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Abstract. Complete algorithms for solving DisCOPs have been a major focus
of research in the DCR community in the last few years. The properties of these
algorithms belong to very different categories. Algorithms differ by their degree
of asynchronicity, by the method of their combinatorial part, and by dividing the
problem into sub parts. The wide variety of different families of algorithms makes
it hard to find a uniform method for measuring and comparing their performance.
The present paper proposes a uniform performance scale which is applicable for
all DisCOP algorithms. The proposed performance measure enables an evaluation
of the different DisCOP algorithms on a uniform scale, which was not published
before. Preliminary results are presented and display the hierarchy of DisCOP
search algorithms according to their performance on random DisCOPs.

1 Introduction

The Distributed Constraint Optimization Problem (DisCOP) is a general model for dis-
tributed problem solving that has a wide range of applications in Multi-Agent Systems
and has generated significant interest in the last five years [7, 9, 10, 13]. DisCOPs are
composed of agents, each holding one or more variables. Each variable has a domain
of possible value assignments. Constraints among variables (possibly held by differ-
ent agents) assign costs to combinations of value assignments. Agents assign values to
their variables and communicate with each other, attempting to generate a solution that
is globally optimal with respect to the sum of the costs of the constraints [9, 10].

There is a wide scope in the motivation for research on DisCOPs, since they can
be used to model many every day combinatorial problems that are distributed by na-
ture. Some examples are theNurse Shifts assignment problem[3], theSensor Network
Tracking problem[13], andLog Based Reconciliation[1].

DisCOPs represent real life problems that cannot or should not be solved centrally
for several reasons, among them the lack of autonomy, a single point of failure, and the
privacy of agents.

A number of algorithms were proposed in the last few years for solving DisCOPs.
The simplest algorithm of these is theSynchronous Branch and Bound(SynchB&B)
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algorithm which is a distributed version of the well-known centralized Branch and
Bound algorithm. Another algorithm which uses a Branch and Bound scheme isAsyn-
chronous Forward Bounding(AFB) [2], in which agents perform sequential assign-
ments which are propagated for bounds checking and early detection of a need to back-
track. A number of algorithms use a pseudo-tree which is derived from the structure
of the constraints network in order to improve the process of acquiring a solution for
the search problem.ADOPT [9] is such an asynchronous search algorithm in which
assignments are passed down the pseudo-tree. Agents compute upper and lower bounds
for possible assignments and send costs which are eventually accumulated by the root
agent,up to their parents in the pseudo-tree.

Another algorithm which exploits a pseudo tree isDPOP [10]. In DPOP, each
agent receives from the agents which are its sons in the pseudo-tree all the combi-
nations of partial solutions in their sub-tree and their corresponding costs. The agent
calculates and generates all the possible partial solutions which include the partial so-
lutions it received from its sons and its own assignments and sends the resulting com-
binations up the pseudo-tree. Once the root agent receives all the information from its
sons, it produces the optimal solution and propagates it down the pseudo-tree to the rest
of the agents. Yet another very different approach was implemented in theOptAPO
algorithm in which agents which are in conflict choose a mediator to whom they trans-
fer their data and which solves the partial problem. This algorithm benefits when the
underlying constraints network includes independent sections which can be solved con-
currently.

The wide variety of algorithms makes it hard to compare their performance. While
some of the algorithms perform exhaustive sequential distributed search (Synchronous
Branch and Bound) others perform asynchronous search (ADOPT) or avoid performing
distributed search by centralizing information at some level (OptAPO, DPOP).

Most former studies on DisCOP complete search algorithms measured the perfor-
mance of the algorithm bystepsof computation of the algorithm (or cycles) [7, 9, 10,
2]. While for some of the algorithms asAdopt andAFB this is a reasonable choice
since in each step agents perform similar amount of computation, in other algorithms
like DPOP andOptAPO it is not clear what a step is since its size is dependent on
the amount of information that was gathered.

The goal of the present paper is to compare the performance of such widely different
algorithms with drastically different behavior. The present paper presents a uniform
measure which enables a comparison of all DisCOP algorithm according to the same
scale. In order to establish a uniform scale, the atomic operation performed by each
algorithm is presented and its analogy to the atomic operations of the other algorithms
is analyzed.

The proposed performance measure enables a comparison between algorithms which
were not compared before (as DPOP and AFB). Preliminary experimental results show
the hierarchy of the performance of these algorithms on random DisCOPs.



2 Distributed Constraint Optimization

A DisCOP is a tuple< A,X ,D,R >. A is a finite set of agentsA1, A2, ..., An.
X is a finite set of variablesX1,X2,...,Xm. Each variable is held by a single agent
(an agent may hold more than one variable).D is a set of domainsD1, D2,...,Dm.
Each domainDi contains the finite set of values which can be assigned to variableXi.
R is a set of relations (constraints). Each constraintC ∈ R defines a non-negative
costfor every possible value combination of a set of variables, and is of the formC :
Di1×Di2× . . .×Dik

→ R+∪{0}. A binary constraintrefers to exactly two variables
and is of the formCij : Di × Dj → R+ ∪ {0}. A binary DisCOPis a DisCOP
in which all constraints are binary. Anassignment(or a label) is a pair including a
variable and a value from that variable’s domain. Apartial assignment(PA) is a set
of assignments in which each variable appears at most once.vars(PA) is the set of
all variables that appear in PA,vars(PA) = {Xi | ∃a ∈ Di ∧ (Xi, a) ∈ PA}. A
constraintC ∈ R of the formC : Di1 ×Di2 × . . .×Dik

→ R+ ∪ {0} is applicableto
PA if Xi1 , Xi2 , . . . , Xik

∈ vars(PA). Thecost of a partial assignmentPA is the sum
of all applicable constraints to PA over the assignments in PA. Afull assignmentis a
partial assignment that includes all the variables (vars(PA) = X ). A solutionis a full
assignment of minimal cost.

Following common practice, this paper assumes that each agent owns a single vari-
able, and hence uses the term “agent” and “variable” interchangeably. Constraints are
assumed to be at most binary and the delay in delivering a message is finite [9, 12].
Agents are aware only of their own topology (i.e., only of their neighbors in the con-
straints network and the constraints that they personally and privately hold).

3 Performance measure for DisCOP algorithms

The common approach in evaluating the performance of distributed algorithms is to
compare two independent measures of performance - time, in the form of steps of com-
putation [6, 8, 14], and communication load, in the form of the total number of messages
sent [6]. Non-concurrent computation effort, in systems with no message delays, are
counted by a method similar to that of Lamport’s logical clocks [4, 8, 14]. Every agent
holds a counter of constraint checks performed. Every message carries the value of the
sending agent’s counter. When an agent receives a message it updates its counter to the
largest value between its own counter and the counter value carried by the message. By
reporting the cost of the search as the largest counter held by some agent at the end of
the search, a measure of concurrent search effort is achieved that is close to Lamport’s
logical time [4]. This measure can be used to count the number of non-concurrent con-
straint checks performed (NCCCs) and to incorporate the local computational effort
of agents in each step [8, 14]. It can also include some other type of atomic operation,
such as a non-concurrent step of computation (cf. [2]).

In order to find a performance measure and scale that represents concurrent run-time
and is applicable for all DisCOP algorithms, it is easy to follow the approach of our for-
mer study on performance measures forDistributed constraints satisfaction problems
(DisCSPs)[15]. The simple idea is to measure the longest sequence of non-concurrent



atomic operations (e.g., constraint checks). In order to generate a concurrent and asyn-
chronous performance measure for DisCOPs, one needs to understand the atomic oper-
ation that is relevant for each of the DisCOP algorithms. These operations can be very
different for different families of algorithms.

1. SynchBB. In synchronous branch and bound, at each step of the algorithm an agent
tries to assign a value to the current assignment without causing the lower bound to
reach the upper bound. To this end, the costs of all the constraints between the new
assigned value and the current assignments need to be added to the lower bound.
Therefore, counting constraints checks as in the case of DisCSP measures seems
adequate [15].

2. AFB. In the case of AFB besides the sequential assignment procedure, which is
similar to SynchBB, agents perform asynchronous concurrent checks of bounds. In
order to generate these bounds agents holding unassigned variables receive partial
assignments and calculate their bound (the lowest cost of any of the values they
can assign). Since in order to calculate a bound an agent must check the constraints
between the assignment received and its own values we have agents performing
constraints checks concurrently. Thus, non-concurrent constraints checks is an ad-
equate measure for this algorithm too [2].

3. ADOPT. The atomic operation which agents perform in ADOPT is similar to the
asynchronous checks of AFB. An agent checks its best assignment according to the
context it holds each time the context changes. Again, searching for the assignment
with the lowest cost includes checking the cost of constraints. Thus, non-concurrent
constraints checks is an adequate measure in the case of ADOPT. Notice that in the
case of ADOPT as in the case of AFB one neglects to count the processing of
information which was received via messages from lower priority agents (i.e., cost
messages). This makes the performance of ADOPT, in units ofNCCCs, a lower
bound on the implementation independent concurrent run-time measure.

4. OptAPO. Most of the computation in OptAPO is done by mediators that solve sub-
problems of the DisCOP. A mediator centralizes a relevant portion of the problem,
and conducts a branch and bound search on it. Similarly to the case of SynchBB,
counting constraints checks is an adequate measure for the compuatation that a
mediator agent performs while conducting the branch and bound search. The rest
of the computation in OptAPO is done when an agent checks its agent view to detect
suboptimal conditions that trigger the mediations. Such checking of the agent view
can also be measured using constraints checks. Since several agents can perform
as mediators at the same time, non-concurrent constraints checks must be used to
measure the run-time performance of the OptAPO algorithm.

5. DPOP. The case of DPOP differs drastically from former versions of both syn-
chronous and asynchronous branch and bound search. In DPOP agents do not per-
form search and the steps agents perform are computations that are needed in order
to fill a matrix which expresses their optimal assignments’ cost to each combina-
tions of assignments of constrained agents with higher priority. The generation of
every cell in this matrix relies on the checking of constraints with higher priority
agents against every possible local assignment of the current agent. This is similar
to the operation of calculating a cost for a context in the case of ADOPT and AFB.



Fig. 1.Empirical evaluation on randomMax-DisCSPof low constraints density (p1 = 0.4).

In the experimental evaluation of the run-time performance of DPOP one needs to
count the number of constraint checks performed by the agent in order to generate
each cell in its matrix. The constraints checks that are performed during the gen-
eration of each matrix are the atomic operations that DPOP performs. Similarly to
the other algorithms, operations that could have been performed concurrently are
counted only once.

4 Experimental Evaluation

All experiments were performed on a simulator in which agents are simulated by threads
which communicate only through message passing. The Distributed Optimization prob-
lems used in all of the presented experiments are randomMax-DisCSPs. Max-DisCSP
is a subclass ofDisCOP in which all constraint costs (weights) are equal to one [9].
The network of constraints, in each of the experiments, is generated randomly by se-
lecting the probabilityp1 of a constraint among any pair of variables and the probability
p2, for the occurrence of a violation (a non zero cost) among two assignments of val-
ues to a constrained pair of variables. Such uniform random constraints networks of
n variables,k values in each domain, a constraints density ofp1 and tightnessp2 are
commonly used in experimental evaluations of CSP algorithms (cf. [11]).Max-CSPs
are commonly used in experimental evaluations of constraint optimization problems
(COPs) [5]. Other experimental evaluations of DisCOPs include graph coloring prob-
lems [9, 13], which are a subclass ofMax-DisCSP. The method described in [8] is used
for counting non-concurrent computational constraint checks and steps.

Figures 1 and 2 presents our preliminary empirical evaluation of the algorithms
described in section 3, except forOptAPO. Our implementation of theOptAPOalgo-



Fig. 2.Empirical evaluation on randomMax-DisCSPof high constraints density (p1 = 0.7).

rithm is not yet complete and thus not included in the evaluation, however we plan on
adding it in future work. The problems solved are randomly generatedMax-DisCSP
with n = 10 variables and agents,k = 10 values in each domain, a constraint density
of eitherp1 = 0.4 (figure 1) orp1 = 0.7 (figure 2), and varying constraint tightness
0.4 ≤ p2 ≤ 1. Notice that in both figures, the Y-Axis is in logarithm scale.

In figure 2 the graph forAdopt is incomplete, sinceAdopt failed to terminate in a
reasonable amount of time beyond a constraint tightness ofp2 ≥ 0.7. SynchBBas well,
failed to terminate in time beyond a constraint tightness ofp2 > 0.9.

4.1 Analysis of Results

The following observations can be made, based on the above empirical evaluation:

– For randomMax-DisCSPs of low constraint density and low constraint tightness
Adoptperforms well, withAFB and evenSynchBBbeing fairly close.DPOPper-
forms extremely poor. We believe that the weak performance ofDPOPis due to the
lack of pruning of the search space. All other branch and bound based algorithms
prune the search space by the use of bounds.

– The run time ofAdoptandSynchBBfor randomMax-DisCSPs of low constraint
density and high constraint tightness grows at a high exponential rate.DPOPand
AFBperform far better, by two orders of magnitude.

– DPOP’s performance remains fairly constant regardless of the problem’s tightness.
This is to be expected sinceDPOP does not perform search or pruning.DPOP
computes the same size of matrices regardless of the tightness. A change in the
problem’s tightness would only effect the content of the matrices.



– For randomMax-DisCSPs of high constraint density and low constraint tightness,
the performance ofAdopt, AFB andSynchBBis fairly similar, and againDPOP’s
performance is much worse.

– For high constraint density and high constraint tightness the performance ofAdopt
and SynchBBdeteriorates exponentially and does not even terminate on all our
problems.Adoptis worse thanSynchBBsince it failed to terminate at a lower tight-
ness value (of 0.7).DPOP’s run time is high but it always terminated and did not
increase at a high exponential rate likeAdopt and SynchBB. AFB is clearly the
best performing algorithm in this case, outperformingDPOPby several orders of
magnitude.

– The performance ofAFBexhibits a ”phase-transition”. Its run time increases as the
problem’s difficuly (tightness) increases, and then suddenly decreases by an order
of magnitude at the very exteme high values ofp2. This phenomena was previously
observed and discussed in [2].

– Adoptappears to be effected the most by the increase of the problem’s tightness.
We belive that this is due to the fact thatAdoptis unable to converge on a solution
quickly (since the problem is harder). This leads to excess (greedy) context switches
along with an exponential increase in the number of messages sent. Each agent in
Adoptsends out two message following every single message recived. This causes
the algorithm’s run time to increase at a very high exponential rate.

5 Discussion

Most former studies of complete DisCOP search algorithms compared the algorithms
by the number of (non-concurrent) steps of computation they perform. The problem
with this measure is that it is not atomic and thus in different algorithms can be of
different computational cost. The present paper uses appropriate units for atomic com-
putational steps - non-concurrent constraints checks. This allows us to put the different
algorithms on the same scale, including algorithms which were never compared before.
The experiments presented in this paper show a different behavouir for each of the eval-
uated algorithms. For lower density randomMax-DisCSPs DPOP andAFB perform
better than the other algorithms on the harder problem instances (p2 > 0.6). In contrast,
AFB is the clear “winnner” for the whole range of problem difficulty. The advantage of
theAFB algorithm is probably related to its use of pruning techniques through asyn-
chronous bounding. This raises an interesting observation about theDPOP algorithm
whose performance depends on the problem’s structure alone. We hope to present a
more comprehensive comparison of the algorithms that were evaluated in this paper
with theOptAPO algorithm in the near future.
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