we traverse the
vn..E_me of each face and mark the edges encountered, every edge in the graph
E_._ eventually be marked twice. This is because edges that have different faces
w&mnmﬁ on both sides are counted wice, the traversal of each adjacent face
8:.:5::@ once. Edges with the same face on both sides are afso counted twice
during the traversal of the same face. Since the size of each face is =, we have
J-r = 2m, Substituting for £ from above, we get

(m+2—nyr<2m,
2
m<n—P L+ —]. .
r—2
Thus the lemma is m«of.nn_. We observe that the lemma has meaning only for
rEn— m.. because this is the maximum possible face size of a connected planar
graph, This happens when the graph is a tree. O

g Our next lemuna is from exiremal graph theory, and is easily derivable from
Theorem u.._m, Chapter IIT, in [Bo]. Define the girth of a graph as the size (number
a.m&mi af its smallest simple cycle. This lemma provides an upper bound on the
size of & (not necessarily planar) graph with a given girth.

; Lemmn 6. Let G be an n-vertex graph with givth > r. Then Size(G) < n[ ne~ .

Thus the girth acts as a parameter for size sparseness of general graphs. At this
stage we are ready to prove our twe theorems. We first prove Theorem 2, then
8% use some of the ideas involved to prove Thearem 1.

FProofof Theorem 2. We run the SPANNER algorithm on a given n-vertex planar
graph G and a ¢ > 0, after setting r =2t + [, By Lemma 1, the resulting graph
bas a stretch factor at most 2 + 1, Also, by Lemma 2, the girth of the output is

\M&u K )
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> 2t + 2. Now if the spanner is a tree, its size is # — 1, and the size bound is trivally
true. If the spanner is not a tree, then it has cycles. For a connected planar graph
with cycles, every face has to contain a cycle. Hence the minimum face size is at
least as large as the girth, that is, >2¢ + 2. Thus, by Lemma 5, the size of the
output graph is

2

. . )
Sitze(G) <{n—2) H+©n+wulm‘

ar

Size(G)<{n— 1)l 1 +W

We now prove the weight bound, which requires a different approach {the prool
is similar to the method in [LL]). By Lemma4, the cutput subgraph has to contain
MST(G). Il the subgraph is MST(G), the weight bound is trivially true. If it has
more edpes than MST(G), we prove the weight bound as follows. Consider a planar
drawing of the subgraph, with MST(G) embedded in the subgraph. I we walk,
around the tree (visiting each edge twice), our path will resemble a skinny polygon
with perimeter 2 Weight(MST(G)). Our accounting strategy will be lo grow this
polygon outward by absorbing neighboring edges of the subgraph, until it becomes
the outer face of the graph. At any stage, an edge is selecled which, along with a
portion of the polygon’s current boundary, circumscribes a face which is adjacent
and exterior to the polygon.

Consider stage i Lel the length of the polygon be W, In this case
Wy = 2- Weight(MST(G)). Let T; be the total length of all edges encountered so
far that do not belong to the minimum spanning tree. Thus T, = 0. Let the edge
selected to be ubsorbed be e; = [1,v], and let the remaining boundary of the
adjacent face be P(y, v), which is in fact the current polygon’s boundary from u to
u. Now this face contains a cycle, such that [z, v] is an edge of the cycle, with the
remaining portion of the cycle residing within P(u, v). We can use Lemma 3, and

"conclude that Weight(P(u, o)) > (2t + 1) Weight{e;). Thus, we get two equations:

L S\T | = W, — Weight(P(u, v)) + Weighi(e;) < W, — Weight(e)(21).
(2) T4, = Ti+ Weighte)

We now prove that, in the limit when ¢ goes to infinity T; converges to at most
Weigh(MSTIG)X1/t). Ta see this, imagine that initially W is a bucket with
2+ Weight(MST(G)) units of water inside, and that T'is an empty bucket. At every
stape, il we decide to add an arbitrary k (= Weigh(e;)) units of water to T, we
ase required to remove at least k-2 units of water from W. The process stops
when W is empty. It is easy to see that, irrespective of whatever quantity k is
chosen at any stage, T will finally contain at most 2- Weight{(MST(G))(1/2t) units

of water. .
Since the [imit is never quite reached in actual graphs, the weight of the

Lt

».

g
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nonminimum spanning tree edges is less than WWeight{MS .
Weight(G') < x@.&:@»@ﬁ@ﬁ + 1/t), and the theorem m @moe.nMSﬁE .;M
Proof of Theorem I. We are given an si-vertex graph G and a ¢ > 0 as input.
We set ¥ = 2t + 1 and run the SPANNER algorithm. By Lemma 1, the :..EE:m.
graph has stretch factor <2¢ 4+ 1. Also, by Lemma 2, the girth of the output is
th + 2. Thus, by Lemma 6, the size of the output is <a[n™*7, which proves the
size bound.

We now prove the weight bound. By Lenwmna 4, MST(G} is contained in the
subgraph. For each vertex v, consider the corresponding graph G,, composed of
MST(G) and the edges of &' incident fo v but not in MST(G). Let the latter set
of edges be denated as E,. We claim that these graphs are planar, To see this, we
_m.w, out G, for some v, on a plane as follows, First draw MST(G) on the _u_m_nn
without crossing edges. Then walk around the tree, forming a skinny uc_wmon”
Order all vertices (other than ), as they first appear along the boundary of the
polygon. Now lay out the edges from v to these vertices, in the above order, with
the edges drawn outside the polygon. Clearly, we can complete the layout without
crossing edges.

For the planar graph G, using methods similar to the proof of Theorem 2, we
see that Weight(E,) < Weight{MST(G))(L/r). Since there are » vertices, it is casy to
see that M,u.ﬁ_ Weight(E,) < Weight{ MSTIG)n/t). However, in this summation,
each nonminimum spanning trec edge of G has been added twice. This is because
any m:.o: edge [v, v] belongs to both E, and E,,. So the weight of the nonminimum
spanning tree edges is at most Weighi{(MS nf2t). ThuswWeight( G
Weight (MSTVYG)1 + n/21). HSTGn/2 .m. @)=

This proves the weight bound, and the theorem. ‘O

3. Lower Bounds
In this section we show various lower bounds for spanners of graphs.

Gur first result concerns general graphs with arbitrary positive weights, Peleg
and Shiffer gave the {ollowing bound.

Theotem 3 _ku_. For every pair of integers 1 = 0 and n = 3, there exists an n-vertex
graph for which every (2t + V)-spanner has at least n' * Y2143 gdgos,

This result follows directly from the two lemmas below.

Lemma 7 [PS].  The only t-spanner of a graph G with unit weight on the edges
and with girth g = t -+ 2 is G itself.

FEE.» 8 [ES]. For every pair of integers r,n = 3, there exists an n-vertex graph
with girth g = r and with at least fn* ¥ edges.

Recently, the result of Erdds and Sachs [ES] has been improved by Margulis
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[M] and Lubotzky et al. [LPS]. Although they use very similar constructions,
the résult stated in [M] is more general and provides the required improvement.
We now briefly describe the graphs constructed in [M].

Let p be an odd prime. Let m > M»\m be an even integer relatively prime Su P
The graph G™™ obtained from p and m is a {p + 1)-regular mm:u:. onn<m/f8
vertices. The girth of GP™is g=r=4 log,(m/2) [M]. Thus, GP™ is an n-vertex
graph with more than 3n' *#/" edges,

Using these graphs, we improve the bound given in Lemma &:

Lemma 9. For every pair of integers r,n 23, there exists an n-vertex graph G

with girth g = r and with more than Lt T4 edges,

Proof. 1l r=73 we can take the complete graph on # vertices as G.

On Sparse Spanners of Weighted Graphs

which proves the bound on the size. If remains to show thal G has girth as
promised.

The girth g of G is equal to the girth of G*™. Thus

{m

rf4
g=4log, 2

2

2

=>4 log, =7

O

If we put unit weights on the edges of these graphs, then
minimum spanning tree becomes n — 1. Thus, the following
Lemmas 7 and 9.

the weight of the
is immediate from

Theorem 4.. For every pair of integers t 0 and n = 3, there exists an n-veriex

graph G for which every (2t + 1)-spanner G' is such that =7
If r =4 we can take the complete bipartite graph with partition of sizes (1) Size(G) > Lt ﬁ&.&uu
Ln/2| and [n/2 as G. ] (@) Weight(G) >} Weight(MST(G)nH33+, =20 %0
. AT SO % 1o ey Pl 2os tie PRE Y D = ez
From now on we consider r = 5. m\\ﬁ DE P/Zf /6)  This (heorem shows 5% the size result of Theorem 1 is tight up to a constant ,
Case 1:n < (3" + 2)*. Then \E@\\u 200 k \ mewwﬂnm“ﬁw ww%wnnﬁ of n, while, for the weight, the gap between lower and upper

2

7 ()
RS o LR
b= VVE Pl B
(-4 o =k
Case 2: n= (3% + 2)°. By Bertrand’s postulate there exists a prime p mnow
that §(nt/? — 2% = p < (n!1* — 2)". Since YR - M = 43+ 2) - P4 > 3,
p is an odd prime. . . . .
Let pt be the least even integer such that = 2p"* and m is relatively prime
to p. Clearly, m < 2p"* + 4. . .
Consider the graph G®™ as described before. This graph is a (p + 1)-regular
graph on n' < m?>/8 vertices and it has girth g = _omn?ﬂ\w.v. ) . .
Let G be the graph consisting of the union of | n/n’ | disjoint coples ofG™™ and
“  mod n' new isolated vertices. Since #' = m*/8 we have that

Int AR < (3t 4 M <dn-S<n— L

Thus, we can take a tree on vertices as G.

=n

P4 4 A3 13 _ 2y 4 4)°
_mﬁmn 4 4) mE; ) -+ 4

n 8 3

This implies that n mod r' < n/2.
Thus, we obtain that

(n — (n mod m))p + 1)

h
. _ 1 ;E
Size(G) = 5 >+ \% ok
a@P =2 +2 n B u\o_u
—_ = - =% 3 :
=32 7 42 ° WO

W
eoh L]

il -ed2es

Vew - Ay \P@a, \_\_\\\&b@

QOur next result concerns planar graphs with arbitrary positive weights.

Theorem 5. For every integer t = 1, there are infinitely many values 6f n, for which
there exist n-vertex planar graphs G with unit edge weights, such that every
(2t + 1)-spanner G’ satisfies N

(1) Size(G) = Q(n(l + 1/1)), ;
(2) Weight{G') = {Weight{MSTIG)1 + 1/t)).

Proof. Let n take the values k(t 4- 1) + 2 for every k = 2. w_oa every admissible
pair of t and #, we construct an #-vertex planar graph G as Rzoim. Lay out two
special vertices, u and v, on the plane. Connect them via k chains of 1 4+ 1 vertices
each. Let all edges have unit weights.

Clearly, the graph is planar. Furthermore, the girth is Nnm.v 4, Now consider
any proper subgraph of G, say G'. Let [g, 5] be an edge in n_m — (', Because the
girth is >2¢ + 4, any alternate path from a to b in ' has length at least 2t + 3.
This means that there can be no proper spanner of G with a mmﬁoﬁcr factor 2t + 1.
To achieve this stretch factor or less, we have to include the whole graph.

We now prove the size bound of G. _

By comstruction, G consists of (n — 2)/(t + 1) edge-disjoint chains. Since each
chain contains ¢ + 2 edges, the total number of edges in Gis (¢ + 2)({n — 2)/(t + 1}).

Thus the size of the graph is Q{x(1 + 1£)). The weight bound is trivially true,
since unit edge weights imply that the weight of the minimum spanning tree
is i — 1, This theorem shows that the size and weight results of Theorem 2 are

tight. _ O
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4. Steiner Spanners: A Lower Bound

In what follows we prove lower bound results for various generalizations of
spanners. Consider graphs with arbitrary positive weights. Let Distance(u, v, G) be
the distance from vertex u to vertex o in graph G. Let G, =(V,, E) and
G, =(V,, E,) be two graphs with V, a subset of V,. G, is called a Steiner
t-spanner of G, i, for all uve V,, Distance(u, v, G,) < Distance(u, v, G <
¢ - Distance(u, v, Gy). Thus, a Steiner spanner is not simply a subgraph of G, , rather
it may contain auxiliary vertices and edges. An important point that is the Steiner
spanner is not allowed to “cheat,” that is, paths in G, are never shorter than those
in the orniginal graph G, though they may use auxiliary vertices and edges.
~For special graphs Steinct spanners can be substantially smatler than simple
spanners, For example, consider the complete n-vertex graph with unit edge
weights. Clearly, every simple 1-spanner requires all edges, but the star graph with
one auxiliary vertex attached to ali n original vertices via n additional edges of
weight 4 is a Steiner 1-spanner with only n edges. However, the following lower
bound result shows that such constructions are not always possible for all graphs.
Tn fact, there exist graphs such that Steiner spanners cannot be much smaller than

simple spanners.

Theorem 6. For every pair of integers =1 and n=3; there exists an n-
vertex graph G with wnit edge weights Jor which every Steiner t-spanner requires
Q(1/log n) - n* T4 edges.

Before we prove the theorem, we need some definitions and lemmas. Let 1> 1
and let m be a positive integer. Let g be a function that maps each unweighted
n-vertex graph to a string of 1 Dits. We say g is an (n, £, m)-compressor if the
following is true. For all pairs of graphs G, Gz, if g(G,) = g(G), then, for all pairs
of vertices u, v, Distance{, v, G,) < t - Distance(u, v, G,). Informally, the compressor
is just like a hash function. It partitions all graphs into groups, such that in each
group the graphs have approximately the same distances between any given pair
of vertices. Clealy, as ¢ increases, it should be possible to construct compressors

 with fewer groups. The following lemma provides a lower bound on the number

bf groups, given any £

Lemma 10, For every pair of integers t = 1 and 1 = 3, (1, t, m)-compressors exist
only for m = k- nt T,

Proof. By Lemma 9, for every pair of integers t > 1 and n = 3, there exists an
n-vertex graph with girth = ¢ + 2 and at least Loph 3D edges. Let G =(V, E
be such a graph, and let G, G, be two different subgraphs of G. By the girth
condition of G, both subgraphs have to belong (o different groups of the
compressor. Thus the total pumber of groups is =2 thus m = |E|. 0

Two further cbservations are useful in proving the theorem. Firat, existence of
spanners (even Steiner spanners) for all graphs implies the existence of a com-
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presser. For example, consider a collection of #-spanners, one n.om. each n-vertex
graph. Let the set of spanners (without repetitions) be {G}, ..., Gi}. Then, settin
g(G) to be the binary representation of the integer i if G is a spanner of G w,mn__.”_m mm
(n, ¢, [log k|}-compressor. .
Second, we encode an unweighted graph as a bit string in the! following way.
Every n-vertex graph with m edges can be encoded by 2-[log n]m bits, by

representing every edge as a pair of [log n'] bit strings, each in turn representing
a vertex. | .

Proof Qw Theorem 6. We first prove the theorem for unweighted, spanners, then
prove it for weighted spanners, To prove the first part, consider mm:w oo__nnn.,_on of
-spanners, one [or each n-vertex graph. Since we are interested in sparse Steiner
spanners of n-vertex graphs, even with auxiliary vertices these spanners should
have no more than # + 2-n(n — 1)/2 = #2 vertices, Let m be the size of the largest
spanner in this set. Each spanner can be encoded in <4-[logr]-m bits.
Thus by our previous observation, these spanners imply the existence of an
(n t,4-[log n]* m)-compressor, but, by Lemma 10, 4-[logn]-m = 4+ n! ¥43¢+2

Solving for m proves the theorem. H .

To prove the second part, again consider a collection of z-spanners, one for
each n-vertex graph with unit edge weights. As before these %man_oa cannot have
more than »n? vertices. However, since the edges have weights, 43_ have to devise
a different encoding scheme. Informally the idea is to encode the weights them-
selves as bit strings. The problem arises because weights may require an arbitrary
E_Ewﬂ of bits. However, we show that by ignoring very HE.m_m weights, and
rounding off the remainder in a certajn way, we can get suitably encodable
spanners with slightly larger stretch factors. m .

Consider any ¢-spanner G in the set. First notice that any om.mo with weight
larger than »# — 1 can be removed without affecting the stretch; factor. Let G*°
be mnoEn_.. spanner derived from & in the following way. For each edge e
replace its weight by Weight"(e) = [n®* Weight(e)/n®. Notice that Weight'(e) <
Weight(e) + 1/n%. ”

) We now claim that G"is a (¢t + 1/n)-spanner. This is easy to see because any path
in G* has at most n> — 1 edges, and each weight in G” is at most 1/n® greater than
the corresponding weight in G :

G" is more convenient to code than G, Let m be the size of the largest G” in
the set. Each edge weight is a rational, where the numerator is an _mammna between
1 and »* ~ »® and the denominator is #3. Thus each weight canl be encoded by
kss than [log n*] < 4[logn bits. Thus G” can be encoded by at most
. 8-[log n'|-m bits. So these spanners imply the existence of an (n, n_u & [logn’-m)-
" compressor. Applying Lemma 10 and solving for m, the theorem!follows. O

Note that we have no lower bounds on the weight sparseness of Steiner

= W. a t-approximator of G=(V,E) if, for all u,veV, /t  Distance(u, v, &5 2
Distance(u, v, G} < t - Distance(u, v, G). The following theorem provides a lower
bound on the size of approximators. :

o

- spanners. We now generalize spanners in another direction. Let ¢ = 1. &' = (V, M(\ w
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Theorem 7. For every pair of infegers t = 1 and n = 3, there exists an n-veriex
graph G with unit edge weights such that every t-approximator  has
Q(1/log n) - nt 432 edges.

The proof is very similar to Theorem 6 and we omit the straightforward
elaboration. Basically a set of approximators implies the existence of a com-
pressor, and an approximator with m edges can be encoded in O{log n- ) bits.

We finish this section by proving a lower bound for complete graphs with
weights that are proper. The latter mean that the weight of any edge is never more
than the length of any path between its end vertices. .

Theorem 8. For every pair of integers [ = 1 and n = 3, there exists an n-vertex
complete graph Kwith proper edge weights, such that every (2t — 1)-spanner requires
Q1 /e - nt H432 1 edges.

Proof. Let G=(V, E) by an n-vertex graph with at least §- ptHa32r D edpes
and girth = 2¢ + 1. Define a complete graph K over the same veriex set where
the weight of [u, vl = Distance(u, v, G). Clearly, all weiglts are proper.

Let &' =(V,E) be a (2 — l}-spanner of K. Every edge [, v} in E with
weight < ¢ corresponds to 2 unique path ' = tg, i, -« Uweighilewh v in G,
due to the girth of G. An edge [u, v} in E is called saturated byn [, 0] in E, i
it is contained in this path. If {1, v] in E would not be saturated by some edge of
G, then Distance(u,v, G’} = 2t by the girth condition. This contradicts the fact
that ¢ is a (2t — 1)-spanner of K. Thus every edge of G is saturated. Every edge
of G with weight <t can saturate at most ! edges in G. Thus Size(G) 2
1/t Size(G) and the theorem follows. -0

All the above lower bound resuits emphasize robustness, that is, they hold even
afier allowing more general spanners, or more restrictive graphs. In the next section
we discuss spanners of Euclidean graphs.

5, Spanners in M,En:nmm: Graphs
N ,

" In Euclidean graphs the weights assigned to the edges ar¢ not arbitrary, hence the
lower bounds of Section 3 do net apply. It has been possible to construct spanners
for such graphs with a linear number of edges.

Our first result is on Euclidean graphs on the planc. The vertices of such a
graph are a set of Vol n points on the plane. The edges are line segments joining
pairs of vertices and each cdge weight is the Euclidean distance between the
vertices. These graphs may be either planar or nonplanar. We let K{V) be the
complete Euclidean graph {which s clearly nonplanar). We pose the question: are
there sparse planar spanners of K(¥)? This problem has been extensively studied
in the past. In [C], [DFS] it was shown that Delaunay triangulations in the |1,
and |||, norms are Spanners with constant stretch factors. Using a general
frameworl, Das and Joseph [DI] showed that other planar graphs such as greedy

=

i
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M:.n:m&n:”oxa .mza minimum weight triangulations also have _conmc‘m_: stretch
mmﬁoa ?&: Q.Hmnnon” constant values). In [KG] the stretch wmm::. for Delaunay
ﬁﬂmmumﬂm:onm in the f ||, norm was improved to 2.42 (current Tmmc. In [1DJ] and
.ﬁ H__ it was shown that thers exist extremely short Euclidean planar graphs (that
w. ﬂmBomnrmm mwo_..n as Fa minimum spanning tree) that _..mﬁ_u constant streich
actors. The m_mo_.;.g.: in _HH.H.H_ produces arbitrarily short graphs based upon a
%ﬂamaﬂmw though it is not obvious how small the sizes of these! graphs are. Using
gorem 2 we can | <
theore produce planar spanners that are both short, as well as small,
, Tmﬁw t>10, and oom.mwn_ﬂ the Delaunay triangulation over V jn the |- |, norm.
.mmum nown 9&. this triangulation contains MST(K(V)). We now apply the
:NM%MQMNW_WOHHEB on the triangulation with r = 2¢ + 1. Because spanners are
ive, it is easy to see that the out ") sati i
ety output {denoted as ') satisfies the following

Theorem 9. G’ is a (2.42) (2¢ + V)-spanner of K(V'), such that QN

W) Size ) < — L 4@ &

(2) Weight(G) < Weight(MST(K{V)X1 + 1/0).

In Em_.wma &Eobwﬁnm planarity of spanners is not an issue. Opr next result is on
constructing linear-sized spanners for complete graphs of pointisets Vin (R% |- |I)

mouE\LEEHEm [l ]l. Fix some angle § > 0. The key idea
is to cover R by finitely many open cones C,,..., Cyy, all with the same (ocus

at the origin O, such that, for all points #, v in the same cone, "E%wzm_n between

uand v at O is less than 8, Such a covering exi :

. . g exists for every d and every § by the
theorem of Heine-Borel [CS]. Similar ideas for constructing _uﬁmnnanm for fixed
norms have been considered in [K]. | :
wﬁo construct the spanner G as follows. For every ve ¥, consider the covering
of R" by the cones C, +,..., Cyp + v, where C+ v represents a shifting of the
cone Ctoa new origin v, in the spirit of Minkowski. For n<nw< cone C;+ v, let
u be En vertex in the cone such that |u — v|| is minimized. We add [u ___m_ to &
and u is known as the ith neighbor of v. _ ’ .
) me&r the size of .Q is <s(8)-n, and is therefore linear. Hﬂ remains to show
that its m:ﬂ.nr factor is small. Consider u,ve V. A short vmﬁf between them is
mou.ﬁEQ.ma in the following way. Let # be inside the cone C;+ v. Go from v to
its :r. neighbor, and proceed from there in the same way via 1.'We show that this
path is not too long with respect to fu — vf.
|
|

Lemma 11, For every & < 1/(1 + w/\mv, there is an angle &(g) V 0 such thar

flee ~ ol
(L — &1 +2,/2))
|

The estimation of the angle &(g) is very technical and we prove it after stating
the final theorem of the paper, which follows immediately from Lemma 11.

Distance(u, v, G') < for all u, _c in V.




96 1. Althéler, G. Das, D. Dabkin, D. Joseph, and J. Soares

Theorem 10. For every t> I, dimension d, and norm ||| of RY, there exists a
constant ot d, )+ |) such that every finite set V in RY has a t-spanner with at most

¢ n edges.

In the rest of this section we estimate the angle 8(¢) and thus prove Lemma i1
The following lemmas will be wseful in the proof.

Lemma 12. Leto, B, y>0, a0+ BHy=m7V = B, and « < 2=f3. Then

sin f —sinu

- =1—u
siny

Proof. Fix « > 0 and define

sin(m — o — ¥} — sin «

gy ==

siny
We have to show that g(y) = 2a for all y in (0, (x — 0)/2). By the rule of Hbpital,

—cos(r — o — ) _

L,
lim g{y) = lim —cos{mn —) =cosa=1—2 sin?-=1—«w
y—0 y— ¢ cos Yy . 2

For the other extreme in the interval we get

T—d l&iﬁi&@lm.—nng\ sin o
)T T sinle — )f2) sin(r — a)2)
=1 Sn e HHINwEmNHIF
cos /2 2

L
" We complete the proof by showing that the derivative ¢'{y) has no zero in the
open interval (0, (t — 2)/2). Clearly,
cos{m — &— ”E siny — [sin(r —a —¥) — sin o] cOS Y

g, oostm o sy o L —
g : sin?y

An application of the addition formula for the sinus yields

—sin{n — &) + sing cosy

o ||1l|-||-|||||.||||
g sin®y
nd is smaller than O for all

The numerator equals -—-sine -+ sinxcosy &
O

0<y<in—af
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Lemma 13. In the Euclidean norm - |,, every triangle with side lengths ¢ <b
and angle @ < 2rf3 satisfies (b —a)fc =21 — o

Proof. Apply the sinus theorem afsin & = b/sin § = ¢/sin y to Lemma 12. [

In En rest of the section we use the following notation. The angle between any
two points u “msa v with respect to the origin in R? will be written as /£ (u, v). Also
sin £ (v, ») will be written in short as sin(w, v).

Lemma 14, h.a:&.&m,.. the norm ||+ ||, and any other norm ||+ in R%, such that
Jull < gllull, for all uin RY, where q > O is an appropriate constani. Then

lal |
Nl el

| .
_N“ = /\.m.a_m_:?, )] Jfor all u, v other than the origin.

Proaf. .HE.w triangle inequalities are |lufj — jivll < ju—ul gnd — vl <
e + v||l. Without loss of generality assume Jlull, = [oll, =1 and |ju| = flull. Let
¢, - denote the standard scalar product.

Case 1: ¢u, v3 = 0. By the first triangle inequality we get

i P

luls Lol

<lu—o|? < @llu—vli =g <u—vu-v)

= QuﬁAte :V + (v, cv — 2y, Ngv = MQMAH I Aa”.r cvu.

On the other hand,
Isin(, )12 = 1 — cos(u, 1) = 1 — {u, ) = (1 — <, 0D} + <y, v))
=1—<u, v).

.Qam 2: Cu, v < 0. This case is solved analogously by applying{the other triangle
inequality. O

Lemma 15. Let ||ull, < liull < gllull, for some ¢ =1 and all|u in R Let 0 <
£ < 1/(1 + 2./2). Then

il — Jfue — oIl

et s +2/2e

for all u, v other than the ovigin with |[ull; = v, and £ (u, v) < &/q.

 Proof. By Lemma 13 we have

__:__Nl__tlm_wnv Hlm ‘
ol 7 W
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K

Consider the expression (ful| — llv — ul)/iiwl. By Lemma 14 and multiplying the
numerator and denominator by [[ull/|lul we get

e — = o _ sk — o el + J2glsin(u, v — )]
T ollo Ll /Ml + +/2qlsinGs, 0)i]
lull — o — wl,[1 + (luell/ll)y/2qsinges, o — )]
B ot + (sl o/ el 2alsini, o)1
jially = v — uliz[1 + +/2qlsinu, 0 — @]
” holl.[t + /2q1sintw, )]
1
T 14 J2glsings, o)

iy = o = lly _ iio — wlay/2q]sine v =0}
otz ol

X

By the sinus theorem we have sinfy, v — 1) = (Ivllo/lv — uliz) sin{y, v). Together
with (1) this shows that (2) is greater than

! .~lm\/\mam5.m = ! .H!ml/\m.aw
1 + ./ 2¢qsin(e/q) q q 1+ ./ 2q(e/q) q
142
- 1+ /2%
>1—(1+2J/2e a

i ion be || [lsuch that |lull; £
Proof of Lemma 11. Let the norm under consideration
Nl M RW_A_.:__N for some g-=> 1 and all u in R? Select the mn.m_n 8(e) to be mma. Wonﬂ:
the manner in which a path from v to u is constructed in the graph G'. rmﬁ..ﬁ &
_vertices along this path be v = zg, ..., 7 =1 The following are true for all &
~

&

12y — Zis Zier — mu <3 and Nz, — zdla = lzie s — Zilla-
By Lemma L5 we get
g ! 2l = N2y — 2L
feuws =2l < T g/ e
Thus,
1

S Lz — 24l — lizp — 72011
| — (L +2/2. w“o !

p—-1
M. lzeer — zill <
i=0
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f —

1
EErEy e
1
1—(1+2/2e

A direct application of Lemma 13 shows that in the case of the ||+ |, norm we
get 1/(1 — e} spanners with s(8(e)) - n edges. In R?, 5({g)) is known to be | 2n/e | + 1.

llzp — zql. O

6. Open Problems

We conclude with some open problems.
(1} In Theorem 1 the bound in the weight does not agree with the lower bound
as nicely as in the other results. Can it be improved? We feel that our strategy of
dividing the graph into planar components cannot be extended tq yield the optimal
answer. '
{2) Even in the other results, there are gaps between upper and lower bounds.
For instance, in Theorem | the upper bound for the size is Qﬁz_i:r while the
lower bound is Q(n' "+ %) Only for =1 are the known _uﬂ::am. ), of
the same order. The lower bound was proved in [L], and the upper bound is
mentioned in [PUP].
(3) For dimensions higher than 2, Euclidean spanners with |linear sizes exist.
Do Euclidean spanners exist with weights within a constant multiplg of the weight
of the minimum spanning tree? _
(4} What spanners do random graphs have? The Euclidean [random case has
been examined in [SV]. ,
{5) Consider RY, some fixed norm, and ¢ > 1. What are the worst (or at least
bad) point configurations ¥ with respect to the number of gdges in optimal
t-spanners?
(6) Do spanners have other applications?

Acknowledgments

Thanks are due to Torsten Silike for his elegant proof of HnEE_m 14. We are also
grateful to L.aszld Babai who gave the ideas and references for proving Lemma
9. The last named author is also grateful to Tamas Lengyel for suggesting some

of the problems considered here.

i
References
!
[A] 1. Althéfer, On Optimal Realizations of Finite Metric Spaces by O..uTE. Discrete Comput.
Geom. 3 (1988), 103-122. _
[Aw] B. Awerbuch, Complexity of Network Synchronization, J. Assoc. Comput. Much.
Swwmw.m?_lmmm. m

(otes)-
inid

um‘\w\ ,



~5I[] ‘feune) Yyaressay Fuuesudug pup 0UdDg A £q parroddns sus uudm d
“QZTEOTE-SIC "ON TUEBID HOTEPUNO 3IUALE [BUONEN £q paproddns ses usuneN D HIRQ . ;
101BIIpUI B3 UL} % ST UONOI[OQNS juaptadopul UE jo 97ZIS WNEXEWD o
Jey} 8188 JO wON0a[joo Aue 10] MOYS (A1661) UDAM PUE UBIIEN 4orj u] Ky
UOIST[0X0—UOISO[IUL [EDISSEID 3} ¢ suonEoLydiis 03 sped] souapuadapul jo xf)

‘Juapuadopur (A[RoNsHiqeq
are Uyt Ty yolqm Jepun g AQ porRicUe8 §198 Jo vIGEd[E S} uo I3
4 amsgaw Anjiqeqold subjun ® s1sixa aiey) e =1 10]2(p)d Jo =
L1942 3y Jr Awo pue ji juapuadaput s1 & ‘paapu] ‘$21n15ESUL SUIPI9) XD JO
a3 0} pajefal st 2suspuadepul Jo UOHOU 3t} MOT] saquosap (Ly6T) ISMIZITERE

s frer o =1 10§ Iy 10 'y ='X 1oAsuUayM wAxt
J juapuadapup 9q ©) pres st fusf1=1 dpl = g 8198 JO UOHIII0D ATy

T66T ‘0z Lupy puv ‘[66] € App tutof pasiaas uz pup ‘6861 ‘SF 420120 panaady

€861 'vd "erydjapenud .mu:mauﬁ_ns_ :
ddy pue [ersnpu] 10] £19100§ “SuiLolip yioman pun saonds pieq ‘uelrey g -y (L} 7
: _ "DIE-£0€ 16961) 9 {roayL W
fRp0D °f XUIRIN B9UEIS T O fqezifeay 2211 A U0 SION ¥ “EINAIag-590us 'S W T [S]
1€ $9861) 1 posuyyoffy 'SqdeD) UEApONT UT SYIR 1591104S UALHA 'S [ YomeBpags -y [As5] _
uonANpONRY -utprag “BnpIaA-10TuNsdg 74T ‘[OA 'SONT ‘E0L- £89 dd *646) 7
J¥OF oid ‘S uoS[y SUuO U Ssuwopury Sns1ap AoWAy WS W ‘waaeydey 4 [Su] |
o 76-¢p dd gge} |
7044 "sa[qe L Sunnoy 10] £HUALY PUE aoedg usamiag goaper] v ‘[ejdn g ‘Bapad d [ndl |
"LrL-ObL (686T) b
oy 7 IS qnoisdiy oy 10) Jeziwoiyoudg [ewndg uy ‘wewqn T ‘Fapg a ndl b
911-66 (6861) (VET €40y L, ydvagy f ‘stouueds ydein oyryds v Sapd °d {sd] _

*suopaoa jeroads asayl 1aj paaoaduil g U0 Lf Ul UOLDA[[00 juapuadapui U ¥
S3XB 2JBUIPIOOD 211 0} [erpered sopls i (U0 usAtd © O SOIE[SURI) A[LIBSSIOR ¥
$OX0G JO JOqUInU WNWIXTEW A} 10) {1561) jp 17 LAugy Jo pr Jo punoeq a1 ieq
OS[E 11 '] = P 81,3 UL D 108 X8all03 PIXY B 0] 5133Y0M0Y §13$ JO LOLDIOD JUIPUE
U1 Ue JO 2Z(S WINDIXEWL 3Y) JeYl SAImIs [orm (gLg1) WnBQUILD Jo AN
% oanedau 91y W §971S ST, T X P I0) [z/pel &g uams s 3 Ul 125 1UIPHC
ue fuluIo] saxoq {ons O Jaqunu 1safiuvy oyl JBY MOUS ©) SIYI 250 24 Y S
198 JuapuadopUl UB UII0] KOG UAALT T JO SIIR[SURLL UALM 1O uonrzueeIey dmmy
aatg opy i 10 ' 3912 sU'Y YoUD UM sfiduragou sty W -0 LY WIop e
£30A2 papiaoId juapuadapul oq O pres st pter T 108 1 JO UOTIZRYOO VT

(usnnetofuy novpaiad AwBjqosf o) pale[sugl) op-6€ *(8861) (1)pT worssi
If woflif swppgedd ‘S101RIIUAIUCD puL ssapuedxg Jo udisacq 9y o1 wopeayddy ‘___2_._.
2, SIS [ELIMTEUIGIO.) JO SUOLANIISU0D) eanaoay] -dnoxny noydxy ‘sindieiy Y "D L]
Gi7-197 (886T) (£)g aptoypurguios ‘sude1n welfuvwey “feuses d ‘sdyud o ‘©3z0qn1v [Sd71]
: . 0Tk (0L61) 6 oL _
w07} f 'seandap (1 + P — p + Pl poe § D Jo sydern juapea-p Junday reakfuo’] 1 [1] '
_ ‘uyag ‘Hepep-19Tuirds [0F TOA ‘SONT ‘€16 9d ‘6861 seurpnby :
0 o dwds ousy Cpodd ‘sea1], Sumuedg wiuuipy SB 04 SBOpUR msmED ' i
o7y ) SBE POOL) ST 1SOUWY sydeiry seue[d a1y a1yl seduy] 'y ‘sonedesaa 3 [Tl ;
g Fepop-1aBundg ‘Z8E oA “SONT 95—L¥ ‘dd ‘6861 ‘SAVAM I04d YdwiD) UEAplONg
i F00) 4 sarewrxeaddy £[aso]) uopenFuel |, LLUneRQ Ay WAIND Y "D o WL [ol |
npa Y fSuTaes - . ‘mipag ‘Fepap-198unds ‘B 19A 'SONT
¥ ‘12T AN S 307 dd 5861 'L¥ALS 04d ‘YdeID uraprong arapdwogy sy Suyewixaddy X W T [H]
~sfnszaafuq) supdof{ suyo[ Sy, ‘SHIUAG [eonBLUAY B JO I 167 MCOGT) T1 943y HUDN-WIOPY BIquUaliAL-afDE 0] -FINT- W ssiA
b ROUY] IB{BWIUID 3R S)[dMUA[[IR ], 1e1aqadad ueydelry a1gniay ‘sioes M sopid d [SF]
LUUAA " AIUSE PUE JUBLIBN O AT uppiagy ‘Tejrop
! X : ) - S ‘I0F 1OA ‘SONT ‘Z61-891 "dd ‘6861 ssuandobyy pougidg uo diuds qoiang :
eudeln aajdon 2yl Mewxoddy suonENBUBL, YOMIM ‘ydssor 'y g sea o gl “
9707 "0d *L861 'S0 204d ‘syduagy swdwo]y W
o0y s¢ 150wy ary sudesn Aeunwisa “imodag °f ¥ ‘wswpepd °f 'S ‘14900 d "d [S4q]
17¢ (pR61) £5 gy 1 app ‘saoudg oLIa A Jo suotsualxg YFLY, 'S3aLL SN MY fal
“BRGT 0K
Frpap-resunds sdnasn puy ‘saapivT ‘Burpnd auayds ‘eueojg "y r "N ‘Keawo] 'H T [82]
-LLT-691 'dd ‘984T “Cuawean puonvmdiio] o "duils
044 “ydesny ;opdwloy) aY] ST pooD s ISOWY ydriD Jeued ¥ S aay] csu:Um 41 o]
"9/ 61 ‘YIOA Map ‘ssaid owwepedy “lioaly yduig [iuaixy .mwno:“om g [og)
“6861 "UP{QO(] PIAB(] 0} UONEOMUMUIOD) 2IBALL ‘WIS I Tog]
"CPE-60E (9861) & WU Wdy W apy eed AnTepussicy
0 woxy w1 u jo adeys oy Funonnsuooay ‘s W MV ‘NRPuRd T H [agl
3 -1eadde o1 Yo 31249510 ,
¥ 1 goopriL sordg—uopeoiunmnoy rRIOUA[O] qHAM Funnoy ‘Fajad g usngeay g [dv]
& “68b-64p "dd ‘6861 *DOLS 9044 Funnoy aandepy
smmong @i pomnguisi tordwo ‘Sajed “Q RIUIT N *AON-IEg " ‘gongrainy g [47dV]

ynoe {pyg
pupEug ‘uopucT ‘Ausiaary

_ LUINEQUIL) 0) 20p 3
© plie Soxog[ JO SJP[SUBI], JO SUONIII0T JUAPY

au] ok, man Sepaa-odunds gesl @

" AXISUWI0I5)

. muagmndway 1P 93354

i (£661) SOI-101:5 WD wdma) f pue ‘ydasor ( “Upjqo] " Sed D TYoUHY 1 m 001




