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Abstract

In [4] an algorithm is presented that exactly learns (using membership queries and equivalence
queries) several classes of unions of boxes in high dimension over finite discrete domains. The running
time of the algorithm is polynomial in the logarithm of the size of the domain and other parameters
of the target function (in particular, the dimension). We go one step further and present a PAC+MQ
algorithm whose running time is independent of the size of the domain. Thus, we can learn such classes
of boxes over infinite domains. Specifically, we learn unions of t disjoint n-dimensional boxes over the
reals in time polynomial in n and t, and unions of O(log n) (possibly intersecting) n-dimensional boxes
over the reals in time polynomial in n.
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1 Introduction

The learnability (under various learning models) of geometric concept classes was studied in many papers
(e.g., [7, 8, 9, 5]). A particular attention was given to the case of continuous domains of points (i.e., <n)
and concept classes which are defined as boxes and unions of boxes in this domain (e.g., [7, 12, 15, 11, 2]).

An axes parallel box is a basic geometric object; it can also be thought of as a conjunction of properties
of the form “the attribute xi is in the range between ai and bi.” Many natural functions can be represented
as such boxes and more generally as unions of boxes. The number of attributes which define each box
might be big, and so it is desirable to consider high dimensional boxes. Another reason why unions of high
dimensional boxes are interesting is that they extend the widely studied class of DNF formulae (which
are just unions of boxes over {0, 1}n). In this work we present a PAC+MQ algorithm that learns several
subclasses of unions of (axes parallel) boxes over <n: (1) unions of t disjoint n-dimensional boxes over the
reals in time polynomial in n and t; and (2) unions of O(log n) (possibly intersecting) n-dimensional boxes
over the reals in time polynomial in n.

Our starting point is that for simple geometric concepts like boxes “close” points are likely to be
classified in a similar way. That is, although < has infinitely many elements, for any union of boxes there is
a partition of the real numbers into a “small” number of intervals such that each interval can be considered
as an equivalence class of isomorphic points. (This partition can be found by projecting the boxes on each
of the n axes.) A possible strategy for a learning algorithm is therefore to achieve the following two tasks:
find the abovementioned partition of the reals into intervals; and learn the target function restricted to a
grid defined by taking a representative from each interval.
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Our algorithm draws a sufficiently large sample of labeled points in <n and efficiently finds a hypothesis
consistent with the sample using membership queries. We prove that we can choose the representatives of
the intervals to be a subset of the coordinates of the sample points. Thus, we have reduced the problem
of learning unions of boxes from an infinite domain to a finite discrete domain, and we can make use of
an algorithm from [4], which learns these classes of unions of boxes in high dimension over finite discrete
domains (in the exact learning model). The algorithm of [4] simultaneously finds the representatives and
learns the function restricted to these representatives using an algorithm of [3], which learns the boxes
using the so-called multiplicity automata representation. To analyze the size of the sample needed for our
algorithm, we define the class of “interval multiplicity automata” and analyze its VC-dimension.

Our algorithm has some additional useful properties. The only operations it performs on elements from
< are comparisons and membership queries, and these involve only elements that appear as coordinates
of the random examples. Thus, for instance, if all example points are rational and can be described by
d bits then the number of bits needed to describe the numbers used by our algorithm is also at most d.
Furthermore, our algorithm is strongly polynomial. That is, the number of arithmetic operations in our
algorithm is independent of the size of numbers representing the target function and the examples.

It is interesting to note that the main issue in [4] is how to learn subclasses of unions of boxes in time
polynomial in the logarithm of the size of the domain (and other parameters of the problem). However,
here use the algorithm of [4] not for this property of the algorithm; we rather build on the property
that it compresses the domain into a small number of intervals that is independent of the size of the
domain. Without this property our transformation would not work. We do not know if there is a “generic”
transformation of any algorithm that learns unions of boxes over finite domains into an algorithm that
works over infinite domains.

There are many results on learning geometric objects (e.g., [9, 5, 7, 15, 16, 14, 4]). These results
differ in the learning model employed, the number of dimensions (i.e., constant dimension versus high
dimension), the type of domain (i.e., finite discrete domain versus infinite continuous domain), the number
of geometric objects, the complexity of the objects (e.g., halfspaces, boxes, polyhedra, and objects defined
by more complex curves). In a relevant work by Kwek and Pitt [14], it is shown how to learn the class of
polyhedra (i.e., intersection of halfspaces) in high dimension over the reals in the PAC+MQ learning model.
The running time of their algorithm depends on the size of the numbers that appear as coordinates in the
random examples (as well as other parameters of the target function). They also learn the wider class of
unions of disjoint polyhedra; however, in this case the running time and number of membership queries
are polynomial in the distance between the polyhedra (not even the log of the distance!). In comparison,
our algorithm learns only unions of axis parallel boxes but it is polynomial in all the required parameters
(i.e., our algorithm is strongly polynomial).

2 Preliminaries

2.1 Learning Models

We consider learning in the Probably Approximately Correct (PAC) model with membership queries [17].
Let X be some domain, C be a class of functions from X to {0, 1}, and f ∈ C be a target function. There
is some unknown (but fixed) probability distribution D on the input domain X . The learning algorithm
is given two input parameters, the error probability ε and the confidence probability δ (both in the range
(0, 0.5)). At any step, the algorithm may ask an examples oracle for a random example. The response to
such a request is a labeled example 〈x, f(x)〉, where x is drawn randomly and independently according to
the distribution D. The learning algorithm may also query a membership oracle for the value of the function
f on a particular assignment z by making a membership query (MQ) on z. The response to such a query
is the value f(z). Each oracle response takes one time unit. The output of the algorithm is a hypothesis
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h ∈ H (where H is some class of hypotheses). There is a basic difference between the examples oracle and
the membership oracle. Getting a random example from the examples oracle is a passive action of the
algorithm since the example is chosen by the oracle. On the other hand, querying the membership oracle is
an active action of the algorithm since it needs to choose an example z such that the value f(z) would give
the algorithm some useful information. The classic PAC model gives access only to the examples oracle.
We consider its extention, the PAC+MQ model (defined in [17] and studied extensively in the literature),
that gives access to both oracles.

The error of a hypothesis h relative to a target function f , with respect to the distribution D, is
ERROR(h) def= Pr[f(x) 6= h(x)], where the probability is taken over the input x chosen according to the
distribution D. A learning algorithm learns a class of functions C using a class of hypotheses H, if for every
function f ∈ C, for every distribution D, and for all 0 < ε < 1/2 and 0 < δ < 1/2, the learning algorithm
outputs a hypothesis h ∈ H such that: Pr[ ERROR(h) ≥ ε ] ≤ δ. This probability is taken over the random
examples drawn by the examples oracle according to the distribution D. We require the algorithm to be
efficient; i.e., its running time is polynomial in the “size” of a shortest representation of f ,1 and in 1/ε and
1/δ. Notice that the distribution D has a dual role; it is used both for choosing the random examples and
for measuring the error of the output hypothesis.

In this paper the domain X is <n. We consider the common computation model of real numbers,
e.g., [10, 6]. This model stores a single real number in a single memory location, and charges one unit
of computation time for each basic arithmetic operation on two real numbers (e.g., comparison, addition,
multiplication, or division).

We also need the definition of the exact learning model [1]: in this model the learning algorithm has
access to a membership queries oracle (as above) and in addition to an equivalence queries oracle (EQ). An
input to the equivalence query oracle is a function h (a hypothesis) and the output is either YES, meaning
that h is equivalent to f , or NO together with a counterexample (i.e., y such that h(y) 6= f(y)). The goal
of the learning algorithm in this model is to exactly identify the target function f ; i.e., to find h such that
h ≡ f .

2.2 VC-dimension

Next, we define the Vapnik-Chervonenkis (VC) dimension of a class of functions. This is a combinatorial
measure for the “complexity” of a class which in particular characterizes the sample complexity required
for an algorithm to learn a class.

Definition 2.1 [VC-dimension] Let F be a class of functions from X to {0, 1}. A set S ⊆ X is shattered
by the class F if for every function g : S → {0, 1} there is a function f ∈ F such that g(x) = f(x) for
every x ∈ S. (That is, F has all possible behaviors on S.) The Vapnik-Chervonenkis (VC) dimension of a
class F is the maximum size of a set S ⊆ X that is shattered by F .

The following fundamental theorem is due to Blumer et al. [7]:

Theorem 2.2 [7] Let C be a class of concepts, and H be a class of hypotheses of VC-dimension d. Let B
be an algorithm that takes as input a set S of points labeled by some concept in C, may ask polynomially-
many membership queries, and produces as a output a hypothesis h ∈ H that is consistent with S (that
is, h(x) = f(x) for every x ∈ S). Then, for some constant c0 > 0, algorithm B is a PAC+MQ learning
algorithm for the class C provided that the number of random examples given to B is at least

c0

(
1
ε

log
1
δ

+
d

ε
log

1
ε

)
.

1We consider some representation scheme of the functions in C and assume that there is a “natural” size function that
maps representations to non-negative integers. For a more formal treatment of this point see [13, Chapter 1.2.2].

3



1 2 3 4 5

1

2

3

0

0

4

5

Figure 1: A simple example of a union of 2-dimensional boxes.

2.3 Classes of Boxes

Let L be an ordered set (the typical sets we consider are the real numbers, <, and the discrete domain
{0, 1, . . . , `− 1} for some integer `). An n-dimensional box in Ln is defined by two corners (a1, . . . , an) and
(b1, . . . , bn) (in Ln) as follows:

Ba1,...,an,b1,...,bn = {(x1, . . . , xn) ∈ Ln : ∀i, ai ≤ xi ≤ bi }.

It is possible that ai = bi for some indices i. We view such a box as a boolean function that gives 1 for
every point in Ln which is inside the box and 0 for every point outside the box. More generally, the boolean
function corresponding to the union of (n-dimensional) boxes B1, . . . , Bt is defined to be 1 for every point
in Ln which is inside (at least) one of the t boxes and 0 otherwise. In Figure 1 we show a simple example
of union of three 2-dimensional boxes over L2, where L = {0, 1, 2, 3, 4, 5}.

3 The VC-Dimension of Interval Multiplicity Automata

Theorem 2.2 implies that the sample complexity (and hence the time complexity) of a learning algorithm
is related to the VC-dimension of the hypothesis class used by the learning algorithm. In this section we
define the class of interval multiplicity automata and analyze its VC-dimension. These are the hypotheses
used by our algorithm (Algorithm learn boxes described in Figure 3). A multiplicity automata is a
generalization of deterministic finite automata, and an interval multiplicity automata extends the function
computed by the automata to infinite domains.

We start with the definition of multiplicity automaton over GF(2).2 There are several (equivalent) ways
to define multiplicity automata. In this paper we view these automata as non-deterministic automata in
which the acceptance criterion is changed; a word is accepted by such automaton if the number of accepting
paths is odd.

Definition 3.1 [Multiplicity Automata] A multiplicity automaton A is a 5-tuple 〈Q,Σ, δ, q0, F 〉, where
Q is a finite set of states, Σ is a finite alphabet, δ : Q × Σ → 2Q is a transition function, q0 ∈ Q is an
initial state, and F ⊆ Q is a set of final states. A path p0, p1, . . . , pn is an accepting path for an input
w = (w1, w2, . . . , wn) if p0 = q0, for every i = 1, . . . , n it holds that pi ∈ δ(pi−1, wi), and pn ∈ F . The

2Multiplicity automata can be defined over every field; see, e.g., [3]. In the rest of the paper whenever we refer to a
multiplicity automaton it is over the field GF(2).
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Figure 2: A simple example of a multiplicity automaton.

automaton A computes a function fA : Σ∗ → {0, 1}, where fA(w) = 1 if the number of accepting paths for
w is odd and fA(w) = 0 otherwise.3

In Figure 2, a simple multiplicity automaton is shown. It can be verified that this automaton computes
the union of boxes described in Figure 1. For example, there is exactly one accepting path for the point
(1, 2), thus, fA(1, 2) = 1. On the other hand, there are two accepting paths for the point (4, 1), thus,
fA(4, 1) = 0.

It is not clear how to use such automata for, say, real numbers because there are infinitely many
numbers. However, when we look at boxes we expect “close” points to behave in a similar way. Therefore,
we can partition the reals into a small number of intervals and view each such interval as a single symbol.
This intuition is used in the following definition:

Definition 3.2 [Interval Multiplicity Automata] An interval multiplicity automaton is a pair 〈A,C〉
where A is a multiplicity automaton and C is a set. The alphabet of the automaton is Σ = {0, ..., `− 1}.
The set C = {c0, c1, ...., c`−1} contains ` elements where c0 = −∞, the elements c1, ...., c`−1 are in < and
c0 < c1 < c2 < ... < c`−1. The index of an element a ∈ <, denoted by indC(a), is max {i : ci ≤ a}.
The function f〈A,C〉 computed by 〈A,C〉 is defined as follows: f〈A,C〉 on an input (x1, . . . , xn) ∈ <∗ equals
fA(indC(x1), indC(x2), . . . , indC(xn)); i.e., the value of the automaton on the indices of the n elements of
the input.

Notice that in the above definition the size of C is equal to the size of the alphabet of A. We prove
that the VC-dimension of the class of interval multiplicity automata is small.

Lemma 3.3 Let F be the class of interval multiplicity automata that accept only words of length n, have
alphabet of size `, and have at most r states. Then, the VC-dimension of F is O(`(log `+ r2)).

Proof: Let S ⊆ <n be a set of size m that is shattered by F . We will show, by a simple counting
argument, that if m is ”too big” then it is not possible to obtain all the 2m functions g : S → {0, 1}.

Let V = {v1, v2, . . . , vk} be the elements in < that appear as coordinates in the points of S, where
v1 < v1 < . . . < vk. There are at most nm elements in V , that is, k ≤ mn. The main observation is that
if we fix any multiplicity automaton A ∈ F , and go over all possible sets C, there cannot be too many
behaviors of 〈A,C〉 on S: First observe that for such an automaton A the value of f〈A,C〉 on the points
of S does not depend on the exact values of the elements in C but rather on the set {indC(v) : v ∈ V }.
These values are determined by the number of elements in C that are in each of the k + 2 intervals
(−∞, v1), [v1, v2), . . . , [vk−1, vk), [vk,∞). There are less than (k+ 2)` ≤ (mn+ 2)` ways to partition C into
the k intervals. Thus, for a fixed A there are at most (mn+ 2)` behaviors of interval multiplicity automata
〈A,C〉 on S.

3The function fA is the characteristic function of the language accepted by the multiplicity automaton.
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The number of multiplicity automata with r states and an alphabet of size ` is 2r+`·r
2

(since we can
represent such automaton by ` boolean matrices of size r × r describing the transition function δ and an
additional vector of size r describing the set of final states F ). Furthermore, the number of states of A,
i.e. r, is greater that n (since the automaton accepts only words of length n). All together, the number of
behaviors of interval multiplicity automata on S is at most

(mn+ 2)` · 2O(`·r2) = 2O(`(logm+r2)).

Finally, if S is shattered by F , then there are 2m behaviors of interval multiplicity automata on S (where
m = |S|). Thus, m = O(`(logm+ r2)), which implies m = O(`(log `+ r2)).

4 The Learning Algorithm

In this section we present our algorithm, Algorithm learn boxes, which learns unions of n-dimensional
boxes over infinite domains. The algorithm gets a labeled sample and uses the algorithm learn sensitive

of [4] to produce a hypothesis consistent with the sample. We then extend the hypothesis to <n in a way
that the VC-dimension of the extended hypotheses is small. The details of learn sensitive are not
important for understanding learn boxes; the reader need only know that this is an exact learning
algorithm that efficiently learns certain classes of unions of n-dimensional boxes over a discrete domain
and uses interval multiplicity automata as its hypotheses.4

We first explain how to project a function to a discrete domain. Given a function f : <n → {0, 1}
and a (sorted) set C = {−∞, c1, ...., c`−1} we define fC : {0, 1, . . . , `− 1} → {0, 1} as fC(σ1, . . . , σn) def=
f(cσ1 , . . . , cσn). If there is some i such that σi = 0 then fC(σ1, . . . , σn) def= 0.

Algorithm learn boxes:

Input: A sample S of labeled points in <n
Output: An interval multiplicity automaton consistent with the sample.

1. Let V be the elements in < that appear as coordinates in the points of S and {−∞}.

2. Learn the function fV using Algorithm learn sensitive (from [4]).

(a) To answer a membership query about fV (σ1, . . . , σn):

• If there is some i such that σi = 0 then answer 0.
• Otherwise, use the oracle for f and answer f (vσ1 , . . . , vσn).

(b) To simulate an equivalence query EQ(hV ) to fV :

• Define h : <n → {0, 1} as h(x1, . . . , xn) = hV (indV (x1), . . . , indV (xn)) .
If h is equal to f on all the points in S then halt with the hypothesis h.

• Otherwise, we get a counterexample (y1, . . . , yn) ∈ S.
Pass (indV (y1), . . . , indV (yn)) as a counterexample to learn sensitive

and continue its execution.

Figure 3: An algorithm for learning high dimensional boxes over the reals.
The learning algorithm – Algorithm learn boxes – is described in Figure 3. Next, we prove its

correctness.
4In fact in [4] the class of hypotheses used was not explicitely defined; the definition of interval multiplicity automata given

in the current paper is new. Also note that [4] deals with a more restricted domain (which is large, yet finite).
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Lemma 4.1 Let S be a set of labeled examples <n, and V be the elements in < that appear as coordinates
in the points of S. Algorithm learn boxes produces a hypothesis which is consistent with the sample set
S. The running time of the algorithm is poly(n, |S|, r), where r is the number of states in the smallest
multiplicity automaton for fV (i.e., f restricted to V n).

Proof: We first claim that if (y1, . . . , yn) is a counterexample for f (with respect to hypothesis h), then
(indV (y1), . . . , indV (yn)) is a counterexample for fV (with respect to hypothesis hV ). This is implied by

fV (indV (y1), . . . , indV (yn)) = f(y1, . . . , yn) 6= h(y1, . . . , yn) = hV (indV (y1), . . . , indV (yn)).

The first equality follows from the definition of fV and the fact that yi ∈ V for every i, the second inequality
follows from the fact that (y1, . . . , yn) is a counterexample for f , and the third equality follows from the
definition of h in Step (2b) of the algorithm.

Algorithm learn sensitive of [4] is an exact learning algorithm which is guaranteed that after ask-
ing poly(n, |S|, r) equivalence queries it finds a hypothesis that is exactly equivalent to the function fV .
We have shown that every counterexample that Algorithm learn boxes passes to learn sensitive in
response to an equivalence query is indeed a counterexample for fV . Therefore, the only possibility that
Algorithm learn sensitive is not given enough counterexamples to learn fV is if the hypothesis is already
equivalent to the target function on all the sample points. In both cases the hypothesis is consistent on S
with the target function f . That is, after at most poly(n, |S|, r) counterexamples Algorithm learn boxes

passes to it, Algorithm learn sensitive finds an interval multiplicity automaton equivalent to fV . At
this stage no additional counterexamples to f can be found in S ⊆ V n, and Algorithm learn boxes

terminates. The overhead of Algorithm learn boxes is the simulation of the equivalence queries, each
one requires evaluating the hypothesis on the points of the sample S and comparing it to the label of the
point. Each evaluation of the hypothesis is efficient; i.e., it requires time poly(n, |S|, r). All together the
running time is poly(n, |S|, r).

Lemma 4.1 guarantees that if the target function f has a small multiplicity automaton then Algo-
rithm learn boxes is an efficient algorithm that produces a hypothesis consistent with the sample. This
is still not enough to guarantee learning since the hypotheses in Algorithm learn boxes depend on all
elements of V (and therefore, when learning the class of small multiplicity automata, the VC-dimension of
the hypothesis class is too big). However, in our case the target function fV is a union of boxes and so the
hypothesis hV depends only on a small subset of {0, . . . , `− 1} and h is an interval multiplicity automaton
with a small alphabet.

Theorem 4.2 Algorithm learn boxes described in Figure 3 learns the class of unions of t disjoint boxes
in <n in time poly(n, t, 1

ε , log 1
δ ), provided its input is a random sample given by the examples oracle whose

size is

Θ

(
1
ε

log
1
δ

+
n3t3

ε
log

1
ε

)
.

Algorithm learn boxes also learns the class of unions of t (possibly intersecting) boxes in <n using

Θ

(
1
ε

log
1
δ

+
n3t22t

ε
log

1
ε

)

examples and its running time is poly(n, 2t, 1
ε , log 1

δ ) (e.g., for t = O(log n) the number of examples and
running time is poly(n, 1

ε , log 1
δ )).

Proof: Consider the interval multiplicity automata produced as hypotheses by learn sensitive.
These automata use ` = O(nt) letters for both classes, r = O(tn) states for unions of t disjoint boxes
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and r = O(n2t) states for unions of t boxes. By Lemma 3.3, the VC-dimension of this hypothesis class is
O(n3t3) for unions of t disjoint boxes and O(n3t22t) for unions of t boxes. By Lemma 4.1, the hypothesis
produced by Algorithm learn boxes is consistent with the sample. Thus, by Theorem 2.2, a sample size
as in the theorem suffices. The running time analysis is according to Lemma 4.1.

Remark 4.3 The sample points in the algorithm are n-tuples in <n. The only operations performed on
real numbers in our algorithm are comparisons, and making membership queries (on points from V n).
Thus, if all sample points are rational then all queries are on rational points as well. Furthermore, Algo-
rithm learn boxes can learn the same classes of boxes over any ordered domain.
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