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Abstract

The image of a curved, specular(mirror-like) surface
is a distortedre�ection of the environment. The goal of
our work is to developa framework for recoveringgeneral
shapefrom such distortionswhenthe environmentis nei-
ther calibrated nor known. To achieve this goal we con-
sider far-�eld illumination, where the object-environment
distanceis relativelylarge, andweexaminethedensespec-
ular �ow that is inducedon the image planethroughrela-
tive object-environmentmotion. We showthat underthese
very practical conditionsthe observedspecular�ow can
berelatedto surfaceshapethrougha pair of couplednon-
linear partial differential equations.Importantly, this rela-
tionshipdependsonly on theenvironment's relativemotion
and not its content. We examinethe qualitativeproperties
of theseequations,presentanalytic methodsfor recovery
of the shapein several specialcases,and empirically val-
idate our resultsusingcaptured data. We also discussthe
relevanceto bothcomputervisionandhumanperception.

1. Intr oduction

An imageof a specular(mirror-like) surfaceis a distor-
tion of the surroundingenvironment. Sincethis distortion
dependsonsurfaceshape,it is naturalto askhow andif sur-
facestructurecanbe recoveredfrom suchan image. Like
mostvision problemsthis oneis ill-posed;without knowl-
edgeof theenvironment,veridicalshapeinformationis the-
oreticallyinaccessible.Indeed,ashasoftenbeenobserved,
it is possibleto createany givenimagefrom any givenspec-
ularsurfaceby suitablymanipulatingtheenvironment.

In spite of this dif�culty , the humanvisual systemis
quiteadeptat inferringspecularshapein unknown environ-
ments,evenwhennoothershapecuesareavailable(Fig. 1).
Computationally, however, the recovery of specularshape
in suchgeneralconditionshasproven illusive, and exist-
ing methodshave beenlimited to recoveringonly sparseor
qualitative shapeinformation,consideringlimited classof
surfaces,or requiringcalibratedconditionswheretheenvi-

Figure1. Imagesof specularsurfacesunderdense,(approximately)far-
�eld illumination. As shown here,specularre�ections canconvey useful
shapeinformation—inthis caserevealinga dentin thecar, the imperfec-
tionsin thebuilding'swindow, andtheword thatis pressedinto aspecular
sheet.Canthis informationbe extractedcomputationallywhenthe envi-
ronmentis unknown?

ronmentstructureis known.
In contrastto previous work, this paperpresentsan ap-

proachto specularsurfacereconstructionthat speci�cally
targets general surfacesin unknownreal-world environ-
ments.Our approachis built on animageformationmodel
that is complex enoughto be practicalbut simpleenough
for tractableanalysis.Themodelhastwo essentialfeatures:

1. The environmentandobserver arefar from the spec-
ular surface relative to the surface relief. This im-
pliesa parallel-projectioncameraanda reduced,two-
dimensionalplenoptic function (i.e., an environment
map),whichsimplify thereconstructionproblem.

2. Thecameraobservesrelative motionbetweentheob-
ject and the environment which inducesa specular
�ow [21] on the imageplane. As we show, this �o w
providesdirectaccessto surfaceshapesinceit depends
only on themotionof theenvironment,not its content.

We show thatbasedon this modelonecanderive differ-
ential equationsrelatingobserved specular�o w to the en-
vironmentmotion andsurfaceshape.In somecasesthese
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equationscanbesolved(analytically)to yield densesurface
shape,andhereweexploretwo suchcasesin detail.Webe-
gin our explorationin a two-dimensionalworld (Sec.3) in
which thespecularobjectis a planecurve, theimageplane
is a line, and the surroundingenvironment is a function
de�ned on the unit circle. In this case,onecanuniquely
recover the surface(convex or not) by solving a separable
non-linearODE with initial conditionsprovided by an oc-
clusion boundary. We then considera three-dimensional
world (Sec.4) wherethespecularobjectis asurface,andwe
derive a coupledpair of non-linearPDEsthatrelatespecu-
lar �o w to surfaceshape. We show how singularitiesof
thesePDEsrelatedirectlyto theparaboliclinesof theshape
(wherethespecular�o w genericallygrowsunbounded)and
how analyticreconstructionis feasibleunderaspeci�c class
of environmentmotions.Basedontheanalyticapproachwe
demonstratenumericalshaperecovery usingboth 2D and
3D experimentaldata.

2. Relatedwork

Moststudiesof therelationshipbetweenspecularre�ec-
tionsandsurfaceshapeconsiderenvironmentsthatcontain
a singlepoint light source. In thesecases,oneobservesa
small numberof `specularities',eachof which inducesa
constraintbetweena surfacepoint, its normal,andits local
view andilluminationdirections.In addition,smallchanges
in viewpoint inducespecularmotion,andby observingthis
specularmotionrelative to themotionof �x edsurfacetex-
ture, one can make local inferencesaboutthe sign of the
Gaussiancurvature [4, 5, 28, 6]. In order to obtain more
quantitative surfaceinformation from sparsespecularob-
servations,however, onemustemploy signi�cant regular-
ization[25].

More information regarding surface shapecan be ob-
tainedby observingthemotionof sparsespecularitiesover
extendedmotionsequences.Qualitatively, it is known that
as the observer moves,specularitiesarecreatedandanni-
hilated in pairs at (or in the near-�eld case,closeto [7])
parabolicsurfacepoints[17,19]. More quantitatively, the-
ory suggeststhatonecanrecoveracompletesurfacepro�le
(i.e., a curve) by observingthespecularmotioninducedby
continuouscameramotion [28]. Practicalmethodsfor do-
ing so, however, have beendevelopedfor convex (or con-
cave)surfacesanddonotallow parabolicpoints[20].

Specularshapeinferencein natural,uncontrolledenvi-
ronmentshas received signi�cantly lessattention. Since
curved specularsurfacesre�ect illumination from all di-
rections, real-world environmentsinduce densespecular
re�ections that are qualitatively very different from the
sparsespecularitiesdescribedabove. For still imagesof this
type, it hasbeenobserved that humansoften (but not al-
ways[24]) infer accurateshape,evenwhentheillumination
environmentand boundingcontourof the surfaceare un-

known [11]. While theexactmechanismsunderlyingthese
resultsarenotyetknown, it hasbeensuggestedthathumans
exploit thefactthatimagegradientdirectionsareoftencor-
relatedwith secondderivativesof thesurface[11].

Computationally, the inferenceof shapein suchgeneral
conditionsis severely ill-posed. Onecanobtainadditional
constraints,however, throughobservationsof densespec-
ular �o w inducedby relative motion of an object,viewer,
and/or environment. In a qualitative analysis, Walden
and Dyer [26], show that specular�o w is singularalong
paraboliccurveswheneitherthe environmentor viewer is
far from the surface,and that singularitiescan drift from
paraboliccurveswhenbotharenearby. Morequantitatively,
RothandBlack [21] presentanoptical �o w algorithmthat
estimatesa specular�o w �eld and simultaneouslyidenti-
�es asurfacefrom aparametricfamily of implicit functions
(e.g.,spheresof varyingradii).

It shouldbe mentionedthat previous work on the re-
covery of specularshapealso include `3D scanning'sys-
temsthat usecalibratedenvironmentsto obtainshapein-
formation. Examplecon�gurationsincludeextendedlight
sourceswith objector sourcemotion [27, 15], andoneor
moreviews of a �x edobjectunderoneor more`grid-like'
environments[23,12,8,9].

In contrastto previouswork, we seekquantitative shape
recovery for generalsurfacesthatarenot constrainedto be
convex or of a particularparametricform. We consider
completelyunknown, denseillumination environmentsand
surfacesthatareabsentof diffusetexture thatcouldother-
wiseassistin thereconstructionprocess.Themaincontri-
bution of our work is to show that shapecanbe recovered
undertheseconditions.

3. Specularshapefr om specular�o w in 2D

Before addressingthe generalthree-dimensionalprob-
lem, importantinsightscanbe gainedfrom analyzingthe
inferenceof specularshapein two dimensions(i.e.,surface
pro�les). In this case,surfacesarereducedto planecurves,
imagesand specular�o w �elds are one-dimensional,and
thespaceof illuminationdirectionsis acircle(Fig. 2). Here
we show that underthe conditionsof our model (i.e., far-
�eld illumination and observer), one can analytically re-
cover an arbitrary continuoussurfacepro�le from the ob-
servedspecular�o w.

As is shown in Fig.2, thevisiblepartof asmoothsurface
pro�le is assumedto be the graphof a function f (x), and
the far-�eld illumination environmentE(� ) describesthe
incidentradiance,which is independentof x. At a point x
on theimageplane,we observe theradiancere�ectedfrom
a point on thesurfacehaving normalorientation� (x), and
theradiancemeasuredat I (x) is simply thevalueof theil-
luminationenvironmentE(� (x)) in themirror-re�ecteddi-
rection � (x). Sincethe viewing direction is alignedwith
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Figure2. Thespecularshapereconstructionproblemin two dimensions.
A surfacepro�le f (x) (a planecurve) is illuminatedby a far-�eld illumi-
nationenvironmentE (� ), andis viewedorthographicallyto producea1D
imageI (x). The sign conventionfor the angulardimensionis shown in
theinset.

� = 0, it follows that� (x) = 2� (x).
To recovershapefrom specular�o w, weseeka relation-

ship betweenmotion of the environment! = d� =dt and
the inducedmotion �eld—or specular�o w—on the image
planeu = dx=dt. From the sign convention in Fig. 2 it
follows that

tan( � (x)=2) = � f x (x):

Takingtemporalderivativesof thisexpressionandusingthe
factthatsec2(� =2) = 1+ f 2

x weobtainthedesiredrelation-
ship:

u(x) =
� !

2� (x)
p

1 + f x (x)2
; (1)

where� (x) = f xx =(1 + f 2
x )3=2 is thecurvatureatpoint x.

Equation1 is agenerativeequationfor specular�o w, and
it shows that specular�o w is well de�ned everywhereex-
ceptat theprojectionsof surfacepointshaving zerocurva-
ture. Furthermore,asis exempli�ed in Fig. 3, projections
of thesepointsbehaveaseither`sources'or `sinks' of spec-
ular �o w, in accordancewith thepair-wisespecular̀ birth'
and`death' that is expectedat paraboliclines in threedi-
mensions[17,19]. In this example,wheretheenvironment
rotatesin acounter-clockwisemanner, the�o w is divergent
(expands̀ outwards' in bothdirections)at theleft in�ection
point. This point behavesasa �o w source—apoint where
new regionsof theenvironmentcomeinto view on the im-
ageplane.By thesamereasoning,theright in�ection point
is a sink becausethe �o w is convergentthere. Their roles
would changeif onewereto reversethe directionof envi-
ronmentrotation.

In orderto recover thesurfacefrom theobservedspecu-
lar �o w, we rearrangeEq.1 to obtainaRiccatiequation,

2u(x)f xx + ! f 2
x + ! = 0: (2)

This secondorder non-linearODE can be reducedto a
separable�rst-order equationby making the substitution
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Figure3. Recoveringasurfacepro�le from specular�o w. A surfacepro-
�le f (x) (top,bluesolid curve) is viewedundera rotatingenvironmentas
depictedin Fig. 2. This inducesaspecular�o w (bottom)thatis singularat
in�ection points.Usingthis �o w, we recover thesurfaceby solvingEq. 4
usingtheleft-handsurfaceboundaryasaninitial condition.Thesurfaceis
recovered(top,reddashedcurve)despitethesingularitiesin specular�o w
becausereconstructionrelieson the integrationof inverse�o w, which is
well-de�ned everywhere.

v = f x , andit hasa relatively simpleanalyticsolution.We
�rst obtainthe�rst derivativeof thesurfaceusing

f x (x) = tan
�

�
!
2

Z x

x i

d�
u(� )

+ C
�

;

where� is a dummyvariable,x i is someinitial point on
the imageplane,andC is anarbitraryconstantthatcanbe
determinedusinganinitial condition,C = tan � 1 (f x (x i )) .
Oncethe �rst derivative is known, thesurfacef canbere-
coveredthroughintegration. This introducesanotherarbi-
trary constantwhich determinesthe absolutedepthof the
surfaceandcanbesetto zero.

3.1.Object boundariesasinitial conditions

Whenthe surfacepro�le is a smoothclosedcurve, object
boundariesoccurwherethesurfacenormalis orthogonalto
theviewing direction,andthederivative is thereforeknown
at thesepoints (seex0 and x f in Fig. 2). Thus, object
boundariesprovide a convenientsourcefor initial condi-
tions. Using thesurfaceparameterizationproposedabove,
however, the initial conditionsat the left and right object
boundariesare f x (xo) ! 1 andf x (x f ) ! �1 , which
areinconvenientfor numericalpurposes.

To get aroundthis, we canre-parameterizethe surface
derivative f x usinga stereographicprojection[16], accord-
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ing to whichwede�ne:

q =
2f x

1 +
p

f 2
x + 1

f x =
4q

4 � q2 : (3)

Substitutingin Eq.2 yieldsanequationof thesameform:

u(x)qx +
!
8

q2 +
!
2

= 0; (4)

whosesolutionis

q(x) = 2tan
�

�
!
4

Z x

x o

d�
u(� )

+ C
�

:

Here,C is anarbitraryconstantthatcannow bedetermined
using the initial condition provided by one of the object
boundaries

C = tan � 1 (q(xo)) = tan � 1 (� 2) :

To recover the surface f (x), the solution q(x) is trans-
formedvia Eq.3 andthenintegratedasbefore.

A demonstrationof this procedureis shown in Fig. 3.
Here,a sequenceof 1D imagesis renderedunderan envi-
ronmentthat rotatesin a counter-clockwisedirection. The
environmentis extractedfrom a greatcircleof thecaptured
“St. Peter's” environmentmap[18]. Flow is estimatednu-
mericallyandindependentlyat eachpixel usingtheoptical
�o w equationI x u + I t =0, andthesurfaceis recoveredby
solving Eq. 4 usingthe left-mostpoint asan initial condi-
tion.

3.2.Observations

Sinceit enablesthe recovery of surfaceshape,we refer
to Eq. 4 as the shape-from-specular-�ow (SFSF)equation
in two dimensions.It hasa numberof notableproperties.
The ODE canbe solved analyticallygiven an analyticex-
pressionfor thespecular�o w, anda uniquesolutioncanbe
readilyobtainedusingan`occludingcontour' (or any other
point at which the �rst derivative is known) asa boundary
condition.Sincethereis noapertureproblemin two dimen-
sions,specular�o w canbe estimatedindependentlyat ev-
ery imagepoint from asfew astwo images.Thus,provided
that the illumination environmentexhibits suf�cient angu-
lar radiancevariation,we areableto completelyrecover a
two-dimensionalsurfacepro�le from asfew astwo frames.

Anotherimportantpropertyis thatthe2D SFSFequation
enablesthe recovery of arbitrarysmoothsurfaces,includ-
ing thosewith pointsof zerocurvature.As notedabove,the
specular�o w approaches�1 at theprojectionof anin�ec-
tion point. Surfacereconstructionrequiresthe integration
of the inverse�ow , however, which is well de�ned every-
where.
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Figure4. Thespecularshapereconstructionproblemin threedimensions.
A surfacef (x; y) is illuminatedby a far-�eld illumination environment
andis viewedorthographicallyto producea 2D imageI (x; y). The illu-
minationsphereis parameterizedusingsphericalcoordinates(� ; � ).

Thesenice propertiesof the 2D SFSF equationfol-
low directly from an image formation model that in-
cludes a far-�eld viewer and environment and relative
object/environment motion. As we show in Sect. 4.2,
many of thesedesirablepropertiescarry over to the three-
dimensionalcaseaswell.

4. Specularshapefr om specular�o w in 3D

Muchlikethetwo-dimensionalcasedescribedin thepre-
vious section,we begin the three-dimensionalanalysisby
consideringa surfaceS(x; y) = (x; y; f (x; y)) that is the
graphof a (bi-variate)function. As beforethe surfaceis
viewed orthographicallyfrom above and illuminatedby a
far-�eld environment(seeFig. 4).

Let v̂ = (0; 0; 1) be the viewing direction, n̂(x; y) the
surfacenormalat surfacepoint (x; y; f (x; y)) , and r̂ (x; y)
themirror-re�ection directionat thesamepoint. An image
of S(x; y) ontheorthographicimageplaneconstitutesradi-
ancevaluesof thedistantillumination environment. In the
3D casethisenvironmentconstitutesasphereof directions,
which we parameterizewith two sphericalangles(zenith
andazimuth). In particular, we representre�ection direc-
tionsas(� ; � ) andnormaldirectionsas(� ; � ), bothunder
theusualsignconventionshown in Fig. 4. As in theprevi-
oussection,thesedirectionsarerelatedby

� (x; y) = 2� (x; y)
� (x; y) = � (x; y) :

In orderto relatedisplacementson theimageplaneto those
on the illumination sphere,we notethat there�ection vec-
tor at eachpoint canbeexpressedboth in termsof surface
derivativesandsphericalcoordinates;

r̂ = (sin � cos� ; sin � sin � ; cos� )

=
(� 2f x ; � 2f y ; 1 � f 2

x � f 2
y )

f 2
x + f 2

y + 1
:
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Fromthis relationshipwecandeducethat

tan � = 2kr f k
1�kr f k2

tan � = f y

f x
:

(5)

As in thetwo-dimensionalcase,we areinterestedin the
effectsof environmentmotion. In threedimensions,thean-
gularmotionof a far-�eld environmentcanberepresented
asa vector�eld on the unit sphere.We usethe following
notationto describethisenvironmentmotion�eld :

! (� ; � ) = (! � (� ; � ); ! � (� ; � ))) =
�

d�
dt

;
d�
dt

�
:

This is a general representationthat can describeboth
`rigid' motion (i.e., an environment that rotatesaround
some�x ed axis) and an arbitrary `non-rigid' motion. In
the rigid case,when the environment rotatesabout axis
â = (sin � � cos� � ; sin � � sin � � ; cos� � ) with angularve-
locity ! , theenvironmentmotion�eld is [1]

! � (�; � ) = ! sin � � sin(� � � � )
! � (�; � ) = ! (cos� � � sin � � cos(� � � � ) cot � ) :

(6)

Environmentmotion inducesa motion �eld, or a specular
�o w, on theimageplane.This �o w, representedas

u = (u(x; y); v(x; y)) =
�

dx
dt

;
dy
dt

�
;

is relatedto theenvironmentmotionthroughtheJacobian:

! =
d(� ; � )

dt
=

@(� ; � )
@(x; y)

d(x; y)
dt

= Ju : (7)

TheJacobianJ canbeexpressedin termsof surfaceshape
by takingtemporalderivativesof Eq.5, whichyields:

J
4
=

@(�; � )
@(x; y)

=

0

@
f x f xx + f y f xy

kr f k� (1+ kr f k 2 )
f x f xy + f y f y y

kr f k� (1+ kr f k 2 )
f x f xy � f y f xx

2kr f k 2
f x f y y � f y f xy

2kr f k 2

1

A : (8)

Implicit in Eq. 7 is the fact that theenvironmentdirection
re�ectedby eachpoint is determinedby thesurfacegeome-
try. Thatis,

! = ! (� (f x ; f y ); � (f x ; f y )) = ~! (f x ; f y ) :

Whenthe environmentmotion �eld is known andwe ob-
serve the inducedspecular�o w u on the imageplane,one
hopesto recover the shapeby solving Eq. 7, which repre-
sentsa systemof non-linearPDEsin f (x; y). Thus,we re-
fer to this equationastheshapefromspecular�ow (SFSF)
equationin threedimensions.

4.1.Behavior at parabolic points

While Eq.7 maybeusedto solve for anunknown shape
f (x; y) from a known specular�o w (u; v), it canbe rear-
ranged,throughinversionof theJacobianJ, to deriveagen-
erativeequationfor anunknown specular�o w u inducedby
a known surfacef (x; y) undera givenenvironmentmotion
!

u = J � 1! : (9)

Importantinsight into this relationshipis revealedfrom the
determinantof J, whichcanbewrittenas

Det(J) =
2K (1 + kr f k2)

kr f k
; (10)

whereK is theGaussiancurvatureof thesurface,i.e.,

K = (f xx f yy � f 2
xy )=(1 + kr f k2)2:

Eq.10 tellsusthattheenvironmentmotion�eld andspecu-
lar �o w arerelatedby anisomorphismat all surfacepoints
exceptparabolicpoints,wheretheGaussiancurvaturevan-
ishes1. This is directly analogousto the two-dimensional
casein which the specular�o w is in�nite at in�ection
points. In the three-dimensionalcase,the magnitudeof
the specular�o w genericallygrows unboundedat the im-
ageprojectionof a parabolicpoint on the surface. (Note
that this is different from the near-�eld case[26], where
the�o w singularitiescandrift away from parabolicpoints.)
Onesyntheticexampleof this phenomenon,with thespec-
ular �o w computedusingEq,9, is demonstratedin Fig. 5

4.2.Envir onmentmotion around the view dir ection

Onespecialcasein which Eq. 7 assumesa simpleform
thatcanbesolvedanalyticallyoccurswhentheaxisof envi-
ronmentrotationâ is alignedwith theview directionv̂ . In
oursphericalcoordinatesystem,environmentrotationabout
theview directioninducesthemotion�eld

! � (� ; � ) = 0
! � (� ; � ) = !

(11)

with ! beingthescalarangularvelocity.
To exploit thereducedcomplexity, we de�ne two auxil-

iary functionscorrespondingto thesurfacegradientmagni-
tudeandorientation:

h(x; y)
4
= f 2

x + f 2
y (12)

k(x; y)
4
= tan � 1(f y =f x ); (13)

1Anothersingularcasein this context arepointswith kr f k = 0, i.e.,
fronto-parallelsurfacepoints. Note that thesepointsre�ect the observer
who,unlike therestof theenvironment,doesnot move relative to thesur-
faceandhenceprovideslittle in thewayof shapeinformation.
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Figure5. Themagnitudeof thespecular�o w inducedby a specularsur-
faceunderenvironmentmotion. Top left: Theshapeof a syntheticspec-
ular surfacewith paraboliclinessuperimposed.Top right: Oneframeof
a renderedimagesequenceundera rotatingenvironment. Superimposed
arethe projectionof the paraboliccurves. Bottom: A zoomedimageof
thelog-magnitudeof theinducedspecular�o w in themarkedregionof in-
terest.Notehow the�o w magnitudeis generallyvery largenearparabolic
lines.

wheretan � 1 is thefourquadrantarctangentof itsargument.
Given thesede�nitions andthe �o w from Eq. 11, the two
couplednon-linearequationsin Eq. 7 reduceto two linear
PDEsin h andk:

u(x; y)hx (x; y) + v(x; y)hy (x; y) = 0 (14)

u(x; y)kx (x; y) + v(x; y)ky (x; y) = 2! : (15)

Theseequationsimmediatelysuggestthe following recon-
structionprocedure:

Reconstructionalgorithm:

1. Useobservedspecular�o w (u; v) to solve
Eq.14 for h(x; y) andEq.15 for k(x; y).

2. Recover f x and f y from h(x; y) and
k(x; y) usingde�nitions in Eqs.12and13.

3. Integratef x andf y to obtainf (x; y).

BothEqs.14and15canbesolvedusingthemethodof char-
acteristics,andin bothcasesthecharacteristicscorrespond
to the integral curvesof the specular�o w. Of course,the
surfacewill be recoveredthroughthis procedureprovided
that requisiteinitial conditionsareavailable, i.e., that r f
is known at oneor morepointsalongeachintegral curve
of thespecular�o w. Clearly, theabsolutedepthof thesur-
facecannotbe recoveredunlessthe absolutedepthof one
or moresurfacepointsis givenby someothermeans.

4.3.Observations

In addition to facilitating a shaperecovery procedure,
Equations14 and15 have straight-forwardandusefulgeo-
metricinterpretations:they constrainthedirectionalderiva-
tivesof h andk in thedirectionof thespecular�o w.

Eq.14dictatesthath beconstantalongeachcharacteris-
tic. Thus,iso-contoursof h necessarilycorrespondto inte-
gral curvesof thespecular�o w. Similarly, sinceEq.15can
bewritten in termsof theunit specular�o w û

û � r k =
u

kuk
� r k =

2!
kuk

; (16)

it impliesthattherateof changein k alongeacharc-length
parameterizedcharacteristicmustbeproportionalto ! and
inversely proportionalto the �o w magnitudekuk. This
observationbecomesparticularlyinterestingoncewe real-
ize that k is an angle(i.e., an orientation)and its rate of
changecan be interpretedas a curvature measure(in the
spirit proposedin studiesof orientedpatternsand visual
�o ws,e.g.[3]). Giventhespecular�o w u of aspecularob-
ject underenvironmentrotationaroundv̂ , we cantherefore
de�ne its specularcurvaturebasedonEq.16as

� s
4
=

2!
kuk

: (17)

Moreover, sincethecharacteristics(or, equivalently, thein-
tegral curves of the specular�o w) are genericallyclosed
curves, integrating� s alongeachsuchcurve mustyield a
multiple of 2� (or elsethe systemviolates integrability).
Althoughnot exploitedin our paper, this observationcould
be usedto recover the angularvelocity ! andhenceto fa-
cilitatespecularshaperecoveryevenwhentheenvironment
angularvelocity is unknown.

4.4.Experimental results

Althoughthecontributionof thispaperis primarily theo-
retical,asaproofof concept,theapproachdevelopedabove
was appliedto imagedataacquiredusing the systemde-
pictedin the top of Fig. 6. A camera(Canon10D, EF 75-
300mmlens,EF 25 II extensiontube)wasplaced1m from
a 2” diameterchromesphere.In anunknown, far-�eld illu-
minationenvironment,both thecameraandsphererotated
asa �x edpair aboutanaxisparallelto thecamera's optical
axis. Oneframeof the capturedimagesequenceis shown
in themiddleof Fig. 6.

Given an imagesequencecapturedat a known angular
velocity of 0:5� /frame,specular�o w wasrecoveredusing
theHorn andSchunckalgorithm[14]. Basedon this �o w,
thesurfacewasrecoveredasdescribedin theprevioussec-
tion. Initial conditionswereprovided manuallyby speci-
fying thesurfacegradientalongtheredcurve shown in the
�gure. Theintegral curvesof thespecular�o w weredeter-
minedby numericallyintegratingthe �o w �eld, andthese
curvesserved ascharacteristicsfor the numericalintegra-
tion of Eqs.14 and15 to recover h andk. With h andk
known at eachpoint, the surfacederivativesf x andf y are
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optical axis

rotation axis

Figure6. Recovering generalshapefrom specular�o w in threedimen-
sions. Top: Underfar-�eld illumination, a cameraandobjectrotateasa
�x edpairaroundaline parallelto theopticalaxis.Middle-left: Oneimage
from a capturedsequence.Middle-right: estimatedspecular�o w. Bot-
tom: Shaperecoveredby solving the3D shape-from-specular-�o w equa-
tion asdescribedin Sec.4.2. Thesurfacegradientis assumedknown along
theredcurve,whichprovidesthenecessaryinitial conditions.

easilycomputedwith

f x =
p

h cosk
f y =

p
h sink

andthenintegratedto yield thesurfaceshown in thebottom
of Fig. 6. TheRMS errorin thereconstructionasa fraction
of thesphereradiuswasfoundto be1.2%.

5. Discussion

This paper introducesa novel theoretical framework
for the reconstructionof smoothspecularshapesfrom ob-
served motion in natural,unknown, and uncontrolleden-
vironments. Using far-�eld view and illumination condi-
tions and relative object/environmentmotion, we analyze
the relationshipbetweenobserved specular�o w andspec-
ular shape,and we derive a systemof couplednonlinear
PDEsthatcanbesolvedfor reconstruction.Weshow thatin
theparticularcaseof environmentrotationaroundtheview-
ing direction,this systemcanbereducedto a pair of linear
PDEsandsolvedeitheranalyticallyor numerically.

Severalextensionsandresearchdirectionsarisenaturally
from our results.First,we show thattheshapefrom specu-
lar �o w (SFSF)equationcanbesolvedin threedimensions
whentheenvironmentrotatesabouttheview direction,but

is likely that onecanextendthis analysisto includemore
generalrotationdirections,either througha changeof an-
gular coordinatesappliedto the Z-axis equations(Eqs.14
and15), or by attemptingto solvetheSFSFequation(Eq.7)
with ! de�ned via Eq. 6 ratherthanEq. 11. Second,al-
thoughwe restrictedour attentionto the caseof environ-
mentrotationin thispaper, it is likely thatsmallrelativeob-
ject/observer motioncanbedescribedin a similar manner.
Third, while we focuson a distantobserver, it maybepos-
sibleto extendouranalysisto anear-�eld viewerby replac-
ing theconstant̂v vectorwith a vector�eld corresponding
to perspectiveprojection.

The problemof recovering the specular�o w itself was
not discussedin this paper, but it is possiblethat the dif-
ferentialgeometricanalysiswe provide may be useful for
thisaspectof theproblemaswell (perhapsusingtheframe-
work describedin [2]). In this context, the uniquebehav-
ior of specular�o w aroundparaboliccurvesmay be use-
ful for identifying themanddistinguishingthemfrom other
typesof �o w singularities(e.g.,due to surfacediscontinu-
ities). This, in turn, could facilitate the reconstructionof
piecewise smoothspecularshapeas well. In any case,a
studyof thespecular�o w itself shouldalsoassistin recov-
eringor estimatinginitial conditionsfor thesolutionof the
SFSFequation,eitherfrom theregularpartsof the�o w, or
from its singularitieseitheraroundparaboliclines,or in the
vicinity of theobject'soccludingcontour.

In addition to thesecomputationalissues,this analysis
may also aid our understandingof humanperceptionof
specularshape.While thehumanvisualsystemseemstoex-
ploit specular�o w in distinguishingbetweensurfacesthat
are specularand diffuse [13], whether�o w is usedto re-
cover shapeis lesscertain[22]. But sincewe often move
our headswhile inspectingspecularobjects(e.g.,whenlo-
catingadentin acar),it seemsplausiblethatshaperecovery
might utilize specular�o w. In particular, thedistinguished
behavior at parabolicpointswould seemto play a role in
thisprocess.

Finally, similar analysisto that presentedhere might
be used to recover shapefrom still imagesunder natu-
ral lighting as well. The relationshipbetweenthe image
gradientr I in a still image and the angularderivatives
r E at the correspondingpoint of an illumination sphere
is r I = J> r E , with J being the sameas in the SFSF
equation(Eq. 7). Analysisof this typecould leadto statis-
tical methodsfor shaperecovery that exploit the structure
of naturallighting [10], and it could help to elucidatethe
mechanismsunderlyingthehumanability to recover spec-
ularshapefrom suchimages[11].
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