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Abstract
We present exact learning algorithms that learn several classes of (discrete)
boxes in {0,...,£ — 1}". In particular we learn: (1) The class of unions of

O(logn) boxes in time poly(n,log{) (solving an open problem of [16, 12]; in [3]
this class is shown to be learnable in time poly(n,{)). (2) The class of unions of
disjoint boxes in time poly(n,t,log{), where t is the number of boxes. (Previ-
ously this was known only in the case where all boxes are disjoint in one of the
dimensions; in [3] this class is shown to be learnable in time poly(n,t,£)). In
particular our algorithm learns the class of decision trees over n variables, that
take values in {0,...,¢ — 1}, with comparison nodes in time poly(n,t,log/),
where ¢ is the number of leaves (this was an open problem in [9] which was
shown in [4] to be learnable in time poly(n,t,{)). (3) The class of unions of
O(1)-degenerate boxes (that is, boxes that depend only on O(1) variables) in
time poly(n, t,log{) (generalizing the learnability of O(1)-DNF and of boxes in
O(1) dimensions). The algorithm for this class uses only equivalence queries
and it can also be used to learn the class of unions of O(1) boxes (from equiv-
alence queries only).
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1 Introduction

The learnability (under various learning models) of geometric concept classes was
studied in many papers (e.g., [8, 11, 13, 5]). A particular attention was given to the
case of discrete domains of points (i.e., {0,...,¢ —1}") and concept classes which are
defined as unions of boxes in this domain (e.g., [22, 23, 15, 2, 16, 17, 24]).

One of the reasons that unions of boxes seem to be interesting concepts is that
they naturally extend DNF formulae (in other words, in the case { = 2 any union of ¢
boxes is equivalent to a DNF formula with ¢-terms). That is, a box can be viewed as
a conjunction of non-boolean properties of the form “the attribute z; is in the range
between a; and b;”. Similar to the special case of DNF functions, the learnability of
unions of boxes in time poly(n,t,log {) (where t is the number of boxes in the union)
is an open problem in all models of learning. Note that to represent such a function
O(t - n -logl) bits are required. Hence efficiency is defined as polynomial in ¢,n and
log {. Research on the problem of learning the class of unions of boxes (again, with
similarity to the case of DNF formulae) attempts to learn sub-classes of this class.
There are two main directions: (1) Sub-classes in which the number of dimensions, n,
is limited to O(1). In this case unions of boxes (and more general geometric concept
classes) are known to be learnable in the PAC model [13] and even in the weaker on-
line model [5]. (2) Sub-classes in which the number of boxes in the union is limited
to O(1) (but the number of dimensions in not restricted). Again, this sub-class is
learnable in the PAC model [21] and in the on-line model [24].

In this work we generalize some of the state-of-the-art results in ezact learning of
DNF formulae [6, 4], hence strengthening several results in direction (2) above. In
particular we show:

1. The class of all unions of O(logn) boxes can be learned in time poly(n,log¢)
(solving an open problem of [16, 12]; in [3] this class is shown to be learnable in
time poly(n,£)). This generalizes a similar result for the class of O(log n)-term

DNF [7, 9, 10, 19, 4].

2. The class of all unions of disjoint boxes (and, more generally, unions of boxes
in which each point belongs to at most O(1) boxes) can be learned in time
poly(n,t,log ), where t is the number of boxes (in [3] this class is shown to
be learnable in time poly(n,t,¢)). This generalizes similar results for learning
disjoint DNF and satisfy-O(1) DNF [6, 4]. (Previously such a result was known
only in the case where all boxes are disjoint in one of the dimensions [11, 14]; in



this case in fact equivalence queries are sufficient.) In particular our algorithm
learns the class of decision trees with comparison nodes in time poly(n,t,log (),
where ¢ is the number of leaves (the learnability of this class was an open problem
in [9]; in [4] it was shown that this class is learnable in time poly(n,t,{)).

3. The class of all unions of O(1)-degenerate boxes, that is boxes that depend only
on O(1) variables, can be learned in time poly(n,t,log¢), where ¢ is the number
of boxes. In this case only equivalence queries are used, i.e. we learn this class in
the on-line model [20]. This result generalizes the learnability of O(1)-DNF and
of boxes in O(1) dimensions. The class of k-degenerate boxes was previously
considered in [17, 18, 24]. Our algorithm for this class also learns the class of
unions of O(1) boxes from equivalence queries only.

The first two results are obtained in two steps: First, in Section 3, we show how
to learn these classes but with complexity which is polynomial in ¢ (and the other
parameters of the problem). This result appears in [3] and is a straightforward gen-
eralization of results in [4]. It is included in this paper for sake of completeness.
Then, in Section 4, we prove the main result of this paper: we show how to (adap-
tively) select a “small” subset of the domain {0,1,...,¢ — 1} which is sufficient for
the learning. Hence, we give a reduction that converts any algorithm for learning
unions of boxes whose complexity is polynomial in £ to an algorithm with complexity
which is polynomial only in log? (and the other parameters of the problem). Fi-
nally, in Section 5 we show how to convert a simple poly(n, ¢, () algorithm that learns
unions of O(1)-degenerate boxes into a poly(n,t,logl) algorithm. In this case, the
poly(n,t,¢) algorithm that we start with does not use membership queries. We use a
refined conversion which does not use memberships queries as well; hence we get an
algorithm with equivalence queries only. This conversion uses specific properties of
the poly(n,t,¢) algorithm.

2 Preliminaries

2.1 The Learning Model

The learning model we use is the ezact learning model [1]: Let C be a class of functions
and f € C be a target function. A learning algorithm may propose, in each step,
a hypothesis function h by making an equivalence query (EQ) to an oracle. If A
is logically equivalent to f then the answer to the query is YES and the learning



algorithm succeeds and halts. Otherwise, the answer to the equivalence query is NO
and the algorithm receives a counterezample — an assignment z such that f(z) # h(z).
The learning algorithm may also query an oracle for the value of the function f on a
particular assignment z by making a membership query (MQ) on z. The response to
such a query is the value f(z). We say that the learning algorithm learns a class of
functions C, if for every function f € C the learning algorithm outputs a hypothesis
h that is logically equivalent to f and does so in time polynomial in the “size” of a
shortest representation of f.

We will sometimes restrict the learning algorithm to use equivalence queries only.
This is equivalent to Littlestone’s on-line model of learning [20].

2.2 Classes of Boxes

In this section we define the classes of boxes that we learn in this paper. We consider
unions of n-dimensional boxes in [¢]* (where [(] denotes the set {0,1,...,¢ — 1}).
Formally, a box in [¢]" is defined by two corners (ay,...,a,) and (by,...,b,) (in [{]")
as follows:

By oanbipn = (21, yxn) 0 Vi, @ < < b}

We view such a box as a boolean function that gives 1 for every point in [¢]" which
is inside the box and 0 to each point outside the box. More generally, the boolean
function corresponding to the union of boxes By, ..., B; is defined to be 1 for every
point in [¢]" which is inside (at least) one of the ¢ boxes and 0 otherwise.

Denote by BOX; the set of all functions that correspond to unions of (at most) ¢
boxes and by DISI-BOX; the set of all functions that correspond to unions of (at most)
t disjoint boxes. A k-degenerate box is a box that depends only on k variables, where
a box depends on the ith variable if either a; # 0 or b; # ¢ — 1. Denote by k — DBOX,
the set of all functions that correspond to unions of (at most) ¢ k-degenerate boxes.
For the case £ = 2 the class BOX; corresponds to the class of t-term DNF, the class
DISJ-BOX; corresponds to the class ({-term) disjoint DNF and the class k& — DBOX;
corresponds to the class (t-term) k-DNF. Note that the number of boxes, t, for a
function in k& — DBOX; can be at most (Z) - 0% This is poly(n,£), for k = O(1), but
may be much larger than log .

Notation: We end this section with some useful notation. Given a set L C [{] (such
that 0 € L) and a letter a € [{] we denote by |a| the largest value in L which is at most
a, that is, |a] £ max{o € L : o < a}. Similarly, we denote [a] £ min{oc € L : 0 > a}
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(if o < a for every o € L then [a| £¢). Whenever we use these notations the ground
set I will be clear from the context. Denote by f;, the function f restricted to the
range L", that is fr, : L™ — {0,1} and fr(z) = f(z) for every € L™. Note that if f

is a union of at most ¢ boxes then so is f7.

3 Learning Boxes Using Hankel Matrices

We consider the learnability, in the exact-learning model, of the classes DISI-BOX; and
BOX((logn)- Our starting point is a recent algorithm of [4, 3] for learning multiplicity
automata. In [3] it is shown that this algorithm can be used to learn DISI-BOX; and
BOX((logn) in time polynomial in £ and the other parameters of the problem (this
is a straightforward generalization of results in [4]). For sake of completeness we
prove this result in this section. In addition, in the Appendix we briefly sketch the
algorithm of [4, 3]. Then, in the next section, we show how to reduce the complexity
to be polynomial in log ¢.

We start with some notations. Let K be a field, ¥ be an alphabet, and f : ¥* — £
be a function. The Hankel matriz corresponding to f, denoted F, is defined as follows:
each tow of F is indexed by a string x € X<"; each column of F is indexed by a
string y € X="; the (z,y) entry of F contains the value of f(zoy) (where o denotes
concatenation) if zoy is of length (exactly) n and the value 0 otherwise.

Theorem 3.1 (BBBKV96) There is an algorithm LEARN_ HANKEL that learns ev-
ery function f : X" — K with time (and query) complexity poly(n,rank(F),|X]),
where rank is defined with respect to the field K. (See Appendiz.)

By the above theorem, to prove the learnability of a concept class it is sufficient
to give an upper bound on rank(F') for the matrices corresponding to functions in
the class. For convenience (and efficiency), we fix K to be GF(2) (although the next
lemma holds for any field).

Lemma 3.2 Lel By,..., B; be t boxes in [{]" such that there is no point x € [{]"
which belongs to more than s boxes and let f be the function corresponding to the
union of these boxes (e.g., for s =1 we gel the functions in DISI-BOX;). Then,

rank(F) < (n4+1) -3 (:)

=1



Proof: Let F'? denote the submatrix of /" whose rows are indexed by strings = € %4
and whose columns are indexed by strings y € "¢ (see Fig. 1). Note that by the
definition of F' all entries which are not in one of the sub-matrices F'¢ are zeroes.
Hence, by linear algebra, rank(F) = >%_,rank(F?). Therefore, it is sufficient to
prove, for every d, that rank(F?) < Y%, (f)

e b En_d En_l b3
€ F°
= F?!
nd F
En—l Fn—l
" | pn

Figure 1: The Hankel matrix F

Let B be any box and denote the two corners of B by (a1,...,a,) and (by,...,b,).
Define functions (of a single variable) p;(z;) : [{] — {0,1} to be 1 if a; < z; < b,
(1 <5 <n) Letg:[{]* — {0,1} be defined by [T7_, p;(2;) (i-e., g(z1,...,2,) is
1 if and only if (z1,...,2,) belongs to the box B). Let G be the Hankel matrix
corresponding to g and G its corresponding submatrix. Every row of G is indexed
by z € X%, and its y-th coordinate can be written as

Giy) = g(xoy) = (l:[ pj(l‘j)) (nlf[ pj+d(yj)) ,

where x = z1...x5and y = y1 ...y,_q. Now, for every z, the term H;l:l p;(x;) is just
a constant a, € {0,1}. Thus, every row G(y) is just a constant times the vector
whose y-th coordinate is H;L:_fl pi+a(y;). This implies that rank(G?) < 1. Finally, note
that if g; is the function corresponding to the box B; then f can be expressed as:

t

fo=1-1I0-g)

=1



= D> 0= 2 (gNg) + .+ (=) 30 A

i |S|=ti€S
= D92 (ghg) + .+ (=) X A
i 0 |S|=s i€S

where the last equality is by the assumption that no point belongs to more than s
boxes. Also note that each term of the form h = A;c5¢; is an intersection of boxes
which is a box by itself. Hence, by the above, the rank of the matrix H¢ corresponding
to each of these terms is at most 1. Since we wrote f as a linear combination of

e (f) such terms we get, by linear algebra, that rank(F?) < 3°5_, (f) L]

Combining the above lemma with Theorem 3.1 we get:

Corollary 3.3 The class BOXo(logn) can be learned in time poly(n, ().

Corollary 3.4 The class DISI-BOX can be learned in time poly(n,t,{) (where t is the
number of boxes in the target functions).

In [19] it is shown how to learn O(log n)-term DNF using deterministic automata.
The algorithm of [19] can also be modified to learn the class BOX0(logn) I time
poly(n,{), yielding a different proof for Corollary 3.3.

4 Reducing the Dependency on /

In this section we reduce the dependency of our algorithm on ¢. For this, we define
the notion of sensitive letters:

Definition 4.1 A lelter o € [{] is called i-sensitive with respect to [ if there exist
lelters ¢1, ..., Ciz1,Cix1y- -+, Cn € [{] such that

fler, o ycici,0 =1, ¢iq1, .o oy6n) Z fle1y oo, Cim1,0,Cig1y oy Cn).
A letter o is called sensitive with respect to f if o is i-sensitive for some 1.

Lemma 4.2 Let f be a function in BOX;. Then, there are at most 2nt sensitive
letters with respect to f.



Proof: If f(e1...cic1,0 — Lycipr...¢y) = 0 and f(er...¢i1,0,¢41...¢,) = 1
then for some box B; the letter o is the :-th coordinate of the lower corner. If
fler, o yciciy0 — 1cign, o oyen) = 1 and f(ery ..., ¢io1,0,¢Ci41, ..., ¢) = 0 then for
some box B; the letter o —1 is the :-th coordinate of the upper corner. Since there are
at most ¢ boxes, in n dimensions, and each is defined by its two corners, the lemma

follows. L]

In Fig. 2 we describe an algorithm to learn the classes BOXo(ogn) and DISI-BOX.
The idea behind the algorithm is to learn the set of sensitive letters with respect to f as
part of learning the function f. At each stage, with the set of current letters, denoted
L, the algorithm tries to learn the function using the algorithm LEARN_HANKEL as
a black box. Either the algorithm succeeds, or it finds another sensitive letter and
starts a new execution of the algorithm LEARN_ HANKEL.

While executing the algorithm LEARN_ HANKEL as a black box, the algorithm
simulates the membership and equivalence queries to f7, asked by this black box,
using its membership and equivalence oracles for f. To answer a membership query
about fr, it simply uses the oracle for f (this is correct since fr(x) = f(z) for every
z € L™). To simulate an equivalence query EQ(h) to fr, using the correspond-
ing oracle for f, the hypothesis h is extended to a hypothesis A" : [¢{]* — {0,1}
by h'(z1,...,2,) = h(|z1],..., |[2s]). (The intuition behind this definition is that
if I contains all sensitive letters then f(z1,...,2,) = fo(|lz1],..., |za]).) If the
equivalence query FQ(h') returns a counter example y then there are two cases.
If flyr,-.-,yn) = f(lval,- -, [yn)) then (|y1],...,|yn]) is a counterexample to
h, and the algorithm passes this counter example to the black box. Otherwise, if
F, - yyn) # f(lyil s, |yn]), then there must be a sensitive letter o in the inter-
val {|yi] + 1,...,y:} for some index ¢. This sensitive letter is found with logn + log ¢
membership queries using a binary search. Then, this sensitive letter is added to L
and a new execution of LEARN_ HANKEL is started.

Using the algorithm LEARN_ SENSITIVE we prove the following results:
Theorem 4.3 The class BOXo(ogn) can be learned in time poly(n,log ().

Proof: We use the algorithm LEARN_ SENSITIVE to learn the class BOXo(1ogn). As
remarked, for every L the function fr, is also a union of O(logn) boxes. By Corol-
lary 3.3, learning the function f;, (Step (2)) ends within time poly(n,|L|). It ends
either by identifying the target function f, or by adding a new sensitive letter to
L (Step (3)). In addition, once L contains all sensitive letters then for every point



ALGORITHM LEARN_ SENSITIVE:
1. L« {0}

2. Learn the function f7, using the algorithm LEARN_ HANKEL.
To answer membership queries about f;, simply use the oracle for f.
To simulate an equivalence query EQ(h) to f:

(a) Define o' : [{]* — {0,1} as h'(z1,...,2,) = h(|z1],..., |2z.]) -
Ask whether A’ = f.
If the answer is “YES” halt with output A’.

Otherwise, we have a counterexample (y1,...,y,) € [{]".
(b) If f(y1,.--,yn) = f(lwa],--., [yn]) (this is checked using a mem-
bership query) then ([y1],..., |yn]) is a counterexample to h —

pass this counterexample to the algorithm for learning f; and
continue its execution.
Otherwise, proceed to Step (3).

3. (Fyrs-ya) # f(lyad sy wal))

Find an index 1 < : < n such that

Tyl - il s yioown) # FUwd - lyioad s Wil s visr -+ )

(this is found with O(log n) MQs using a binary search).
Then, find a letter o such that |y;| +1 <o <y, and

Fllyr] - i1l 0 — Lyigreyn) # f(lyn] - Wiz1] 5 05 Yigr---yn)

(this is found with O(log ) MQs using a binary search).
Set L «— L U{o} and start Step (2) again.

Figure 2: An algorithm for learning the sensitive letters




(y1,---9n) € 17,
fsyn) =yl s lyal) - (1)

At this point, since there are no more sensitive letters, the algorithm for f7, will find a
hypothesis h = f, which by Equation (1) implies 2" = f. By Lemma 4.2 the size of L,
and hence the number of times Step (3) is executed, is O(nlogn). At each time that
a new sensitive letter is inserted to L we spend poly(n,log{) time in searching for
such a letter. All together, algorithm LEARN_SENSITIVE learns the class BOXo(1ogn)
in time poly(n,log ). ]

The above theorem solves an open problem of [16, 12]. The following theorem
shows the learnability of disjoint boxes in time poly(n,t,log¢). This significantly
improves over [11, 14] where a similar result was shown for the case where there
exists a dimension in which all the boxes are disjoint.

Theorem 4.4 The class DISI-BOX can be learned in time poly(n,t,logl) (where t is
the number of boxes in the target function).

Proof: Again, we use the algorithm LEARN_ SENSITIVE to learn this class. By
Lemma 4.2 the size of L, and hence the number of times Step (3) is executed, is O(nt).
At each time that a new sensitive letter is inserted to L we spend poly(n,log{) time
in searching for such a letter. By Corollary 3.4 learning the function f7, (Step (2))
takes time poly(n,t,|L|) (observe that the function f;, always consists of a union of at
most ¢ disjoint boxes). All together, algorithm LEARN_ SENSITIVE learns any function
in DISI-BOX; in time poly(n,t,log (). ]

A special case of disjoint boxes are functions which are represented by decision
trees where each node contains a boolean query of the form “Is z; > 677 (and where
the variables z; and the constants # take values in [¢]). The learnability of this class
was an open problem in [9]. In [4] it was shown that this class is learnable in time
poly(n,t,f) (where ¢ here denotes the number of leaves in the tree corresponding to
f). Algorithm LEARN_ SENSITIVE shows that this class can in fact be learned in time

poly(n,t,log ().

Remark 4.5 Obviously, Corollary 3.4 and Theorem 4.4 can be easily extended to
the case where no point z is contained in more than s boxes, for s = O(1) (note
that Lemma 3.2 is already formulated in a way that allows this extension). Also,
Theorem 4.3 can be extended to learning decision trees of depth O(log n), where each
node contains a boolean query of the form “does x belong to a box B?” (for this result
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we can use Corollary 4.11 from [4] to learn fr,, and slightly generalize Lemma 4.2).
In particular this shows the learnability of any function of O(logn) boxes, and not
only unions of boxes.

Remark 4.6 An improved complexity can be obtained if instead of collecting all
the sensitive letters in a single set [, we would maintain a separate set [; for the
i-sensitive letters.

Remark 4.7 A box is just the product of n intervals one in each dimension. We
can consider more general boxes which are products of (at most) m intervals in each

" “regular” boxes.

dimension. Such a general box can be viewed as the union of m
Nevertheless, it can be easily seen that our algorithms can be extended to this case
as well, with a small increase in the complexity. For example, the union of ¢ disjoint,
general boxes can be learned in time which is poly(n,t,logf,m). This is because
Lemma 3.2 still holds, and since the number of sensitive letters is now bounded by

2mnt.

5 Learning O(1)-Degenerate Boxes

In this section we show how to learn the class ¥ — DBOXy, for k = O(1), using only
EQs. This generalizes the learnability of unions of boxes in O(1) dimensions and,
as will be shown, can be used to learn unions of O(1) boxes in [{]". Again, we
start with an algorithm which is polynomial in ¢ and convert it into an algorithm
which is polynomial in log /. We use a refined transformation which does not use
MQs. However, this transformation is not general and uses specific properties of the
algorithm that we start with.

We first define the class of width one boxes which is a certain class of boxes that
we use in our algorithm.

Definition 5.1 A width one box is a box in which for every dimension either the
width is 1 (i.e., a; = b;) or the box does not depend on the i-th variable (i.e., a; =0
and b; =0 —1).

It is a simple observation that every k-degenerate box can be written as the union
of at most * width one k-degenerate boxes, and hence every function in k — DBOX;
can be written as the union of at most ¢ - £¥ width one k-degenerate boxes. In Fig. 3
we describe a simple algorithm, ELIMINATE_ BOXES, which learns the class £ — DBOX;
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with complexity which is polynomial in ¢, for & = O(1). This algorithm is a variant
of the standard elimination algorithm for learning k-DNF [25].

ALGORITHM ELIMINATE_ BOXES:
1. Make a list @) of all width one k-degenerate boxes.
2. Define a hypothesis h as the union of all boxes in the list .

3. Ask EQ(h).
If the answer is “YES” halt with output A.

4. Otherwise, the answer is “NO” and y is a counterexample.
Remove all the boxes in () that contain y.
Goto 2.

Figure 3: A poly(n, {) algorithm for O(1)-degenerate boxes.

Note that algorithm ELIMINATE. BOXES uses only EQs (i.e., no MQs). We start
with a simple observation about the algorithm.

Claim 5.2 Let f, the target function, be any function in k — DBOX,. In every step
of algorithm ELIMINATE_ BOXES f < h (i.e., f(z) =1 implies h(x) =1).

Proof: As remarked, f can be represented as a union of width one k-degenerate
boxes. Let Q* be the set of these boxes. For proving the claim, it suffices to prove
that at any time Q* C (). This is obviously true at the beginning, since () contains
all width one k-degenerate boxes. Whenever a counterexample y is received, since
@* C @ it must be that h(y) =1 and f(y) = 0; hence, when the boxes that contain y
are removed from @, none of them is in @*. Therefore, after () is modified in Step (4)

still Q* C Q. O

We next prove that the algorithm is correct.

Lemma 5.3 Algorithm ELIMINATE_ BOXES learns the class k—DBOX,, for k = O(1),
in time (and query) complexity poly(n, ().

12



Proof: By the code, if the algorithm halts then its hypothesis is equivalent to f.
We have to prove that the algorithm must halt within poly(n,¢) time. By Claim 5.2,
for every counterexample, h(y) = 1 while f(y) = 0. Thus, every equivalence query
removes at least one width one k-degenerate box from (). The size of () when the
algorithm starts is the number of all width one k-degenerate boxes which is less than
(knk. Thus, algorithm ELIMINATE_ BOXES uses at most £*n* equivalence queries, and
runs in time poly(n*, £%). L]

Using the transformation of Section 4 together with algorithm ELIMINATE_ BOXES
we can learn the class k—DBOX; in time poly(n,,log ¢) with EQs and MQs. However,
our goal is an algorithm that does not use MQs and still has complexity which is
polynomial in log . The idea is again to adaptively learn the sensitive letters. There
are two problems in learning the sensitive letters without MQs. The first problem is
that when algorithm LEARN_SENSITIVE (Fig. 2) gets a counterexample (y1,...,yn)
it decides, using a membership query, whether it can return ([y1],..., |yn]) as a
counterexample to the algorithm that learns the restricted function f1, (Step (2b)).
Since we know that every counterexample in the algorithm ELIMINATE_BOXES is
a negative counterexample (that is, f(y) = 0 while h(y) = 1), we will pass all the
negative counterexamples to the algorithm for f;,, while every positive counterexample
will be used to look for a sensitive letter (we prove below that this strategy works).
The second problem that we face is how to search for a sensitive letter without using
membership queries. We use an idea of [11, 12]: if there is a sensitive letter in a set
{a,a+1,...,b} where @ and b are in L then add (a + b)/2 to L (if (a + b)/2 is not
an integer then add (a 4+ b — 1)/2). In this case the set L of letters that is used by
the algorithm will be a super-set of the sensitive letters. However, the size of L will
still be relatively small.

In Fig. 4 we describe our algorithm FAST _ELIMINATION. Every time that this algo-
rithm reaches Step (6) it adds at least one new letter to L. Furthermore, if L. contains
all the sensitive letters then the algorithm finds a hypothesis that is equivalent to f.
Thus, since L C [{], algorithm FAST_ELIMINATION will eventually halt with the right
answer. Asin Lemma 5.3, if L is the set of letters when the algorithm halts then the
complexity of the algorithm is poly(n*, t* |L|¥). Thus, it remains to prove that when
the algorithm FAST_ELIMINATION halts L is small. This is based on the next claim.

Claim 5.4 FEvery time algorithm FAST_ELIMINATION reaches Step (6) there exists an
index v and a sensitive letter o in {|y;| +1,..., [y:] — 1}.
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ALGORITHM FAST _ELIMINATION:
1. L — {0}.

2. Make a list @) of all width one k-degenerate boxes over the current set

L.

3. Define a hypothesis h : L™ — {0,1} as the union of all boxes in Q.
Extend the hypothesis to [¢]" by:

B'(x1y .y xn) ER(|21] 5.0y [@0])-

4. Ask EQ(h).
If the answer is “YES” halt with output h’.
Otherwise, the answer is “NO” and y is a counterexample.

5. If A'(y) =1 and f(y) =0 then:
Remove all boxes that contain ([y1],..., [yn]) from Q.
Goto (3).

6. (h'(y) =0and f(y) =1.)
For 1 =1 to n do:
I [3i] + Lye] is even then L LU {([y] + vs])/2)
else I LU{(Tyi] + L] — 1)/20.

Goto (2).

Figure 4: A poly(n,t,log{) algorithm for O(1)-degenerate boxes.

Proof: If the algorithm reaches Step (6) then f(y) = 1, i.e. there exists some k-
degenerate box B = By, . 4,55, 10 [ that contains the counterexample y. Consider
the box B’ = By a1 .., whereif a; =0 and b; = { — 1 then a; = 0 and b} = { — 1,
and otherwise a; = b, = |y;|. This is a width one k-degenerate box over L that
contains ([y1],..., [yn]). Since A([y1], ..., [yn]) = 0, this box B’ is not in Q. Let z be

the counterexample that removed B’ from ) in some previous execution of Step (5)

.....

after the last execution of Step (2) (thus, L has not changed since z removed B’ from
Q). For 1 < i < n define w; = y; if B depends on the i-th variable and w; = z;
otherwise. By definition, f(ws,...,w,) = 1 while f(z1,...,2,) = 0. Thus, there
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exists an index ¢ such that
flw, .o wimy, wiy Zig1, - .. 2,) = 1

while
flwi, .o wisy, ziy Zig1y - oo 20) = 0.

This implies that there exists a sensitive letter o such that either z; < o < y; or
y; < 0 < z;. Furthermore, z; # w; and B depends on the ¢-th variable. Therefore,
|zi] = |yi] (since (|z1] ,..., [2n]) € B’) which implies |y;| < z; < [y:]. To conclude,
if z; < o <wy; then |y;] <z <o <y, <[yi| . Thus, the sensitive letter o is in the
interval {|y;] +1,...,[y;| — 1}. The case y; < o < z; is similar. L]

The next theorem completes the analysis of algorithm FAST_ELIMINATION.

Theorem 5.5 The class k—DBOX;, for k = O(1), can be learned in time (and query)
complexity poly(n,t,logl) using equivalence queries only.

Proof: We use the algorithm FAST_ELIMINATION to learn the class & — DBOX;, for
k = O(1). If L contains all sensitive letters then, by Claim 5.4, we can get only
counterexamples y such that A'(y) = 1 and after at most || such counterexamples
the algorithm finds an hypothesis equivalent to f. Therefore, again by Claim 5.4,
the algorithm reaches Step (6) at most log ¢ times per each sensitive letter. By
Claim 4.2, there are O(nt) sensitive letters; hence, the algorithm reaches Step (6) only
O(ntlog () times, and each time it adds at most n new letters to L. That is, |L| =
O(n*tlog {) and the number of boxes in @) (each time the algorithm reaches Step (2))
is O(|L|Fn*) = poly(n*, ¥, log" ). Each time algorithm FAST_ELIMINATION asks an
equivalence query and does not reach Step (6) it holds that A(y) = 1. Le., there is
a box in () that contains ([y1],..., |ys]) and the algorithm removes this box from
Q. In other words, after at most |Q| = poly(n*,t*,1og" £) EQs the algorithm reaches
Step (6). That is, the running time is poly(n*, t*,log" £) which is poly(n,t,log () for
k= 0(1). ]

Remark 5.6 Algorithm FAST_ELIMINATION can be used to learn the class of all
unions of O(1) boxes with only equivalence queries. (This was an open problem
in [15] that was later solved in [24].) The idea is that if we have a function that
can be represented as a union of O(1) boxes, then its negation can be represented
as a union of O(1)-degenerate boxes. Let f be a union of k boxes, that is (using
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the notation of the proof of Lemma 3.2) there exists functions p,, ; : [¢(] — {0,1} for
1 <m < kand1<j <nsuch that f = VF_, 17— pm,j(z;), and pp, ;(z;) = 1 if z;
is in some interval. Therefore,

T = \/ H Pi; (l’ij) .

il,...,ike{l,...,n} 7=1

In words, a point z is not in the union of k& boxes if there exist coordinates 2q,...,
such that for every j the variable z;, is not in the z;-interval of the box B; (i.e.,
pii,(xi;) = 0). Note that p;; (z;,) is a union of (at most) two intervals. Thus, f can
be represented as a union of at most n* generalized boxes as defined in Remark 4.7.
FEach such generalized box can be represented as a union of at most 2* (simple) k-
degenerate boxes. Thus, f can be represented as a union of O(k2¥n*) k-degenerate
boxes, and algorithm FAST_ELIMINATION, as it is, learns the class of union of O(1)
boxes in time poly(n,log /).

Acknowledgments: We would like to thank the EuroCOLT ‘97 program commit-
tee members and the anonymous referees for helpful comments.
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A Learning using Hankel Matrices

In this appendix we briefly describe the algorithm of [4, 3], which learns a function f
using its Hankel matrix F' (the definition of the Hankel matrix of a function appears
in Section 3). The version described here is limited to functions f : ¥* — K which
is what we need for the current paper (whereas the original algorithm works for the
more general case of functions f : ¥* — K). We will also not describe the most
efficient version of the algorithm that exploits the specific structure of the Hankel
matrix corresponding to functions of the form f : ¥" — K (as described in Fig. 1).
For full details (including a formal proof) the reader is referred to [4, 3].

The idea is as follows: at any given step the algorithm will have a matrix F which
is an r X r sub-matrix of F, the Hankel matrix corresponding to f. The rows of F
will be indexed by strings X = {z;,...,2,} and the columns of F will be indexed by
strings Y = {y1,...,y,} (note that based on X and Y the matrix F' can be generated
using 7? membership queries). We will maintain the property that F is of full rank
(i.e., it has rank r). Obviously the rank of F' is bounded by the rank of F. The
algorithm will start by asking EQ(0). If the target function is identically 0 we are
done. Otherwise we will get a counterexample z such that f(z) = 1. We initialize
Ty = €,T9 = 2,Y1 = €,Ys = 2z S0 we get a 2 X 2 matrix F of rank 2.

The structure of the algorithm is as follows. Given F we will show below how to
construct a hypothesis h such that from a counterexample z satisfying f(z) # h(z)
we can always find a row and column such that adding them to F increases the rank
by 1. If we can do this then after at most rank(F') iterations we are done. In addition
all the computations that we describe can be performed efficiently. All together the
running time of the algorithm is poly(n,rank(F'), |X|). So it remains to show how we
construct the hypothesis and how we process the counterexamples.

Constructing a hypothesis: We need to define a procedure/function h that on
input w efficiently computes a value h(w). For every z; € X and o € ¥ we look at
the r-tuple corresponding to the entries of F' in row z;00 and columns in Y. Denote
this r-tuple by inog (the tuple ﬁziog is generated using r membership queries). Since
F is a full rank matrix we can find (efficiently) coefficients a; ; , such that

.
Fr,'oa - Z ai,j,anJ-
J=1
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Now, given w, we can compute h(w) as follows. We use the coefficients of the above r-
|| linear dependenc1es to express (efﬁaently) every vector F, as a linear combination
of le, ey E, =, (this representation of F, is not necessarily correct). This is done by
induction; w = € is easy since T = €. Now, if we already expressed F, = Sy a;»”ﬁwi
then we write Fwog =57 sz oo- Notice that if a}’ are the “correct” coefficients,
le., Fy=%I_,a"Fy, then Fuoo = Y11 0P Frioo (since Fiopy = Fypop). Using the

coefficients a; ; , we get

r r
_ w
Fwocr — E a; E ai,j,anj
i=1

=1

T T
- a’L a27]70’Fl‘] Y
=1

=1

so the coefficient a;“’"

is computed by >°7_, aa; ;.. Finally, for every w since we
can compute F, in particular we can efficiently compute h(w) £ EM (note that if E,

is “correct”, i.e., F,, indeed contains the correct values as in F' then in particular

Fye=F,.= f(w)).

Processing a counterexample: Suppose that z is such that f(z) # h(z). We
claim that z can be partitioned to z = weoov such that adding a row w to X and a
column oy (for some y € Y that we will find) to Y will increase the rank of F by 1.
This partition can be found by considering all prefixes w of z (and in fact can be found
more efficiently using the appropriate binary search). To see this, observe that there
must exist a prefix w for which the coefficients ¢! computed by the above algorithm
are correct, i.e., F,, = 37, aF,, (this is tested by the algorithm by verifying that
F, = Y7'_,a¥F,.), but for these coefficients Fo, # iy a¥Fyop. (For w = € the
coefficients are certainly correct and if no such w exists it follows, by induction, that
the coefficients of F, are also correct which implies that h( ) = f(z) — a contradiction.)
In particular, for such w, there exists y € Y such that F), (Uy) #F3 a“’sz(Jy) It
follows that if we add the column oy to Y then the row F,, must be mdependent
of the previous rows Fxl, e ,Fxr, as needed (since if F, depends on Fg_,l, .. F », the
coefficients must be af’,...,a) but adding oy to Y eliminates this poss1bllity).
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