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What is an Operator Algebra?

Definition
An operator algebra is a subalgebra of the algebra of all
operators on a (complex) Hilbert space, B(H).

Usually assumed norm closed or ultra-weakly closed, unital or
approximately unital.
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What’s wrong with the answer?

You get more than you asked for: You get an algebra plus
a preferred module. How do you separate the intrinsic
properties of the algebra from the artifacts of the way in
which it is represented on Hilbert space? How are the
special properties of Hilbert space reflected?
These questions were fundamental to Murray and von
Neumann’s pioneering work. How to answer them without
assuming self-adjointness?
What is the category of operator algebras?
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Responses

Arveson - Subalgebras of C ∗-algebras, Acta Math. 1969:
C ∗-envelopes and operator space technology.
Blecher, Ruan and Sinclair, A characterization of operator
algebras, 1990.
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Finite Dimensional Algebra?

A Halmos Doctrine: If you have a question about operators
on infinite dimensional Hilbert space, first formulate it and
answer it on finite dimensional Hilbert space.
How to extend the theory of finite dimensional algebras to
Hilbert space?
How to generate a rich, representative class of examples?
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A Serendipitous Confluence

Hochshild: On the structure of algebras with nonzero
radical, Bulletin AMS 1947.
Every finite dimensional algebra over an algebraically
closed field is isomorphic to a (special) quotient of a tensor
algebra.
The origins of quiver theory - P. Gabriel.
Pimsner: A class of C ∗-algebras generalizing both
Cuntz-Krieger algebras and crossed products by Z, Fields
Institute 1997. The Cuntz-Pimsner algebra of a
C ∗-correspondence.
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Our Starting Point

Theorem (M and Solel, JFA 1998)

If E is a C ∗-correspondence and if T+(E ) is its tensor algebra,
then the C ∗-envelope of T+(E ) is the Cuntz-Pimsner algebra of
E , O(E ).
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Goals Of This Talk

Following a well known and effectacious path, I will show
how T+(E ) can profitably be studied as a space of
(analytic) functions on its space of completely contractive
representations.
I want to indicate how this function theory transforms
under Morita equivalence.
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Definitions

M - a W ∗-algebra, i.e. a C ∗-algebra that is a dual space.

Focus on the case when M is finite dimensional. Even M = C is
very interesting.

E - a W ∗-correspondence over M, i.e.

1 E is a (right) Hilbert C ∗-module over M.
2 E is self-dual.
3 E has a left action of M given by a normal representation

ϕ of M in L (E ).
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Examples

(Basic Example) M = C, E = Cd , 1≤ d ≤ ∞.
(C∞ := `2(N))

G = (G 0,G 1, r ,s) - finite directed graph. M := `∞(G 0) (so
that M is simply Cn, for some n, viewed as a W ∗-algebra),
E := `∞(G 1) with structure given by

(ϕ(a)ξb)(e) = a(r(e))ξ (e)b(s(e)) , a,b∈M, ξ ∈E , e ∈G 1

〈ξ ,η〉(v) = ∑
s(e)=v

〈ξ (e),η(e)〉, ξ ,η ∈ E , v ∈ G 0.

Note: Every W ∗-correspondence over a finite dimensional
commutative W ∗-algebra comes from a finite directed
graph.
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Examples (cont.)

M - a W ∗-algebra, Φ : M →M - a normal, unital
completely positive map.

E - the GNS correspondence of
Φ: E = M⊗Φ M - the completion of M⊗M in the inner
product 〈a1⊗b1,a2⊗b2〉 := b∗1Φ(a∗1a2)b2. Obvious left
and right actions of M.

If Φ is a (not-necessarily-unital) normal endomorphism of
M, then M⊗Φ M is naturally isomorphic to ΦM - the
identity Hilbert M-module with left action determined by
Φ.
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identity Hilbert M-module with left action determined by
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More Definitions

Every Hilbert C ∗- module over M has a unique self-dual
completion.

E⊗n :=self-dual completion of the balanced C ∗- tensor
power of E .

The Fock space of E , F (E ) := ∑n≥0E⊗n - the self-dual
completion of the C ∗-Hilbert module direct sum.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

More Definitions

Every Hilbert C ∗- module over M has a unique self-dual
completion.

E⊗n :=self-dual completion of the balanced C ∗- tensor
power of E .

The Fock space of E , F (E ) := ∑n≥0E⊗n - the self-dual
completion of the C ∗-Hilbert module direct sum.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

More Definitions

Every Hilbert C ∗- module over M has a unique self-dual
completion.

E⊗n :=self-dual completion of the balanced C ∗- tensor
power of E .

The Fock space of E , F (E ) := ∑n≥0E⊗n - the self-dual
completion of the C ∗-Hilbert module direct sum.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

More Definitions

F (E ) is a W ∗-correspondence over M, with left action
denoted ϕ∞. Thus ϕ∞ : M →L (F (E )) is given by
ϕ∞(a) = ∑

⊕
ϕn(a), where

ϕn(a)(ξ1⊗ξ2⊗·· ·) = (ϕ(a)ξ1)⊗ξ2⊗·· · .

For ξ ∈ E , and η ∈F (E ),

Tξ η := ξ ⊗η .

Tξ ∈L (F (E )) and is called the (left) creation operator
determined by ξ .
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The Tensor Algebra and the Hardy Algebra

Definition
The norm-closed subalgebra of L (F (E )) generated by ϕ∞(M)
and {Tξ | ξ ∈ E} is called the tensor algebra of E and is
denoted T+(E ).

The C ∗-algebra generated by T+(E ) is called
the Toeplitz algebra of E and is denoted T (E ). The ultra-weak
closure of T+(E ) in L (F (E )) is called the Hardy algebra of E
and is denoted H∞(E ).
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The Tensor Algebra and the Hardy Algebra -
Examples

Examples

(The Basic Example) M = C, E = Cd .

T+(Cd ) is
Popescu’s noncommutative disc algebra Ad and H∞(Cd ) is
his noncommutative Hardy space F∞; it is also Davidson
and Pitts’s noncommutative analytic Toeplitz algebra Ld .

When E = E (G ), G = (G 0,G 1, r ,s), then T+(E ) is the
norm closure of (a faithful representation of) the path
algebra of G .

If E = ΦM, then T+(E ) and H∞(E ) are called analytic
crossed products - first considered by Kadison and Singer,
and then by Arveson. Every E is Morita equivalent to a
ΦM in a sense to be described below.
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1 Background: What is an Operator Algebra?

2 Operator Tensor Algebras
The Setting
Functions

3 Multiplier Spaces

4 Morita Equivalence
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Intertwiners and Discs

Definition

Given a W ∗-representation σ : M → B(Hσ ), the map σE from
L (E ) to E ⊗σ Hσ defined by σE (T ) = T ⊗ I is called the
representation of L (E ) induced by σ (in the sense of Rieffel.)

Notation

I(σE ◦ϕ,σ) := {z : E ⊗σ Hσ → H | zσE ◦ϕ(·) = σ(·)z} - the
intertwiner space.
D(E ,σ) := {z ∈ I(σE ◦ϕ,σ) | ‖z‖< 1} - the open unit disc.
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Tensors as Functions (von Neumann’s Inequality)

Theorem (M-Solel J.F.A. 158 (1998))

Given z ∈ D(E ,σ) , define z×σ by z×σ(ϕ∞(a)) := σ(a) and
z×σ(Tξ )(h) := z(ξ ⊗h), a ∈M, ξ ∈ E, and h ∈ Hσ . Then
z×σ extends to a completely contractive (c.c.) representation
of T+(E ) on Hσ .

Conversely, given a c.c. representation ρ of
T+(E ), then ρ = z×σ , where σ := ρ ◦ϕ∞ and
z(ξ ⊗h) := ρ(Tξ )h. Further, for F ∈T+(E ), the B(Hσ )-valued
function F̂σ , defined on D(E ,σ) by F̂σ (z) := z×σ(F ), is
continuous and it is analytic on D(E ,σ). Further, still,
supz∈D(E ,σ) ‖F̂σ (z)‖ ≤ ‖F‖.
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Tensors as Functions - H∞(E )

Theorem (M-Solel Math. Ann. 330 (2004))

If z ∈ D(E ,σ), then z×σ extends to an ultra-weakly
continuous, completely contractive representation of H∞(E ) in
B(Hσ ) and for F ∈ H∞(E ), the B(Hσ )-valued function F̂σ ,
defined on D(E ,σ) by F̂σ (z) := z×σ(F ), is bounded and
analytic.

Remark (M-Solel on line at IEOT)

Some z×σ , with ‖z‖= 1, may extend to H∞(E ). These are
called absolutely continuous.
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Tensors as Functions - the Basic Example

Example

M = C, E = Cd , and assume σ represents C on Cn.

Then
D(E ,σ) = {(Z1,Z2, · · · ,Zd ) ∈Mn(C)d | ‖∑

d
i=1ZiZ ∗i ‖< 1} - the

set of all strict row contractions of length d in Mn(C). If
F ∈T+(Cd ), then F = ∑w∈F+

d
awSw , where Sw is the word in

the creation operators, Si , Siξ := ei ⊗ξ , ξ ∈F (Cd ) - {ei}di=1
an o.n. basis for Cd . The function F̂σ on D(E ,σ) is given by
the formula F̂σ (Z1,Z2, · · · ,Zd ) = ∑w∈F+

d
awZw , where the Zw

are the appropriate words in the Zi and the series converges
uniformly and absolutely on each ball of radius < 1; i.e., F̂σ lies
in a certain completion of the algebra of d generic n×n
matrices.
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Basic Problem

Let
Σ = {σ : M → B(Hσ ) | σ is a normal representation on Hσ}.
The set of all completely contractive representations of T+(E )
is Ω :=

⋃
σ∈ΣD(E ,σ) - a generalization of what Voiculescu,

following Taylor, calls a fully matricial set

(Think about
D(E ,σ1⊕σ2).) and each F ∈T+(E ) gives rise to a function F̂
on Ω to

⋃
σ∈ΣB(Hσ ) - the restriction of F̂ to D(E ,σ) is what

we called F̂σ . F̂ is a generalization of Taylor’s and Voiculescu’s
fully matricial functions.

Problem

What sort of properties do the functions F̂ , F ∈T+(E ), have?
How should we think about them?
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Completely Positive Definite Kernels

Let Ω be a set, let A and B be C ∗-algebras, and let
B(A,B) be all bounded operators from A to B .

K : Ω×Ω→B(A,B) is called completely positive definite
(c.p.d.) in case for each finite set of points
{ω1,ω2, . . . ,ωn} in Ω, for each choice of n elements in A,
a1,a2, . . . ,an, and for each choice of n elements in B ,
b1,b2, . . . ,bn, the inequality

n

∑
i ,j=1

b∗i K (ωi ,ωj)[a∗i aj ]bj ≥ 0

holds in B .
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RKCs

Theorem (Barreta, Bhat, Liebscher, and Skeide, JFA 212
(2004))

Every c.p.d. K : Ω×Ω→B(A,B) has a unique minimal
Kolmogorov decomposition: (AXB ,v(·)), where AXB is an
A,B-correspondence and v : Ω→ AXB is a function such that

K (ζ ,ω)[a] = 〈v(ζ ),a · v(ω)〉.

Ball, Biswas, Fang and ter Horst have done work along this line.
Our approach is similar in some respects, but adds another
perspective.
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The Szegö Kernel

Definition
If σ is a normal representation of M on the Hilbert space Hσ ,
then the kernel KS : D(E ,σ)×D(E ,σ)→B(σ(M)′,B(Hσ )),
defined by the formula

KS(z,w) = (ι−θz,w)−1,

where ι denotes the identity map on σ(M)′ and where
θz,w(a) = z(IE ⊗a)w∗, a ∈ σ(M)′, is called the Szegö kernel for
D(E ,σ).

Observation
θz,w takes its values in σ(M)′ so KS is makes sense.
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The σ -dual

Definition

The σ -dual of E is defined to be I(σ ,σE ◦ϕ) = I(σE ◦ϕ,σ)∗

and is denoted Eσ .

Proposition

Eσ is a W ∗-correspondence over σ(M)′: Bimodule:

a ·ξ ·b := (IE ⊗a)ξb

and σ(M)′-valued inner product:

〈ξ ,η〉 := ξ
∗
η ξ ,η ∈ Eσ .

Remark
θz,w(a) = 〈z∗,a ·w∗〉, a ∈ σ(M)′, z,w ∈ D(E ,σ).
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The Dual Transform

Lemma
Define U : F (Eσ )→F (E )σ by

U(ξ1⊗ξ2⊗·· ·⊗ξn) := (IE⊗(n−1)⊗ξ1)(IE⊗(n−2)⊗ξ2) · · ·(IE⊗ξn−1)ξn.

Then U is an isomorphism of σ(M)′-correspondences.

Note, in particular, that for ξ ∈F (Eσ ),

U(ξ
⊗n) = (IE⊗(n−1)⊗ξ )(IE⊗(n−2)⊗ξ ) · · ·(IE ⊗ξ )ξ := ξ

(n).

Remark
F (E )σ ⊆ B(Hσ ,F (E )⊗σ Hσ ) - a
B(F (E )⊗σ Hσ ),B(Hσ )-correspondence with inner product
〈Ξ1,Ξ2〉 := Ξ∗1Ξ2.
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The Cauchy Kernel

Definition
For z ∈ D(E ,σ) the Cauchy kernel, cz, is defined by

cz := (IHσ
⊕ z∗⊕ z∗(2)⊕ z∗(3)⊕·· ·).

Observation
cz is an operator from Hσ to F (E )⊗σ Hσ with
‖cz‖ ≤ (1−‖z‖)−1. If M = E = C and if σ is the 1-dimensional
representation of C on C = Hσ , then F (E )σ may be identified
with `2(Z+) and for ξ ∈ H2, ξ (z) = 〈cz, ξ̌ 〉, where ξ̌ is the
sequence of Taylor coefficients of ξ .
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The Szegö Correspondence

Theorem
For a ∈ σ(M)′ and z,w ∈ D(E ,σ),

KS(z,w)(a) = 〈cz,a · cw〉

where the inner product is in F (E )σ .

Consequently, KS is
c.p.d., and the Kolmogorov decomposition of KS may be
realized in B(Hσ ,F (E )⊗σ Hσ ) as the ultra-weakly closed
σ(M)′,B(Hσ )-bimodule, F(E ,σ), generated by
{cz | z ∈ D(E ,σ)}.
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The Proof

Proof.

KS(z,w)[a] = (ι−θz,w)−1[a] =
∞

∑
n=0

θ
n
z,w[a]

=
∞

∑
n=0

θz,w ◦θz,w ◦ · · · ◦θz,w︸ ︷︷ ︸
n

[a] =
∞

∑
n=0
〈z∗(n),a ·w∗(n)〉= 〈cz,a ·cw〉
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Functional Representation

Definition

For ξ ∈ F(E ,σ), we define ξ̂ (z) := 〈cz,ξ 〉.

ξ̂ is an analytic B(Hσ )-valued function on D(E ,σ).

We define H2(E ,σ) := {ξ̂ | ξ ∈ F(E ,σ)} and give
H2(E ,σ) the structure of a σ(M)′,B(Hσ )-correspondence,
so that ξ → ξ̂ is isometric.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

Functional Representation

Definition

For ξ ∈ F(E ,σ), we define ξ̂ (z) := 〈cz,ξ 〉.

ξ̂ is an analytic B(Hσ )-valued function on D(E ,σ).

We define H2(E ,σ) := {ξ̂ | ξ ∈ F(E ,σ)} and give
H2(E ,σ) the structure of a σ(M)′,B(Hσ )-correspondence,
so that ξ → ξ̂ is isometric.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

Functional Representation

Definition

For ξ ∈ F(E ,σ), we define ξ̂ (z) := 〈cz,ξ 〉.

ξ̂ is an analytic B(Hσ )-valued function on D(E ,σ).

We define H2(E ,σ) := {ξ̂ | ξ ∈ F(E ,σ)} and give
H2(E ,σ) the structure of a σ(M)′,B(Hσ )-correspondence,
so that ξ → ξ̂ is isometric.



Tensor
Algebras

P. Muhly
and B. Solel

Background:
What is an
Operator
Algebra?

Operator
Tensor
Algebras
The Setting
Functions

Multiplier
Spaces

Morita
Equivalence

The Drury-Arveson Space

Example

Let M = C, let E = Cd , and let σ : C→ C be the one
dimensional representation.

Then D(E ,σ) = Bd , the unit ball in
Cd . F (E )σ = F(E ,σ) = the symmetric Fock space. H2(E ,σ)
is the Drury-Arveson space. Our development of F(E ,σ) and
H2(E ,σ) is Arveson’s. (cf. Arveson, Acta Math 181 (1998),
Section 1)
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Multipliers

Definition

A function Φ : D(E ,σ)→ B(Hσ ) is a multiplier of H2(E ,σ) if
and only if

Φ(·)ξ (·) ∈H2(E ,σ)

for all ξ ∈H2(E ,σ).

M(E ,σ) := all multipliers of H2(E ,σ);
Mc(E ,σ) := {Φ ∈M(E ,σ) | Φ ∈ C (D(E ,σ),B(Hσ ))}.

Proposition

M(E ,σ)⊆L (H2(E ,σ)) and X ∈L (H2(E ,σ)) is a multiplier
given by Φ ∈M(E ,σ) iff X ∗ĉz = ĉzΦ(z)∗, for all z ∈ D(E ,σ).
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Functional Representation

Since H2(E ,σ)B(Hσ ) is isomorphic to F(E ,σ) - an ultraweakly
closed W ∗-submodule of B(Hσ ,F (E )⊗σ Hσ )B(Hσ ), there is a
σ(M)′,B(Hσ )-correspondence coisometry V from
B(Hσ ,F (E )⊗σ Hσ )B(Hσ ) onto H2(E ,σ).

Theorem
Define ρ : L (F (E ))→L (B(Hσ ,F (E )⊗σ Hσ )B(Hσ )) by
ρ(A)Ξ = (A⊗ I )Ξ and define π : H∞(E )→L (H2(E ,σ)) by
π(F ) := Vρ(F )V ∗. Then

1 ρ is a normal ∗-representation.
2 For F ∈ H∞(E ), ρ(F )∗ leaves F(E ,σ) invariant.
3 π is an ultraweakly continuous c.c. representation of

H∞(E ) on H2(E ,σ).
4 π(F ) is a multiplication operator with symbol F̂σ .
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Schur Class Functions

Theorem (M - Solel, Doc. Math. 13 (2008))

The following are equivalent:

1 Φ is a multiplier of H2(E ,σ) with multiplication operator
of norm at most one.

2 The kernel

KΦ(z,w) := (ι−Ad(Φ(z),Φ(w))◦KS(z,w)

is a completely positive definite kernel on
D(E ,σ)×D(E ,σ) with values in B(σ(M)′,B(Hσ )),
where, in general, for any Hilbert space H and any
a,b ∈ B(H), Ad(a,b) : B(H)→ B(H) is defined by
Ad(a,b)(X ) := aXb∗.

3 Φ = F̂σ for an element F ∈ H∞(E ), with ‖F‖ ≤ 1.
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The Quotient

Theorem (Gurevich-Meyer)

Let J =
⋂

z∈D(E ,σ) ker(z×σ). Then J is an ultra-weakly closed
ideal in H∞(E ) and π passes to an ultra-weakly continuous,
completely isometric representation of H∞(E )/J in
L (H2(E ,σ)). Its image is M(E ,σ);

the image of T+(E ) is
Mc(E ,σ).

Gurevich and Meyer show how to represent H∞(E )/J
completely isometrically on Hilbert space a la Davidson and
Pitts, for any homogeneous ultraweakly closed two-sided ideal in
H∞(E ). Viselter has similar results for ideals in T+(E ) using
subproduct systems.
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Functional Models

Definition

For z ∈ D(E ,σ), let ∆∗(z) = IF (E)⊗ (IHσ
− zz∗)

1
2 . The Poisson

Kernel (evaluated at z) is

K (z) := ∆∗(z)cz.

Theorem (The Poisson Integral Formula and Canonical Model,
CAOT 3, (2009))

For F ∈ H∞(E ) and z ∈ D(E ,σ), K (z) is an isometry mapping
Hσ to F (E )⊗σ Hσ , ρ(F )∗K (z) = K (z)F̂σ (z)∗ and

K (z)∗ρ(F )K (z) = K (z)∗π(F )K (z) = F̂σ (z) = z×σ(F).
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Morita Equivalence for Correspondences

Definition
Suppose (Ei ,Mi ) are W ∗-correspondences, i = 1,2. We say that
E1 is (strongly) Morita equivalent to E2 in case there is a
(strong) Morita equivalence bimodule X = M1XM2 such that
E1⊗M1 X 'X ⊗M2 E2.

Theorem (M-Solel, Proc. London Math. Soc. 81 (2000))

Suppose (E1,M1) and (E2,M2) are S.M.E. via X = M1XM2

and that W : E1⊗M1 X →X ⊗M2 E2 is a correspondence
isomorphism. Then W extends to
W̃ : F (E1)⊗M1 X →X ⊗M2 F (E2) so that if
X := F (E1)⊗M1 X and Y := F (E2)⊗M2 X ∗, then
(T+(E1),T+(E2),X ,Y ,(·, ·), [·, ·]) is a Morita context in the
sense of Blecher-M-Paulsen, where (·, ·) and [·, ·] are
implemented via W̃ .
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Morita Equivalence Pairings

X ⊗hT+(E2) Y = (F (E1)⊗M1 X )⊗hT+(E2) (F (E2)⊗M2 X ∗)

W̃−→ (X ⊗M2 F (E2))⊗hT+(E2) (F (E2)⊗M2 X ∗)

→X ⊗hM2 T+(E2)⊗hM2 X ∗

→T+(E1)
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Morita Equivalence and Discs

Theorem (M - Solel, NYJM 17a (2011))

Suppose (E1,M1) and (E2,M2) are S.M.E. via X = M1XM2

and that W : E1⊗M1 X →X ⊗M2 E2 is a correspondence
isomorphism. Given σ : M2→ B(Hσ ), let
σX : M1→ B(X ⊗σ Hσ ) be the induced representation of M1.
Then, for z ∈ D(E2,σ), the map zX := (IX ⊗ z)(W ⊗ IHσ

) lies
in D(E1,σ

X ) and the map z→ zX is an isometry mapping
D(E2,σ) onto D(E1,σ

X ).
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Morita Equivalence and Multipliers

Theorem
Suppose (E1,M1) and (E2,M2) are S.M.E. via X = M1XM2 ,
then for every normal representation σ of M2, Mc(E2,σ) and
Mc(E1,σ

X ) are Morita equivalent in the sense of
Blecher-M-Paulsen.
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Stabilization

Example

(Cd ,C) is S.M.E. to ( αB(H),B(H)) where H := `2(Z+), and α

is the endomorphism of B(H) determined by a d -tuple of Cuntz
isometries, {Si}di=1.

Indeed, Cd (B(H))⊗B(H) C∞ ' C∞⊗CCd ,
where C∞ = `2(Z+) viewed as B(C, `2(Z+)), Cd (B(H)) is the
space of d ×1 block matrices with entries in B(H), and
V : Cd (B(H))→ αB(H) is the correspondence isomorphism
defined by

V (


a1
a2
...
ad

) :=
d

∑
i=1

Siai .
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space of d ×1 block matrices with entries in B(H), and
V : Cd (B(H))→ αB(H) is the correspondence isomorphism
defined by

V (


a1
a2
...
ad

) :=
d

∑
i=1

Siai .
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pairs of multiplier algebras.
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