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Abstract. We consider several questions inspired by the direct-sum
problem in (two-party) communication complexity. In all questions, there
are k fixed Boolean functions fi, ..., fr and Alice and Bob have k inputs
Z1,...,x, and yi,..., Yk, respectively. In the eliminate problem, Alice
and Bob should output a vector o1, ...,o0r such that fi(x;) # o; for at
least one i (i.e., their goal is to eliminate one of the 2* output vectors);
in choose, Alice and Bob should return (4, f;(zi,y;)) and in agree they
should return f;(x;,y:), for some i. The question, in each of the three
cases, is whether one can do better than solving one (say, the first) in-
stance. We study these three problems and prove various positive and
negative results.

1 Introduction

A basic question in complexity theory is how the complexity of computing k in-
dependent instances relates to the complexity of computing one instance. Such
problems, called direct sum problems, have been studied for a variety of com-
putational models. Broadly, the direct sum question asks (with respect to an
arbitrary computational model and any complexity measure):

Question 1. Can “solving” k functions f1, ..., fx on k independent inputs z1, . . .,
xy, (respectively) be done more “efficiently” than just “solving” each f;(z;)?

(Of particular interest is the special case where all functions are identical.) Since
the inputs are independent, it is tempting to conjecture that in reasonable models
the answer is negative. Indeed, it was proved that in several models no significant
saving can be obtained; e.g., for decision trees [7,22,27,14]. However, for other
models, some savings are possible despite the independence of the inputs, e.g.,
non-deterministic communication complexity and randomized communication
complexity [16,10], deterministic communication complexity of relations [10],
and distributional communication complexity [27]. For other models, the answer
is still unknown; e.g., in circuit complexity [11,23,29]. Direct sum results are
important for understanding the power of a computational model. For example,
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it was shown in [17] that a negative answer for a variant of this question implies
circuit lower bounds, in particular, NC* # N C?. Furthermore, direct sum results
on the information complexity have been used to prove lower bounds on the
communication complexity of functions [4].

To better understand direct sum questions, a simpler task has been pro-
posed — eliminating a vector of answers. More precisely, for k fixed Boolean
functions fi,..., fx, given k inputs 1, ..., zg, find a vector o1, ..., oy such that
fi(x;) # o; for at least one 4. In other words, given z1,...,zk, a-priori there are
2% possible vectors of outputs for the k instances. Solving the direct sum problem
is finding the correct vector of outputs; eliminating means returning one of the
2% — 1 vectors which is not the vector of outputs. Clearly, if we solve one instance
and obtain, say, a1 = f1(z1), then we can eliminate the vector @y, o9, ..., o for
any os,...,0%. The question is if we can do better; that is,

Question 2. Can solving eliminate, on k independent instances x1, ...,y of k
functions fi,..., fx, be “easier” than solving the “easiest” function?

(Again, of a particular interest is when all functions are identical.) This question
and related ones were studied in the context of polynomial-time computation [1,
3,8,9,13,19,24-26, 28] and computation in general [5, 6,12, 15, 20]. The question
was explored for communication complexity by Ambainis et al. [2].

In this work, we introduce two new problems related to the direct sum ques-
tion, choose and agree. As before, there are k fixed Boolean functions fi, ..., fx,
and we are given k instances x1,...,Z. In the choose problem, the task is to
solve one instance of our choice; i.e., return (i, f;(x;)), for some 7. Intuitively,
choose is allowed to pick an “easy” input and answer it. The question is:

Question 3. Can solving choose, on k independent instances z1, ..., ) of k func-
tions f1,..., fk, be “easier” than solving the “easiest” function?

In the agree problem, the task is to return f;(x;) for some ¢ (possibly without
knowing for which instance i it corresponds). That is, if all outputs agree, i.e.,
fi(z1) = fa(ze) = -+ = fr(zr) = o, then agree(xy,...,x;) must return o,
otherwise it may return either O or 1. The question is:

Question 4. Can solving agree, on k independent instances 1, ...,z of k func-
tions fi,..., fx, be “easier” than solving the “easiest” function?

Comparing the three tasks, choose is the hardest and eliminate is the
easiest, as solving choose implies solving agree which, in turn, implies solving
eliminate (if we get an answer o for agree(zy,...,2,), then we can eliminate
the output vector (7,...,7)). However, eliminating may potentially be much
easier than choose and agree; for example, if f; = fo and x1 = x5, then solving
agree implies solving fi(x1), while for eliminate one may return (0,1) (or
(1,0)) without any computation. Furthermore, if we can solve choose efficiently,
then we can solve the direct sum efficiently (use choose to solve one instance and
solve the other instances independently). We do not know of any connections
between the direct sum problem and agree or eliminate.



We start by mentioning some related work. The direct sum question in com-
munication complexity for deterministic protocols of functions is still open. There
is an example of a relation in which saving of O(k - logn) bits is possible for k
instances by a deterministic protocol [10]. For non-deterministic protocols and
randomized protocols, some saving is possible for some functions [10, 16]. How-
ever, the best possible “generic” upper bound for the direct sum of randomized
protocols is not known (while in the non-deterministic case, an additive O(logn)
savings is the best possible [10,16]). Ambainis et al. [2] study the communica-
tion complexity of eliminate. They conjecture that, for functions, no saving is
possible for deterministic protocols. To support their conjecture they supply, in
addition to other results, lower bounds for deterministic, non-deterministic, and
randomized protocols for eliminate of specific functions.

Our Results. We define the choose and agree problems and study their prop-
erties, as well as the properties of eliminate.

— For randomized public-coin protocols, we show that saving of O(log k) bits is
possible for eliminate of some functions (e.g., the inner-product function).

— On the negative side, we prove that the randomized communication complex-
ity of solving a function f is a lower bound on the randomized communica-
tion complexity of eliminateyx, i.e., on computing eliminate on k instances
of f. This implies, together with a trivial upper bound, that the random-
ized communication complexity of computing a function f characterizes the
randomized communication complexity of computing eliminatesx, up-to a
factor of 29(%)_ In particular, our results show that eliminate of IP requires
n — O(k) bits even for randomized protocols. This improves a lower bound
of n/(2°9%) log nloglogn) for randomized protocols for IP proved in [2].

— We relate the complexity of choosey  to the non-deterministic and deter-
ministic complexity of solving f and g. In particular, we show that if the
non-deterministic communication complexity of f and g are high, then the
deterministic communication complexity of choosey is high. This implies
that for most functions the communication complexity of choosey 4 is £2(n).
We prove a similar, however weaker, lower bound for agree for

To better understand if saving is possible for eliminate in communication
complexity, we explore a restriction of eliminate, called r-eliminate. In this case,
Alice has k inputs z1,...,xk, however, Bob has one input y. The goal of Alice
and Bob is to find a vector o1, ..., o such that f;(z;,y) # oy, for at least one 1.
In the rest of this section, we assume that f; = fo = ... = fr = f. In this model
significant saving is possible even for k = 2. For example for r-eliminate of the
equality function, if Alice holds two inputs 1 = 9, she can eliminate, say, (0, 1)
without any communication, and if z; # o, she can eliminate (1, 1) without any
communication. We show that for some other functions r-eliminate is hard and
we also give additional examples where some saving is possible:

— r-eliminate of the disjointness function on k instances can be computed
using a deterministic protocol sending (nlogk)/k bits; that is, better than



the deterministic complexity of solving one instance of disjointness (which
is n). By [2], eliminate of k instances of disjointness requires n — O(logn)
bits deterministically [2]. Using this result, we prove that r-eliminate of
disjointness on k instances requires 2(n/k) bits deterministically. That is,
our protocol is optimal up to a factor of log k.

— r-eliminate of the inner-product function on k instances can be solved de-
terministically by sending n — k + 2 bits. Thus, some saving is possible for
large k’s. We show that our lower bound for eliminatepr can be trans-
lated to a lower bound of 2(n/k) for r-eliminate on k instances of IP for
randomized protocols.

— For most functions, r-eliminate of two instances requires at least n — 5
bits. Thus, the naive protocol where Bob sends his input to Alice is nearly
optimal.

In the full version of this paper, we also consider decision trees and cir-
cuit complexity. We show that for decision trees, no saving can be obtained for
choose, agree, and eliminate. That is, any decision tree solving eliminatey g
can be converted into a decision tree of the same size and depth that either com-
putes f or computes g. This generalizes the results that no saving can be achieved
for decision trees in the direct sum problem [7, 22,27, 14]. We also prove that the
size of the smallest circuit solving agree 7,9 18 equal to the deterministic commu-
nication complexity of chooser, gr,, where Ry denotes the Karchmer-Wigderson
relation related to f [18]. This is a generalization of results of [18] on the relation
between circuit size of a function f and the communication complexity of Ry.

2 Preliminaries

We consider the two-party communication complexity model of Yao [30]. In this
model, there are three finite sets X, Y, and Z, and a relation R C X x Y x Z.
Two players, Alice and Bob, get x € X and y € Y respectively. Their goal is to
compute z such that (z,y,z) € R by exchanging bits according to some protocol
(we assume that for every x,y there is some z such that (x,y, z) € R). Let D(R)
be the deterministic communication complexity of solving R, N'(R) be the non-
deterministic communication complexity, NY(R) and N1(R) be the one-sided
nondeterministic communication complexities, and R.(R) and RP'P(R) be its
e-error randomized communication complexity with private and public random
string, respectively. For formal definitions, see [21].

Next, we define the three problems inspired by the direct sum question. For
the three problems there are several possible outputs, i.e., they are relations.

Definition 1 (Choose, Agree, and Eliminate). Let fi,..., fr : {0,1}" x
{0,1}" — {0,1} be functions. In all three problems, the input of Alice and Bob

are a k-tuple x1,..., T and y1,...,yr respectively. In choosey, . r an output
is (i, fi(xs,y;)) where i € {1,...,k}. In agree; .. an output is filxi us)
where i € {1,...,k}. Finally, in eliminatey, , an output is any vector

01y...,0% € {0,1} for which there exists i such that o; # fi(xi,y;).



If f{ = ... = f = f weabbreviate fi, ..., fx by f*. Note that Re(eliminatekfk) =
O(1) for € > 1/2% as a random k-bit output will err with probability 1/2%. As
we shall see that, for € < 1/2%, R (eliminate;:) is large for some functions.

Next, we define a restricted version of eliminate where Bob gets the same
y for all k functions. For simplicity, assume that all k£ functions are equal.

Definition 2 (R-Eliminate). Let f : {0,1}" x {0,1}" — {0,1} be a Boolean
function. In r-eliminatex, Alice gets a k-tuple x1, ...,z and Bob gets a single
input y; an output is any vector o1, ...,0r € {0,1} for which there exists i such

that o; # f(x4,y).

The next theorem relates the randomized communication complexity and the
distributional communication complexity of f.

Theorem 1 (Yao’s min-max Theorem [30]). Let f: X xY — {0,1}. Then,
RPUP(f) = max, DX(f), where D¥ denotes the e-error distributional complezity
with respect to p and the mazimum is taken over all distributions p on X XY

3 General Bounds for Choose, Agree, and Eliminate

In this section, we show that saving is possible in public-coin randomized pro-
tocols for eliminate of some functions. We then prove lower bounds on the com-
plexity of choosey, ,, agree; , ,and eliminate .

Theorem 2. There erist a randomized protocol for eliminate s with complex-
ity max {n — 0.5logk, klog k} +O(1) for e = 27% /e, in which at least one of the
parties knows the answer at the end.

Proof. We describe a protocol with the desired complexity. In the first step of
the protocol, Bob checks if he has at least vk distinct inputs (among his k
inputs). If so, both Alice and Bob treat the public random string r as a sequence
of blocks r1,73,..., each of length n. If there exists 7 and j such that y; = r;j,
among the first 2"/\/E blocks of r, Bob sends j to Alice. In this case, Alice
computes gg = 1 — f(xp,7;) for 1 <€ < k and outputs oy, ..., 0. If Bob cannot
find such index, he sends 0 to Alice, who outputs a random k-bit string. If Bob
has less than vk distinct inputs, and Alice has at least vk distinct inputs, they
reverse roles. In this case, Bob gets the output. In both cases, the communication
complexity is O(1) + log(2"/vk) = n — 0.5logk + O(1).

If both Alice and Bob have less than vk distinct input values (they discover
this fact using O(1) communication) then they do the following. Since Bob has
less than vk values, there is a value that appears more than vk times. Bob
sends to Alice vk indices in which his inputs are the same. Since Alice has less
than vk values, there are two indices 4, j among the indices that Bob sent such
that z; = x;. Alice outputs an arbitrary vector (o1, ...,0%) such that o; # o
which is always correct, and the communication complexity is v/klogk + O(1).

To complete the analysis of the protocol, we bound the error probability
for the cases that Bob (or Alice) has at least v/k distinct input values. The



probability that y; # r;j forall 1 < i < kand 1 < j < 2”/\/E is less than
(1— 1/2”)‘/E2n/‘/E < 1/e. In this case, the protocol errs with probability 1/2%. If

y; = r; then the protocol never errs. Thus, the error probability of the protocol
is 27% /e. o

Next we state lower bounds for choosey, f, and agree f1, f> in terms of the
deterministic and non-deterministic communication complexity of f; and fs, the
proof for choose appears in the final version.

Theorem 3. D(choosey, r,) > min {D(f1), D(f2), max {N(f1),N(f2)}} for ev-
ery two functions f1, fa.

Theorem 4. For every two functions f1, f2 : {0,1}" x {0,1}" — {0,1},
D(agree;, ;) > max {min {N"(f1),N(f2)} ,min {N(f1), N'(f2)} } —log(2n).

Proof. Let P be a (deterministic) protocol for agree; . whose complexity is
D(agree;, ). We construct a non-deterministic protocol with communication
complexity D(agreefl’fQ) +1log(2n) either for proving f;(z,y) = 0 or for proving
fa(z,y) = 1. Let S1Cf;1(0) and SoCfy *(1). A pair of inputs (x2,10) € Sy is
an fi-loser if P(x1,x2,y1,y2) = 0 for at least |S1|/2 pairs (x1,y1) € S7.

Proposition 1. For every two sets S1Cf;(0) and SoCfy (1), either there is
a pair (xa,y2) € So that is an fi-loser or a pair (x1,y1) € Sy that is an fy-loser.

Proposition 2. Either there is a sequence of 2n pairs (z*,y1), ..., (z*,y*") €
f5 (1) s.t., for every (z,y) € f;(0), it holds that P(x,z*,y,y") = 0 for at least
one i, or there is a sequence of 2n pairs (z*,y"), ..., (%", y*") € f71(0) s.t., for

every (x,y) € fy *(1), it holds that P(2*,2,y%,y) = 1 for at least one i.

Assume that the first case of Proposition 2 holds. We construct a non-
deterministic protocol for proving that fi(x,y) = 0 (if the second case holds,
we would construct a non-deterministic protocol for proving fa(x,y) = 1). Let
(x1,yh), ..., (22", y?") be the sequence guaranteed by the proposition. The first
idea is, given inputs z,y to fi, to execute P(x, %, y,y") for i = 1,...,2n. If in
at least one of the executions, the output of P is 0 then clearly fi(x,y) = 0.
Furthermore, if fi(z,y) = 0, then at least one of the executions will return 0.
This protocol activates P 2n times, and is, thus, extremely inefficient. How-
ever, Alice can guess an index i such that P(z, 2%, y,y*) = 0, send it to Bob,
and Alice and Bob execute P(z, %, y,%"), and output 0 iff P outputs 0. There-
fore, D(agree;, ;) +log2n > min {NO(f1), N (f2)} . Similarly, D(agreey, )
+log2n > min {N(f1),N°(f2)} . 0

Theorem 4 does not rule out an exponential gap between D(agree;, ) and
min {D(f1), D(f2)}. For the special case, agree, 7, Theorem 4 implies that the
gap is at most a quadratic; i.e., D(agree5) > N(f)—log(2n)—1 > 2(\/D(f))—-
log(2n). This should be compared, on one hand, to choose INE which is as hard
as computing f and, on the other hand, to solving eliminate £ which is equal
to solving eliminatey2. Furthermore, agree; , is equivalent to computing f.



We end this section by stating a lower bound for eliminate s using the
randomized communication complexity of f.

_1/2—e2F 7!

Theorem 5. RP""(eliminate r) > RE™(f), where ¢ = i e

Proof. We prove the lower bound using Yao’s min-max Theorem (Theorem 1).
Let f : {0,1}" x {0,1}" — {0,1} be a function and p be a distribution on
{0,1}" x {0,1}" such that RPUP(f) = DH(f). We start with a randomized pro-
tocol P for eliminatesr with complexity Re(eliminateyx). We construct a
deterministic protocol P with the same complexity as P such that the proba-
bility over the inputs, according to p, that P” computes f(x,y) correctly is at
least €. Thus, Re(eliminate ) > DY (f) = RE"™(f). The construction of P”
is done in stages. We first define a protocol P’ and use it to define P”.

For the construction of P”, we use constants qo, ..., qr such that 1 = gy >
q > -+ > qr = €. We also use random variables Z1,..., Z; defined as fol-
lows. Pick inputs z1,%1,...,%k, yr according to the distribution ;*, execute

P(x1,. - Tp,y1,---,Yk) and let o1,..., 0% be its output. Finally, for 1 < i < k,
define Z; =T if 0; = f(x;,y;) and Z; = F otherwise.

By the correctness of P, Pr[Z; = --- = Z;, = T] < € = qx, where the
probability is taken over the choice of inputs, according to the distribution u*,
and over the randomness of P. Thus, there must be an index i, where 1 < i < k,

such that Pr[Z, =T|Zy =--- = Z;_1 = T] < qi/qi—1- Let i be the smallest such
index. That iS, PI‘[ZJ' = T‘Zl = =41 = T] Z Qj/Qj—l for 1 S] S i — 1.
In particular, p = Pr[Zy = -+ = Zi1 = T) = [[1c;;_  PY[Z; = T|Z1 = - - =
Zi =T > (q1/q0)  (q2/q1) - - - (qi-1/qi—2) = qi—1-

Using this index 4, we construct a randomized protocol P’ for computing f.
Intuitively, P’ will use the fact that with a noticeable probability it can take
the i-th output of P and invert it and obtain a correct output for the i-th
pair of inputs (assuming they are distributed according to p). On input, z,y,
the protocol P’ samples x1,Y1, ..., Tic1, Yio1, Tit1, Yit1, - - - Tk, Yg according to
pF~1 and gives these inputs both to Alice and to Bob (we will see later how to
implement this step without communication). Alice and Bob execute P(x,y),
where @ = (z1,...,2i—1,%,Zi41, .., k) and Y = (Y1, Yie1, Yy Yit1s - - 5 Yk );
let o1,...,0k be the output of P. If 0; = f(xj,y;) for 1 < j < i—1, then
Alice and Bob output ;. Otherwise, Alice chooses a random bit b with uniform
distribution and outputs this bit.

We next claim that if the inputs «x, y are distributed according to u, then the
error of P’ is at most €. Protocol P’ succeeds in two cases: (1) o; = f(x;,y;) for
1<j<i—1and o; # f(x,y); by our choice of 7, this happens with probability
at least p- (1 — ¢i/¢q;—1) and (2) 0; # f(zj,y;) for some 1 < j < i —1 and
b = f(x,y); this happens with probability 0.5(1 — p). All together the success
probability of P"is p- (1 — ¢;/gi—1) + 0.5(1 — p), where the probability is taken
over the choice of the inputs x,y according to u, the choice of the other k — 1
pairs of inputs for P according to p*~', the randomness of P, and the choice of
b. Since p < ¢;—1 and by choosing ¢;, ¢;—1 such that ¢;/¢;—1 < 0.5, the success
probability is at least ¢;—1 - (1 — ¢;/qi—1) +0.5(1 —q;—1) = 0.5+ 0.5¢;—1 — ¢;. We
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choose qo = 1 and q; = Z—¢ — (1 — =) for 1 < j < k. Notice that ¢; = ¢,
qr = €, and the success probability of P’ is at least 1 — ¢'.

Protocol P’ is randomized and we want a deterministic protocol P”. Fur-
thermore, we need to explain how we can assume that Alice and Bob know
all the other k — 1 pairs of inputs. The derandomization of P’ is done us-
ing a simple averaging argument: there exists a random string for P’ such
that the success probability of P’ with this random string is at least 1 — €',
where now the success probability is taken over the choice of z,y according to
. We fix such random string to obtain P”. As this random string contains
Ty YLy« vy Tie 15 Yio1s Tit1, Yitls - - > Th> Yk, and P’ executes P’ with the fixed
random string, both Alice and Bob know these inputs. Thus, as the communi-
cation complexity of P” is the same as the communication complexity of P, the
theorem follows. ad

Together with a simple protocol for eliminate, which solves one instance and
guesses the other coordinates, we have that R.or-1(f) > Re(eliminatesr) >
R, sk (f) = 27OWIR(f) for € < 1/2*. In other words, R.(f) charac-

1/2 2k 1

terizes R.(eliminater) up to a factor of 20,

4 Eliminate and R-Eliminate

We consider the r-eliminate task, where Alice gets a sequence of inputs x1, ...,k
and Bob gets a single input y, and their goal is to compute some impossible out-
come for f(z1,y),..., f(xk,y). In this model, we have the largest gap possible
between D(f) and D(r-eliminatey2).

Ezample 1. Consider the equality function, where EQ(z,y) = 1 iff z = y. It is
known that D(EQ) = n. However, D(r-eliminategq2) = O(1): if #1 = x5 Alice
outputs (0,1) (if 21 = y then so is x3). Otherwise, if z; # xo, Alice outputs (1, 1)
(since 21, z2 cannot both equal y). By [2], D(eliminatepqr) = £2(n), thus we
also get the largest possible separation between r-eliminate and eliminate.

Eliminate vs. R-Eliminate. We next identify a simple property of functions
that enables proving that the communication complexity of r-eliminate and
eliminate can differ by a factor of at most 1/k for these functions.

Definition 3. A function f: {0,1}" x {0,1}" — {0,1} is padable with respect
to a function g : {0,1}™ x {0,1}"™ — {0, 1}, where m > n, if there exists a value
b€ {0,1} such that f(x,y) = g(b* oz o b’f“”*i, aoyoa'), for everyi <m —n,
every x,y € {0,1}", and every a € {0,1}", o’ € {0,1}""".

We shall see that natural functions, e.g., disjointness and inner-product, are
padable with respect to themselves (by taking b = 0).
Lemma 1. If a function f : {0,1}" x {0,1}" — {0,1} is padable with respect
to g : {0,1}" x {0,1}"* — {0,1}, then D(r-eliminate,x) > D(eliminate )
and Re(r-eliminate ) > R.(eliminate ).



Proof. Let z1,...,zx € {0,1}" and y1,...,yx € {0,1}" be the inputs of Alice
and Bob (respectively) for eliminatesx. Let y' = 31 0---oy,. As f is padable
with respect to g (with some b), we can pad each input z; of Alice to get =} =
b= ;5" (=9 (of length nk). We execute an optimal deterministic protocol for
r-eliminategx on inputs (z7,... x},y’), and let 7 be the answer of the eliminate
protocol. Since f is padable with respect to g, we have f(z;,y;) = g(«},y’) and
so the answer 7 is a possible answer for eliminate s (x1,..., 28, y1,...,Yk) as
well. Hence, D(eliminates+) < D(r-eliminate,x ). The same reduction applies
for the randomized case. a

R-FEliminate for the Disjointness Function. Let DISJ denote the disjointness
function, namely DISJ(S,7) = 1 if SNT = 0 for S,T C [n] (the inputs sets
S, T are represented by their n-bit characteristic vectors).

Theorem 6. D(r-eliminatepg;x) = O(% - logk).

Proof. Let Si,...,Sk be the inputs of Alice and T be the input of Bob. For
1 <i<kdefine 4; & S, \ Ui»;S;; that is, A; contains the elements that appear
only in S;. Let A; be a smallest set among A, ..., Ag; that is, |A4;| < |A;| for
1 <i < k. Since Ay, ..., Ay are disjoint, |A;| < n/k. To solve r-eliminatepg;«,
Alice sends the set A; to Bob. Bob computes DISJ(A;,T) and sends the answer
to Alice. Alice computes the output as follows: If DISJ(A;,T) = 0, then A;
intersects 7', and, in particular, S; intersects T'. Therefore, in this case, Alice
may return any vector whose j-th coordinate is 1. If DISJ(A;,T) = 1, then
either S; and T are disjoint, or S; \ A; intersects T', and therefore \S; intersects
T for at least one i # j (since any element in S; \ A; belongs to some S;).
Therefore, the vector whose j-th coordinate is 0 and all other coordinates are 1
is not possible and Alice outputs this vector.

The number of sets of size at most n/k is at most (ek)™*. Therefore, com-
municating the set A; requires at most 7 log(ek) < (n/k)(log k + 2) bits. O

Ambainis et al. [2] showed that D(eliminatepgyr) = f2(n). Using the
fact that DISJ with n/k-bit inputs is padable with respect to DISJ with n-
bit inputs and Lemma 1, we can obtain lower bounds on the complexity of
r-eliminate of disjointness, that is, D(r-eliminatepgyr) = 2(n/k). In particu-
lar, we deduce that the protocol of Theorem 6 is optimal up to factor of logk
for deterministic protocols. Theorem 5 and Lemma 1 imply the lower bound
Re(r-eliminatepgye) = n/2°00) for e < 1/2F+1,

R-Eliminate for the Inner Product function. Let IP : {0,1}" x {0,1}" — {0,1}
be the inner product mod 2 function, i.e. IP(z,y) = z[1] - y[1]®, . . ., Bx[n] - y[n],
where z[i] and y[i] are the i-th bits of z and y respectively. In the full version
of this paper, we show that some small saving is possible for r-eliminate of IP;
namely, D(r-eliminatepr) < max{n — k + 2,0}. We next prove a lower bound
on the randomized communication complexity of eliminate;pr. Specifically, we
prove that Rs(eliminaterpr) > n — O(k), for § < 5. This improves over
a lower bound of n/2°%) log nloglogn from [2]. Notice that for k > logn their



bound is 2(1), while even for k = o(n) our bound is £2(n). The lower bound for
IP can also be obtained from Theorem 5; we present the proof below since we
believe that its ideas might be of interest.

Theorem 7. Rs(eliminaterpr) > n — O(k), for § < 1/(4k%/22F 4-2).

Proof. We will show that if there is a d-error protocol P for eliminaterpr with
complexity less than n — O(k), then there is a randomized protocol for IP on
inputs of length nk with error less than 1/2 — e with complexity less than nk —
log O(1/e€) contradicting the known lower bound for IP. Given z,y € {0, 1}"k,
the protocol for IP(z,y), denoted P’, proceeds as follows:

1. Let ¢ = x1,...,2; and y = y1,...,Yk, where |x;| = |y;| = |n|. Alice and
Bob execute the protocol P for eliminatepr on (z1,..., Tk, Y1, .., Yk). Let
(01,-..,0k) be the output of P. Denote o; = 7; for 1 <i < k (with proba-
bility at least 1 — 4§, IP(x;,y;) = «; for at least one 7).

2. Alice chooses uniformly at random an index 1 < j <k and sends j and
T1yevey Tje1,Tj41,-- -, 2k 0 Bob.

3. Bob computes 8; = IP(x;,y;), for i € {1,...,k}\ {j}, computes a = ®;-;0;,
and ¢ = |{i #j : a; = B;}|. It computes the protocol’s output as follows:

— if ¢ = 0 (that is, a; # 0; for every ¢ € {1,...,k} \ {j}), the output is
a @ «; (in this case if P returns a correct output, then it must be that
a; = f3; and the output of P’ is correct).

— if ¢ > 0, then with probability 1/2 + €. the output is a & «; and with
probability 1/2 — €. it is a & @;, where €, will be determined later.

We analyze the success probability of the protocol P’. First, assume that P never
errs. We will later remove this assumption. Let m = | {i : a; = IP(z;,¥;)} |; that
is, m is the number of correct values among aq, ..., ak.

The case m = 1: If Alice chooses the unique j such that a; = IP(z;,y;), then
¢ =0 and P’ always succeeds. If Alice chooses any other j, then a; # IP(z;,y;)
and ¢ = 1, and so the protocol P’ succeeds with probability 1/2—e;. All together,
the success probability, in this case, is:

Ll S R
ET TR \2 7)) =g Ty T

The case 2 < m < k: If Alice chooses an index j such that a; = IP(x;,y;) (this
happens with probability m/k), then ¢ = m — 1 and Bob outputs the correct
value (i.e., a ® a;) with probability 1/2 + €,,—1. If Alice chooses j such that
a; # IP(xj,y;) (with probability (1 —m/k)), then ¢ = m and Bob outputs the
correct value (i.e., a @ @;) with probability 1/2 — ¢,,. All together, the success
probability, in this case, is

m(l (- I \_ L, m _k—m
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Set €, = 1/(4(7];)) Thus, for 2 < m < k, the success probability is:

1 1 m k—m _1 1
2+k<4<mﬂ>‘4<z)>‘2+4k<:9'

For m = 1 the success probability is greater than 1/2 4 1/(4k). All together, P’
succeeds with probability greater than 1/2 + —L— > 1/2 4 1/(4k3/22%) (since

4k (172
() < 2¢/K1/2).

Next, assume that P errs with probability (at most) §. In the worst case,
P’ fails whenever P fails. The success probability of P’ is, therefore, at least
(1 —6)-(1/2 + 1/(4k3/22%)). Assuming that § < 1/(4k3/22% + 2), the success
probability of P’ is at least 1/2 + 1/(8k22F).

The communication complexity of P’ is the communication complexity of P,
on inputs of length n, plus (1—1/k)nk. By [21, Exercise 3.30], the communication
complexity of IP with error 1/2 — € on inputs of length nk is at least nk —
O(log 1/€). Thus, we get Rs(eliminaterpr) + (1 —1/k) - nk > nk — O(k), which
implies that Rs(eliminaterpr) > n — O(k). O

As TP with n/k-bit inputs is padable with respect to IP with n-bit inputs
(using b = 0 in Definition 3) then, using Lemma 1, we get:

Corollary 1. Rs(r-eliminatepr) > % — O(1) for every § < 1/(4k3/?2% 4 2).

We know that Ry /or(eliminaterpr) = O(1). Thus, the error that we allow
in Theorem 7 (and Corollary 1) is nearly optimal.

Eliminate of Most Functions. In the full version of the paper, we prove that
for most functions f r-eliminate cannot be computed efficiently; i.e., we prove
that D(r-eliminatey2) > n — 5 for most functions.
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