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Exercise 1

Let ~v, ~v′ be two non-zero vectors over some field F . Prove that for every span program
(M,ρ,~v) over F there is a span program of equal size (M ′, ρ, ~v′) accepting the same access
structure.

Exercise 2

Let n =
(
m
2

)
and consider a complete undirected graph with m vertices denoted {v1, . . . , vm}

and n edges. Define the access structure CON whose participants are the edges, and a set
of edges is in the access structure if it contains a path from v1 to vm. Prove that CON has
a span program of size n over every field F .

Exercise 3

Let L1, . . . , Lm be m subsets of {0, . . . ,m− 1} such that the intersection of every two subsets
is of size at most one. Define the access structure LINES , which has n = 2m participants
denoted {a1, . . . , am, b1, . . . , bm}, and whose minimal sets are {{ai, bj} : j ∈ Li}.

1. Prove that for every field F , every monotone span program over F has size at least∑m
i=1 |Li|.

2. Let p be a prime number and m = p2. For every (a, b) ∈ Zp ×Zp define

L(a,b) = {(x, y) ∈ Zp ×Zp : y ≡ ax+ b (mod p)} .

Prove that for every a1, b1, a2, b2 ∈ Zp such that either a1 6= a2 or b1 6= b2 (or both)∣∣∣L(a1,b1) ∩ L(a2,b2)

∣∣∣ ≤ 1.

3. Identify each pair (x, y) ∈ Zp × Zp with the number xp + y ∈ {0, . . . ,m− 1}, and
similarly for every pair (a, b) ∈ Zp × Zp. What is the lower bound for the access
structure LINES defied with the sets L(a,b)?


