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Abstract

Theimage of a curved, specular(mirror-like) surface
is a distortedre ection of the ervironment. The goal of
our work is to developa framevork for recoreringgeneal
shapefrom sud distortionswhenthe ervironmentis nei-
ther calibrated nor known. To achieve this goal we con-
sider far- eld illumination, whele the object-erironment
distanceis relativelylarge, andwe examinethedensespec-
ular ow thatis inducedon the image planethroughrela-
tive object-emironmentmotion. We showthat underthese
very practical conditionsthe observedspecular ow can
berelatedto surfaceshapethrougha pair of couplednon-
linear partial differential equations.Importantly this rela-
tionshipdepend®nly on the ervironments relativemotion
and not its content. We examinethe qualitative properties
of theseequations,presentanalytic methodsfor recovery
of the shapein several specialcasesand empirically val-
idate our resultsusing captured data. We also discussthe
relevanceto bothcomputewisionandhumanperception.

1. Intr oduction

An imageof a specularmirror-like) surfaceis a distor
tion of the surroundingervironment. Sincethis distortion
depend®nsurfaceshapeit is naturalto askhow andif sur
facestructurecanbe recoreredfrom suchanimage. Like
mostvision problemsthis oneis ill-posed;without knowl-
edgeof theenvironment,veridicalshapanformationis the-
oreticallyinaccessiblelndeed,ashasoftenbeenobsened,
it is possibleto createary givenimagefrom ary givenspec-
ular surfaceby suitablymanipulatinghe ervironment.

In spite of this dif culty, the humanvisual systemis
quiteadeptatinferring speculashapan unknovn erviron-
ments egvenwhenno othershapecuesareavailable(Fig. 1).
Computationally however, the recovery of specularshape
in suchgeneralconditionshas proven illusive, and exist-
ing methodshave beenlimited to recoveringonly sparseor
gualitatve shapeinformation, consideringlimited classof
surfacesor requiringcalibratedconditionswherethe envi-

Figure 1. Imagesof specularsurfacesunderdense (approximately)ar-
eld illumination. As shavn here,specularre ections cancorvey useful
shapeinformation—inthis caserevealinga dentin the car, theimperfec-
tionsin thebuilding's window, andtheword thatis pressednto a specular
sheet. Canthis informationbe extractedcomputationallywhenthe ervi-
ronmentis unknavn?

ronmentstructureis known.

In contrastto previous work, this paperpresentsan ap-
proachto specularsurfacereconstructiorthat speci cally
targets geneal surfacesin unknownreal-world erviron-
ments.Our approacthis built on animageformationmodel
thatis complex enoughto be practicalbut simple enough
for tractableanalysis Themodelhastwo essentiafeatures:

1. The ervironmentand obsenrer are far from the spec-
ular surfacerelative to the surfacerelief. This im-
pliesa parallel-projectiorcameraanda reducedjwo-
dimensionalplenoptic function (i.e., an ervironment
map),which simplify thereconstructiorproblem.

2. The cameraobseresrelative motion betweerthe ob-
ject and the ernvironmentwhich inducesa specular

ow [21] ontheimageplane. As we shaw, this ow
providesdirectacces$o surfaceshapesinceit depends
only onthemotionof theervironment,notits content.

We shaw thatbasedon this modelonecanderive differ-
ential equationgelating obsered specularo w to the en-
vironmentmotion and surfaceshape.In somecaseghese



equationganbesolved(analytically)to yield densesurface
shapeandherewe exploretwo suchcasesn detail. We be-
gin our explorationin a two-dimensionatvorld (Sec.3) in
which the speculambjectis a planecurve, theimageplane
is a line, and the surroundingervironmentis a function
de ned on the unit circle. In this case,one canuniquely
recover the surface(convex or not) by solving a separable
non-linearODE with initial conditionsprovided by anoc-
clusion boundary We then considera three-dimensional
world (Sec.4) wherethespeculaobjectis asurface,andwe
derive a coupledpair of non-linearPDEsthatrelatespecu-
lar ow to surface shape. We shav how singularitiesof
thesePDEsrelatedirectlyto theparabolidinesof theshape
(wherethespecularo w genericallygrons unboundedand
how analyticreconstructioris feasibleunderaspeci c class
of environmentmotions.Basedntheanalyticapproactwe
demonstratenumericalshaperecovery using both 2D and
3D experimentadata.

2. Relatedwork

Most studiesof therelationshipbetweerspeculare ec-
tionsandsurfaceshapeconsiderervironmentsthatcontain
a single point light source. In thesecasespne obseresa
small numberof “specularities',eachof which inducesa
constraintbetweenra surfacepoint, its normal,andits local
view andilluminationdirections.In addition,smallchanges
in viewpointinducespeculamotion,andby observingthis
speculamotionrelative to the motionof x ed surfacetex-
ture, one can make local inferencesaboutthe sign of the
Gaussiancunvature[4, 5, 28, 6]. In orderto obtain more
guantitatve surfaceinformationfrom sparsespecularob-
senations,however, one mustemploy signi cant regular
ization[25].

More information regarding surface shapecan be ob-
tainedby observingthe motion of sparsespecularitieover
extendedmotion sequencesQualitatively, it is known that
asthe obserer moves, specularitiesare createdand anni-
hilated in pairsat (or in the near eld case,closeto [7])
parabolicsurfacepoints[17,19). More quantitatvely, the-
ory suggestshatonecanrecoveracompletesurfacepro le
(i.e.,acurwe) by observingthe speculamotioninducedby
continuouscameramotion[28]. Practicalmethodsfor do-
ing so, hawever, have beendevelopedfor corvex (or con-
cave) surfacesanddo notallow parabolicpoints[20].

Specularshapeinferencein natural,uncontrolledervi-
ronmentshasreceved signi cantly lessattention. Since
cuned specularsurfacesre ect illumination from all di-
rections, real-world environmentsinduce densespecular
re ections that are qualitatively very different from the
sparsespecularitieslescribedibore. For still imagesof this
type, it hasbeenobsenred that humansoften (but not al-
ways[24)]) infer accurateshapegvenwhentheillumination
ervironmentand boundingcontourof the surfaceare un-

known [11]. While the exactmechanismsinderlyingthese
resultsarenotyetknown, it hasbeensuggestethathumans
exploit thefactthatimagegradientdirectionsareoftencor-
relatedwith secondderivativesof the surface[ 11].

Computationallythe inferenceof shapen suchgeneral
conditionsis severelyill-posed. Onecanobtainadditional
constraintshowever, throughobsenationsof densespec-
ular ow inducedby relative motion of an object, viewer,
and/or ervironment. In a qualitatve analysis, Walden
and Dyer [2€], showv that specular o w is singularalong
paraboliccurveswheneitherthe ervironmentor viewer is
far from the surface, and that singularitiescan drift from
paraboliccurveswhenbotharenearby More quantitatvely,
RothandBlack [21] presenian optical o w algorithmthat
estimatesa specularow eld and simultaneouslyidenti-
es asurfacefrom aparametridamily of implicit functions
(e.g.,spherewf varyingradii).

It should be mentionedthat previous work on the re-
covery of specularshapealsoinclude "3D scanning'sys-
temsthat use calibrated environmentsto obtain shapein-
formation. Examplecon gurationsinclude extendedlight
sourceswith objector sourcemotion[27, 15], andone or
moreviews of a x ed objectunderone or more “grid-like'
ervironmentg23,12,8,9].

In contrastto previouswork, we seekquantitatve shape
recovery for generalsurfacesthatarenot constrainedo be
convex or of a particularparametricform. We consider
completelyunknowvn, densédllumination ervironmentsand
surfacesthat areabsentof diffusetexture that could other
wise assistin the reconstructiorprocess.The main contri-
bution of our work is to shav that shapecanberecorered
undertheseconditions.

3. Specularshapefrom specular o w in 2D

Before addressinghe generalthree-dimensionaprob-
lem, importantinsightscan be gainedfrom analyzingthe
inferenceof speculashapen two dimensiongi.e., surface
pro les). In this case surfacesarereducedo planecurwes,
imagesand specularow elds are one-dimensionaland
thespaceof illuminationdirectionsis acircle (Fig. 2). Here
we shav that underthe conditionsof our model(i.e., far

eld illumination and obsenrer), one can analytically re-
cover an arbitrary continuoussurfacepro le from the ob-
senedspecularo w.

Asisshavnin Fig. 2, thevisible partof asmoothsurface
pro le is assumedo be the graphof a functionf (x), and
the far eld illumination ervironmentE ( ) describeshe
incidentradiancewhich is independenbf x. At a point x
ontheimageplane,we obsere theradiancere ected from
a point on the surfacehaving normalorientation (x), and
theradiancemeasuredt| (x) is simply the valueof theil-
luminationervironmentE (' (x)) in themirror-re ecteddi-
rection (x). Sincethe viewing directionis alignedwith



Figure2. The speculaishapereconstructiorproblemin two dimensions.
A surfacepro le f (x) (aplanecurwe)is illuminatedby afar- eld illumi-
nationenvironmentE ( ), andis viewedorthographicallyto producea 1D
imagel (x). The sign cornventionfor the angulardimensionis showvn in
theinset.

= 0, it followsthat (x) = 2 (x).

To recover shaperom specularo w, we seekarelation-
ship betweenmotion of the ervironment! = d =dt and
the inducedmotion eld—or specularo w—on theimage
planeu = dx=dt. From the sign corventionin Fig. 2 it
follows that

tan( (x)=2) = fx(X):

Takingtemporalderivativesof this expressiorandusingthe
factthatse@( =2) = 1+ f 2 we obtainthedesiredrelation-
ship:

|

) R T

)

where (x) = fy =(1+ f2)32isthecunatureat pointx.

Equationl is ageneratie equatiorfor specularo w, and
it shawvs that specularo w is well de ned everywhereex-
ceptat the projectionsof surfacepointshaving zerocuna-
ture. Furthermoreasis exempli ed in Fig. 3, projections
of thesepointsbehae aseither’sourcesor “sinks' of spec-
ular o w, in accordancevith the pairwise specular birth'
and ‘death'that is expectedat paraboliclinesin threedi-
mensiong17,19]. In this example,wherethe ervironment
rotatesin a counterclockwisemannerthe o w is divergent
(expands outwards'in bothdirections)attheleft in ection
point. This point behaiesasa o w source—gpoint where
new regionsof the ervironmentcomeinto view on the im-
ageplane.By the samereasoningtherightin ection point
is a sink becausahe o w is corvergentthere. Their roles
would changeif onewereto reversethe directionof ervi-
ronmentrotation.

In orderto recover the surfacefrom the obsered specu-
lar o w, werearrangéeg. 1 to obtaina Riccatiequation,

2u(X)fu + 12+ 1 =0 2)

This secondorder non-linear ODE can be reducedto a
separablerst-order equationby making the substitution
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Figure3. Recweringasurfacepro le from specularo w. A surfacepro-
le f (x) (top,bluesolid curwe)is viewedunderarotatingernvironmentas
depictedn Fig. 2. Thisinducesaspecularo w (bottom)thatis singularat
in ection points. Usingthis o w, we recover the surfaceby solving Eq. 4
usingtheleft-handsurfaceboundaryasaninitial condition. Thesurfaceis
recovered(top, reddashecturve) despitethe singularitiesin specularo w
becauseaeconstructiorrelies on the integration of inverse o w, which is
well-de ned everywhere.

v = f, andit hasarelatively simpleanalyticsolution. We
rst obtainthe rst derivative of the surfaceusing

Zxd

Lu) e

fx(x) = tan E

where is a dummyvariable,x; is someinitial point on
theimageplane,andC is anarbitraryconstanthatcanbe
determinedisinganinitial condition,C = tan  (f(x;)).
Oncethe rst derivative is known, the surfacef canbere-
coveredthroughintegration. This introducesanotherarbi-
trary constantwhich determineghe absolutedepthof the
surfaceandcanbesetto zero.

3.1.0bject boundariesasinitial conditions

Whenthe surfacepro le is a smoothclosedcurwe, object
boundarie®ccurwherethe surfacenormalis orthogonato
theviewing direction,andthe derivative is thereforeknown
at thesepoints (seexg and x; in Fig. 2). Thus, object
boundariesprovide a corvenientsourcefor initial condi-
tions. Using the surfaceparameterizatioproposedabore,
however, the initial conditionsat the left and right object
boundariesarefy(xo) !' 1 andfy(xf) ! 1 , which
areincorvenientfor numericalpurposes.

To get aroundthis, we canre-parameterizéhe surface
derivative f y usinga stereographiprojection[16], accord-



ing to whichwe de ne:

_ 2f
4 1+ f2+1
_ 4 .
fx = e (3)

Substitutingn Eq. 2 yieldsanequationof the sameform:

| ]
TR+ =0
u(x)ox + gd +5=0 (4)
whosesolutionis
Z X
(x) = 2tan L d— +C
q 4, u()

Here,C is anarbitraryconstanthatcannow bedetermined
using the initial condition provided by one of the object
boundaries

C=tan (q(xo)) =tan ( 2):

To recover the surface f (x), the solution q(x) is trans-
formedvia Eq. 3 andthenintegratedasbefore.

A demonstratiorof this procedureis showvn in Fig. 3.
Here,a sequencef 1D imagesis renderedunderan envi-
ronmentthatrotatesin a counterclockwisedirection. The
ervironmentis extractedfrom a greatcircle of the captured
“St. Peters” ervironmentmap[18]. Flow is estimatechu-
mericallyandindependenthat eachpixel usingthe optical
ow equationlyu + 1;=0, andthe surfaceis recoreredby
solving Eqg. 4 usingthe left-mostpoint asaninitial condi-
tion.

3.2.0bservations

Sinceit enableghe recovery of surfaceshapewe refer
to Eq. 4 asthe shape-fom-specularow (SFSF)equation
in two dimensions.It hasa numberof notableproperties.
The ODE canbe solved analytically given an analytic ex-
pressiorfor the specularo w, anda uniquesolutioncanbe
readily obtainedusingan “occludingcontour’ (or ary other
point at which the rst derivative is known) asa boundary
condition.Sincethereis no aperturgproblemin two dimen-
sions,specularo w canbe estimatedndependenthat ev-
eryimagepointfrom asfew astwo images.Thus,provided
thatthe illumination environmentexhibits sufcient angu-
lar radiancevariation,we areableto completelyrecorer a
two-dimensionasurfacepro le from asfew astwo frames.

Anotherimportantpropertyis thatthe2D SFSFequation
enableghe recovery of arbitrary smoothsurfaces,includ-
ing thosewith pointsof zerocurvature.As notedabore, the
specularo w approached  attheprojectionof anin ec-
tion point. Surfacereconstructiorrequiresthe integration
of theinverse ow, however, which is well de ned every-
where.

Figure4. Thespeculashapaeconstructiorproblemin threedimensions.
A surfacef (x;y) is illuminated by a far eld illumination environment
andis viewed orthographicallyto producea 2D imagel (X; y). Theillu-
minationspherds parameterizedsingsphericacoordinateg ; ).

Thesenice propertiesof the 2D SFSF equationfol-
low directly from an image formation model that in-
cludes a far eld viewer and ervironment and relative
object/emironment motion. As we shawv in Sect. 4.2,
mary of thesedesirablepropertiescarry over to the three-
dimensionataseaswell.

4. Specularshapefrom specular o win 3D

Muchlik ethetwo-dimensionatasedescribedn thepre-
vious section,we beggin the three-dimensionahnalysisby
consideringa surfaceS(x;y) = (x;y;f (X;y)) thatis the
graphof a (bi-variate)function. As beforethe surfaceis
viewed orthographicallyfrom above andilluminated by a
far- eld ervironment(seeFig. 4).

Let¢ = (0;0; 1) bethe viewing direction, A(x; y) the
surfacenormalat surfacepoint (x; y; f (x; y)), andf(x; y)
the mirror-re ection directionat the samepoint. An image
of S(x; y) ontheorthographidmageplaneconstitutegadi-
ancevaluesof the distantillumination ervironment. In the
3D casethis ervironmentconstitutesa sphee of directions,
which we parameterizevith two sphericalangles(zenith
andazimuth). In particular we represente ection direc-
tionsas( ; ) andnormaldirectionsas( ; ), bothunder
the usualsign corventionshownn in Fig. 4. As in the previ-
oussectionthesedirectionsarerelatedby

(xy) = 2(xy)

xy) = (xy)
In orderto relatedisplacementsntheimageplaneto those
on theillumination spherewe notethatthere ection vec-

tor at eachpoint canbe expressedothin termsof surface
derivativesandsphericakoordinates;

f = (sin cos ;sin sin ;cos )
( 2fx; 2fy;1 f2 fyz)_

f2+f2+1




Fromthis relationshipwve candeducethat

2kr fk

tan Tk Tk

(5)
tan = -

As in thetwo-dimensionatase we areinterestedn the
effectsof ervironmentmotion. In threedimensionsthean-
gularmotionof afar eld ervironmentcanberepresented
asavector eld onthe unit sphere.We usethe following

notationto describethis ervironmenimotion eld :

(= 4

Hei)=C dt’ dt

(5!
This is a generalrepresentatiorthat can describeboth
‘rigid'" motion (i.e., an ervironment that rotates around
some x ed axis) and an arbitrary "non-rigid' motion. In
the rigid case,when the ervironment rotatesabout axis
& = (sin cos ;sin sin ;cos ) with angularve-
locity ! , theervironmentmotion eld is[1]

(
P

;) ="1sin sin( )
)= !

(cos sin  cos( )cot ): ©)

Environmentmotioninducesa motion eld, or a specular
o w, ontheimageplane.This o w, representeds

u= (u(xy)v(xy) = 3—)::(;—{ ;

is relatedto the environmentmotionthroughthe Jacobian:

_d ;)@ ;) dxy) _ o
S Ta T axy) @ W

The Jacobian) canbeexpressedn termsof surfaceshape
by takingtemporalderivativesof Eq. 5, whichyields:

0 1
fxfxx +fyfxy fxfxy +fyfyy
) - @kr fk (1+ kr fk2) kr fk @+ kr fk2) A . (8)
fxfyy fyfxy ’
2kr f k2

()

s @;
@ax; y)

fxfxy fyfx
2kr f k2

Implicit in Eq. 7 is the factthatthe environmentdirection
re ected by eachpointis determinedy thesurfacegeome-
try. Thatis,

P=1( (fafy) (Bxify)) = B fy)

Whenthe ervironmentmotion eld is knowvn andwe ob-
sene theinducedspecularo w u ontheimageplane,one
hopesto recover the shapeby solving Eq. 7, which repre-
sentsa systemof non-linearPDEsin f (X; y). Thus,were-
fer to this equationasthe shapefromspecular ow (SFSF)
equationin threedimensions.

4.1.Behavior at parabolic points

While Eq. 7 maybe usedto solve for anunknovn shape
f (x; y) from a known specularow (u; V), it canberear
rangedthroughinversionof theJacobiard, to derveagen-
eratve equatiorfor anunknovn specularo w u inducedby
aknown surfacef (x; y) underagivenervironmentmotion
|

u=J M 9)

Importantinsightinto this relationshipis revealedfrom the
determinantf J, which canbewritten as

2K (1+ kr fk2)

Detl) = — vk

(10)

whereK is the Gaussiarturvatureof thesurface,i.e.,

K = (fxfyy fxzy =1+ kr fk?)2:

Eq. 10tellsusthattheernvironmentmotion eld andspecu-
lar o w arerelatedby anisomorphismat all surfacepoints
exceptparabolicpoints,wherethe Gaussiarcurvaturevan-
ishes. This s directly analogouso the two-dimensional
casein which the specular ow is in nite at in ection
points. In the three-dimensionatase,the magnitudeof
the specularo w genericallygrows unboundedat the im-
ageprojectionof a parabolicpoint on the surface. (Note
that this is differentfrom the near eld case[26], where
the o w singularitiescandrift away from parabolicpoints.)
Onesyntheticexampleof this phenomenonyith the spec-
ular o w computedusingEq, 9, is demonstratedh Fig. 5

4.2 .Environmentmotion around the view dir ection

Onespecialcasein which Eq. 7 assumes simpleform
thatcanbesolvedanalyticallyoccurswhentheaxisof ervi-
ronmentrotation4 is alignedwith theview direction®. In
oursphericatoordinatesystemenvironmentrotationabout
theview directioninduceshemotion eld

b(;) =0
(

V() =

with ! beingthe scalarangularvelocity.

To exploit the reducedcompleity, we de ne two auxil-
iary functionscorrespondingo the surfacegradientmagni-
tudeandorientation:

(11)

h(x;y)
k(x;y)

1Anothersingularcasein this context arepointswith kr fk = 0, i.e.,
fronto-parallelsurfacepoints. Note that thesepointsre ect the obserer
who, unlike therestof the ervironment,doesnot move relative to the sur
faceandhenceprovideslittle in theway of shapanformation.

(12)
(13)

f2+ 17

tan l(fy:fx);




Figure5. The magnitudeof the specularo w inducedby a specularsur
faceunderervironmentmotion. Top left: The shapeof a syntheticspec-
ular surfacewith paraboliclines superimposedTop right: Oneframeof
arenderedmagesequenceaindera rotatingervironment. Superimposed
arethe projectionof the paraboliccurves. Bottom: A zoomedimageof
thelog-magnitudeof theinducedspecularo w in themarkedregion of in-
terest.Notehow the o w magnitudes generallyvery large nearparabolic
lines.

wheretan 1! isthefour quadranairctangentf its agument.
Given thesede nitions andthe ow from Eq. 11, the two
couplednon-linearequationsn Eq. 7 reduceto two linear
PDEsin h andk:

u; y)hx (G y) + v y)hy(xy) = 0 (14)
u(x; Y)ke (X y) + V(X y)ky(x;y) = 20 (15)
Theseequationgmmediatelysuggesthe following recon-

structionprocedure:
Reconstructiomlgorithm:

1. Useobsenredspecularo w (u; v) to solve
Eq.14for h(x; y) andEq. 15for k(x; y).

2. Recwer fy and fy from h(x;y) and
k(x; y) usingde nitionsin Eqs.12and13.

3. Integratef x andf to obtainf (x; y).

BothEqgs.14 and15canbesolvedusingthemethodof char
acteristicsandin both caseghe characteristicgorrespond
to the integral curves of the specularo w. Of course the
surfacewill be recoveredthroughthis procedureprovided
that requisiteinitial conditionsare available,i.e., thatr f
is known at one or more points along eachintegral curve
of the specularo w. Clearly, the absolutedepthof the sur
facecannotbe recoveredunlessthe absolutedepthof one
or moresurfacepointsis givenby someothermeans.

4.3.0bsewations

In addition to facilitating a shaperecovery procedure,
Equationsl4 and 15 have straight-forvard andusefulgeo-
metricinterpretationsthey constrainthedirectionalderiva-
tivesof h andk in thedirectionof thespecularo w.

Eq. 14 dictateghath be constantalongeachcharacteris-
tic. Thus,iso-contoursf h necessarilcorrespondo inte-
gral curvesof thespecularo w. Similarly, sinceEq. 15 can
bewrittenin termsof the unit specularo w t

u 2

] rk—kuk rk_kuk’ (16)
it impliesthattherateof changen k alongeacharc-length
parameterizedharacteristianustbe proportionalto ! and
inversely proportionalto the ow magnitudekuk. This
obsenation becomegarticularlyinterestingoncewe real-
ize thatk is an angle(i.e., an orientation)andits rate of
changecan be interpretedas a curvatue measurg(in the
spirit proposedin studiesof orientedpatternsand visual
ows,e.g.[3]). Giventhespecularo w u of aspeculaiob-
jectunderenvironmentrotationaround¢, we cantherefore
de ne its specularcurvatue basecon Eq. 16 as

2!
s = kuk : (17)

(15

Moreover, sincethe characteristicgor, equivalently thein-

tegral curves of the specular o w) are genericallyclosed
curves,integrating s alongeachsuchcurve mustyield a
multiple of 2 (or elsethe systemviolatesintegrability).

Althoughnot exploitedin our paper this obserationcould
be usedto recover the angularvelocity ! andhenceto fa-
cilitate speculashapeecorery evenwhentheernvironment
angularvelocity is unknawn.

4.4.Experimental results

Althoughthecontrikution of this paperis primarily theo-
retical,asa proofof concepttheapproactdevelopedabore
was appliedto image dataacquiredusing the systemde-
pictedin thetop of Fig. 6. A camera(Canon10D, EF 75-
300mmlens,EF 25 Il extensiontube)wasplacedlm from
a 2" diameterchromesphereln anunknawn, far- eld illu-
minationernvironment,both the cameraand sphererotated
asa x edpairaboutanaxisparallelto the cameras optical
axis. Oneframeof the capturedmagesequencés shavn
in themiddle of Fig. 6.

Given an imagesequenceapturedat a knovn angular
velocity of 0:5 /frame, specularo w wasrecoveredusing
the Horn and Schunckalgorithm[14]. Basedon this o w,
the surfacewasrecoveredasdescribedn the previous sec-
tion. Initial conditionswere provided manuallyby speci-
fying the surfacegradientalongthered curve shavn in the

gure. Theintegral curvesof the specularo w weredeter
mined by numericallyintegratingthe ow eld, andthese
cunes sened as characteristicgor the numericalintegra-
tion of Eqgs.14 and 15 to recover h andk. With h andk
known at eachpoint, the surfacederiativesf , andf, are



\_s rotation axis \_s

Figure 6. Recwering generalshapefrom specularo w in threedimen-
sions. Top: Underfar- eld illumination, a cameraandobjectrotateasa
x edpairaroundaline parallelto theopticalaxis. Middle-left: Oneimage
from a capturedsequence Middle-right: estimatedspecularo w. Bot-
tom: Shaperecoreredby solvingthe 3D shape-from-speculao w equa-
tion asdescribedn Sec.4.2. Thesurfacegradients assumednown along
theredcurve, which providesthe necessannitial conditions.

easilycomputedwith

pﬁcosk
hsink

fx
fy

andthenintegratedto yield the surfaceshavn in thebottom
of Fig. 6. TheRMS errorin thereconstructiorasafraction
of thesphereaadiuswasfoundto be 1.2%.

5. Discussion

This paperintroducesa novel theoretical framevork
for the reconstructiorof smoothspecularshapedrom ob-
sened motion in natural, unknavn, and uncontrolleden-
vironments. Using far- eld view andillumination condi-
tions and relative object/erironmentmotion, we analyze
the relationshipbetweenobsered specularo w andspec-
ular shape,and we derive a systemof couplednonlinear
PDEsthatcanbesolvedfor reconstructionWe show thatin
theparticularcaseof ervironmentrotationaroundtheview-
ing direction,this systemcanbereducedo a pair of linear
PDEsandsolvedeitheranalyticallyor numerically

Severalextensionsandresearchlirectionsarisenaturally
from our results.First, we shawv thatthe shapefrom specu-
lar o w (SFSF)equationcanbe solvedin threedimensions
whenthe ervironmentrotatesaboutthe view direction,but

is likely that one can extendthis analysisto include more
generalrotationdirections,eitherthrougha changeof an-
gular coordinatesappliedto the Z-axis equationg Egs. 14
and15), or by attemptingo solve the SFSFequationEq. 7)
with ! de ned via Eq. 6 ratherthanEq. 11. Secondal-
thoughwe restrictedour attentionto the caseof erviron-
mentrotationin this paperit is likely thatsmallrelative ob-
ject/obserer motion canbe describedn a similar manner
Third, while we focuson a distantobserer, it may be pos-
sibleto extendouranalysigo anear eld viewerby replac-
ing the constan® vectorwith avector eld corresponding
to perspectie projection.

The problemof recovering the specularo w itself was
not discussedn this paper but it is possiblethat the dif-
ferential geometricanalysiswe provide may be useful for
thisaspecbf the problemaswell (perhapaisingtheframe-
work describedn [2]). In this contet, the uniquebeha-
ior of specularo w aroundparaboliccurves may be use-
ful for identifying themanddistinguishinghemfrom other
typesof ow singularities(e.g.dueto surfacediscontinu-
ities). This, in turn, could facilitate the reconstructiorof
piecavise smoothspecularshapeaswell. In ary case,a
studyof the specularo w itself shouldalsoassistn recov-
ering or estimatinginitial conditionsfor the solutionof the
SFSFequation eitherfrom theregular partsof the o w, or
from its singularitieseitheraroundparaboliclines,or in the
vicinity of theobject’s occludingcontour

In additionto thesecomputationaissues this analysis
may also aid our understandingdf human perceptionof
speculashape While thehumarvisualsystemseemso ex-
ploit specularo w in distinguishingbetweensurfacesthat
are specularand diffuse[13], whether o w is usedto re-
cover shapeis lesscertain[27]. But sincewe often move
our headswhile inspectingspecularobjects(e.g.,whenlo-
catingadentin acar),it seemgplausiblethatshapeecosery
might utilize specularo w. In particular the distinguished
behaior at parabolicpointswould seemto play a role in
this process.

Finally, similar analysisto that presentechere might
be usedto recover shapefrom still imagesunder natu-
ral lighting aswell. The relationshipbetweenthe image
gradientr | in a still image and the angularderivatives
r E at the correspondingpoint of an illumination sphere
isr |1 = J7r E, with J beingthe sameasin the SFSF
equation(Eq. 7). Analysisof this type couldleadto statis-
tical methodsfor shaperecorery that exploit the structure
of naturallighting [10], andit could help to elucidatethe
mechanismsinderlyingthe humanability to recover spec-
ular shapgrom suchimaged 11].

Acknowledgments

Fundsfor this projectarebeingprovided by the US Na-
tional Science~oundationundergrantl|S-0712956.0.B.S



and Y.A. thankthe generoussupportof the Frankel Fund
andthePaul lvanierRoboticsCenterat Ben-GurionUniver
sity. Additional fundingfor T.Z. andY.V. wasprovided by
theUS NationalSciencd~oundatiorunderCAREERaward
[1S-0546408.

References

[1] Y. Adato,Y. Vasilyes, O. Ben-ShahaandT. Zickler. Shape
recovery from specularow. BGU TechnicalReport07-
10, Ben-GurionUniversity ComputerScienceDepartment,
March2007.

[2] S.Agarwal, S. Mallick, D. Kriegman,andS. Belongie. On
refractive optical o w. pages483-4942004.

[3] O.Ben-ShahaandS.Zucker. Theperceptuabrganizationof
texture o ws: A contetual inferenceapproach.25(4):401—
417,2003.

[4] A. Blake. Speculasstereo.pages973-976,1985.

[5] A. Blake and G. Brelstaf.
1988.

[6] A. Blake andH. Bulthoff. Doesthe brainknow the physics
of speculare ection? Nature, 343:165-1681990.

[7] A.BlakeandH. Bulthoff. Shapdrom specularitiesCompu-
tationandpsychophlsics. PhilosophicalTransactions:Bio-
logical Sciences331(1260):237-252,991.

[8] T.BonfortandP. Sturm.Voxel carvingfor speculasurfaces.
pagesH91-5962003.

[9] T.Bonfort, P. Sturm,andP. Gagallo. Generalspeculaisur
facetriangulation.pages872-8812006.

[10] R.Dror, T. Leung,E. Adelson,andA. Willsky. Statisticsof
real-world illumination. 2001.

[11] R. Fleming,A. Torralba,and E. Adelson. Specularre ec-
tionsandthe perceptiorof shape.4:798-8202004.

[12] M. HalsteadB. Barsky, S. Klein, andR. Mandell. Recon-
structing curved surfacesfrom specularre ection patterns
usingsplinesurface tting of normals.volumel, pages335—
342,1996.

[13] B.HartungandD. Kersten Distinguishingshiry from matte.
2(7):551-5512002.

[14] B.HornandB. Schunck.Determiningoptical ow. 17:185—
203,1981.

[15] K. Ikeuchi.Determiningsurfaceorientationsof speculasur
facedy usingthephotometricstereamethod.3(6):661-669,
1981.

[16] K. lkeuchiandB. Horn. Numericalshape&rom shadingand
occludingboundaries17:141-1841981.

[17] J.KoenderinkandA. vanDoorn. Photometridnvariantsre-
latedto solid shape Optical Acta, 27(7):981-9961980.

[18] Light probegallery. http://www.debevec.org/Probes/

[19] M. Longuet-Higgins. Re ection and refractionat a ran-
dommoving surface.l. patternandpathsof speculaipoints.
50(9):838—-8441960.

[20] M. OrenandS.Nayar A theoryof speculaisurfacegeome-
try. 24(2):105-1241997.

[21] S. RothandM. Black. Specularow andthe recorery of
surfacestructure.pagesl869-18762006.

Geometryfrom specularities.

[22] S. Roth, F. Domini, andM. Black. Specularow andthe
perceptiorof surfacere ectance.3(9):413-4132003.

[23] S.SavareseM. Chen,andP. Perona.Local shaperom mir-
ror re ections. 64(1):31-672005.

[24] S.SavareseF. Li, andP. Perona.Whatdore ectionstell us
aboutthe shapeof amirror? 2004.

[25] J.Solem,H. AanaesandA. Heyden. A variationalanalysis
of shapefrom specularitiesusing sparsedata. In Proc. 3D
DataProcessingVisualizationandTransmissionpage26—
33,2004.

[26] S.WaldonandC. Dyer. Dynamicshadingmotion parallax
andqualitatve shape.In Proc. IEEE Workshopon Qualita-
tive Vision, page$1-70,New York City, NY, USA, 1993.

[27] J. Zhengand A. Murata. Acquiring a complete3D model
from specularmotion under the illumination of circular
shapedight sources22(8):913-9202000.

[28] A. Zisserman,P. Giblin, and A. Blake. The information
availableto a moving obserer from specularities.7:38—42,
1989.



