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Abstract. Asynchronous Partial Overlay (APO) is a search algorithm
that uses cooperative mediation to solve Distributed Constraint Satis-
faction Problems (DisCSPs). The algorithm partitions the search into
different subproblems of the DisCSP. The proof of completeness of the
APO algorithm is based on the growth of the size of the subproblems.
The present paper presents an example DisCSP and a detailed run of
APO on the example. In the resulting scenario, the run of the algorithm
enters an infinite loop. The presented example and scenario contradict
the termination and consequently the completeness of the APO algo-
rithm. A correction to the problem that prevents the infinite loop in our
example is proposed. A reference to the problematic part in the proof of
APO’s completeness is also given.

1 Introduction

Asynchronous Partial Overlay (APO) [4,3] is an algorithm for solving Dis-
tributed Constraint Satisfaction Problems (DisCSPs) that uses the concept of
mediation to centralize the search procedure in parts of the DisCSP. The APO
algorithm belongs to a family of DisCSP search algorithms that is radically dif-
ferent than distributed backtracking algorithms. Distributed backtracking, which
forms the majority of DisCSP algorithms, can take many forms. Asynchronous
Backtracking (ABT) [7], Asynchronous Forward-Checking (AFC) [5], and Con-
current Dynamic Backtracking (ConcDB) [8] are representative examples of the
family of distributed backtracking algorithms. All of these algorithms maintain
one or more partial solutions of the DisCSP and attempt to extend the partial so-
lution into a complete one. The extension of partial solutions can be performed
asynchronously (as in ABT [7]) or concurrently over multiple solutions (as in
ConcDB [8]).

The uniqueness of APO lies in its basic operation of merging partial solu-
tions into a complete one. Merging of different partial solutions is distinct from
extending partial solutions. To our best knowledge, Descending Requirement
Search (DesRS) [6], is the only search algorithm, beside APO, that merges par-
tial solutions. However, the DesRS algorithm is based on a hierarchical partition
of the DisCSP. The imposed hierarchical structure guaranties the correctness of
DesRS.

The APO algorithm partitions the agents into groups that attempt to find
consistent partial solutions. The partition mechanism is dynamic during search



and enables a dynamic change of groups. The key factor in the termination (and
consequently the completeness) of the APO algorithm as presented in the cor-
rectness proof in [4] is the growth of initially partitioned group during search.
This growth is possible, since the subproblems overlap, allowing agents to in-
crease the size of the subproblems they solve. The proof argues that a subset of
agents could cycle infinitely through their allowable values without reaching a
solution, if the size of that subset does not increase over time.

The proof of APO’s completeness in [4] relies on the assumption that a set
of agents V/ C V cannot enter such a state of oscillation. This assumption is
considered to be true, since after a mediation session, at least one conflict must
be created or must remain. Otherwise, the oscillation would stop and the problem
would be solved [4].

The present paper constructs a scenario in which concurrent mediation ses-
sions do not have any remaining conflicts, nor are they aware of any new conflicts
created. The solution of these sessions creates new conflicts that become known
only after the mediation sessions are over. Thus, the size of the subproblems
does not increase. Moreover, the demonstrated scenario leads to an infinite loop
of the APO algorithm’s run. Such a scenario contradicts the termination and
consequently the completeness of APO.

A simple DisCSP with 3 or 4 agents is not enough to achieve such an infinite
loop scenario, since we must have at least two concurrent mediation sessions.
Consequently, we use a DisCSP with 8 agents and a symmetrical constraint
graph. Following the asynchronous nature of the algorithm, some of the messages
in our scenario are delayed. All delays are finite.

In the rest of this paper, we briefly describe the APO algorithm accompanied
by its pseudo-code as presented in [4] (section 2). We then present our infinite
loop scenario in detail (section 3). A proposed correction to the problem is
described in section 4. Section 5 presents a discussion.

2 Asynchronous Partial Overlay

Asynchronous Partial Overlay (APO) is an algorithm for solving DisCSPs that
applies cooperative mediation. The pseudo-code in figures 1, 2, and 3 follows
closely the presentation of APO in [4].

Using mediation, agents can solve subproblems of the DisCSP by conducting
an internal Branch and Bound search. For a complete solution of the DisCSP,
the solutions of the subproblems must be compatible. When solutions of over-
lapping subproblems have conflicts, the solving agents increase the size of the
subproblems that they work on. The original paper uses the term preferences to
describe potential conflicts between solutions of overlapping subproblems. The
present paper uses the term external constraints to describe such conflicts. A
detailed description of the APO algorithm can be found in [4], the source of the
complete version of APO that is used in the present paper.



procedure initialize
d; — random d € Dy;
p; — sizeof(neighbors) + 1;
m; <« true;
mediate «— false;
add z; to the good_list;
send (init, (z;, pi, di, ms, Di, C;)) to neighbors;
init List <+ neighbors;
end initialize;

when received (init, (z;,p;,d;, m;, D;,C;)) do
add (z;,pj;,d;, mj, Dj,C;) to agent_view;
if x; is a neighbor of some x, € good_list do
add x; to the good_list;
add all z; € agent_view A z; ¢ good_list
that can now be connected to the good_list;
p;i < sizeof(good_list);
end if;
if z; ¢ initList do
send (init, (z;, pi, ds, ms, D;, Cs)) to xj;
else
remove x; from initList;
end if;
check_agent_view;
end do;

when received (ok?, (zj,p;,d;,m;)) do
update agent_view with (x;,p;,d;, m;);
check_agent_view;

end do;

procedure check_agent_view
if initList # () or mediate # false do
return;
mj «— hasCon flict(z;);
if mj and —3j(p; > p; A m; == true) do
if 3(d; € D;)(d; U agent_view does not conflict)
and d; conflicts exclusively with lower priority neighbors do
di  dj;
send (ok?, (zi,pi,di,m;)) to all z; € agent_view;
else
do mediate;
end if;
else if m; # m; do
mi — mj;
send (ok?, (zi,pi,di,m;)) to all z; € agent_view;
end if;
end check_agent_view;

Fig. 1. APO procedures for initialization and local resolution.



procedure mediate
preferences «— ();
counter « 0;
for each z; € good_list do
send (evaluate?, (z;,p;)) to x;;
counter—++;
end do;
mediate < true;
end mediate;

when received (wait!, (z;,p;)) do
update agent_view with (x;,p;);
counter--;
if counter == 0 do choose_solution,;
end do;

when received (evaluate!, (z;, p;,labeled D;)) do
record (z;,labeled D;) in preferences;
update agent_view with (x;,p;);
counter--;
if counter == 0 do choose_solution;
end do;

procedure choose_solution
select a solution s using a Branch and Bound search that:
1. satisfies the constraints between agents in the good_list
2. minimizes the violations for agents outside of the session
if —3s that satisfies the constraints do
broadcast no solution;
for each z; € agent_view do
if z; € preferences do
if d;- € s violates an zy and zj ¢ agent_view do
send (init, (z;, pi, di, ms, Di, C;)) to x;
add xy to initList;
end if;
send (accept!, (d}, i, pi, di,ms)) to xj;
update agent_view for x;;
else
send (ok?, (z;,pi,di,ms)) to x;;
end if;
end do;
mediate — false;
check_agent_view;
end choose_solution;

Fig. 2. Procedures for mediating an APO session and for choosing a solution during
an APO mediation.



when received (evaluate?, (z;,p;)) do
m; < true;

if mediate == true or 3k(pr > p; A my == true) do
send (wait!, (z;,p:));
else

mediate < true;
label each d € D; with the names of the agents
that would be violated by setting d; < d;
send (evaluate!, (z;, p;, labeled D;));
end if;
end do;

when received (accept!, (d,z;,pj,d;,m;)) do
d; «— d;
mediate < false;
send (ok?, (zi,pi,di,m;)) to all z; € agent_view;
update agent_view with (x;,p;,d;, m;);
check_agent_view;

end do;

Fig. 3. Procedures for receiving an APO session.

3 An infinite loop scenario

Consider the 3-coloring problem presented in figure 4 by the solid lines. Each
agent can assign one of the three available colors Red, Green, or Blue. To the
standard inequality constraints that the solid lines represent, we add four weaker
constraints (diagonal dashed lines) that do not allow only the combinations
(Green,Green) and (Blue,Blue) to be assigned by the agents.

The initial selection of values by all agents is depicted in figure 4. In the
initial state, two constraints are violated — (A1,A2) and (A5,A6). Assume that
agents A3, A4, A7, and A8 are the first to complete their initialization phase by
exchanging init messages with all their neighbors (procedure initialize in fig-
ure 1). These agents do not have conflicts, therefore they set m;«false and send
ok? messages to their neighbors when each of them runs the check_agent_view
procedure (see figure 1). After the arrival of the ok? messages, agents Al, A2,
A5, and A6 accept init messages from all of their neighbors and complete the
initialization phase. Agents A2 and A6 have conflicts, however they complete the
check_agent_view procedure without mediating or changing their state. This
is true, because in the agent views of A2 and A6, m; = true and ms = true,
respectively. These neighbors have higher priority over agents A2 and A6. We de-
note by configuration 1 the states of all the agents at this point of the processing
and present the configuration in Table 1.

After all agents complete their initializations, agents Al and A5 detect that
they have conflicts, and that they have no neighbor with a higher priority that



Fig. 4. The constraints graph with the initial setting.

Agent|Color|m; d; values m; values

Al R m1:tdng,dng,d7:B,dg:Gm2:t,m3=f,m7=f,mg=f
AQ R mgzt d1 :R, d3 =B m1:t, m3:f

A3 B |m3 = fldi =R, d2 =R, da =G, ds =R|m1 =t, ma =t, ma = f, ms =1
A4 G M4:fd3=B,d5:R mng,m5:t

A5 R m5:td3:B7d4:G,d6:R,d7:Bm3:f7m4:f,m6:t,m7:f
A6 R |mg¢ =t |ds =R, d7 =B ms=t, mr=f

A7 B m7:fd1=R,d5:R,dng,dg:Gml:t,m5:t,m6:t,mg:f
A8 G m8:fd1:R,d7:B m1:t,m7:f

Table 1. Configuration 1.

wants to mediate. Consequently, agents A1 and A5 start mediation sessions, since
they cannot change their own color to a consistent state with their neighbors.

We will first observe Al’s mediation session. Al sends evaluate? messages
to its neighbors A2, A3, A7, and A8 (procedure mediate in figure 2). All these
agents reply with evaluate! messages (see code in figure 3). Al conducts a
Branch and Bound search to find a solution that satisfies all the constraints
between Al, A2, A3, A7, and A8, and also minimizes external constraints (pro-
cedure choose_solution in figure 2). In our example, Al finds the solution
(A1—Green, A2<Blue, A3<—Red, AT<Blue, A8—Red), which satisfies the in-
ternal constraints, and minimizes to zero the external constraints. Al sends
accept! messages to its neighbors, informing them of its solution. A2, A3, A7,
and A8 receive the accept! messages and send ok? messages with their new states
to their neighbors (see code in figure 3). However, the ok? messages from A8 to
A7 and from A3 to A4 and to A5 are delayed.



Agent|Color|m; d; values m; values

Al G m1:fd2:B,d3:R,d7:B,ds:R m2:f,m3:f,m7:f,mg:f
A2 B m2:fd1=G7d3=R mlzf,mSZf

A3 R m3=fd1:G,d2=B,d4=G,d5:R mlzf,mzzf,m4:f,m5:t
A4 G 7TL4:fd3:B,d5:R m3:f,m5:t

A5 R m5:td3:B,d4=G7d6=R,d7=Bm3=f,m4:f,m6=t7m7=f
A6 R me = d5 :R, d7 =B ms = t, mr = f

A7 B m7:fd1:G,d5:R,d6:R,ngGmlzf,m5:t,m6:t,ms:f
A8 R mngd1=G7d7=B m1=f,7TL7=f

Table 2. Configuration 2 — obsolete data in agent_views is in bold face.

Concurrently with the above mediation session of A1, agent A5 starts its own
mediation session. A5 sends evaluate? messages to its neighbors A3, A4, A6, and
A7. Let us assume that the message to A7 is delayed. A4 and A6 receive the
evaluate? messages and reply with evaluate!, since they do not know any agents
of higher priority than A5 that want to mediate. A3, is in A1’s mediation session,
so it replies with wait!. We denote by configuration 2 the states of all the agents
at this point of the processing (see Table 2).

Only then, after A1’s mediation session is over, A7 receives the delayed eval-
uate? message from A5. Since A7 is no longer in a mediation session, nor does
it expect a mediation session from a node of higher priority than A5 (see A7’s
view in Table 2), agent A7 replies with evaluate!. Notice that A7’s view of dg
is obsolete (the ok? message from A8 to A7 is still delayed). When agent A5
receives the evaluate! message from A7, it can continue the mediation session
involving agents A4, A5, A6, and A7. Since the 0k? messages from A3 to A4
and A5 are also delayed, agent A5 starts its mediation session with knowledge
about agents A3 and A8 that is not updated (see bold-faced data in Table 2).

Agent A5 conducts a Branch and Bound search to find a solution that satisfies
all the constraints between A4, A5, A6, and A7, that also minimizes external con-
straints. In our example, A5 finds the solution (A4«Red, A5+ Green, A6<—Blue,
AT7—Red), which satisfies the internal constraints, and minimizes to zero the ex-
ternal constraints (remember that A5 has wrong data about the assignments of
A3 and A8). A5 sends accept! messages to A4, A6, and A7, informing them of
its solution. The agents receive these messages and send ok? messages with their
new states to their neighbors. By now, all the delayed messages get to their desti-
nations, and two constraints are violated — (A3,A4) and (A7,A8). Consequently,
agents A3, A4, A7, and A8 want to mediate, whereas agents Al, A2, A5, and
A6 do not wish to mediate, since they do not have any conflicts. We denote by
configuration 3 the states of all the agents after A5’s solution has been assigned
and all delayed messages arrived at their destinations (see figure 5 and Table 3).

Up until now, we have shown a series of steps that led from configuration 1
to configuration 3. Next, we will show a very similar series of steps that will lead
us right back to configuration 1.



Fig. 5. The graph in configuration 3.

Agent|Color|m; d; values m; values

Al G ’ITL1:fdQZB,dng,d7=R,dsIRW’LQ:f,mgzt,M7:t,m8=t
A2 B m2:fd1:G,d3:R mlzf,m3:t

A3 R |ms=t|di =G,d2=B,ds =R, ds =Gm1=f, mo=f, ma=t, ms=f
A4 R M4:t d3 IR, d5 IG 7713:t7 m5:f

A5 G m5:fd3:R,d4:R,d6:B,d7:Rm3:t,m4:t,m6:f,m7:t
A6 B |me¢ = f|ds =G, dr =R ms = f, mr=t

A7 R m7=t d1ZG,dszG,dng,dngmlzf,m5=f,m6:f,m8=t
A8 R mg:t d1 :G, d7 =R m1=f, 7717:t

Table 3. Configuration 3.

Agents A3 and A7 detect that they have conflicts and that they have no
neighbor with a higher priority that wants to mediate. Consequently, agents A3
and A7 start mediation sessions, since they cannot change their own color to a
consistent state with their neighbors.

We will first observe A3’s mediation session. A3 sends evaluate? messages
to its neighbors A1, A2, A4, and A5. All these agents reply with evaluate! mes-
sages. A3 conducts a Branch and Bound search to find a solution that satisfies
all the constraints between A1, A2, A3, A4, and A5, and also minimizes exter-
nal constraints. Agent A3 finds the solution (Al—Green, A2+—Red, A3« Blue,
A4—Green, A5—Red), which satisfies the internal constraints, and minimizes
to zero the external constraints. A3 sends accept! messages to its neighbors, in-
forming them of its solution. A1, A2, A4, and A5 receive the accept! messages
and send ok? messages with their new states to their neighbors. However, the
ok? messages from A2 to Al and from A5 to A6 and to A7 are delayed.



Agent|Color|m; d; values m; values

Al G m1:fdQZB,d3:B,d7:R,dg:RmQZf,mng,nw:t,mg:t
A2 | R [|mg = fld =G, ds =B m = [, ms=f

A3 B m3=fd1:G,d2=R,d4:G,d5:Rm1=f,m2:f,m4=f,M5:f
A4 G m4:fd3:B,d5:R m3:f,m5:f

A5 R m5=fd3=B7d4=G,d6:B,d7=R m3:f,m4:f,m6=f,m7:t
A6 B mGZde,:G,d7:R m5:f,m7:t

A7 B m7:t d1:G,d5:G,d6:B,nglezf,mszf,WGZf,mgzt
A8 R mgztd1:G7d7=R mlzf,m7=t

Table 4. Configuration 4 — obsolete data in agent_views is in bold face.

Concurrently with the above mediation session of A3, agent A7 starts its own
mediation session. A7 sends evaluate? messages to its neighbors A1, A5, A6, and
AS8. Let us assume that the message to Al is delayed. A6 and A8 receive the
evaluate? messages and reply with evaluate!, since they do not know any agents
of higher priority than A7 that want to mediate. A5, is in A3’s mediation session,
so it replies with wait!. We denote by configuration 4 the states of all the agents
at this point of the processing (see Table 4).

Only after A3’s mediation session is over, Al receives the delayed evaluate?
message from A7. Since Al is no longer in a mediation session, nor does it
expect a mediation session from a node of higher priority than A7 (see Al’s
view in Table 4), agent Al replies with evaluate!. Notice that Al’s view of ds
is obsolete (the ok? message from A2 to Al is still delayed). When agent A7
receives the evaluate! message from Al, it can continue the mediation session
involving agents Al, A6, A7, and A8. Since the 0k? messages from A5 to A6
and A7 are also delayed, agent A7 starts its mediation session with knowledge
about agents A2 and A5 that is not updated (see bold-faced data in Table 4).

Agent A7 conducts a Branch and Bound search to find a solution that satisfies
all the constraints between A1, A6, A7, and A8, that also minimizes external con-
straints. In our example, A7 finds the solution (Al«<Red, A6+—Red, A7<Blue,
A8+Green), which satisfies the internal constraints, and minimizes to zero the
external constraints (remember that A7 has wrong data about A2 and A5). A7
sends accept! messages to Al, A6, and A8, informing them of its solution. The
agents receive these messages and send ok? messages with their new states to
their neighbors. By now, all the delayed messages get to their destination, and
two constraints are violated — (A1,A2) and (A5,A6). Consequently, agents Al,
A2 A5, and A6 want to mediate, whereas agents A3, A4, A7, and A8 do not
wish to mediate, since they do not have any conflicts. Notice that all the agents
have returned to the exact states they were in configuration 1 (see figure 4 and
Table 1).

The cycle that we have just shown between configuration 1 and configura-
tion 8 can continue indefinitely. This example contradicts the termination and
completeness of the APO algorithm.



It should be noted that we did not mention all the messages passed in the run-
ning of our example. We mentioned only those messages that were important for
the understanding of the examples, since the example was complicated enough.
For instance, after agent A5 completes its mediation session (before configu-
ration 2), there is some straightforward exchange of messages between agents,
before the m; values of all the agents are correct (as presented in Table 2).

4 Proposed correction to APO

The scenario presented in the previous section becomes possible, due to de-
layed updating of agent_views after completion of a mediation session. Agent
AT in configuration 2 and agent Al in configuration 4 are the key players in
our scenario, but we will focus on agent A7. Since agent A7 (in configuration
2) receives Al’s accept! message before the arrival of A5’s evaluate? message,
agent A7 is ready to engage in a mediation session with agent A5. However, AT’s
agent_view is not yet updated, since the ok? message from agent A8 was de-
layed. This situation allows A5 to conduct a local search with wrong knowledge
of external constraints, leading to a new conflict between agents A7 and AS.
Since agent A5 finds a solution with no conflicts, it does not add any new agents
to its neighborhood (procedure choose_solution in figure 2). This enables the
infinite reoccurrence of our scenario.

A solution to this problem could be obtained if agent A7 would agree to
participate in a new mediation session only when its agent_view is updated with
all the changes of the previous mediation session. This can be achieved by the
mediator sending its entire solution s in the accept! messages, instead of just
particular d;’s. The sending of accept! in procedure choose_solution can be
changed to the following:

send (accept!, (s, z;, p;, di, m;)) to x;;

Upon receiving the new accept! message, agent ¢« now updates all the di’s
in the received solution s (accept for di’s that are not in i’s agent_view). Notice
that agent 4 still has to send ok? messages to its neighbors, since not all of its
neighbors were necessarily involved in the mediation session. The new code for
receiving an accept! message is in figure 6.

Looking back at configuration 2 from the previous section, we can observe
that after the proposed correction, agent A7 will join A5’s mediation session
only with updated knowledge of A8’s color. In such a case, A5 finds in its search
a different solution, for example (A4« Green, A5<Red, A6+ Green, A7<Blue)
that has no external conflicts. The original solution of this step in our scenario
(A4—Red, A5—Green, A6—Blue, A7—Red) now imposes a conflict between
agents A7 and A8, since A7 is aware of A8’s real color. The infinite cycle cannot
occur in this scenario, because it relies on the possibility that after A5’s medi-
ation session, agents A7 and A8 will share the same color. This possibility is
prevented by our proposed correction.



when received (accept!, (s,z;,p;,d;j,m;)) do
for each zx € s do
if z; € agent_view do
update agent_view with (x, d);
end if;
end do;
mediate < false;
send (ok?, (zi,pi,di,ms)) to all z; € agent_view;
update agent_view with (z;,p;,d;, m;);
check_agent_view;
end do;

Fig. 6. The proposed procedure for receiving an accept! message.

The above correction involves no additional exchange of messages. It only
adds some data (the complete solution s instead of just d}) to the accept!
messages of the original algorithm. This addition has negligible effect on the

overall communication scope of the algorithm.

5 Discussion

The APO search algorithm is designed as an asynchronous distributed algorithm
on DisCSPs. The proof of APO’s completeness as presented in [4] relies on the
incorrect assumption that the mediator always adds an agent to its good_list in
case an external constraint is violated during a mediation session. This paper
has presented a detailed example that uses delays in the delivery of messages. In
the example, we show how a mediator can find a solution to its subproblem with
no external conflicts created according to its agent_view, due to an obsolete view
of external constraints in the time of mediation. This solution does however lead
to violation of external constraints contrary to the assumption in [4].

In order to focus on the correctness problem discovered, we presented a sce-
nario in which the APO algorithm enters an infinite loop. To solve the specific
problem discovered we proposed a correction to the algorithm that prevents this
scenario from happening. Our proposed correction adds necessary data synchro-
nization at the end of a mediation session. Although our proposed correction is
shown to be essential, it does not help in proving the correctness of the assump-
tion that was mentioned before. Consequently, the termination and completeness
of the APO algorithm remain unclear.

Benisch and Sadeh [1,2] have proposed several new versions of the APO
algorithm. In [1] they suggest an alternative way for selecting the mediators by
changing the metric used in calculating the priority p of an agent. It is important
to mention this proposed flexibility to the priority, since the proof of soundness
of the APO algorithm in [4] relies on the fact that priorities only increase over
time. This is not valid when changing the metric used in calculating the priority



as proposed in [1]. Consequently, the proof of soundness of the APO algorithm
must be re-considered for different policies of priorities.

In addition to the mediation procedure originally proposed with APO (pro-
cedure choose_solution in figure 2), Benisch and Sadeh [2] propose two new
mediation procedures — APO-BT and APO-ABT. Both of these versions of the
APOQO algorithm do not include conflict minimization with agents outside of the
mediation session. The scenario presented in section 3 can be easily simplified to
generate an infinite loop, when conflicts with external agents are not minimized.
According to the original publication of the APO algorithm, these versions of
the algorithm do not affect the proofs of soundness and completeness. In fact,
the proofs in [4] do not refer to the external conflict minimization.

The present paper presents a termination problem of the APO algorithm.
The proposed correction solves the specific problem that was presented. However,
there still lies a question mark over the completeness of the algorithm. Moreover,
the proof of soundness of the algorithm does not seem to be robust enough to
deal with different versions of the APO algorithm.
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