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T he Model

Unweighted undirected graph G = (V, F).

Vertices host processors.

Processors communicate over edges of G.

Communication is synchronous, i.e.,
OCCUrs in discrete rounds.



Running time = # rounds.

All vertices wake up simultaneously.

Vertices have unique Ids
from {1,2,...,n} = [n].

Arbitrarily large messages are allowed,
though short (of size O(logn))
are preferred.



Coloring

A = A(G) - maximum degree of
a vertex in G.

¢ :V — [k] is a k-coloring
if Ve = (u,w) € E, ¢(u) # p(w).

In distributed setting, traditionally
k>N -+ 1.

MIS U:
(1) Vo,we U, (v,w)é¢eE.
(2) Vog U, FueUs.t (u,v)€E.



e (A + 1)-coloring in O(n) rounds is easy.

Color vertices one-by-one:
For each new vertex v there are
< A forbidden colors.

Y

There is always an available color
for v in [A 4 1].

e MIS in O(n) rounds is easy too.

Initialize U «— 0;
Treat vertices one-by-one:
For each new vertex v do:
if T(v) NU = 0 then

v joins U;



The Relation between
Coloring and MIS

Observation: Given «-coloring ¢
an MIS U can be computed in o rounds.

Initialize U = {v | p(v) = 1};
On round 2 each vertex v with p(v) = 2
in parallel does:
if T(v)NU = 0 then
v joins U;

// {v ] o(v) =2} is an independent set

On round 3 each vertex v with p(v) = 3
does the same, etc.



Vertices are only added to U.

A vertex v that decides not to join U,
IS dominated by U at that time,
and stays dominated it.

Hence U is maximal.

THM: [Linial,87] (The opposite direction)
Given an algorithm that computes MIS,
(A + 1)-coloring can be computed

within the same time (using larger messages).



Distributed Coloring -
Known Randomized Results

e (A + 1)-coloring and MIS in O(logn) time.
[Luby,86], [Alon,Babai,Itai,86].

(A + 1)-coloring in O(log A 4+ /logn) time.
[Schneider,Wattenhofer,PODC'10].

e O(A)-coloring in O(+/logn) time
[Kothapalli,Scheideler,Onus,
Schindelhauer,06].

e O(A 4+ logn)-coloring in O(loglogn) time,
and O(A 1099 n + logltl/cp)-coloring in
O(f(c)) = 0O(1) time.
[Schneider,Wattenhofer,PODC'10].



Lower Bounds

e f(A)-coloring requires %Iog*n time.

[Linial,87]

e Coloring A-regular trees in o(v/A) colors
requires w(loga n) time.

[Linial,87]
log A log : .
o Q(log IogA) and Q(@/log Iogn) time is

required for maximal independent set.

[Kuhn,Moscibroda,Wattenhofer,04]



Known Deterministic Results

3-coloring and MIS for an n-path
(or an n-cycle) in log*n time.
[Cole,Vishkin,86]

(A + 1)-coloring and MIS
in 20(2) 4 log*n time.
[Goldberg,Plotkin,86]

(A + 1)-coloring and MIS in O(AZ2 4 log* n)
time, and in O(Alogn) time.
[Goldberg,Plotkin,Shannon,87]

O(A?)-coloring in log*n 4+ O(1) time.
[Linial,87]

Asked: can one get much fewer than
AZ colors in time polylogarithmic in n?
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e (A + 1)-coloring and MIS
in 20(vlognloglogn) time. (Large messages)
[Awerbuch,Goldberg,Luby, Plotkin,89]
Improved to 20(V10gn) time.
[Panconesi,Srinivasan,92]

e (A + 1)-coloring and MIS
in O(Alog A) + log*n time.
[Kuhn,Wattenhofer,06]

e (A + 1)-coloring and MIS
in O(A) 4 51og*n time.
And Vi< A+ 1,

(A + 1) - t-coloring in O(A/t) + & log* n time.

[Barenboim,Elkin, ArXiv'08,STOC'09],
[Kuhn, SPAA’09]



e Al _coloring in O(log A - logn) time,
for any n > 0.

Al+o()_coloring in O(f(A)log A -logn)
time, for any f(A) = w(1).

O(A)-coloring in O(A€-logn) time,
for any € > 0.

[Barenboim,Elkin, PODC'10]

Answers Linial's question
in the affirmative.

(In polylogarithmic time one can get
A - 20(0g A/loglog A)_cooring.)



Special Families of Graphs

e Planar graphs:
(A + 1)-coloring and MIS in O(logn) time
[Goldberg,Plotkin,Shannon,87]

Improved to O(lolgol%”n

[Barenboim,Elkin,08

) time.

e Graphs of bounded growth:
In each locality independent sets are small.
(Yo, largest independent set
in M>(v) has size O(1).)

This family includes Unit Disk Graphs,
and more generally, Unit Ball Graphs,
where the underlying metric has fixed
doubling dimension.

(A + 1)-coloring and MIS in O(log* n) time.
[Schneider,Wattenhofer,08].
Tight (in terms of n).



Graphs of Bounded Arboricity

aka k-inductive or k-degenerate graphs
Def: For G = (V, E),

EU)]

a(G) = max{[|U| —

1:UCV,|U| > 2},

Nash-Williams Thm: (1961)

a(G) is the minimum number of edge-disjoint
forests I3y, Fo,...,F, such that B =U;_; F;,
(FiﬂFj =0 Vi#7).

Example:

A tree T has a(T) = 1.

A cycle C has a(C) = 2.

Planar graphs have arboricity < 3.

Very general family of graphs.
It includes graphs of bounded genus,
graphs of bounded treewidth,
graphs that exclude any fixed minor.
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Coloring Graphs of
Bounded Arboricity

Each graph with arboricity a is 2a-colorable.
Tight.

Distributedly deterministically one can get a
e (2a + 1)-coloring in O(a?-logn) time.

e (24 n)a-coloring in O(a-logn) time,
vn > 0.

o O(t-a)-coloring in O(a- (129" 4 1)) time,

for any parameter t, 1 <t < a.

logn
log q

e O(q-a?)-coloring in O(
for any parameter gq.

+ log* n) time,

[Barenboim, Elkin,08]
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In particular, for a < logl/2—¢p,
(e.g., bounded genus, bounded tree-width, etc.)

(A + 1)-coloring and MIS in O(lo';l%gn) time.

A lower bound:

O(q - a®)-coloring requires Q(Ioglc?j’_fggq) time.

[BEOS8], based on [Linial,87]
More recent upper bounds [BE10]:
altn-coloring in O(loga-logn) time.

Y

(A + 1)-coloring in O(log A -logn) time,
whenever a < Al=7" for some n > 0.

Also, O(a)-coloring in O(af-logn) time.



Line Graphs (Edge-Coloring)

e Line graph L(G) of G-
egdes of G are vertices of L(G),
and two vertices v(eq),v(er) of L(G) are
adjacent if e1,eo are incident in G.

A(L(G)) < 2(A(G) - 1).

2(A—1)4+1=(2A — 1)-edge-coloring
is “analogous” to (A + 1)-coloring.

e
U Vv

e x(L(G)) <£A+1
[Vizing,64]
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Deterministic (2A — 1)-edge-coloring
in O(A +1log*n) time.
[Panconesi,Rizzi,01]

Deterministic O(A log n)-edge-coloring
in O(log%n) time.
[Czygrinow,Hanckowiak,Karonski,01]

Randomized (1 4 e¢)A-coloring in O(logn)
time, as long as A = w(logn).
[Dubhashi,Grable,Panconesi, 98],
[Panconesi,Srinivasan,97]

Deterministic maximal matching
(i.e., MIS in line graphs) in O(log# n) time.
[Hanckowiak,Karonski,Panconesi,99]



Recent Results for
Line Graphs

e Deterministic AlT7-edge-coloring
in O(log A) time, for any n > 0.

e Deterministic Alto(1)_edge-coloring
in O(f(A)log A) time, forany f(A) = w(1).

e Deterministic O(A)-edge-coloring
in O(A€) time, for any € > 0.

[Barenboim, Elkin,10]

Applies also to vertex-coloring graphs of bounded
neighborhood independence:

Vv, largest independent set in M1 (v)
has size O(1).
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e1

€ e
u V

Neighborhood independence of a line graph is
< 2.

But in a line graph, MN>(e) may contain Q(A)
independent vertices. (I.e., a line graph might
not have bounded growth.)



(A + 1)-Coloring

A cornerstone:
O(A?)-coloring in log*n time.
[Linial,87]

Based on:

THM: vn/',r, n' >,

3 family @ = Q(n/,r) of n’ subsets
of {1,2,...,5r2-logn’} s.t.

Vr 4+ 1 sets Qqg,Q1,...,Qr € 9,

QOZ'U Q; -

=1

[Erd&s,Frankl, Furedi,85]



Linial’s Algorithm

e Each vertex v sets
o(v) «— Id(v); n' «— n; r— A.

e Each v computes (locally)
the set system Q = Q(n, Q).

e Each v sends ¢(v) to all its neighbors.
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e Given the colors (Ids)

e(u1), e(uz),...,p(un),
v finds an element

q < Qgp(v) \UZA:1 Q@(uz)

(Exists by EFF’'s thm.)
e Set v(v) « q.

We get 5AZ2 . logn-coloring
in one single round.

The coloring is legal, because for e = (u,v),
g = p(v) € Qu(y) \ Qu(u): aNd ¢ = p(u) € Quy)-

Iterate for log™n rounds
to get O(A?2)-coloring.



Color Reduction

We have a (A + 1)2-coloring o,
computed in log*n time.

Eliminate one color per round,
for (A +1)2— (A + 1) rounds,
to get a (A + 1)-coloring.

Observation:
Each ¢-color class is an independent set.

For each vertex v with p(v) = (A + 1)2,
there is an available color in [A 4 1].



Color Reduction (Cont.)

All vertices v with p(v) = (A + 1)2
select in parallel
an available color i € [A 4 1].

Then do it for vertices v
with p(v) = (A +1)2 -1, etc.,
until p(v) = A 4 2.

Correct, since each time
we recolor an independent set.
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Kuhn-Wattenhofer’s Algorithm
(A + 1)-coloring in O(Alog A) + log*n time.

e Invoke Linial's algorithm to compute
(A + 1)2-coloring ¢ in log*n time.

o Vic [A+1] let

U={v | (-1)-(A+1)+1
< o) <i-(A+ 1)}

e Pair subgraphs G(U7) with G(Us),
G(Us) with G(Us)....
G(UA) with G(UA—I-l)

Consider G(U1 U U»).
It is 2- (A + 1)-colored by o.



e Reduce the 2(A + 1)-coloring of G(U1 U U»)
to get a (A + 1)-coloring of G(U7 UU>») in
2(A+1)—-(A+1)=A+1 rounds.

In parallel, reduce the colorings of
G(U3z3UUy),G(UsUUg),...

Y

In A+ 1 rounds we get
(A 4+ 1)2-coloring of G.



e Redefine U1,Uo,..., U(A—I—l)/Q
in terms of the new (A + 1)2-coloring.
Reduce the number of colors again.

Y

Overall, log(A 4+ 1) phases,
each requires (A + 1) rounds.
That is, (A +1)log(A + 1) time.

Number of colors reduces from (A + 1)2

A+1)2 A+1)2 A+1)2
to (84D o (AHLS (AL — A4 1.

e [ he KW iterative procedure
requires (A + 1) log(A + 1) time.

We also spent log*n rounds
for Linial's algorithm.

The total time of the KW algorithm is
O(Alog A + log*n)
(it computes (A + 1)-coloring).



(A + 1)-Coloring in
O(A) +log*n Time

Def: (Defective Coloring)
[Burr,Jacobson],[Harary,Jones]
[Cowen,Cowen,Woodall] 85-86

Def. The defect of a vertex v wrt
coloring ¢ is the number of neighbors u € ' (v)

with p(u) = o(v).

Def: The defect d of a k-coloring ¢
IS the maximum defect of a vertex wrt o.
@ IS called a d-defective k-coloring.

Thm: [Lovasz,66]
VG, Vp there exists
a |A/p|-defective p-coloring of G.



Thm: [Barenboim,Elkin, ArXiv'08,STOC'09]
VG, ¥p |A/p|-defective O(p?)-coloring of G
can be computed in O(A€) + 5 log*n time,
Ve > 0.

Thm: [Kuhn, SPAA’09]
VG, Vp |A/p|-defective O(p?)-coloring of G
can be computed in O(log* A) 4+ 5 log* n time.

Open: can one efficiently achieve
a linear (in A) product of defect and #colors?

Partial answer: for edge-coloring
it is possible.

Also, for vertex-coloring of graphs
with bounded independence.
[Barenboim,Elkin,10]



(A + 1)-Coloring Algorithm

Compute O (IOQAA)—defective log? A-coloring

of G in o(A) 4+ O(log*n) time,
(p=1log A)

Each color class induces a subgraph with

maximum degree A’ = O (ﬁ).

Subgraphs are vertex-disjoint.

In parallel, compute (A’ + 1)-coloring

in each of the log? A subgraphs

in O(A"log A" 4+ log*n) = O(A + 1og*n) time,
using KW algorithm.

Overall we get
O((A 4+ 1) 10g2 A) = O(A log A)-coloring
@ of the entire original graph.

(Using distinct palettes.)
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e Invoke KWV iterative procedure.

We have O(log A) sets

U={v | ((—-1)(A+1)+1<p)
< i(A+ 1)}
Recolor G(U1 UU») in (A + 1) colors.

In parallel recolor

G(U3zUUy),... 7G(U(Iog A)-1 U Ulog A).
We get (% - (A 4+ 1) log A)-coloring within
additional (A 4+ 1) time.

Y

After log(log A) phases we get
2IogllogA - (A+1)-logA = (A + 1)-coloring.

Overall running time is
O((A+1)-loglogA +log*n) + o(A).



This is a self-improving scheme!

Now we have (A + 1)-coloring algorithm that
runs in O(Aloglog A + log*n) time.

e Compute O (log %g A)—defective

(log log A)2-coloring
in o(A) + O(log*n) time.

/] A
* A= loglog A~

Compute (A’ + 1)-coloring of each
subgraph in

O(A’loglog A’ +log*n) = O(A + log*n)
time.

e Combine these colorings into
an O(Aloglog A)-coloring of G
(in zero time).



e Reduce the O(A -loglog A)-coloring via
KW iterative procedure
into a (A + 1)-coloring
within O(A -10g®3) A + log* n)
additional time.

Overall we get (A + 1)-coloring in
o(A - 1093 A + log*n) time.

Y

Repeating this argument log* A times we
get (A + 1)-coloring in O(A + log*n) time.



A tradeoff (an application)

vt, O(A -t)-coloring in O(A/t + log*n) time.
(Interpolates between Linial's O(A?)-coloring
in log*n time, and our (A + 1)-coloring in
O(A 4+ log*n) time.)

e Compute (A/t)-defective O(t2)-coloring
in O(log*n) time.

e We get O(t2) vertex-disjoint subgraphs,
each with A’ < A/t.

Compute (A’ 4 1)-coloring of each,

in parallel, in

O(A"+ log*n) = O(A/t + log*n),

using the last result for (A’ + 1)-coloring.

e Combine the colorings in zero time
to get O(t2- A)) = O(A - t)-coloring,
in total O(A/t + log*n) time.
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Reminder: Graphs of bounded
arboricity

aka k-inductive or k-degenerate graphs

Def: For G = (V, E),

EU)|

a(G) = max{[|U| —

1:UCV,|U| > 2},

Nash-Williams Thm: (1961)
a(G) is the minimum number of edge-disjoint
forests F4y,F5,...,F, such that B =U;_{ F;,



Graphs with Small Arboricity

Observation 1:

In an n-vertex graph G = (V, E)
with a(G) = a, VYn > 0 there exists
a subset H of Q(n-n) vertices s.t.
Vo € H, deg(v) <(24+n)-a.

It extends the notion of degeneracy:
a graph of degeneracy d

must contain at least one vertex v
with deg(v) < d.

Observation 2: The family of graphs of
bounded arboricity is closed under
taking induced subgraphs.

(Specifically, a(G(V \ H)) < a(@))

Y

We can extract sets H as above multiple times,
and get an H-partition of G.
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Proof of Observation 1

Let an be the # vertices
v with deg(v) < (2 4+ 1) - a.

Suppose for contradiction that a < 7n/3.

U={v|deg(v) > (2+n)- a}.
Hence |[U| = (1 —a)n > (1 —n/3)n.

E(U)| >3(1-n/3)-(24+n)-a-n>a-n.

U
[ E(U)
(@) 2 [ > @
==
QED



H-Decomposition

G = (V,E), a(G) =a. Fixn> 0.

Go — G-

Hy —{veV|deg(v,V)<(2+mn)-a};
G1— (V\Hy, E(V\ Hy));

a(G1) < a(Go);

Hy —A{veV\Hy |deg(v, V\Hi) <(2+mn)-a};

7—1
Hj — {UEV\_L_.JlH’i
z—j_l
| deg(o, VAU H) < (2 41) - o}
1=1



For some /¢, all vertices v in Hy=V \ Uf;% H;
have deg(v, Hy) < (2+1n) - a.

H, is the last set in the H-decomposition.
¢ - the number of H-sets.

On each step at least an Q(n)-fraction
of all vertices is eliminated.

So (1-QM)f<1/n, ie.,

(= 0(% logn).



I_Il

H, H_, H,

A=24n)-a, n>0

Vi € [¢], Yv € H;, deg(v,Ufzi H;) < A
i . 14 .

In particular, deg(v, H;) < deg(v,Uj:Z-H]) < A.

The H-decomposition can be computed

in O(¢) = O(logn) time.
(One round for each H;.)

[Zhou,Nishizeki,95],
[Barenboim,Elkin,08]



Coloring Using H-Decomposition

e Compute an H-decomposition
Hi,Hp,...,Hy in O(f) = O(logn) time.

e In parallel, in each H; compute
(A + 1)-coloring ¢ in O(A 4+ log*n) time.
(A(H;) < A)

e Recolor to obtain an (A + 1)-coloring
of the entire original graph G.

On this step we spend
O(A-¢) = O(a-logn) time.
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Recoloring (Producing v)

Spend (A + 1) rounds on each set H;,.

Start with Hy.
Each v € Hy sets ¢¥(v) «— ¢(v).

Proceed to Hy_1.
Vr € [A 4 1],
Hj y ={veH 1]p()=r}

Recolor one p-color class at a time.
(Each ¢-color class is an independent set.)

Suppose for some r € [A], that
H} {U...UH} ; are already recolored.



Consider v € ng'll.
v has < A neighbors in H)UHy_1.
U

v has < A recolored neighbors.
(Because those are in HyUU H) .



1
-1

Hence there is a color ¢ = c¢(v) € [A 4+ 1]
s.t. no recolored neighbor u of v

has ¥(u) = c.

All vertices v € Hy 1}
compute in parallel ¢(v) and

set Y (v) «— c¢(v).

Since ng'll is an independent set,
the new coloring v is legal.



The algorithm:

1 2 A41.

Recolor H; 4, then Hé_l,...,HAE_1 :
1 2 +1.
then recolor Hy o, Hy »,..., H,” 57,

1 172 A+1
Hy,Hi,...,Hy .

There are A+ 1 color classes in each H;,
and ¢ sets H;.

One round per color class.
Overall O((A+4+1)-4) = O(a-logn) time.

Thm: (24 n) -a-coloring can be computed
in O(a-logn) time.

[Barenboim,Elkin,08]



Further Results on
Arboricity Coloring

Vi = O(1),
. 2
(2 +n)itl.g-coloring in O(a™2 -logn) time.

E.g.,

(2 4+ 1) - a-coloring in O(a-logn) time.

(4 + n) - a-coloring in O(a?/3-logn) time.
(8 +n) - a-coloring in O(al/2.logn) time.

Hence,

O(a)-coloring in O(af-logn) time.
altn-coloring in O(loga-logn) time.
alto_coloring in O(f(a) -loga-logn) time,
for any function f(a) = w(1).



All this applies when replacing a by A.

Y

(A + 1)-coloring in O(log A -logn) time,
whenever a < A1=7, for some constant n > 0.

[Barenboim,Elkin PODC'10]

Open: Improve this result.
Achieve sublogarithmic time?
Or, O(a)-coloring in polylogarithmic time?

(Rather than alto(1)_coloring in
polylogarithmic time.)



Forest Decomposition

Another view of H-decomposition.

I_Il

H, H_, H,

Vi € [¢], Yv € H;,

V(u,v) with w € H;, v € H;, j > 1,
call w a parent of v.

Also, V(u/',v) with v/',v € H;,

and Id(u") > Id(v),
call v a parent of v.
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v has < A parents,
and for every edge, exactly one of the end-
points is a parent of the other.

Each vertex v labels edges (v,u) s.t.
u is a parent of v with numbers 1,2,..., A.

(G is decomposed into < A
edge-disjoint forests.

(Forest of edges labeled by 1, by 2, ..., by A.)



Applications of
Forest Decomposition

THM: vn/',r, n' >r,

3 family Q@ = Q(n/,r) of n’ subsets
of {1,2,...,5r% -logn'} s.t.

Vr 4+ 1 sets Qg,Q1,...,Qr € 9,

QOZ'U Q; -

=1

[Erd&s,Frankl,Furedi,85]



Algorithm Arb-Linial (BEOS8

Each vertex v sets
o(v) «— Id(v); n/ «—n; r — A.

Each v computes (locally)
the set system Q = Q(n, A).

Each v sends ¢(v) to all its children.

Given the colors (Ids) of its parents

Qp(ul)a Qp(uQ)a SR QO(’LLA),
v finds an element

q € Qu(v) \ Ule Qo(uy)-

Set p(v) «— q.

)
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The coloring is legal because for
every edge (v,u) s.t. w is a parent of v,

p(v) = q € Quy) \ Quy) aNd w(u) =4’ € Qu(y)-
We get 5A2 . log n-coloring in one single round.

Iterate for log* n rounds to get O(A2)-coloring.
+O(logn) time for computing
the forest decomposition.

Thm: [BEOS]
O(a?)-coloring can be computed
in O(logn) time.

This can be modified to get

O(a? - log€n)-coloring in O (Io'glgogn> time.

For a = O(1) (e.g., planar graphs),
this implies O(log®n)-coloring

: logn :
in O (log 00 n) time.




If A <log®n then we obtained
(A + 1)-coloring in sublogarithmic time.

If A > log®n then in
O(logén) — (A + 1) = O(log¢n)
additional time we get (A + 1)-coloring.

Also, in both cases, in O(log®n) additional
time we get an MIS.

Thm: [BEO0S]
For graphs with a = O(logl/2=¢€p),
(A + 1)-coloring and MIS can be computed

: logn :
in O (log 100 n) time.

(Improved logarithmic bounds of
[Goldberg,Plotkin,Shannon,87].)



Open Questions

. (A + 1)-coloring or MIS in deterministic
polylogarithmic time?

Or at least O(A)-coloring.

log A
O(Iog log A>

Currently we have A - 2 coloring.

: AQ—E—coloring in sublogarithmic time?

. (A 4 1)-coloring in o(A) time?
Or a lower bound?

Currently we have O(A) + 3 log*n time.
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4. A /p-defective O(p)-coloring in
deterministic polylogarithmic time?
(Known for edge-coloring, and for
vertex-coloring of graphs with bounded
neighborhood independence.)

5. (2a + 1)-coloring faster than in O(a?logn)
time?
(2 4+ n) - a-coloring faster than in O(alogn)
time?

We know
(2 + n)/€a-coloring in O(af-logn) time,
and alt€-coloring in O(loga - logn) time.

There is also a lower bound of Q('Igg?;)

for O(a?)-coloring.

So unlike graphs with bounded degree,
for graphs of bounded arboricity one
cannot hope for sublogarithmic time.



