
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. COMPUT. c© 2008 Society for Industrial and Applied Mathematics
Vol. 38, No. 2, pp. 608–628

LOWER-STRETCH SPANNING TREES∗

MICHAEL ELKIN† , YUVAL EMEK‡ , DANIEL A. SPIELMAN§ , AND SHANG-HUA TENG¶

Abstract. We show that every weighted connected graph G contains as a subgraph a spanning
tree into which the edges of G can be embedded with average stretch O

(
log2 n log logn

)
. Moreover,

we show that this tree can be constructed in time O
(
m logn + n log2 n

)
in general, and in time

O(m logn) if the input graph is unweighted. The main ingredient in our construction is a novel
graph decomposition technique. Our new algorithm can be immediately used to improve the running
time of the recent solver for symmetric diagonally dominant linear systems of Spielman and Teng

from m2(O(
√

log n log log n)) to m logO(1) n, and to O
(
n log2 n log logn

)
when the system is planar.

Our result can also be used to improve several earlier approximation algorithms that use low-stretch
spanning trees.
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1. Introduction. Let G = (V,E, �) be a weighted connected graph, where � :
E → R>0 assigns a positive length to each edge. Given a spanning tree T of V , we
define the distance in T between a pair of vertices u, v ∈ V , denoted distT (u, v), to
be the sum of the lengths of the edges on the unique path in T between u and v. We
can then define the stretch1 of an edge (u, v) ∈ E to be

stretchT (u, v) =
distT (u, v)

�(u, v)
,

and the average stretch over all edges of E to be

ave-stretchT (E) =
1

|E|
∑

(u,v)∈E

stretchT (u, v).

Alon et al. [1] proved that every weighted connected graph G = (V,E, �) of n
vertices and m edges contains a spanning tree T such that

ave-stretchT (E) = exp
(
O(
√

log n log log n)
)
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1Our definition of the stretch differs slightly from that used in [1]: distT (u, v)/distG(u, v), where
distG(u, v) is the length of the shortest path between u and v. See section 1.1 for a discussion of the
difference.
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LOWER-STRETCH SPANNING TREES 609

and that there exists a collection τ = {T1, . . . , Th} of spanning trees of G and a
probability distribution Π over τ such that for every edge e ∈ E,

ET←Π [stretchT (e)] = exp
(
O(
√

log n log log n)
)
.

The class of graphs considered in this context includes multigraphs that may
contain self-loops and multiple edges between pairs of vertices. Considering multi-
graphs is essential for several applications (including some in [1]). Specifically, in
some applications it is required to minimize various weighted averages of the stretches,
where different edges may have different contributions to the average stretch, rather
than a simple average as defined above. By allowing edge multiplicities, one can
control the coefficients of these weighted averages, and thus our result is sufficiently
general for such applications.

The result of [1] triggered the study of low-distortion embeddings into probabilistic
tree metrics. Most notable in this context is the work of Bartal [3, 4] which shows that
if the requirement that the trees T be subgraphs of G is abandoned, then the upper
bound of [1] can be improved by finding a tree whose distances approximate those in
the original graph with average distortion O(log n · log log n). On the negative side,
a lower bound of Ω(logn) is known for both scenarios [1, 3]. The gap left by Bartal
was recently closed by Fakcharoenphol, Rao, and Talwar [11], who have shown a tight
upper bound of O(log n).

However, some applications of graph-metric approximation require trees that are
subgraphs. Until now, no progress had been made on reducing the gap between the
upper and lower bounds proved in [1] on the average stretch of subgraph spanning
trees. The bound achieved in [1] for general weighted graphs had been the best bound
known for unweighted graphs (where every edge admits a unit length), and even for
unweighted planar graphs.

In this paper,2 we significantly narrow this gap by improving the upper bound of
[1] from exp(O(

√
log n log log n)) to O(log2 n log log n). Specifically, we give an algo-

rithm that for every weighted connected graph G = (V,E, �) constructs a spanning
tree T ⊆ E that satisfies ave-stretchT (E) = O(log2 n log log n). The running time
of our algorithm is O(m log n + n log2 n) for weighted graphs and O(m log n) for un-
weighted graphs. Note that the input graph need not be simple and its number of
edges m can be much larger than

(
n
2

)
. However, as proved in [1], it is enough to

consider graphs with at most n(n + 1) edges.
We begin by presenting a simpler algorithm that guarantees a weaker bound,

ave-stretchT (E) = O(log3 n). As a consequence of the result in [1] that the existence
of a spanning tree with average stretch f(n) for every weighted graph implies the
existence of a distribution of spanning trees in which every edge has expected stretch
f(n), our result implies that for every weighted connected graph G = (V,E, �) there
exists a probability distribution Π over a set τ = {T1, . . . , Th} of spanning trees (T ⊆ E
for every T ∈ τ) such that for every e ∈ E, ET←Π [stretchT (e)] = O(log2 n log log n).
Furthermore, our algorithm itself can be adapted to produce a probability distribution
Π that guarantees a slightly weaker bound of O(log3 n) in time O(m · log2 n).

In a subsequent paper, Emek and Peleg [9] proved that every series-parallel un-
weighted graph admits a spanning tree of average stretch O(log n). This bound is
tight as it matches the lower bound established in [13].

2In a previous version of this paper, we proved the weaker bound on average stretch of
O((logn log logn)2). The improvement in this paper comes from rearranging the arithmetic in our
analysis. Bartal [5] has obtained a similar improvement by other means.
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1.1. Applications. For some of the applications listed below it is essential
to define the stretch of an edge (u, v) ∈ E as in [1], namely, stretchT (u, v) =
distT (u, v)/distG(u, v). The algorithms presented in this paper can be adapted to
handle this alternative definition of stretch, but this requires the computation of
distG(u, v) for every edge (u, v) ∈ E. The additional computation can be performed
in a preprocessing stage independently of the algorithms themselves, but the time re-
quired for this preprocessing stage may dominate the running time of the algorithms.

1.1.1. Solving linear systems. Boman and Hendrickson [6] were the first to
realize that low-stretch spanning trees could be used to solve symmetric diagonally
dominant linear systems. They applied the spanning trees of [1] to design solvers that
run in time

m3/22O(
√

logn log log n) log(1/ε),

where ε is the precision of the solution. Spielman and Teng [18] improved their results
to

m2O(
√

logn log log n) log(1/ε).

Unfortunately, the trees produced by the algorithms of Bartal [3, 4] and
Fakcharoenphol, Rao, and Talwar [11] cannot be used to improve these linear solvers,
and it is currently not known whether it is possible to solve linear systems efficiently
using trees that are not subgraphs. By applying the low-stretch spanning trees devel-
oped in this paper, we can reduce the time for solving these linear systems to

m logO(1) n log(1/ε),

and to O(n log2 n log log n log(1/ε)) when the systems are planar. Applying a re-
duction that was recently introduced by Boman, Hendrickson, and Vavasis [7], one
obtains an O(n log2 n log log n log(1/ε)) time algorithm for solving the linear systems
that arise when applying the finite element method to solve two-dimensional elliptic
partial differential equations.

1.1.2. Alon–Karp–Peleg–West game. Alon et al. [1] constructed low-stretch
spanning trees to upper-bound the value of a zero-sum two-player game that arose in
their analysis of an algorithm for the k-server problem: at each turn, the tree player
chooses a spanning tree T , and the edge player chooses an edge e ∈ E, simultaneously.
The payoff to the edge player is 0 if e ∈ T and stretchT (e)+1 otherwise. They showed
that if every n-vertex weighted connected graph G has a spanning tree T of average
stretch f(n), then the value of this game is at most f(n)+1. Our new result lowers the
bound on the value of this game from exp

(
O(

√
log n log log n)

)
to O

(
log2 n log log n

)
.

1.1.3. MCT approximation. Our result can be used to dramatically improve
the upper bound on the approximability of the minimum communication cost spanning
tree (henceforth, MCT ) problem. This problem was introduced in [14] and is listed as
[ND7] in [12] and [8]. An instance of this problem is a weighted graph G = (V,E, �)
and a matrix {r(u, v) | u, v ∈ V } of nonnegative requirements. The goal is to construct
a spanning tree T that minimizes cost(T ) =

∑
u,v∈V r(u, v) · distT (u, v).

Peleg and Reshef [16] developed a 2O(
√

log n·log log n) approximation algorithm for
the MCT problem on metrics using the result of [1]. A similar approximation ratio can
be achieved for arbitrary graphs. Therefore our result can be used to produce an effi-
cient O(log2 n log log n) approximation algorithm for the MCT problem on arbitrary
graphs.
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Fig. 1. Star-decomposition.

1.2. Our techniques. We build our low-stretch spanning trees by recursively
applying a new graph decomposition that we call a star-decomposition. A star-
decomposition of a graph is a partition of the vertices into sets that are connected into
a star: a central set is connected to each other set by a single edge (see Figure 1). We
show how to find star-decompositions that do not cut too many short edges and such
that the radius of the graph induced by the star-decomposition is not much larger
than the radius of the original graph.

Our algorithm for finding a low-cost star-decomposition applies a generalization
of the ball-growing technique of Awerbuch [2] to grow cones, where the cone at a
vertex x induced by a set of vertices S is the set of vertices whose shortest path to S
goes through x.

1.3. The structure of the paper. In section 2, we define our notation. In
section 3, we introduce the star-decomposition of a weighted connected graph. We
then show how to use this decomposition to construct a subgraph spanning tree
with average stretch O(log3 n). In section 4, we present our star-decomposition al-
gorithm. In section 5, we refine our construction and improve the average stretch to
O
(
log2 n log log n

)
. Finally, we conclude the paper in section 6 and list some open

questions.

2. Preliminaries. Throughout the paper, we assume that the input graph is a
weighted connected multigraph G = (V,E, �), where � is a length function from E
to the positive reals. Unless stated otherwise, we let n and m denote the number of
vertices and the number of edges in the graph, respectively. The cost of an edge e ∈ E
is defined as the reciprocal of its length,3 denoted by cost (e) = 1/�(e). The cost of a
set F ⊆ E of edges, denoted cost (F ), is the sum of the costs of the edges in F .

Let u, v be two vertices in V . We define the distance between u and v, denoted
dist(u, v), to be the length of a shortest path between u and v in G. We write
distG(u, v) to emphasize that the distance is in the graph G. For a vertex subset S ⊆
V , we define the distance between u and S as distG(u, S) = min{distG(u, x) | x ∈ S}.

For a set of vertices S ⊆ V , G(S) is the subgraph induced on G by vertices in S.
We write distS(u, v) instead of distG(S)(u, v) when G is understood. E(S) is the set
of edges with both endpoints in S. The boundary of S, denoted ∂ (S), is the set of
edges with exactly one endpoint in S. If T is a set of vertices and S ∩ T = ∅, then
E(S, T ) is the set of edges with one endpoint in S and the other in T .

3In order to adapt our algorithms to the stretch definition of [1], we can simply define the cost
of an edge as the reciprocal of the distance between its endpoints.
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A multiway partition of V is a collection of pairwise-disjoint sets {V1, . . . , Vk}
such that

⋃
i Vi = V . The boundary of a multiway partition, denoted ∂ (V1, . . . , Vk),

is the set of edges with endpoints in different sets in the partition.
The volume of a set F of edges, denoted vol (F ), is the size of the set |F |. The

volume of a set S of vertices, denoted vol (S), is the number of edges with at least
one endpoint in S.

Let v be a vertex in V . The radius of G with respect to v, denoted radG (v),
is the smallest r such that every vertex of G is within distance (at most) r from v.
Given a vertex subset S ⊆ V , we may write radS (v) instead of radG(S) (v) when G
is understood. The ball of radius r around v, denoted B(r, v), is the set of vertices
at distance at most r from v. The ball shell of radius r around v, denoted BS(r, v),
is the set of vertices right outside B(r, v); that is, BS(r, v) consists of every vertex
u ∈ V −B(r, v) with a neighbor w ∈ B(r, v) such that dist(v, u) = dist(v, w)+�(u,w).

3. Spanning trees of O(log3n) stretch. We present our first algorithm that
generates a spanning tree with average stretch O(log3 n). We first state the properties
of the graph decomposition algorithm at the heart of our construction. We then
present the construction and analysis of the low-stretch spanning trees. We defer the
description of the graph decomposition algorithm and its analysis to section 4.

3.1. Low-cost star-decomposition. Our graph decomposition algorithm pro-
duces star-decompositions of graphs, which we now define.

Definition 3.1 (star-decomposition). A multiway partition {V0, . . . , Vk} is a
star-decomposition of a weighted connected graph G = (V,E, �) with center x0 ∈ V
(see Figure 1) if x0 ∈ V0 and

1. for all 0 ≤ i ≤ k, the subgraph induced on Vi is connected; and
2. for all i ≥ 1, Vi contains an anchor vertex xi that is connected to a vertex

yi ∈ V0 by an edge (xi, yi) ∈ E. We call the edge (xi, yi) the bridge between
V0 and Vi.

Let r = radG (x0), and ri = radVi (xi) for each 0 ≤ i ≤ k. For δ, ε ≤ 1/2, a star-
decomposition {V0, . . . , Vk} is a (δ, ε)-star-decomposition if

a. r0 ≤ (1 − δ)r;
b. dist(x0, xi) ≥ δr for each i ≥ 1; and
c. dist(x0, xi) + ri ≤ (1 + ε)r for each i ≥ 1.

The cost of the star-decomposition is cost (∂ (V0, . . . , Vk)).
Note that if {V0, . . . , Vk} is a (δ, ε)–star-decomposition of G, then the graph con-

sisting of the union of the induced subgraphs on V0, . . . , Vk and the bridge edges
(yi, xi) has radius at most (1 + ε) times the radius of the original graph.

In section 4, we present an algorithm StarDecomp that satisfies the following cost
guarantee. Let x = (x1, . . . , xk) and y = (y1, . . . , yk).

Lemma 3.2 (low-cost star-decomposition). Let G = (V,E, �) be a connected
weighted graph and let x0 be a vertex in V . Then for every positive ε ≤ 1/2,

({V0, . . . , Vk} ,x ,y) = StarDecomp(G, x0, 1/3, ε),

in time O(m + n log n), returns a (1/3, ε)–star-decomposition of G with center x0

satisfying

cost (∂ (V0, . . . , Vk)) ≤
6m log2(m + 1)

ε · radG (x0)
.

On unweighted graphs, the running time is O(m).
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3.2. A divide-and-conquer algorithm. The basic idea of our algorithm is
to use low-cost star-decompositions in a divide-and-conquer (recursive) algorithm to
construct a spanning tree. Let G = (V,E, �) be the graph input to the current
recursive invocation of the algorithm. Recall that we write n = |V | and m = |E|.
Let n̂ and m̂ denote the number of vertices and number of edges, respectively, in the
original graph, input to the first recursive invocation.

Before invoking our algorithm we apply a linear-time transformation from [1] that
may decrease the number of edges in the given multigraph (recall that a multigraph
of n̂ vertices may have an arbitrary number of edges). Given a weighted connected
simple graph G = (V,E, �) and a mapping m : E → Z>0, let Gm = (V,Em, �m) be
the multigraph obtained from G by making m(e) copies of each edge e ∈ E.

Lemma 3.3 (established in [1]). Let G = (V,E, �) be a weighted connected
simple graph. Then for every mapping m : E → Z>0, there exists a mapping
m′ : E → Z>0 such that |Em′ | =

∑
e∈E m′(e) ≤ |V | (|V |+1) and ave-stretch T (Em) ≤

2 ave-stretch T (Em′) for every spanning tree T of G. Moreover, the mapping m′ can
be computed in time linear in the size of G.

Consequently, in what follows we assume that m̂ ≤ n̂(n̂ + 1).
We begin by showing how to construct low-stretch spanning trees for unweighted

graphs, that is, when all edges have length 1. In particular, we use the fact that in
this case the cost of a set of edges equals the number of edges in the set.

Fix α = (log4/3(n̂ + 32))−1.
T = UnweightedLowStretchTree(G = (V,E), x0).

1. If |V | ≤ 2, then return G. (If G contains multiple edges, return a single
copy.)

2. ({V0, . . . , Vk} ,x ,y) = StarDecomp(G, x0, 1/3, α).
3. For 0 ≤ i ≤ k, set Ti = UnweightedLowStretchTree(G(Vi), xi).
4. Set T =

⋃
i Ti ∪

⋃
i(yi, xi).

Theorem 3.4 (unweighted). Let G = (V,E) be an unweighted connected graph
and let x0 be a vertex in V . Then

T = UnweightedLowStretchTree(G, x0),

in time O(m̂ log n̂), returns a spanning tree of G satisfying

(1) radT (x0) ≤ e · radG (x0)

and

(2) ave-stretchT (E) ≤ O(log3 m̂).

Proof. For our analysis, we define a sequence of graphs that converges to T . For
a graph G, we let

({V0, . . . , Vk} ,x ,y) = StarDecomp(G, x0, 1/3, α)

and recursively define

R0(G) = G and Rt(G) =
⋃
i

(yi, xi) ∪
⋃
i

Rt−1(G(Vi)).

The graph Rt(G) is what one would obtain if we forced UnweightedLowStretchTree

to return its input graph after t levels of recursion.
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Let ρ = radG (x0). Definition 3.1 implies ri ≤ (1 − δ + ε)r for every 1 ≤ i ≤ k.
By substituting δ = 1/3, ε = α, and r = ρ, and because for all n̂ ≥ 0, α = (log4/3(n̂+

32))−1 ≤ 1/12, we have ri ≤ 3ρ/4 for every 1 ≤ i ≤ k. As r0 ≤ 2ρ/3, the depth
of the recursion in UnweightedLowStretchTree is at most log4/3 n̂, and we have
Rlog4/3 n̂(G) = T . One can prove by induction that for every t ≥ 0,

radRt(G) (x0) ≤ (1 + α)tradG (x0) .

Claim (1) now follows as (1 + α)log4/3 n̂ ≤ e. To prove claim (2), we note that

∑
(u,v)∈∂(V0,...,Vk)

stretchT (u, v) ≤
∑

(u,v)∈∂(V0,...,Vk)

(distT (x0, u) + distT (x0, v))(3)

≤
∑

(u,v)∈∂(V0,...,Vk)

2e · radG (x0), by (1),

≤ 2e · radG (x0)

(
6 m̂ log2(m̂ + 1)

α · radG (x0)

)
, by Lemma 3.2,

≤ 12e m̂ (log2(m̂ + 1))
(
log4/3(n̂ + 32)

)
.(4)

Applying this inequality to all graphs at all log4/3 n̂ levels of the recursion, we obtain

∑
(u,v)∈E

stretchT (u, v) ≤ 12e m̂ (log2(m̂ + 1))
(
log4/3 n̂

)(
log4/3(n̂ + 32)

)
= O(m̂ log3 m̂).

(To justify the last inequality we remark that each edge ends up in ∂ (V0, . . . , Vk) on
one of the levels of recursion, or it survives all the way down to a component of size
two. In the latter case its contribution to the stretch is 1.)

The bound on the running time is obtained by Lemma 3.2 and because the depth
of the recursion is O(log n̂).

We now extend our algorithm and proof to general weighted connected graphs.
We begin by pointing out a subtle difference between general and unweighted graphs.
In our analysis of UnweightedLowStretchTree, we used the facts that each edge
length is 1 and radG (x0) ≤ n to show that the depth of recursion is at most log4/3 n.
In general weighted graphs, the ratio of radG (x0) to the length of the shortest edge
can be arbitrarily large. Thus, the recursion can be very deep. To compensate, we will
contract all edges that are significantly shorter than the radius of their component.
In this way, we will guarantee that each edge is active only in a logarithmic number
of iterations.

Let e = (u, v) be an edge in G = (V,E, �). The contraction of e results in a new
graph by identifying u and v as a new vertex whose neighbors are the union of the
neighbors of u and v. All self-loops created by the contraction are discarded. We refer
to u and v as the preimage of the new vertex.

We now state and analyze our algorithm for general weighted graphs.
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Fix β = (2�log4/3(2n̂ + 32)�)−1.
T = LowStretchTree(G = (V,E, �), x0).

1. If |V | ≤ 2, then return G. (If G contains multiple edges, return the
shortest copy.)

2. Set ρ = radG (x0).

3. Let G̃ = (Ṽ , Ẽ) be the graph obtained by contracting all edges in G of
length less than βρ/n̂.

4.
({

Ṽ0, . . . , Ṽk

}
, x̃ , ỹ

)
= StarDecomp(G̃, x0, 1/3, β).

5. For each i, let Vi be the preimage under the contraction of step 3 of
vertices in Ṽi, and let (yi, xi) ∈ V0 × Vi be the edge of shortest length for
which xi is a preimage of x̃i and yi is a preimage of ỹi.

6. For 0 ≤ i ≤ k, set Ti = LowStretchTree(G(Vi), xi).
7. Set T =

⋃
i Ti ∪

⋃
i(yi, xi).

In what follows, we refer to the graph G̃, obtained by contracting some of the
edges of the graph G, as the edge-contracted graph.

Theorem 3.5 (low-stretch spanning tree). Let G = (V,E, �) be a weighted
connected graph and let x0 be a vertex in V . Then

T = LowStretchTree(G, x0),

in time O(m̂ log n̂ + n̂ log2 n̂), returns a spanning tree of G satisfying

(5) radT (x0) ≤ 2e · radG (x0)

and

(6) ave-stretchT (E) = O(log3 m̂).

Proof. We first establish notation similar to that used in the proof of Theorem 3.4.
Our first step is to define a procedure, SD, that captures the action of the algorithm
in steps 2–4. We then define R0(G) = G and

Rt(G) =
⋃
i

(yi, xi) ∪
⋃
i

Rt−1(G(Vi)),

where

({V0, . . . , Vk} , x1, . . . , xk, y1, . . . , yk) = SD(G, x0, 1/3, β).

We now prove claim (5). Let ρ = radG (x0). Let s = �log4/3 (2n̂)� and let
ρs = radRs(G) (x0). Each contracted edge is of length at most βρ/n̂, and every path
in the graph G(Vi) contains at most n contracted edges; hence the insertion of the
contracted edges into G(Vi) increases its radius by an additive term of at most βρ.
Thus, we may prove by induction that

radRs(G) (x0) ≤ (1 + 2β)s · radG (x0) .

As (1 + 2β)s ≤ e, we may conclude that ρs is at most e · radG (x0).
To determine how much larger the radius of T can be, we first note that Defini-

tion 3.1 implies ri ≤ (1− δ + ε)r for every 1 ≤ i ≤ k. By substituting δ = 1/3, ε = β,
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and r = ρ, we have ri ≤ (2/3 + β)ρ. When the contracted edges are inserted into
G(Vi), the radius ri may increase by an additive term of at most βρ; hence in each
application of StarDecomp (actually, in each application of SD), ri ≤ (2/3 + 2β)ρ.
Since β = (2�log4/3(2n̂ + 32)�)−1 ≤ 1/24 for all n̂ ≥ 0, it follows that ri ≤ 3ρ/4 for
every 1 ≤ i ≤ k. As r0 ≤ 2ρ/3, each component of G that remains after s levels of
the recursion has radius at most ρ(3/4)s ≤ ρ/2n̂. We may also assume by induction
that for the graph induced on each of these components, LowStretchTree outputs a
tree of radius at most 2e(ρ/2n̂) = eρ/n̂. As there are at most n̂ of these components,
we know that the tree returned by the algorithm has radius at most

e · radG (x0) + n̂× e

n̂
radG (x0) = 2e · radG (x0) .

We now turn to the claim in (6), the bound on the stretch. In this part, we let
Et ⊆ E denote the set of edges that are present at recursion depth t. That is, their
endpoints appear in the same graph, and they are not identified by the contraction
of short edges in step 2. We now observe that no edge can be present at more than
�log4/3 ((2 n̂/β) + 1)� recursion depths. To see this, consider an edge (u, v) and let t
be the first recursion level for which the edge is in Et. Let ρt be the radius of the
component in which the edge lies at that time. As u and v are not identified under
contraction, they are at distance at least βρt/n̂ from each other. (This argument can
be easily verified, although the condition for edge contraction depends on the length of
the edge rather than on the distance between its endpoints.) If u and v are still in the
same graph on recursion level t+ �log4/3 ((2 n̂/β) + 1)�, then the radius of this graph
is at most ρt/((2 n̂/β)+1); thus its diameter is strictly less than βρt/n̂, contradicting
the lower bound on the distance between u and v.

Following the proof of the upper bound on
∑

(u,v)∈∂(V0,...,Vk) stretchT (u, v) in

inequalities (3)–(4) in the proof of Theorem 3.4, we can show that the total contribu-
tion to the stretch at depth t is at most

O(vol (Et) log2 m̂).

Thus, the sum of the stretches over all recursion depths is∑
t

O
(
vol (Et) log2 m̂

)
= O

(
m̂ log3 m̂

)
.

We now analyze the running time of the algorithm. On each recursion level,
the dominant cost is that of performing the StarDecomp operations on each edge-
contracted graph. Let Vt denote the set of vertices in all edge-contracted graphs
on recursion level t. Then the total cost of the StarDecomp operations on recursion
level t is at most O(|Et| + |Vt| log |Vt|). We will prove in Lemma 3.6 that

∑
t |Vt| =

O(n̂ log n̂), and as
∑

t |Et| = O(m̂ log m̂), it follows that the total running time is
O(m̂ log n̂ + n̂ log2 n̂).

The following lemma shows that even though the number of recursion levels can
be very large, the overall number of vertices in edge-contracted graphs appearing on
different recursion levels is at most O(n̂ log n̂). This lemma is used only for the analysis
of the running time of our algorithm; a reader interested only in the existential bound
can skip it.

Lemma 3.6. Let Vt be the set of vertices appearing in edge-contracted graphs on
recursion level t. Then

∑
t |Vt| = O(n̂ log n̂).
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Proof. Consider an edge-contracted graph G̃ = (Ṽ , Ẽ) on recursion level t and

let x be a vertex in Ṽ . The vertex x was formed as a result of a number of edge
contractions (maybe 0). Accordingly, x can be viewed as a super-vertex. Let χ(x)
denote the set of original vertices that were identified together to form the super-vertex
x ∈ Ṽ .

We claim that for every super-vertex x ∈ Vt+1, there exists a super-vertex y ∈
Vt such that χ(x) ⊆ χ(y). To prove it, note that every graph on recursion level
t + 1 corresponds to a single component of a star-decomposition on recursion level
t. Moreover, an edge that was contracted on recursion level t + 1 must have been
contracted on recursion level t as well. Therefore we can consider a directed forest F
in which every node at depth t corresponds to some super-vertex in Vt and an edge
leads from a node y at depth t to a node x at depth t + 1, if χ(x) ⊆ χ(y). Note that
the roots of F correspond to super-vertices on recursion level 0 and the leaves of F
correspond to the original vertices of the graph G.

In the proof of Theorem 3.5, we showed that every edge is present on O(log n̂)
recursion levels. Following a similar line of arguments, one can show that every super-
vertex is present on O(log n̂) (before it is decomposed into smaller super-vertices, each
containing a subset of its vertices). Since there are n̂ vertices in the original graph G,
there are n̂ leaves in F . Therefore the overall number of nodes in the directed forest
F is O(n̂ log n̂), and the bound on

∑
t |Vt| holds.

4. Star-decomposition. Our star-decomposition algorithm exploits two algo-
rithms for growing sets. The first, BallCut, is the standard ball-growing technique
introduced by Awerbuch [2], and was the basis of the algorithm of [1]. The second,
ConeCut, is a generalization of ball-growing to cones. So that we can analyze this
second algorithm, we abstract the analyses from the works of [15, 10]. Instead of
nested balls, we consider concentric systems, which we now define.

Definition 4.1 (concentric system). A concentric system in a weighted graph
G = (V,E, �) is a family of vertex sets L = {Lr ⊆ V : r ∈ R≥0} such that

1. L0 
= ∅;
2. Lr ⊆ Lr′ for all r < r′; and
3. if a vertex u ∈ Lr and (u, v) is an edge in E, then v ∈ Lr+�(u,v).

For example, for any vertex x ∈ V , the set of balls {B(r, x)} is a concentric system.
The radius of a concentric system L is radius (L) = inf{r : Lr = V }. For each vertex
v ∈ V , we define the norm of v with respect to L as ‖v‖L = inf{r : v ∈ Lr}.

Lemma 4.2 (concentric system cutting). Let G = (V,E, �) be a connected
weighted graph and let L = {Lr} be a concentric system. For every two reals 0 ≤
λ < λ′, there exists a real r ∈ [λ, λ′) such that

cost (∂ (Lr)) ≤ vol (Lr) + τ

λ′ − λ
max

[
1, log2

(
m + τ

vol (E(Lλ)) + τ

)]
,

where m = |E| and

τ =

{
1 if vol (E(Lλ)) = 0,

0 otherwise.

Proof. Note that rescaling terms does not affect the statement of the lemma. For
example, if all the lengths are doubled, then the costs are halved. Moreover, we may
assume that λ′ ≤ radius (L), since otherwise, choosing r = radius (L) implies that
∂ (Lr) = ∅, and the claim holds trivially.
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Let ri = ‖vi‖L, and assume that the vertices are ordered so that r1 ≤ r2 ≤
· · · ≤ rn. We may now assume without loss of generality that each edge in the graph
has minimal length. That is, an edge from vertex i to vertex j has length |ri − rj |.
The reason we may make this assumption is that it only increases the costs of edges,
making our lemma strictly more difficult to prove. (Recall that the cost of an edge is
the reciprocal of its length.)

Let Bi = Lri . Our proof will make critical use of a quantity μi, which is defined
to be

μi = τ + vol (E(Bi)) +
∑

(vj ,vk)∈E:j≤i<k

ri − rj
rk − rj

.

That is, μi sums the edges inside Bi, proportionally counting edges that are split by
the boundary of the ball. The two properties of μi that we exploit are

(7) μi+1 = μi + cost (∂ (Bi)) (ri+1 − ri)

and

(8) τ + vol (E(Bi)) ≤ μi ≤ τ + vol (Bi) .

Inequality (8) is trivial, and equality (7) follows from the definition by a straight-
forward calculation, as

μi = τ + vol (E(Bi+1)) − vol ({(vj , vi+1) ∈ E | j ≤ i}) +
∑

(vj ,vk)∈E:j≤i<k

ri − rj
rk − rj

and

cost (∂ (Bi)) (ri+1 − ri) =
∑

(vj ,vk)∈E:j≤i<k

ri+1 − ri
rk − rj

.

Choose a and b so that ra−1 ≤ λ < ra and rb < λ′ ≤ rb+1. Let ν = λ′ − λ. We
first consider the trivial case in which b < a. (That is, b = a−1.) In that case, there is
no vertex with norm between λ and λ′. Thus every edge crossing L(λ+λ′)/2 has length
at least ν, and therefore cost at most 1/ν. Therefore, by setting r = (λ + λ′)/2, we
obtain

cost (∂ (Lr)) ≤ vol (∂ (Lr))
1

ν
≤ vol (Lr)

1

ν
,

establishing the lemma in this case.
We now define

η = log2

(
m + τ

vol (E(Ba−1)) + τ

)
.

Note that Ba−1 = Lλ, by the choice of a. A similarly trivial case is when [a, b] is
nonempty and, in addition, there exists an i ∈ [a− 1, b] such that

ri+1 − ri ≥
ν

η
.
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In this case, every edge in ∂ (Bi) has cost at most η/ν. By choosing r to be max{ri, λ},
we satisfy

cost (∂ (Lr)) ≤ vol (∂ (Lr))
η

ν
≤ vol (Lr)

η

ν
;

hence, the lemma is established in this case.
In the remaining case that the set [a, b] is nonempty and for all i ∈ [a− 1, b],

(9) ri+1 − ri <
ν

η
,

we will prove that there exists an i ∈ [a− 1, b] such that

cost (∂ (Bi)) ≤
μiη

ν
.

Choosing r = max{ri, λ} and applying (8), we will prove the lemma.
Assume by way of contradiction that

cost (∂ (Bi)) > μiη/ν

for all i ∈ [a− 1, b]. It follows, by (7), that

μi+1 > μi + μi(ri+1 − ri)η/ν

for all i ∈ [a− 1, b], which implies

μb+1 > μa−1

b∏
i=a−1

(1 + (ri+1 − ri)η/ν)

≥ μa−1

b∏
i=a−1

2((ri+1−ri)η/ν)

= μa−1 · 2(rb+1−ra−1)η/ν

≥ μa−1 · ((m + τ)/(vol (E(Ba−1)) + τ))

≥ m + τ,

where the second inequality holds by (9) since 1+x ≥ 2x for every 0 ≤ x ≤ 1 and the
last inequality holds by (8). Thus we derive a contradiction.

An analysis of the following standard ball-growing algorithm follows immediately
by applying Lemma 4.2 to the concentric system {B(r, x)}.

r = BallCut(G, x, ρ, δ).
1. Set r = δρ.

2. While cost (∂ (B(r, x))) > vol(B(r,x))+1
(1−2 δ)ρ log2(m + 1),

(a) Find a vertex v /∈ B(r, x) that minimizes dist(x, v) and set r =
dist(x, v).

Corollary 4.3 (weighted ball cutting). Let G = (V,E, �) be a connected
weighted graph, and let x0 ∈ V , ρ = radG (x0), r0 = BallCut(G, x0, ρ, 1/3), and
V0 = B(r0, x0). Then ρ/3 ≤ r0 < 2 ρ/3 and

cost (∂ (V0)) ≤
3 (vol (V0) + 1) log2(|E| + 1)

ρ
.
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S

0

b1

a1
a2

b2
b3

a

Fig. 2. The vertex b3 is in CS(l, a0) if �(b1, a1) + �(b2, a2) ≤ l.

We now examine the concentric system that enables us to construct V1, . . . , Vk in
Lemma 3.2.

Definition 4.4 (ideals and cones). For any weighted graph G = (V,E, �) and
S ⊆ V , the set of forward edges induced by S is

F (S) = {(u → v) : (u, v) ∈ E,dist(u, S) + �(u, v) = dist(v, S)}.

For a vertex v ∈ V , the ideal of v induced by S, denoted IS(v), is the set of vertices
reachable from v by directed edges in F (S), including v itself.

For a vertex v ∈ V , the cone of width l around v induced by S, denoted CS(l, v),
is the set of vertices in V that can be reached from v by a path, the sum of the lengths
of whose edges e that do not belong to F (S) is at most l. Clearly, CS(0, v) = IS(v)
for all v ∈ V .

That is, IS(v) is the set of vertices that have shortest paths to S that intersect v.
Also, u ∈ CS(l, v) if there exist a0, . . . , ak−1 and b1, . . . , bk such that a0 = v, bk = u,
bi+1 ∈ IS(ai), (bi, ai) ∈ E, and

k−1∑
i=1

�(bi, ai) ≤ l.

Refer to Figure 2 for an illustration of a cone.
We now establish that these cones form concentric systems.
Proposition 4.5 (cones are concentric). Let G = (V,E, �) be a weighted graph

and let S ⊆ V . Then for all v ∈ V , {CS(l, v)}l is a concentric system in G.
Proof. Clearly, CS(l, v) ⊆ CS(l′, v) if l < l′. Suppose that u ∈ CS(l, v) and

(u,w) ∈ E. If (u → w) ∈ F (S), then w ∈ CS(l, v) as well. Otherwise, the path
witnessing that u ∈ CS(l, v) followed by the edge (u,w) to w is a witness that w ∈
CS(l + �(u,w), v).

r = ConeCut(G, v, λ, λ′, S).
1. Set r = λ.
2. If vol (E(CS(λ, v))) = 0, then set μ = (vol (CS(r, v)) + 1) log2(m + 1).
3. Otherwise, set μ = vol (CS(r, v)) log2(m/vol (E(CS(λ, v)))).
4. While cost (∂ (CS(r, v))) > μ/(λ′ − λ),

(a) Find a vertex w 
∈ CS(r, v) minimizing dist(w,CS(r, v)) and set
r = r + dist(w,CS(r, v)).
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Corollary 4.6 (cone cutting). Let G = (V,E, �) be a connected weighted
graph, let v be a vertex in V , and let S ⊆ V . Then for any two reals 0 ≤ λ < λ′,
ConeCut(G, v, λ, λ′, S) returns a real r ∈ [λ, λ′) such that

cost (∂ (CS(r, v))) ≤ vol (CS(r, v)) + τ

λ′ − λ
max

[
1, log2

m + τ

vol (E(CS(λ, v))) + τ

]
,

where m = |E|, and

τ =

{
1 if vol (E(CS(λ, v))) = 0,
0 otherwise.

We will use two other properties of the cones CS(l, v): that we can bound their
radius (Proposition 4.7) and that their removal does not increase the radius of the
resulting graph (Proposition 4.8). It is not too difficult to show that for every S ⊆ V
and every x ∈ S,

radCS(l,x) (x) ≤ max {dist(v, S) + 2l | v ∈ V }.

To see this, observe that the l = 0 case is easy, and that for larger l, the extra distance
traveled along forward edges is at most the distance traveled along nonforward edges.

However, we require a slightly more complicated inequality. Recall that for a
vertex v and a real r, the ball shell BS(r, v) consists of every vertex u ∈ V −B(r, v)
with a neighbor w ∈ B(r, v) such that dist(v, u) = dist(v, w) + �(u,w).

Proposition 4.7 (radius of cones). Let G = (V,E, �) be a connected weighted
graph, let x0 ∈ V , and let ρ = radG (x0). Let r0 < ρ and let V0 = B(r0, x0),
V ′ = V−V0, and S = BS(r0, x0). Let x be any vertex in S and let ψ = ρ−distG(x0, x).
Then the cones CS(l, x) in the graph G(V ′) satisfy

radCS(l,x) (x) ≤ ψ + 2l.

Proof. Let u be a vertex in CS(l, x), and let a0, . . . , ak−1 and b1, . . . , bk be vertices
in V ′ such that a0 = x, bk = u, bi+1 ∈ IS(ai), (bi, ai) ∈ E, and

k−1∑
i=1

�(bi, ai) ≤ l.

These vertices provide a path connecting x to u inside CS(l, x) of length at most

k−1∑
i=0

distG(V ′)(ai, bi+1) +

k−1∑
i=1

�(bi, ai).

As the second term is at most l, we just need to bound the first term by ψ + l. To
do this consider the distance of each of these vertices from x0 in the graph G. Since
bi+1 ∈ IS(ai), and since S is a ball shell around x0, it follows that

distG(x0, bi+1) = distG(x0, ai) + distG(V ′)(ai, bi+1).

By the triangle inequality, we have

distG(x0, ai) ≥ distG(x0, bi) − �(bi, ai).
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Together, these imply

ρ ≥ distG(x0, bk) ≥ distG(x0, a0) −
k−1∑
i=1

�(bi, ai) +

k−1∑
i=0

distG(V ′)(ai, bi+1).

The proposition follows since ψ = ρ−distG(x0, a0) and since
∑k−1

i=1 �(bi, ai) ≤ l.
Proposition 4.8 (deleting cones). Consider a connected weighted graph G =

(V,E, �), a vertex subset S ⊆ V , a vertex x ∈ S, and a real l ≥ 0, and let V ′ =
V − CS(l, x), S′ = S − CS(l, x), and ψ = maxv∈V dist(v, S). Then

max
v∈V ′

distV ′(v, S′) ≤ ψ.

Proof. Consider any v ∈ V ′, and let P be a shortest path between S and v.
Note that all the edges of P are forward edges, and thus if P intersects CS(l, x), then
v ∈ CS(l, x). So, the shortest path from v to S in V must lie entirely in V ′.

The basic idea of StarDecomp is to first use BallCut to construct V0 and then
repeatedly apply ConeCut to construct V1, . . . , Vk.

({V0, . . . , Vk,x ,y}) = StarDecomp(G = (V,E, �), x0, δ, ε).
1. Set ρ = radG (x0); set r0 = BallCut(G, x0, ρ, δ) and V0 = B(r0, x0).
2. Let S = BS(r0, x0).
3. Set G′ = (V ′, E′, �′) = G(V −V0), the weighted graph induced by V −V0.
4. Set ({V1, . . . , Vk,x}) = ConeDecomp(G′, S, ερ/2).
5. For each i ∈ [1 : k], set yi to be a vertex in V0 such that (xi, yi) ∈ E and

yi is on a shortest path from x0 to xi. Set y = (y1, . . . , yk).
({V1, . . . , Vk,x}) = ConeDecomp(G,S,Δ).

1. Set G0 = G, S0 = S, and k = 0.
2. While Sk is not empty,

(a) Set k = k + 1.
(b) Let xk be an arbitrary vertex in Sk−1 and set rk =

ConeCut(Gk−1, xk, 0,Δ, Sk−1).
(c) Set Vk = CSk−1

(rk, xk). Set Gk = G(V −∪k
i=1Vk) and Sk = Sk−1 −

Vk.
3. Set x = (x1, . . . , xk).

Proof of Lemma 3.2. Let ρ = radG (x0). By setting δ = 1/3, Corollary 4.3
guarantees ρ/3 ≤ r0 < (2/3)ρ; thus distG(x0, v) > ρ/3 for every v ∈ V − V0, and
in particular, distG(x0, xi) > ρ/3 for every 1 ≤ i ≤ k. Applying Δ = ερ/2 and
Propositions 4.7 and 4.8, we can bound for every i

dist(x0, xi) + ri ≤ ρ + 2Δ = ρ + ερ.

Thus StarDecomp(G, x0, 1/3, ε) returns a (1/3, ε)–star-decomposition with center x0.
To bound the cost of the star-decomposition that the algorithm produces, we use

Corollaries 4.3 and 4.6 to show

cost (∂ (V0)) ≤
3 (1 + vol (V0)) log2(m + 1)

ρ
and

cost
(
E
(
Vj , V − ∪j

i=0Vi

))
≤ 2 (1 + vol (Vj)) log2(m + 1)

ερ
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for every 1 ≤ j ≤ k. Thus,

cost (∂ (V0, . . . , Vk)) ≤
k∑

j=0

cost
(
E
(
Vj , V − ∪j

i=0Vi

))

≤ 2 log2(m + 1)

ερ

k∑
j=0

(vol (Vj) + 1)

≤ 6m log2(m + 1)

ερ
.

To implement StarDecomp in O(m + n log n) time, we use a Fibonacci heap to
implement steps (2) of BallCut and ConeCut. If the graph is unweighted, this can be
replaced by a breadth-first search that requires O(m) time.

5. Improving the stretch. In this section, we improve the average stretch of
the spanning tree to O

(
log2 n log log n

)
by introducing a procedure ImpConeDecomp

which refines ConeDecomp. This new cone decomposition trades off the volume of the
cone against the cost of edges on its boundary (similar to Seymour [17]). Our refined
star-decomposition algorithm ImpStarDecomp is identical to algorithm StarDecomp,
except that it calls

({V1, . . . , Vk,x}) = ImpConeDecomp(G′, S, ερ/2, t, m̂)

at step 4, where t is a positive integer parameter whose role will be described soon.

({V1, . . . , Vk,x}) = ImpConeDecomp(G,S,Δ, t, m̂).
1. Set G0 = G, S0 = S, and j = 0.
2. While Sj is not empty,

(a) Set j = j + 1 and p = t− 1.
(b) Set xj to be a vertex of Sj−1.
(c) While p > 0,

(i) rj = ConeCut(Gj−1, xj ,
(t−p−1)Δ

t , (t−p)Δ
t , Sj−1).

(ii) If vol
(
E(CSj−1

(rj , xj))
)

≤ m

2logp/t m̂
, then exit the loop; else

p = p− 1.
(d) Set Vj = CSj−1(rj , xj), set Gj = G(V − ∪j

i=1Vi), and set Sj =
Sj−1 − Vj .

3. Set x = (x1, . . . , xk).

Lemma 5.1 (improved low-cost star-decomposition). Let G, x0, and ε be as in
Lemma 3.2, let t be a positive integer control parameter, and let ρ = radG (x0). Then

({V0, . . . , Vk},x ,y) = ImpStarDecomp(G, x0, 1/3, ε, t, m̂),

in time O(m+n log n), returns a (1/3, ε)–star-decomposition of G with center x0 that
satisfies

cost (∂ (V0)) ≤
6 vol (V0) log2(m̂ + 1)

ρ
,

and for every index j ∈ {1, 2, . . . , k} there exists p = p(j) ∈ {0, 1, . . . , t− 1} such that

(10) cost
(
E
(
Vj , V − ∪j

i=0Vi

))
≤ t · 4 vol (Vj) log(p+1)/t(m̂ + 1)

ερ
,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

624 M. ELKIN, Y. EMEK, D. A. SPIELMAN, AND S.-H. TENG

and unless p = 0,

(11) vol (E(Vj)) ≤
m

2logp/t m̂
.

Proof. In what follows, we call p(j) the index-mapping of the vertex set Vj . We
begin our proof by observing that 0 ≤ rj < ερ/2 for every 1 ≤ j ≤ k. We can
then show that {V0, . . . , Vk} is a (1/3, ε)–star-decomposition as we did in the proof of
Lemma 3.2.

We now bound the cost of the decomposition. Clearly, the bound on cost (∂ (V0))
remains unchanged from that proved in Lemma 3.2 (because the algorithm that com-
putes V0 did not change), but here we upper-bound vol (V0) + 1 by 2 · vol (V0). Fix
an index j ∈ {1, 2, . . . , k}, and let p = p(j) be the final value of variable p in the loop
above (that is, the value of p when the execution left the loop while constructing Vj).
Observe that p ∈ {0, 1, . . . , t − 1}, and that unless the loop is aborted due to p = 0,
we have vol (E(Vj)) ≤ m

2logp/t m̂
and inequality (11) holds.

For inequality (10), we split the discussion into two cases. First, consider the
case p = t − 1. In this case, the inequality cost

(
E
(
Vj , V − ∪j

i=0Vi

))
≤ (vol (Vj) +

1) log(m̂+1)(t/Δ) follows directly from Corollary 4.6, and inequality (10) holds (recall
that Δ = ερ/2 ).

Second, consider the case p < t − 1 and let r′j be the value of the variable rj
set by the previous invocation of Algorithm ConeCut (which did not satisfy the test
in line 2(c)(ii)). In this case, observe that at the beginning of the last iteration,
vol
(
E(CSj−1(r

′
j , xj))

)
> m

2log(p+1)/t m̂
(as otherwise the loop would have been aborted

in the previous iteration). By Corollary 4.6,

cost
(
E
(
Vj , V − ∪j

i=0Vi

))
≤vol (Vj)

Δ/t
× max

⎧⎨⎩1, log2

⎛⎝ m

vol
(
E
(
CSj−1

(
(t−p−1)Δ

t , xj

)))
⎞⎠⎫⎬⎭ ,

where Vj = CSj−1(rj , xj). Since

(t− p− 2)Δ

t
≤ r′j <

(t− p− 1)Δ

t
,

it follows that

vol

(
E

(
CSj−1

(
(t− p− 1)Δ

t
, xj

)))
≥ vol

(
E(CSj−1(r

′
j , xj))

)
>

m

2log(p+1)/t m̂
.

Therefore

log(p+1)/t m̂ ≥ max

⎧⎨⎩1, log2

⎛⎝ m

vol
(
E
(
CSj−1

(
(t−p−1)Δ

t , xj

)))
⎞⎠⎫⎬⎭ ,

and

cost
(
E
(
Vj , V − ∪j

i=0Vi

))
≤ vol (Vj) log(p+1)/t m̂

Δ/t
= t · 2 vol (Vj) log(p+1)/t m̂

ερ
.

The assertion follows.
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Our improved algorithm ImpLowStretchTree(G, x0, t, m̂) is identical to the algo-

rithm LowStretchTree except that in step 3 it calls ImpStarDecomp(G̃, x0, 1/3, β, t,
m̂), and in step 5 it calls ImpLowStretchTree(G(Vi), xi, t, m̂). We set t = log log m̂
throughout the execution of the algorithm.

Theorem 5.2 (lower-stretch spanning tree). Let G = (V,E, �) be a connected
weighted graph and let x0 be a vertex in V . Then

T = ImpLowStretchTree(G, x0, t, m̂),

in time O(m̂ log n̂ + n̂ log2 n̂), returns a spanning tree of G satisfying

radT (x0) ≤ 2e · radG (x)

and

ave-stretchT (E) = O
(
log2 n̂ log log n̂

)
.

Proof. The bound on the radius of the tree remains unchanged from that proved
in Theorem 3.5.

We begin by defining a system of notation for the recursive process, assign-
ing to each graph G = (V,E) input to some recursive invocation of Algorithm
ImpLowStretchTree a sequence σ(G) of nonnegative integers. This is done as follows.
If G is the original graph input to the first invocation of the recursive algorithm, then
σ(G) is empty. Assuming that the halt condition of the recursion is not satisfied for G,

the algorithm continues, and some of the edges in E are contracted. Let G̃ = (Ṽ , Ẽ)

be the resulting graph. (Recall that we refer to G̃ as the edge-contracted graph.) Let

{Ṽ0, Ṽ1, . . . , Ṽk} be the star-decomposition of G̃. Let Vj ⊆ V be the preimage under

edge contraction of Ṽj ⊆ Ṽ for every 0 ≤ j ≤ k. The graph G(Vj) is assigned the
sequence σ(G(Vj)) = σ(G) · j. Note that |σ(G)| = h implies that the graph G is
input to the recursive algorithm on recursion level h. We warn the reader that the
edge-contracted graph obtained from a graph assigned the sequence σ may have fewer
edges than the edge-contracted graph obtained from the graph assigned the sequence
σ · j, because the latter may contain edges that were contracted out in the former.

We say that the edge e is present at recursion level h if there exists a graph G
with |σ(G)| = h such that e is not contracted out in G̃. An edge e appears at the
first level h at which it is present, and it disappears at the level at which it is present
and its endpoints are separated by the star-decomposition or, if this never happens,
then at the level of the leaf component of the recursion tree in which e appears. If an
edge appears at recursion level h, then a path connecting its endpoints was contracted
on every recursion level smaller than h, and no such path will be contracted on any
recursion level greater than h. Moreover, an edge is never present at a level after it
disappears. We define h(e) and h′(e) to be the recursion levels at which the edge e
appears and disappears, respectively.

For every edge e and every recursion level i at which it is present, we let U(e, i)

denote the set of vertices Ṽ of the edge-contracted graph containing its endpoints.
If h(e) ≤ i < h′(e), then we let W (e, i) denote the set of vertices Ṽj output by
ImpStarDecomposition that contains the endpoints of e.

Recall that p(j) denotes the index-mapping of the vertex set Vj in the star-
decomposition. For each index i ∈ {0, 1, . . . , t − 1}, let Ii = {j ∈ {1, 2, . . . , k} |
p(j) = i}. For a vertex subset U ⊆ V , let AS(U) denote the average stretch that
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the algorithm guarantees for the edges of E(U). Let TS(U) = AS(U) · |E(U)|. (TS
stands for the “total stretch.”) Then by Lemma 5.1, the following recursive formula
applies:

TS(V ) ≤

⎛⎝ k∑
j=0

TS(Ṽj)

⎞⎠
+ 4e×

⎛⎝6 log(m̂ + 1) · vol
(
Ṽ0

)
+ 4

t

β

t−1∑
p=0

log(p+1)/t(m̂ + 1)
∑
j∈Ip

vol
(
Ṽj

)⎞⎠
+
∑

e∈E−Ẽ

stretchT (e)

= 4e×

⎛⎝6 log(m̂ + 1) · vol
(
Ṽ0

)
+ 4

t

β

t−1∑
p=0

log(p+1)/t(m̂ + 1)
∑
j∈Ip

vol
(
Ṽj

)⎞⎠(12)

+
k∑

j=0

TS(Vj),

where we recall β = ε = (2�log4/3(2n + 32)�)−1.
For every edge e and for every h(e) ≤ i < h′(e), let πi(e) denote the index-

mapping of the component W (e, i) in the invocation of Algorithm ImpConeDecomp on
recursion level i. For every index p ∈ {0, . . . , t−1}, define the variable lp(e) as follows:

lp(e) = |{h(e) ≤ i < h′(e) | πi(e) = p}| .

For a fixed edge e and an index p ∈ {0, 1, . . . , t − 1}, every h(e) ≤ i < h′(e)

such that πi(e) = p contributes O(t/β) · log(p+1)/t(m̂ + 1) to the right-hand term in

(12) (that is, this is the contribution when an edge e is counted in a vol
(
Ṽj

)
term).

Summing p over {0, 1, . . . , t− 1}, we obtain

t−1∑
p=0

O(t/β)lp(e) log(p+1)/t(m̂ + 1).

Soon, we will prove that

(13)
∑
e

t−1∑
p=0

lp(e) logp/t(m̂ + 1) ≤ O(m̂ log2 m̂),

which implies that the sum of the contributions of all edges e in levels h(e) ≤ i < h′(e)
to the right-hand term in (12) is

O

(
t

β
· m̂ log1+1/t m̂

)
= O

(
t · m̂ log2+1/t m̂

)
.

As vol (Vj) counts the internal edges of Vj as well as its boundary edges, we
must also account for the contribution of each edge e at level h′(e). At this level,
it will be counted twice—once in each component containing one of its endpoints.
Thus, at this stage, it contributes a factor of at most O((t/β) · log m̂) to the sum
TS(V ). Therefore all edges e ∈ E at level h′(e) contribute an additional factor of
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O(t · m̂ log2 m̂). Summing over all the edges, we find that all the contributions to the
right-hand term in (12) sum to at most

O
(
t · m̂ log2+1/t m̂

)
.

Also, every h(e) ≤ i < h′(e) such that the edge e belongs to the central component

Ṽ0 of the star decomposition contributes O(log m̂) to the left-hand term in (12). Since
there are at most O(log m̂) such i’s, it follows that the contribution of the left-hand
term in (12) to TS(V ) sums up to an additive term of O(log2 m̂) for every single edge,
and (m̂ log2 m̂) for all edges.

It follows that TS(V ) = O(t · m̂ log2+1/t m̂). This is optimized by setting t =
log log m̂, obtaining the desired upper bound of O(log2 n̂ · log log n̂) on the average
stretch AS(V ) guaranteed by Algorithm ImpLowStretchTree.

We now return to the proof of (13). We first note that l0(e) is at most O(log m̂) for
every edge e. We then observe that for each index p > 0 and each h(e) ≤ i < h′(e) such

that πi(e) = p, vol (E(U(e, i))) /vol (E(W (e, i))) is at least 2logp/t m̂ (by Lemma 5.1,
(11)).

For h(e) ≤ i < h′(e), let gi(e) = vol (E(U(e, i + 1))) /vol (E(W (e, i))) (note that
the vertex sets W (e, i) and U(e, i + 1) correspond to the same component under
different edge contraction. We then have∏

1≤p≤t−1

(
2logp/t m̂

)lp(e)

≤ m̂
∏

h(e)≤i<h′(e)

gi(e);

hence
∑t−1

p=1 lp(e) logp/t m̂ ≤ log m̂ +
∑

h(e)≤i<h′(e) log gi(e). We will next prove that

(14)
∑
e

∑
h(e)≤i<h′(e)

log gi(e) ≤ m̂ log m̂,

which implies (13).
Let Ei denote the set of edges present at recursion level i. For every edge e ∈ Ei

such that i < h′(e), we have∑
e′∈E(W (e,i))

gi(e
′) = gi(e)vol (E(W (e, i))) = vol (E(U(e, i + 1))) ,

and so ∑
e∈Ei

h(e)≤i<h′(e)

gi(e) = vol (Ei+1) .

As each edge is present in at most O(log m̂) recursion depths,
∑

i vol (Ei) ≤ m̂ log m̂,
which proves (14).

6. Conclusion. At the beginning of the paper, we pointed out that the definition
of stretch used in this paper differs slightly from that used by Alon et al. [1]. If one
is willing to accept a longer running time, then this problem is easily remedied, as
shown in section 1.1. If one is willing to accept a bound of O(log3 n) on the stretch,
then one can extend our analysis to show that the natural randomized variant of
LowStretchTree, in which one chooses the radii of the balls and cones at random,
works.
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A natural open question is whether one can improve the stretch bound from
O
(
log2 n log log n

)
to O(log n). Algorithmically, it is also desirable to improve the

running time of the algorithm to O(m log n). If we can successfully achieve both
improvements, then we can use the Spielman–Teng solver to solve planar diagonally
dominant linear systems in O(n log n log(1/ε)) time.

As the average stretch4 of any spanning tree in a weighted connected graph
is at least 1, our low-stretch tree algorithm also provides an O

(
log2 n log log n

)
-

approximation to the optimization problem of finding the spanning tree with the
lowest average stretch. It remains open whether (a) our algorithm has a better ap-
proximation ratio and (b) one can in polynomial time find a spanning tree with better
approximation ratio, e.g., O(log n) or even O(1).
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REFERENCES

[1] N. Alon, R. M. Karp, D. Peleg, and D. West, A graph-theoretic game and its application
to the k-server problem, SIAM J. Comput., 24 (1995), pp. 78–100.

[2] B. Awerbuch, Complexity of network synchronization, J. ACM, 32 (1985), pp. 804–823.
[3] Y. Bartal, Probabilistic approximation of metric spaces and its algorithmic applications, in

Proceedings of the 37th Annual IEEE Symposium on Foundations of Computer Science,
1996, pp. 184–193.

[4] Y. Bartal, On approximating arbitrary metrices by tree metrics, in Proceedings of the 30th
Annual ACM Symposium on Theory of Computing, 1998, pp. 161–168.

[5] Y. Bartal, private communication, 2005.
[6] E. Boman and B. Hendrickson, On Spanning Tree Preconditioners, manuscript, Sandia Na-

tional Labs, Livermore, CA, 2001.
[7] E. Boman, B. Hendrickson, and S. Vavasis, Solving Elliptic Finite Element Systems in

Near-Linear Time with Support Preconditioners, manuscript, Sandia National Labs, Liv-
ermore, CA, and Cornell University, Ithaca, NY, available online from http://arXiv.org/
abs/cs/0407022 (2004).

[8] P. Crescenzi and V. Kann, eds., A Compendium of NP Optimization Problems, http://
www.nada.kth.se/∼viggo/problemlist/.

[9] Y. Emek and D. Peleg, A tight upper bound on the probabilistic embedding of series-parallel
graphs, in Proceedings of the Seventeenth Annual ACM-SIAM Symposium on Discrete
Algorithms, 2006, pp. 1045–1053.

[10] G. Even, J. Naor, S. Rao, and B. Schieber, Divide-and-conquer approximation algorithms
via spreading metrics, J. ACM, 47 (2000), pp. 585–616.

[11] J. Fakcharoenphol, S. Rao, and K. Talwar, A tight bound on approximating arbitrary
metrics by tree metrics, in Proceedings of the 35th Annual ACM Symposium on Theory
of Computing, 2003, pp. 448–455.

[12] M. R. Garey and D. S. Johnson, Computers and Intractability: A Guide to Theory of NP-
Completeness, W. H. Freeman, New York, 1979.

[13] A. Gupta, I. Newman, Y. Rabinovich, and A. Sinclair, Cuts, trees and �l-embeddings of
graphs, in Proceedings of the 40th Annual IEEE Symposium on Foundations of Computer
Science, 1999, pp. 399–408.

[14] T. C. Hu, Optimum communication spanning trees, SIAM J. Comput., 3 (1974), pp. 188–195.
[15] T. Leighton and S. Rao, Multicommodity max-flow min-cut theorems and their use in de-

signing approximation algorithms, J. ACM, 46 (1999), pp. 787–832.
[16] D. Peleg and E. Reshef, Deterministic polylogarithmic approximation for minimum commu-

nication spanning trees, in Proceedings of the 25th International Colloquium on Automata,
Languages and Programming, 1998, pp. 670–681.

[17] P. D. Seymour, Packing directed circuits fractionally, Combinatorica, 15 (1995), pp. 281–288.
[18] D. A. Spielman and S.-H. Teng, Nearly-linear time algorithms for graph partitioning, graph

sparsification, and solving linear systems, in Proceedings of the 36th Annual ACM Sym-
posium on Theory of Computing, 2004, pp. 81–90.

4In the context of the optimization problem of finding a spanning tree with the lowest average
stretch, the stretch is defined as in [1].



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


