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I. Proper forcing

Uri Abraham

1. Introduction

It is sometimes the case that new concepts not only widen our horizons, but
also bring difficult old results into main stream and within common knowl-
edge. Properness, introduced and developed by Shelah, is such a concept
and the wealth of results, both old and new, that it provides justifies its
early introduction into advanced set theory courses. My aim is to provide
an introductory exposition of the theory of proper forcing which will also
give some of its interesting applications, to the point where the reader can
continue with research papers and with the more advanced material in She-
lah’s book [15]. I assume that the reader has some knowledge of axiomatic
set theory and is familiar with the basics of the forcing method, including
some iterated forcing (the consistency proof of Martin’s Axiom is sufficient).

We deal here with countable support iteration. This type of iteration
appeared in Jensen’s consistency proof of the continuum hypothesis with
the Souslin hypothesis, and it also appeared in Laver’s work on Borel’s
conjecture (see [3] and [10]). (These two outstanding results will not be
treated here. They have now simpler proofs in which the theory of proper
forcing is used to concentrate on the single step of the iteration.)

The chapter contains four parts. First: preservation of properness in
countable support iteration. Second: preservation of the “w-bounding prop-
erty, and an application concerning non-isomorphism of ultrapowers of el-
ementarily equivalent structures. Third: preservation of unboundedness,
and an application concerning two cardinal invariants, the bounding num-
ber and the splitting number. Fourth: Dee-completeness, forcings that add
no countable sets of ordinals. These results are all due to Saharon Shelah,
and most of them appear in Chapters V and VI of his Proper Forcing book
([15]), but are presented here at a more concrete level, and sometimes with
simpler proofs. (Theorem 5.8, concerning the chromatic number of Hajnal—
Mété graphs, is due to the author.)
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Our notations follow a standard usage, and the introduction describes
them and reviews some elementary facts about forcing. Note that a < b in
a forcing poset denotes here that b carries more information than a. We say
then that b extends a.

A preorder is a transitive and reflexive relation on a set (its domain).
If <is a preorder on A and a < b then we say that b extends a. We say
that a, b € A are compatible if there exists some x € A that extends a and
b. Otherwise, a and b are incompatible, and a set of pairwise incompatible
elements is called an antichain. A set D C A is dense iff

Va € A3d € D (a <d),
and D is predense iff
Va € A3d € D (a and d are compatible).

A preorder is separative iff whenever b does not extend a there is an extension
of b that is incompatible with a. We say that P = (A, <) is a forcing poset
iff < is a separative preorder on A with a minimal element 0p. We often
write <p for the preordering of P. In the context of iteration, preorderings
are more convenient than (antisymmetric) orderings, because this is what
one naturally obtains. (The reader who prefers orderings can remain with
posets of course, but at the price of taking quotients with their notational
burden.)

Let P = (A, <) be a forcing poset. We say that G C A is a filter iff G is
downwards closed: Vz <y (y € G = z € G), and any two members of G
are compatible in G. We say that G is (V, P)-generic iff G is a filter over P
that meets (has a non-empty intersection with) every dense set of P that
lies in V. It is convenient to employ (V, P)-generic filters and to be able
to speak about actual generic extensions V[G]. I assume that the reader
knows how to avoid such ontological commitments.

VP is the class of all P forcing names in V. If a € V¥ and G is (V, P)-
generic, then a[G] (or a®) denotes the interpretation of a in V[G]. It is
convenient to define interpretation of names in such a way that every set
in V can be interpreted as a name: a[G] = {y[G] | Ip € G ({p,y) € a)}.
Usually for a set a € V, a denotes the (canonical) name of a. However, often
a rather than @ is written here in forcing formulas, for graphical clarity and
since this is very rarely a source of confusion. If ¢ is a forcing formula then
“p holds in VF” means that OplF-p . Often IFp ¢ is written instead of
Op IFp . Also, I seldom put quotation marks around forcing formulas. The
canonical name of the (V, P)-generic filter is denoted G.

The reason for employing separative posets is the following characteri-
zation: P is separative iff for every p,q € P (plkpq € g) implies ¢ < p.
Notice that p, ¢ € P is written rather than the more accurate p, g € A. A
poset may be used as a name for its own universe.
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The relation P <1 @ on forcing posets P and ) means that there is a
function (projection) 7 : Q — P such that

1. 7 is order preserving (that is g1 <¢ ¢2 implies 7(g1) <p 7(g2)) 7 is
onto P, and 7(0¢g) = Op.

2. For every g € Q and p’ € P such that p’ > 7(q) thereisa ¢’ > ¢ in Q

such that w(¢') = p'.

If P<@Q and D C P is dense, then 771D is dense in Q. Hence if H is a
(V, Q)-generic filter, then its image w“H generates a (V, P)-generic filter.

We say that = is a trivial projection iff 7(q1) = 7(g2) implies that g1, g2
are compatible in Q. It can be seen that 7 is trivial iff for every P generic
filter G, 771G is also a (generic) filter over Q.

In many applications the projection of P <1(Q) satisfies a stronger property
than 2: for every p € P and ¢ € Q if p > 7(q) then ¢ has an extension ¢; € @,
denoted p + g, such that

1. m(q1) = p and
2. if r € @Q is such that r > ¢ and 7(r) > p, then r > ¢.

If this additional property holds then every p € P can be identified with
i(p) = p+ 0g. (That is, P can be assumed to be a subposet of Q.)

If Q € VP is a forcing poset (that is, by our convention, forced by the
zero condition to be a forcing poset), then P * @, the two-step iteration, is
the forcing poset defined as follows. First some sufficiently large set V, is
chosen so that if b € V¥ is any name then there is already a name a € V,,
such that for every p € P, if plkp b € Q, then plkp b = a. (V,, here is the
set of all sets of rank < a.) Now form P * @ as the set of all pairs (p, q)
such that p € P, ¢ € Vo, NVF and plFp ¢ € Q. The preordering <= <P«Q
is defined by

(p,q) < ',q) iff p<pp and p'lpqg<qq.

The map 7 ({p, q)) = p is a projection. Usually one does not bother to define
the set V,, from which the names ¢ are taken and P x (Q is presented as a
class.

I will summarize (without proofs) some basic facts about two-step it-
erations. The two notions, projection and two-step iteration, are closely
related. If P < R with projection 7 : R — P, and if Gy is a (V, P)-generic
filter, then form in V[Gy] the following set

Q=R/Go={reR|n(r)eGo}

and define a partial, separative preorder <=<g g, on Q by
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r1 <o iff every <p extension of ro in R/Gy is

(L1)

<p —compatible with r; in R/G).

Equivalently,
r1 < rg iff 1y <g g+ ro for some g € Gy with 7(r2) <p g. (1.2)

It follows that r1 < 7o iff for every g1,92 € Go, g1 +71 < go+72. Sometimes,
we write R/go, or even R/P, for the VF name of Q = R/Gy.

1.1 Lemma. Assume P < R as above and Gy a (V, P)-generic filter. Sup-
pose that in V[Go] we have sequence (r; | i € w) such that r; € R/Gy and
Ti <R/Go Ti+1- Then there is a sequence (si | © € w) such that each s; has
the form s; = g; +r; for some g; € Gog and s; <R Siy1-

Proof. Suppose that g; € G is defined. Since r; <g/qg, rit1, there exists
g € Go such that r; <p g+7;+1. We may take g > g;. Since m(g+7r;4+1) = g,
we get g; +7r; <r g+ 7i41. So that g; 11 = g works. =

Now let CN? be the name of @ in V¥ and form the two-step iteration
P x Q Then R with its original ordering < is isomorphic to a dense subset
of P x Q. Namely the map r — (7(r),7) is that embedding (where 7 is
the V¥ name of r). Thus R itself can be viewed as a two step iteration:
the projection P followed by the quotient poset whose name is denoted by
R/ (30.

Suppose now that some forcing poset Q € V' is given and R = P x Q is
formed. Then P < R, with projection 7(p, ¢) = p. The stronger property of
projections holds here, and we can identify p € P with (p, Q) € PxQ. Let
Gy be (V, P)-generic, and form R/Gy as above. R/Go = {(p,q) € P*Q |p €
Go} ordered asin (I.1). Then the following holds for (p1, 1), (p2,¢2) € R/Gy

(r1,q1) <r/Go (P2,q2) iff 3p € Gy such that (p1,q1) <p.q (P, q2)-

In V[Go], both R/G( and Q[Gy] can be formed (Q[Gp] is the interpretation
of @ in V[Go].) These are essentially the same poset. That is, the map

i:(p,q) — q[Go

taking (p,q) € R/Gy into the interpretation of ¢ is a trivial projection.

Let P and R be any posets such that P << R. We have said that if
H is a (V, R)-generic filter, then Gy = 7w“H is (V, P)-generic, and clearly
H C R/Gy. In fact, H is a (V[Gy], R/Gyp)-generic filter.
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On the other hand, if Gy is (V, P)-generic, and if Gy is (V[Go], R/Go)-
generic, then G; C R is a (V, R) generic filter and 7“G1 = Gj.

Now, given a poset P, suppose that @ € V' is a poset and R = P * Q
is formed. Let Go be (V, P)-generic, and Gy be (V[Gy], Q[Go])-generic,
where Q[Gp] is the interpretation of @ in V[Gy]. Define in V[Gy] the trivial
projection i : R/Gy — Q[Go] as above, and define H = i~*Gy in V[Gy][G1].
That is

H={(p,q) e PxQ|pe GyAqGo] € G1}.

Then H is an (R/Go, V[Go])-generic filter (the pre-image of a trivial pro-
jection). Hence (by the preceding paragraph) H is also (V, P * Q)-generic,
and 7“H = Gy. Abusing the product notation we write H = Gg * G;.

Let R = P % Q. I want to explain the equation VZ = (VF)Q. We shall
define a function

p:VE VP
from the R-names into the P-names such that the following holds for every

(V, P)-generic filter H and Gy = w“H its projection.

1. As we have seen Gy = 7“H = {p € P | (p,q) € R for some ¢} is
(V, P)-generic, and H is (V[Go], R/Gy)-generic.

2. For every a € VE, a[H] = (p(a)[Go])[H]. That is, the interpretation
a[H] of a in V[H] can be obtained in two steps: first interpret p(a)
in V[Gy], as a name, and then interpret this name in the remaining
forcing over R/G.

Usually, we write a/Gy instead of p(a)[Gop] (without mentioning p) and
then a/(N;0 is written for p(a).

To define p let pair : VE x VF — VP be a (definable) map such that
for any 71,72 € VP, pair(m1,72)[Go] = (11[Go], 72[Go]). In plain words,
pair(Ty, T2) is a canonical name for the pair formed from (the interpretations
of) 71 and 3. Define now p by rank induction so that for any a € V1

p(a) = {{x(r), pair (7, p(y))) | r € R and (r,y) € a}.

Where 7 is the canonical P-name for r. Suppose now generic filters H C R
and Gy C P defined as the projection Gy = m“H. For any a € VF

p(a)[Go] = {pair(F, p(y))[Go] | (r,y) € a Am(r) € Go}
= {(r,p(W)[Gol) | (r,y) € a AT € R/Go}.

Now the required equality

p(a)[Go][H] = a[H]
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is proved by the following equalities:

{p(W)[Gol[H] | Ir € H ((r,y) €aAr € R/Go)}
={y[H] | 3r € H (r,y) € a}

The function p can be defined as above whenever P < R.
The following lemma is often used.

1.2 Lemma. Assume that P < R, and D C R is dense. Let G be a (V, P)-
generic filter. Then the following holds in V|G]: Every q € R with w(q) € G
has an extension d € D with w(d) € G. In other words, DN R/G is dense
in R/G.

Proof. Suppose that p € P forces that 7(q) € G. Then 7(q) <p p, and

hence there is an extension ¢; of ¢ with 7(¢1) = p. Now extend further ¢;
to a condition d € D, and then 7 (d) forces d € DN R/G as required. —1

We will encounter the following situation in Section 3.

1.3 Lemma. Qo < Q1 < Q2 are posets with projections m;; : Qi — Q;
for i > j. The projections commute: Tg g = 90 ma1. Suppose Go is
a (V,Qo) generic filter, and form Q) = Q1/Go and Q4 = Q2/Go. Then
o1 Q5 — Q) is a projection and the quotient QQ5/Q} can be seen to be
exactly Q2/Q1.

Let Q(Q 1Ga) be the canonical name in V[Go] of the Q1/Go generic fil-

ter. Then (Q2/Go)/G ) . € VIG| 9/ If Gy is a (V[Gol,Q1/Go)
generic filter, then the interpretation of that name, (Q2/Go)/G1, is equal to
Q2/G1. In addition, Gy is (V,Q1) generic and if [ € V9 then (f/Go) €
V[Go]@/% and (f/Go)/G1 is f/G.

Countable support iterations

We deal here only with countable support iterations. An iteration of length
~ (an ordinal) is defined by induction. For this, one needs a scheme to
produce the next poset in the iteration. Suppose that this scheme is given
by some function F' (a formula that defines a function) such that for every
forcing poset P, F(P) = @ is in V¥ a forcing poset. Then the iteration
(P, | @ < ) is defined so that:

1. Members of P, are functions defined on «a.

2. If « <y then P, = {fla | f € P,}.
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3. Every f € P, has a countable support, which is a set Sy =5 C v
such that f is trivial outside of S, that is f(&) is the P name of the
zeroth condition for £ € v\ S.

The definition of the iteration is as follows.

1. Py is the trivial poset consisting of the minimal condition @ alone, and
Vo is (or is isomorphic to) V. If P, is already defined and a < 7,
then P, 1 is defined as the set of all functions f defined on av+ 1 such
that fla € P, f(a) € VP and

fla kp, fla) €Q,

where Q = F(P,). We define f; < fo iff fi]la < fola and fola I-p,
fi(a) < fo(a). Tt is evident that P,y is defined to be isomorphic to
P, x Q. (Since we want P,11 to be a set, we must limit the possible
values of f(a).)

2. If § <~ is a limit ordinal, and P; is defined for every ¢ < § then Pj is
the set of all countably supported functions f defined on § and such
that for every a < 8, fla € P,. Thus for every a < § f(a) € V=
and f has a countable support. Define f; < fs iff for every a < 4

fila <p, fala.

We assume that the reader knows the basic properties of these countable
support iterations. First that they form forcing posets, and then that if
Yo < v then m : P, — P, defined by 7(p) = plyo is a projection of P,
onto P,,. If ¢ € P, and g > m(p), then p; = ¢+ p is defined in P, by the
requirement that

p1(§) = q(§) for & <o, and p1(§) = p(§) for £ = 0. (L3)

Strictly speaking P, is not a subset of P,, but in practice we identify
f € Py, with f + 0, which is the trivial extension of f on 7. The ordering
on P, is denoted < p, or just <, for clarity. We shall often write I, instead
of IFp, .

The poset name F(P,) = @, is called “the ath iterand”. In complex
consistency proofs, the exact definition of F', and even its existence, is often
passed over in silence. The term “bookkeeping device” is often invoked to
refer to that part of the construction which is omitted.

2. Properness and its iteration

In this section we define properness and prove that the countable support
iteration of proper forcing is proper. A slightly different proof can be read
in [4].
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In discussing proper forcing, the phrase “let A be a sufficiently large car-
dinal, and H) the collection of sets of cardinality hereditarily < \” appears
so often that it deserves a remark. The role of H) is to encapsulate enough
of the universe of sets V" to reflect the statements in which we are interested.
So the exact meaning of “sufficiently large” depends on the circumstances,
and other reflecting sets such as V) can replace Hy (but less naturally).
When dealing with a forcing poset of cardinality , any cardinal A > 2° is
sufficiently large for our purposes. We will be interested in countable ele-
mentary substructures of (H), €, <, etc), where < is some fixed well-ordering
of Hy, and etc may include the poset P, the forcing relation, and other rel-
evant parameters. The role of the well-ordering < is to allow for inductive
constructions. For notational clarity we just write M < H), and omit the €
relation, the well-order and the other parameters. We often say “M < Hy
is as usual” to indicate that H) refers to a richer structure and the reader
may have to include in M all those parameters that are relevant.

So let P be a poset, M < H), be countable, with P € M, as usual, and
let G be (V, P)-generic. Define M[G] = {a[G] | a € M}. So M|[G] is the
set of all interpretations of names that lie in M. Since the forcing relation
is (definable) in M (by virtue of the largeness of \) the Forcing Theorem
implies that M[G] < H[G] (for details, see Theorem 2.11 of [15]). However
M]G] is not necessarily a generic extension of M. What does it mean that
MIG] is a generic extension of M? This is a delicate question because of
the special status of the members of M: on one account they are just points
with no other meaning than that provided by the structure M itself, and on
the other hand, they are bona fide members of Hy and carry information of
which M is not aware. By collapsing M onto a transitive structure only the
local properties remain and we are no longer confused by this double role.
So let 7 : M — M be the transitive collapsing of M, and let 7“G = G be
the image of G. Then genericity of G over M means that G is M-generic
over m(P). Namely that G has a non empty intersection with every dense
subset of 7(P) that lies in M. I find that collapsing is illuminating, but of
course one can give a more direct definition: G is (M, P) generic iff for any
D C P dense in P such that D e M, GNDNM # 0.

Properness of P, as we shall see in a moment, ensures that this is the
normal situation. A good example for a non-proper forcing is the forcing P
that collapses wy to w. (The “conditions”, that is members of P, are finite
functions from w into wy and the ordering is extension.) Here it is obvious
that the generic function g : w — w; onto w; is not M-generic, since it
involves ordinals not in M.

To define properness, we need the concept of an (M, P)-generic condition.
Let P be a poset and M < H), with P € M, be an elementary substructure.
A condition ¢ € P is said to be (M, P)-generic iff for every dense subset
D C P such that D is in M, D N M is predense above g, i.e., for every
q1 > q there is a g2 > g1, extending some d € DN M. Sometimes, when the
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identity of P is clear from the context, we just say that ¢ is an “M-generic”
condition.

In the proof of the properness preservation theorem we shall employ the
following

2.1 Lemma. A condition q is (M, P)-generic iff for every D € M dense in
P there is a name P € VP such that

qlFppeMNDNG.

2.2 Definition. A poset P is called proper iff for every A > 2!7l and count-
able M < Hy with P € M, every p € PN M has an extension ¢ > p that is
an M-generic condition.

Properness, and genericity of a condition have the following equivalent
property which is often used. A condition ¢ is (M, P)-generic iff

qlFp M[G] N Ord = M N Ord.

Assuming a predicate V' that denotes the ground model, we can replace this
by
qlFp MIGINV =MNV.

Thus P is proper iff for every A > 217l and countable M < Hy with P € M,
every p € PN M has an extension ¢ > p such that for every 7 € M NVF
and every ¢/ > ¢, if ¢'IFp7 €V, then ¢’ Fp 7€ M.

We will prove that in the definition of properness, the quantification “for
every A > 2/Pl and every countable M < H,” can be weakened to “for
A = (2Ph* (or, for some A > 2P) and for a closed unbounded set of
M < Hy...”, and the resulting definition is equivalent to the original. (See
also Chapter III of [15].)

One of the first consequences of properness is the following. If P is proper,
and G a (V, P)-generic filter, then N; is not collapsed in V[G]. Moreover,
every countable set of ordinals in V[G] is included in an old countable set
(from V). Indeed if ¢ is M—generic and 7 € M is a name for an ordinal, then
g forces 7 to be in M. (By the alternative definition, or argue as follows.
The set D of conditions that determine the value of 7 is dense in P and is in
M, and hence DN M is dense above ¢ which implies that every extension of
g can be further extended to force 7 = « for some o € M.) It follows from
this observation that if P is proper and forcing with P introduces no new
subsets of w, then forcing with P adds no new countable sets of ordinals.

The simplest examples of proper forcing posets are the countably closed
posets and the c.c.c posets. It is illuminating to realize that despite the
obvious difference between these two families of posets, they have (at some
level of abstraction) the same reason for not collapsing w;—mnamely their
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properness. If P is c.c.c, then any condition is (M, P)-generic, and if P is
countably closed then any upper bound of an (M, P)-complete sequence is
(M, P)-generic. For an arbitrary proper poset, finding generic conditions is
usually the main burden of the proof.

A large family of posets was defined by Baumgartner [1], and called
Axiom A posets. It turns out that they are all proper.

2.3 Definition. A poset (P, <) satisfies Axiom A iff there are partial orders
(<] i <w) on P, with <g=<, such that:

1. Fori<yj, <;C<;.

2. For every p € P and dense D C P, for every n < w there are p’ € P
and countable Dy C D such that p <,, p’ and Dy is predense above p’
(i.e., if p” > p’ then p” is compatible with some condition in Dy).

3. If (p; € P | i €w)is asequence such that p; <; p;+1, then there is
p € P (called the fusion of the sequence) such that for every i, p; <; p.

The Sacks-Spector conditions (subtrees of 2<% with arbitrarily high split-
ting) satisfy a stronger version (we call Axiom A*), in which Dy is required
to be finite.

It is easy to prove that any Axiom A forcing is proper (see Baumgartner
[1]). In fact, if M < H) is countable with P € M and po € PN M, then for
any ¢ there is an (M, P)-generic condition p such that py <; p.

The projection of a proper poset is also proper. That is, if P <@ and Q
is proper, then P is proper. In fact, if M < Hy and g € Q is (M, Q)-generic,
then 7(q) is (M, P)-generic.

Another equivalent definition of when a condition is (M, P) generic can
be obtained from the following lemma.

2.4 Lemma. Let P be a poset, M < H)y countable with P € M (where
A > 2Pl 5o that P(P) € Hy) and suppose that p € P is some (M, P)-
generic condition. If x,y € M NVE are such that plFx € y, then for some
p1 > p and (a,b) €yN M, wherea € P andb € VP, a <p; andp; IFz =10
hold.

Proof. In order to illustrate in a simple setting two possible approaches, we
give two proofs for this lemma. It follows immediately from the definition
of forcing that there is an extension of p (denoted p;) and a pair (a,b) € y
such that p; > a and py IFx = b. The point of the lemma, however, is to
get such a pair (a,b) in M whenever p is (M, P)-generic. Consider the set

E = {po € P|3(a,b) €y (a <pgand pg IFz = b}.

Note that £ € M is an open subset of P that is dense above p. Let F' C P
be the set of all conditions that are in E or else are incompatible with every



2. Properness and its iteration 15

condition in E. Then F' € M is dense (open) and so p is compatible with
some pg € FFN M. Since E is dense above p, pg € E N M and hence the
defining clause applies to pg. But M is an elementary substructure, and
hence there is a pair (a,b) € y N M with a < pg and such that pg IF 2z = b.
Which proves the lemma.

For the second proof, let my : M — M be the transitive collapse. Let G
be an arbitrary (V, P)-generic filter containing p. Define Gy = n{G N M.
Then Gy is (M, mo(P))-generic filter and 7 can be extended to 71 : M[G] —
M|Gy). For every m € M NVE 71(m[G]) = m1(m)[Go]. We have M[G] <
H,\[G], so that m; ! is an elementary embedding of M[Gy] into Hy[G].

Since plFx € y, z[G] € y[G]. Hence 71 (z[G]) € m1 (y[G]) = m1(y)[Go].
So there are (ap,bo) € m1(y) such that ap € Gy and w1 (z[G]) = bo[Go)-
Hence, for (a,b) = 77 *(ao,bo), (a,0) € y N M and we have a € G and
z[G] = w1 (bo[Go)) = b[G).

Back in V, let p; > p be an extension that forces these facts about (a, b).
Namely p; I a € G (so that p; > a) and p; |- 2 = b, as required. =

The next lemma is used in the proof that the two-step iteration of proper
posets is proper.

2.5 Lemma. Let P be a forcing poset, and Q € V¥ a forcing poset in V.
Let M < Hy be countable with P, Q € M, and suppose that A is sufficiently
large. Then (p,q) € P Q is (M, P x Q)-generic iff

p is (M, P)-generic

and
plkp q is (M[go]’ Q)-generic,

where QO is the canonical name for the P-generic filter.

Now we prove that the iteration of two proper posets is again proper, and
in fact the following stronger claim holds which we prepare for later use.

2.6 Lemma. Suppose that Py is proper, and Py is proper in Vo (that
is, Py is a Po-name and Op, forces it to be proper). Let R = Py Py be
the two step iteration, and let w : R — Py be the projection defined by
m(p,q) = p. Suppose that M < H) is countable with R € M. Not only
has every r € RN M an M-generic extension, but the following hold in
addition. Suppose that pg € Py is an (M, Py)-generic condition. For any
name r € Vo if

polrp,r € MNR and w(r) € G

G, (1.4)

(QO is the canonical name of the generic filter over Py) then there is some

p € VP such that <p0’£1) is an M -generic condition and

(p07£1) ”_R :C S g
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(Being a Py-name, r s also an R-name and it may appear in R-forcing
formulas. G is the canonical name of the R-generic filter.)

Proof. Let Gy be any (V, Py)-generic filter containing po. The name 7 is
not necessarily in M, but by (I.4) it is interpreted as some condition r in
M N R such that 7(r) € Go. Say r = (TO’Cl) where r, is a Py name for

a condition in P;. In M[Gy], r, Is interpreted as a condition 7y in (the

Gy interpretation of) P;. Since P is proper, there is an extension p; of 71
that is M[Go]-generic. Let p, be a name of p; forced to have all of these
properties. In particular

po IFp, gl extends the second component of r in P;.

Then u = (po, gl) is as required. Firstly Lemma 2.5 gives that

w is (M, R)-generic.
Secondly,
ulkrr €G (1.5)
is proved as follows. Observe that r is not a condition, but a VP name

and hence a V' name of a condition in R. However, any condition above
po can be extended to decide the value of r as a condition in R. Suppose
any v’ € R that extends u and determines for some r € R that

u'l-r =r,

where r € R is of the form r = (ro, Ql). To prove (I.5) we will show that
u'lFr € G. Assume that u' = (ug, g’l) Since ug IFp, 7(r) € G, and as Py
is separative, ro < u(. But

ug IF “p, extends 1 (the second component of )",

and this implies r < «’ in R. Thus v’ IF r € G. Since u is an arbitrary
extension of u that identifies 7, ulFr r € G. -

2.1. Preservation of properness

We prove here that the countable support iteration of proper forcing posets
is proper. The expression “(P, | @ < ) is an iteration of posets that satisfy
property X” (such as properness) means that each successor stage Py
(which is isomorphic to P, * Q) is formed with an iterand Q, € V= that
satisfies property X in Ve,

2.7 Theorem. Let § be a limit ordinal. Suppose that (P, | a < 0) is a
countable support iteration of proper forcings. Then Ps is proper.
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We assume that § is a limit ordinal, since the successor case was han-
dled by Lemma 2.6. The inductive proof of the theorem is a paradigm for
all preservation theorems given here, but first an intuitive (yet incorrect)
overview of the proof is given. Let be given a countable structure M < Hy,
with Ps € M, and a specified condition py € Ps N M. We are required to
extend pg to an (M, Ps)-generic condition. This is done in w steps. Fix an
increasing w-sequence v; € dN M, unbounded in 6N M. (The sequence itself
is not assumed to be in M, only its members.) At the n-th step we want
to define ¢,, € P,, that is (M, P, )-generic, and is an extension of pg | .
We also require that g,41 [ 7» = ¢n. The final condition ¢ = {J,, ., ¢n
is in Pj, and it extends the given condition py since each initial condition
does. Now at the n-th step we must also take care of D,,, the n-th dense
set of Ps in M in some pre-fixed enumeration of all the dense subsets of Py
that are in M. It follows that we need at this step an auxiliary condition
pn € PsNM N D,_1, that extend p,_1 and such that ¢, extends p,, | vy.
We will first extend p,, to some p,+1 € D,, and then commit all the follow-
ing gn’s to extend p,11 | vm as well. Surely we cannot succeed in such a
construction, for if we do, then ¢ € (,,c,, Dn and this is too much (unless
no reals are added, but this is a different story). So where did we go astray?
When we claimed that p,4+1 with pp1 [ vn < ¢, can be found in D,,. We
could do that only in case {r € P,, N M | r < g,} is a generic filter over
M. Otherwise we may only have a name of such p, ;1. It turns out that
this is enough for the proof, but we must formulate a slightly more involved
inductive assumption.

2.8 Lemma. (The Properness Extension Lemma). Let (P, | a < ) be a
countable support iteration of proper forcing posets. Let \ be a sufficiently
large cardinal. Let M < Hy be countable, with v, P, € M etc. For any
Yo € YN M, and qo € P, that is (M, Py,)-generic the following holds. If
b, € VP s such that

qO“_p,mQOGP’YﬁM and QOT’YOECN;O

(where go is the canonical name for the generic filter over P, ), then there

is an (M, P,)-generic condition q such that ¢ | vo = qo and
qlkp, p €G (1.6)

(where G is the canonical name of the generic filter over P, and we view
P, as a name in V).

An equivalent formulation of (1.6) is that for every ¢’ > q, if ¢’ identifies
2, (that is ¢ IFp, P, = Ppo, for some py € P,) then po < ¢'.

We emphasize that p, is not necessarily in M, but it is forced by gg to
be a condition in P, N M.
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Proof of Theorem 2.7. Observe first that the lemma gives Theorem 2.7.
Given M < H)y and py € Ps, we apply the lemma with Ag = 0 and pq
viewed as a name in the trivial poset Py = {0}. =

Proof of Lemma 2.8. The proof of the lemma is by induction on 7. For ~
successor, the lemma was essentially stated as Lemma 2.6. (There are two
subcases here. 79 +1 =+, and 79 + 1 < 7. The first subcase is essentially
stated as Lemma 2.6, and the second subcase is brought to the first by the
inductive hypothesis.)

So assume that v is a limit ordinal. Pick an increasing sequence (v; | i €
w) cofinal in v N M, with v; € M and where 7y is the given ordinal. (Note
that v may well be uncountable but v N M is a countable set of ordinals.)
Fix an enumeration {D; | i € w} of all the dense subsets of P, that are in
M.

We will define by induction on n < w a condition g, € P,,, and a name
b in V= such that:

~n

1. qo € P, is the given condition. ¢, € P,, is (M, P,, )-generic.

dn+1 f Yn = 4n-
2. P, is given. p is a P,,-name such that

qn kP, p is a condition in P, N M such that:
(a) gn r 'Yn € Q’Yn’
(b) p 1 S’Y gna

~n—

(c) p isin Dy (for n > 0).

(Here and subsequently I, may be written instead of I+ P, and <, instead
of <p_.) To see where we are going, suppose that ¢,, P have already been
~n

constructed for all n € w. Then let ¢ = J,, ¢, We claim that for every n:
gl p € QW. (I.7)

It can be seen that this claim implies that ¢ is (M, P, )-generic (because P
is forced to be in D,,_1 N M, and by Lemma 2.1).
To prove the claim in (1.7), we first demonstrate for every two indices
n < m that
qlky p < p .

This follows from 2(b). It follows from 2(a) that for every m

q Ik gm[vaG

~Ym
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Hence, for every m and n such that m > n
gl P Tvm€G
~n ~Ym
This implies that for every n
qley p € gv .
Indeed, for any ¢’ extending ¢ in P, if ¢’ IF P =p, for some p € P, then
¢ Fy p€ PyNM and p vaeg’y , for m > n.

Since the posets P, are separative, it follows that p | v, < ¢ for every

m. Hence p < ¢': because p € M and thus dom(p) C v N M, so that

dom(p) C sup{ym | m < w}. So ¢ IFp € G . This holds for any extension
~ry

q' of g that determines p , and hence ¢IFp € G .
~n ~n ~y
Returning now to the inductive construction, assume that ¢, and p
have been constructed. We will first define p 1 in V% and then g,1.
~n

Imagine a generic extension V[Gy], made via P, , such that ¢, € G,.
Then gn[Gn], the realization of P, is some condition, p,, in P, N M, such
that p, | vn € Gy. Since gy, is (M, Py, )-generic, G,, N M intersects every
dense subset of P, that lies in M. An easy density argument now gives a
condition p,y1 € D, N M, extending p,, such that pp4+1 [ ¥n € Gn. (Argue
in the collapsed structure M and use Lemma 1.2.) We let Do be a P, -
name of p, 1, forced by g, to satisfy all of these properties of p,4+1. That
is,

Gy, P €DnOM, p o<y p  andp [ €G

~ ’Y’VL

+

Now that p o is defined, apply the inductive assumption of this lemma
~n

to Y < Yn+1, t0 @n, and to £n+1 I Yny1. This gives goy1 € P, ,, that

satisfies the required inductive assumptions. o

We draw two additional conclusions from the Properness Extension Lemma.

2.9 Corollary. Let (P; | i < §) be a countable support iteration of proper
forcings.

1. Suppose that cf(d) > w. Then any real (or countable set of ordinals)
in V5 already appears in Vi for some i < 6.

2. Suppose cf(0) = w, and {v; | i € w), is increasing and cofinal in .
Then for every name i € VP of a countable sequence of ordinals, for
every condition py € Py, there is an extension p > pg such that for
every n € w there is a P, name ¢, such that pls f(n) = cp.
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Proof. Let [ € V% be a real. Find a countable M < Hy with f € M,
and let ¢ € P5 be some (M, Ps)-generic condition (given by the lemma). If
i = sup(M N §) then ¢ < §. The support of any condition in Ps N M is
included in i and i N M can be viewed as a VT name forced by ¢ to be
equal to [.

Proof of item 2: Let M < H) be countable, containing all relevant param-
eters (including the name of the real). Repeat the proof of the Extension
Lemma with (; | ¢ € w) as the cofinal sequence and instead of dealing with
all dense sets let D,,_1 be the set of conditions that determine JNC (n—1). Let
p be the resulting (M, Ps)-generic condition. =

2.2. The X, chain condition

In almost all applications given here, we assume the continuum hypothesis
(CH) in the ground model, and iterate ws proper forcings, each of size V.
To conclude that Ny and higher cardinals are not collapsed, the following
theorem can be invoked. More general chain condition theorems (which
deal with bigger posets) can be found in Shelah’s book ([15] Chapter VIII
on the p.i.c. condition, for example) and in Section 5.4.

2.10 Theorem. Assume CH. Let (P; | i < ) be a countable support iter-
ation of length 6 < wo of proper forcings of size 1. Then Pj satisfies the
N2-C.C.

Proof. The assumption is that each iterand Q, has size R; in V= but the
posets P; themselves may be large (2%, because of the names involved). In
any family {re | £ € wa} C Ps, we must find two compatible conditions.
Fixing a large A, pick for every { € ws a countable Mg < H) such that
re € M¢. Look at the isomorphism types of the countable structures M.
Since CH holds, there is a set I C wa of size Ny such that all M¢ for £ € 1
are pairwise isomorphic. But the transitive collapse is determined by the
isomorphism type, and hence there is a single transitive structure M to
which all M, for £ € I are collapsed. In addition, we may form a A-system
for the countable sets My Nwo (again by CH). This leads to the following
assumptions on I.

1. For some fixed transitive structure M, he : Mg — M, where he are
the collapsing functions for £ € I.

2. The countable sets M¢ Nwy form a A-system: For some countable
C - w2,
Me, N Mg, Nwy = C for every (1 # (2 in I.

Moreover, C'is an initial segment of M¢Nws, and there is no interleav-
ing of the M¢Nws\ C parts. That is, if we define pe = min(M:Nw2\C)
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then for & < & in I, sup(C) < pe,, and sup(Mg, Nwa) < pe,. We
also assume that fg(r¢) does not depend on ¢ and is a fixed member
of M.

We now claim that any two conditions with indices in I are compatible.
Given &, & € I, it suffices to show that r; = r¢, | pe, = 7¢, |sup(C) and
T2 = T¢, | pe, are compatible. Because then, if r € Py, extends r1 and
o, then p = rUrg, [(we \ C) Urg, [(w2 \ C) extends the two given conditions.
The fact that C' is an initial segment of M¢N¢ and hence that p is a function
in Py is used in the proof (if the iteration were of length 6 > ws then Ny
may indeed be collapsed).

Let 1o = pe,, and let h : Mg, — M, be the isomorphism of the two
structures. Then h is the identity on pNMe, = h(p) N Me,, and h(r1) = ro.
We shall prove that if p is any (Mg, , P,)-generic condition extending rq,
then p extends 72, and hence r; and ro are compatible as required. The
iterands are of power N; and we may assume that their universe is always
wi. Then for every « in its domain, r; («) is forced by r1|a to be a countable
ordinal. A similar statement holds for r5. However, 71 («) is not necessarily
the same name as r9(a).

The following lemma therefore suffices.

2.11 Lemma. Let My and Ms be two isomorphic countable elementary
substructures of Hy. Let h : My — My be the isomorphism, and p € MyNwy
be such that h is the identity on uN My. (We do not require that h(u) # p,
but this is possible.) If p € P, is any (M, P,)-generic condition then for
any condition r € P, N My, p > r implies p > h(r). (Hence any (M, P,)-
generic condition is also (Ma, Py(,,)-generic.)

Proof. The proof is by induction on p.

Case 1 p is a limit ordinal. Remark that, for any » € P, N M, r and h(r)
have the same support, since h is the identity on p and the support is
countable. Assume that p € P, is (M4, P,)-generic and r € P, N My,
p > r as in the lemma. In order to prove that p > h(r), it suffices
to prove for every p/ € p N My that plu’ > h(r)|y’. This follows
from the inductive assumption, because p|u’ is (My, P,)-generic, and
plu’ > rly implies that plu’ > h(r | p') = h(r) | i’

!’

Case 2 p=p' +1. Asp>rin Pyyy (= Py *Qu), p | 1 extends r | p
and

p I IFp(p') extends (1) in Q. (1.8)

By Lemma 2.5, p | p’ is (M4, P,)-generic, and the inductive condition
implies that plu’ extends h(r)]u’. We want to prove that

plu' Ik p(p') extends h(r)(p') in Q.
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Consider any t in P, that extends p|y/, and we shall find an extension
t' of t in P, forcing r(u') = h(r)(n'). Thus

t'I- p(p') extends h(r)(u')

follows from (I.8) as required. The set of conditions that “know” the
value of r(1/) (as an ordinal in wy) is dense above 7|y’ and is in M.
Hence, by genericity of ¢, ¢ is compatible with some s € P, N My, s >
r | i, such that

slkp r(p) =«

for some o < wy. Since h(y') = ¢/, and k() = a, this implies that

h(s) Ik h(r)(u') = o

Let t' € P, be a common extension of ¢t and s. By the inductive
assumption, t" extends h(s) as well and so t' I, (1) = oo = h(r)(1').

_{
This ends the proof of Theorem 2.10. -

Knowing the Na-c.c. we can prove by induction on 6§ < wsq that |Ps| < A
This helps in defining iterations of length wo of proper forcing posets of size
N; each, when we want to ensure that every A C wq in VP2 has had its
chance to be considered at some successor stage of the iteration.

A useful consequence of the previous lemma is the following

2.12 Theorem. Assume CH. Let (P; | i < &) be a countable support it-
eration of length § < wa of proper forcings of size N1. Then CH holds in
Vs,

Proof. Write P for Ps. Let 2 € V¥ be a name forced by py € P to be a
function from wy into Pw (the power set of w). We shall find an extension
p1 of po and two indexes & # & such that p; IF z(&) = z(&1).

As above, we define countable My < Hy with P, x,& € Mg for { < wy. By
CH, there are & # & with an isomorphism h : Mg, — Mg, taking & to &
and such that M¢, Nd = M¢, N 6. Let py be an (Mg, , P)-generic condition
extending p;. Then py is also (Mg, , P) generic by the lemma, and hence

p2lF2(&1) = 2(£2)

follows from h(&;) = &s. -
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2.3. Properness: equivalent formulations

Suppose that @ is a non-proper poset and P is a proper poset. Then, in
VP @ remains non-proper. To prove this basic result we need an equivalent
formulation of properness in terms of preservation of stationary subsets of
Py, (A). Here, Py, (A) = [A]<™: is the collection of all countable subsets
of A. We refer the reader to Jech’s chapter on stationary sets for basic
properties of the closed unbounded filter on Py, (A). We shall rely on the
following facts for any uncountable set A. (1) The collection of closed
unbounded sets generates a countably closed and normal filter over Py, (A).
(2) For every closed unbounded set C' C Py, (A) there is a function f :
[A]<®o — A such that if € Py, (A) is closed under f, then z € C. (3)
If Ay C Ay and C C Py, (A3) is closed unbounded, then {zx N A; | z € C}
contains a closed unbounded subset of Py, (A1). (4) A subset S of Py, (A4)
is said to be stationary if it has non-empty intersection with every closed
unbounded set. If S is stationary and f is a function such that f(z) € z for
every non-empty = € S, then for some a € A, the set {x € S| f(z) =a} is
stationary.

Let P be a poset and p € P a condition. We say that D C P is pre-dense
above p if Vp' > p 3d € D (p’ and d are compatible in P). Equivalently, D
is pre-dense above p if the set D’ of all extensions of members of D is dense
above p.

Given any poset P, form A = P U P(P), a disjoint union of the poset
universe with its power-set. The “test-set” for P is the collection of all
a € Py, (A) such that, for every pg € P Na there exists an extension p € P
such that, for every D € a N'P(P), if D is dense in P then D Na is pre-
dense above p. We can say that p is “generic” for a, and then the test-set is
the collection of all a, countable subsets of A, that have generic conditions
extending each member of P N a.

If T C Py, (A) is the test-set of P then its complement Py, (4) \ T is
called the “failure set” for P.

2.13 Theorem (Properness Equivalents). For any poset P the following
are equivalent.

1. P is proper (as in Definition 2.2).

2. For some X\ > 2\P1, for every countable M < Hy with P € M, every
po € PN M has an extension p > pgy that is an M -generic condition.

3. For every uncountable \, P preserves stationary subsets of Px, ().
That is, if S C Py, (N) is stationary, then it remains so in any P-

generic extension.

4. For Ao = 2P| P preserves stationary subsets of Pr, (Ao).
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5. The test set for P, as defined above, contains a closed unbounded
subset of Py, (A).

Proof. Clearly, 1 = 2. We prove that 1 = 3. So assume that P is proper,
and let S C Py, (A) be a stationary set. To prove that S remains stationary
in any extension via P, we take any f € V¥ such that po IF f : [\]<N0 — ),
and we shall find an extension p € P so that some x € S is forced by p be
closed under f. Pick a sufficiently large cardinal x and a countable M < H,,
with A\, P,pg, f € M and such that M N A € S. We can find it since the
collection of intersections M N A for structures M as above contains a closed
unbounded subset of Py, (A). As P is assumed proper, there is an extension
p > po that is (M, P) generic. Genericity of p implies that plF M N A s
closed under f.

3 = 4 is trivial, and 2 = 4 is just like 1 = 3. We prove now that 4 = 5.

Assume that P preserves stationarity of subsets of Py, (Ag) for Ag = 21P1
Define A = P U P(P). Then |A| = Ag. Suppose that S, the failure set
for P as defined above, is stationary, and we shall derive a contradiction.
By normality, we may assume that the failure is due to the same pg € a
for a € S. Let G C P be a (V, P)-generic filter containing pg. Then
S is stationary in V[G] since P preserves stationarity. Define a function
g: A — Asothat if D is dense in P then g(D) € G. Since S is stationary,
there is € S closed under g. If p > pg forces this fact about x, then p
shows that = is in fact in the test set for P.

Finally we prove 5 = 1. Suppose that A\ > 2/Fl, M < H, is countable,
and P € M. Then A = PUPy,(P) € Hy and A € M. The test set for P is
also in M. Assuming that this set contains a closed unbounded set, we may
find such a closed unbounded set C' in M. This implies that M N A € C,
and hence there exists an (M, P)-generic condition above any condition in
MnNP.

_{

3. Preservation of “w-boundedness

The set of functions from w to w is denoted “w (the “reals”). For f, g € “w
and k < w define f < g iff Vn >k f(n) < g(n). <*= J, <k is the
bounding (also called eventual bounding) relation: If f <* g, then g bounds
f,and if f <q g then g totally bounds f. A basic fact is that any countable
F C “w is bounded by some g € “w.

A forcing poset P is said to be “w-bounding iff for every generic filter
G C P, VN“w bounds V[G] N “w, i.e., for every g € “w N V]G] there is
h € “wnV with g <* h (we could equivalently require g <¢ h). Our aim is
to prove that the countable support iteration of proper “w-bounding posets
is “w-bounding.
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Let P be a poset and ]N[ € VP be a name of a real (i.e., a name forced

by Op to be a real). We say that an increasing sequence p = (p; | i € w)
of conditions in P interprets JNC as f* € “Yw iff for every n < w p, forces

[ In=f*1n We write in this case f* = intp(p, [ ).

3.1 Definition. Let P be a forcing poset and i € VP a name of a real.
Suppose that p = (p; | i € w) is an increasing sequence of conditions in P
that interprets f. We say that p respects g € “w iff

intp(p, ) <o 9. (1.9)

The following surprising property turns out to be important for the
preservation theorem.

3.2 Theorem. If P is “w-bounding, then the following stronger property of
P holds. Leti € V¥ be a name of a real and let M < H, be countable, with

P,J: € M. Suppose that g € “w dominates all the reals of M, and p € M 1is
an increasing sequence of conditions in P that interprets J: and respects g.
Then, for somepe PNM and he M, h<gg and plFp igo h. So that

plFp [ <og.

Proof. The point of the theorem is this. As P is “w-bounding, every con-
dition in M can be extended to force that i is bounded by some real in M
and hence that i <* g, but it takes the theorem to find p € M that forces
i <0 9.

Work in M. By assumption p = (p; | i € w) is an increasing sequence of
conditions in P that interprets I as f*, and f* <¢ g. For every n pick an
extension p!, of p, such that:

1. For some h, € “wnN M, p), I+ i <o hp. (Such h,, exist because P is
“w-bounding.)

2. We can require that h,n = f*|n (because p, I+ [ [ n= f*[n).
Let u € “w be defined by

u(m) = max{h;(m) | i <m}.

Then u € M, and is hence bounded by g; say u <, g. This implies that
he <o g by the following argument. For k < ¢, ho(k) = f*(k) < g(k), and
for k > € hy(k) < u(k) < g(k). Now py is as required: it forces [ <o g since
it forces [ <o he.

Remark that we can require that p extends any given condition in the
sequence p. =
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A main tool in the preservation proof is the notion of a derived sequence.
Let Q1 and @2 be two forcing posets such that Q1 <1Q2, and let 7 : Q2 — Q1
be the related projection. Let JNC be a Q2-name forced by 0g, to be a real,
and let 7 = (r; | ¢ € w) be an increasing sequence of conditions in Qs
that interprets f. Fix a well-ordering of Q2. Suppose that G is a (V, Q1)-
generic filter. Recall that Q2/G1 = {q € Q2 | 7(¢) € G1}. We shall define
in V[G4] an increasing sequence § = (s; | ¢ € w) of conditions in Q2/G1
that interprets JN” by the following induction.

1. If w(r;) € Gy then s; = r;. (In this case w(ry) € Gy for every k < 4
and s = ry.)

2. If n(r;) &€ Gi, then let s; be the first Qo-extension of s;_1 that is in
Q2/G; and determines the value of i[z

Thus, if n(r;) € Gy for all i € wq, then s; = r; for all ¢, but if n is the
first index such that 7(r,) € G1, then s; = r; for ¢ < n, and for i > n we
define s; € Q2 as the first extension of s;_; with 7(s;) € Gy and such that
s; determines [ [ 4 in the forcing relation I q,.

We say that the sequence § defined above in V[G4] is “derived” from 7,
G1, and f. We write dg, (7, ) to denote this derived sequence in Q/G.

The V@i-name of the derived sequence is denoted 5@ (7, f).
Ro,\H 4

3.3 Lemma. Let Q1 < Q2 be posets with projection m : Q2 — @1, and
suppose that Q1 is “w-bounding (no such assumption is made about Q3).
Suppose that:

1. JNc € V@2 s forced by every condition to be a real.

2. 7= (r; | i <w) is an increasing sequence of conditions in Qa (above
some given p € Q3 ) that interprets z

3. M < H, is countable with Q1,Qa, f,7,p € M.

4. g € “w bounds all the reals of M, and int(F, i) <o g. That is, T

respects g in its interpretation of JNC .

Then some condition s € Q1 N M extends 7w(p) and forces that the derived
sequence 6@ (7, f) respects g in its interpretation of [ and is above p in the
o TAEY £

Q2 ordering.

Proof. Let § = JQ (7, f) be the name of the derived sequence, § € V1.
= R, \"4 2
Define a name of a real, h € V@ by

h=int(d, f).
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That is, if G is a (V, Q1)-generic filter, let dg, (7, /) be the resulting derived
sequence, a Q2 increasing sequence of conditions in QJ2/G1 interpreting i ,
and let h[G1] be that interpretation.

Define p; = w(r;) € Q1 for i € w. Then (p; | i € w) € M and p; IF g, r; =
0(i). That is, as p; |- r; € Ql/gl, p; “knows” that r; is the i-th member
of the derived sequence. Consequently, p; determines h [ 4 (in @1 forcing)

as r; determines i [i (in Q2 forcing). Namely
int((p; | i € w), h) = int(7, f).

Hence, int({p; | i € w), h) <o g, and so by the surprising theorem there exist
s > po in Q1N M so that sl- g, h <o g. That is,

SH—Qlint(g F’,‘f)’z) <09

o ¢

Since s > pg, s forces that rg is the first member of the derived sequence,
and hence that all members of the derived sequence extend p in Q5. -

In the following we shall apply the previous lemma in a slightly more
complex situation in which the discussion is not in V, but rather in Vo,
where Qg <1Q1 < Q2. We will use go and gl as canonical names for the Qg
and Q1 generic filters.

3.4 Lemma. Suppose that Qg <1 Q1 < Q2 are posets with commuting pro-
jections m; ;1 Q; — Qj, for 0 < j < i <2. Assume that Q1 (and hence Qo)
s proper and “w-bounding. Suppose that:

1. f € V9 is a name of a real.

2. M < H, is countable with QO,Ql,QQ,i € M. Let qo € Qo be an

(M, Qo)-generic condition. Assume that g € “w bounds all the reals
of M.

3. pE€ V Qo s given such that qo I g, pe (Qg/go) NM.

4. qo forces that there is in M[QO] a Q2-increasing sequence of condi-

tions in Qg/(jo that interprets JNC, respects g, and is above P in the Q2
ordering.

Then there is some q1 € Q1, an (M, Q1)-generic condition, so that
1. m0(q1) = qo-

2. q1 [ Q1 7T271(£) S gl
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3. qq forces that there is in M[Ql] a Q2-increasing sequence of conditions
m Qg/gl that interprets JN” and respects g, and is above P in the Q2

ordering.

Proof. Observe that what the lemma does is to push the situation described
in item 4 from QO to Ql. That is, the basic object that interests us is a
sequence of conditions in @2, increasing in the ordering of ()2 and inter-
preting [ (in I g,) as a function that respects g. The assumed sequence
(in item 4) is compatible with go’ and the resulting sequence is compatible
with gl.

Let Gy be some (V, Qo) generic filter containing ¢o. Work in M[Gp] <
H,;|Go] and apply the previous lemma as follows. Observe first that g
dominates all the reals in M[Gy], since qo is (M, Qo)-generic. Observe
also that mo1 @ Q2/Go — Q1/Gy is a projection (see Lemma 1.3). Then
[/Go € V[Go)?2/%0 is a name of a real. Following assumption 4 of the
lemma, let 7 € M[Gy] be an increasing sequence of conditions in Q2/Gy
that interprets f/Go (since it interprets [) and respects g (and is above
p[Go] in <q,). We apply the previous lemma to Q2/Go, Q1/Go, and [ /Gy
in V[Go]. Thus by that lemma some condition s € (Q1/Go) N M[Gy] exists
which extends 72 1(P[Go]) and forces in Q1/Go that the derived sequence

(5@ /G (7, f/Go) respects g in its interpretation of f /Gy, and is above p[Go]
R01/Go 0 L L £

in QQ/G().

Now let s € V@ be a name of s, forced to have all the properties of s
described above. (Observe that s is not in M since its definition involves g,
but it is forced to become a condition in M.) By the Properness Extension
Lemma there is g1 € Q1 that is (M, Q1)-generic such that m o(¢1) = go and
kg, s € gl. So q1 IF @, 7'('271(23) € Ql. We claim that ¢, is as required.

Let G be any (V, Q1)-generic filter containing ¢;. Then Gy = 71 0“G is
(V,Qo) generic and p = p[Gy], s = s[Go] can be formed. Since ¢; € G and
nlks e, seG NowGis also (V[Go], Q1/Go)-generic, and we write
G1 = G to emphasize that G; C Q1/Go. Since s € (1, whatever s forces
holds in V[G}]. Namely, there is in M|[G1] a Q2/Gy increasing sequence in
(Q2/Go)/G1 = Q2/G1 that respects g in its interpretation of f,/GO and is
above p in the ordering of Q2/Gq. If p, is the n-th member of this sequence,
then for some finite function e we have p, I+ ¢, /a, (//Go) | n = e. So there
is some g € Go such that g +p, |- g, f | n = e. Using Lemma 1.1, we can
ammend the derived sequence (that is, replace conditions p with conditions
of the form g 4+ p where g € Gy) and obtain a sequence of conditions in
Q2/G; that is increasing in Q2 and respects g in its interpretation of z (in
Q- forcing) and is above p in Q. -
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3.5 Theorem. Let (P; | i < ) be a countable support iteration of proper
“Yw-bounding posets. Then Py is (proper and) “w-bounding.

Proof. We know that Pj is proper, and the “w-bounding property of Pj is
proved by induction on §. The successor case is obvious and so we assume
that 0 is a limit ordinal. Let i be a Ps-name of a real; we must find a
condition (extending a given condition pg € Ps) that forces i <g g for some
ground-model g € “w. Pick M < H,, countable, with Pg,i,po € M. Let
Yo € § N M for n € w be increasing and cofinal in M N 4. For simplicity,
start with vo = 0.

Find in M an increasing sequence ¥ = (r; | i € w), of conditions in Pjs
that interprets [ as f* € “w, starting with the given condition py. Find
g € “w that bounds the reals of M, and such that f* <y g. To prove the
theorem, we will find ¢ € Ps (extending pg) that forces ]Nc <0 g.

We intend to define by induction on n € w conditions ¢, € P,,, and
names p € VP that satisfy the following four properties (the first two

are as in the Properness Extension Lemma (2.8) but the dense sets are not
needed).

1. qo € Py is the trivial condition. ¢, € P,, is (M, P, )-generic.
dn+1 f Yn = Q4n-
2. P, ="Po is given in Ps. p is a P, -name such that

qn IFp., ]N?n is a condition in Ps N M such that:
(a) gn T’Yn e g’)/n)

b)p <P,

~n—

Gn I, P determines [In in Ps-forcing to be totally bounded by gIn.
(1.10)

qn IF4, somer € M[G ]is a Ps -increasing sequence of conditions in
~y

Ps/G  that interprets f, respects g, and is above p .
~Yn ~ ~n

In words, 4 means that if G is a (V, P, )-generic filter containing gy,
then there is in M[G] a Pj increasing sequence, r, of conditions in Ps/G
that interpret f (in Ps forcing) and respect g, and are all above p [G] in

~ ~n
Ps.
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If we succeed in this, and define ¢ = J,, gn, then ¢ -5 p € Q(s’ as in
(I.7). So (1.10) implies that ¢ I- [ <¢ g.

To start the induction observe that 7 respects g so that condition 4 holds
for n = 0. Suppose that ¢, € P,,, and p € VP are defined. We first

define P and then g,41.

Let G be a (V, P, )-generic filter containing ¢,,. Then (by item 4) there is
in M|[G] a Ps-increasing sequence r of conditions in Ps/G that interpret f,
respect g, and are above gn[G] Let pn41 be r(n+1), that is the (n+ 1)—‘;Vh
member of r, which determines z [n+1=wv for some v:n+1— w with
v <og[n+1 Then 2n+1 is defined to be a V= name of p,41.

Now for Qo = P,,,, Q1 = P,,,, Q2 = P5, Lemma 3.4 can be applied to
an (as qo € Qp) and P (as p € V90). So there exists some gn11 € Py, ,,
that is (M, P, ,,)-generic with ¢, = 7m(¢u+1) and such that the required

inductive assumptions hold.
_{

3.1. Application: Non-isomorphism of ultrapowers

The significance of Theorem 3.6 proved in this section is clarified by com-
paring the following two theorems of Keisler and of Shelah concerning the
notion of elementary equivalence (see the book by Comfort and Negrepontis

[2])-

Theorem (Keisler [9]). If 2* = AT, and A, B are structures of
size < AT (in a language of size \), then A = B implies that A
and B have isomorphic ultrapowers,

ANp=B*/p
obtained by some ultrafilter p on .

Keisler also showed that it is not possible to obtain this result if the
language has size AT.
The following was proved by Shelah [12]:

If A = B are both of size < k, then A*/p = B*/p for some
ultrafilter p on 2% = a.

In particular, for countable elementarily equivalent structures, Shelah’s the-
orem provides an ultrafilter on a set of size 2%° that makes their ultrapowers
isomorphic, and Keisler’s theorem obtains an ultrafilter on w, provided that
2% = R;. The theorem proved in this section shows that CH is indeed
necessary for obtaining the ultrafilter to be on w (see Shelah [14]).
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3.6 Theorem. Assuming CH, there are two countable elementarily equiv-
alent structures A = B and there is a generic extension in which 280 = Ry
and for every ultrafilters p, q on w

A%/p 2 BY/q. (1.11)

To prove this theorem, we will consider two propositions, P; and P,
show that they imply the existence of A = B as in the theorem, and then
prove their consistency.

Let DP (Diverging and Positive) denotes the set of functions h € “w
diverging to infinity, with h(n) > 0 for every n. If (A, | n € w) is a
sequence of finite (non-empty) sets, then II, <, A4, is the set of all functions
f defined on w with f(n) € A, for every n.

(P1) If (A, | n € w) is a sequence of finite sets, and {f, | @ € w1} C
II,<,A,, then, for every h € DP, there is a choice of subsets H,, C
A,, n € w, such that

1. |Hy| < h(n) for all n,
2. Vo < wy Ing Vn > ng (fo(n) € Hy).

(Py) (Yw,<*) has a cofinal sequence of length w.

It is left as an exercise to prove that Martin’s Axiom + 280 > R; implies
P; but negates P», and CH implies P> but negates P;.
Our aim is to prove the following theorem.

3.7 Theorem. P, A P, implies the existence of two elementarily equivalent
countable structures that have no isomorphic ultrapowers with ultrafilters on
w.

We first investigate a consequence of P concerning the structure of ul-
trapowers of a certain type of graph. Let A be the bipartite graph obtained
by taking U and V' to be two copies of w, with edges such that every n € V
is connected exactly to those k in U such that k < n. Let p be any nonprin-
cipal ultrafilter over w, and form the ultrapower P = A“/p Consider the
cofinal sequence (f, | @ € wy) from P, and form for every f, an element
aq of UP obtained by viewing f,(n) € U (and taking the equivalence class
of f,). The fact that the sequence of functions is cofinal in “w implies the
following property of P (expressed with U and V as predicates):

There is a sequence a; € U, ¢ € wy such that there isno b € V' (1.12)
edge connected with every a;.

Indeed, any [b] € VT is the equivalence class of some function n +— b(n),
and there is some f, that bounds b. Hence b is not connected to f, in the
ultrapower.
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In fact, we can redo this argument even in the following slightly more
general situation. Suppose that A is a bipartite graph built on two copies
U and V of w, just as before, but now we know that the following holds.

For every finite set X C V there is some u € U such that no (I.13)
x € X is connected with u.

Then define a sequence u, € U by induction on n such that wu, is not
connected to any one of the first n nodes of V. Here too (I.12) holds in
any ultrapower. That is in A“/p there is a set of w; members of U such
that there is no b € V that is connected to all of them. In fact, this result
on ultrapowers can be generalized to ultraproducts of countable bipartite
graphs that satisfy property (I.13) above. These ultraproducts must satisfy
(I.12).

Define I';, ¢ to be the finite bipartite graph with two disjoint sets of ver-
tices U and V, where |U| = k, and the vertices in V are obtained by associ-
ating with every z C U of size < £ a vertex a, in V that is edge connected
exactly with the vertices of z.

We are particularly interested in graphs of the form I'),2 4, ,, because they
have the following property: for any X C V with cardinality < n there is
some a € U that is not connected to any x € X.

Let I" be the disjoint union of the graphs G,, = I'y241,, for 2 <n < w.
The language of the structure I' includes not only the edge relation but also
the predicates U and V, and a partial order <r that puts the vertices of G,
below those of G,,, for n < m. The nodes in G,, are incomparable in <r.

The connected components of the graph I' are the copies of the I'y241 .
(Because for n > 2, 'y ,, is connected. In fact, any two nodes that are in
the same G, are connected by a sequence of at most four edges.) So the
connected components of I' are exactly the maximal antichains of <p and
this fact can be expressed by a single sentence.

Let I'y s be some countable nonstandard elementary extension of I'. Then
I'vs =T, but I'ys contains also infinite connected components. The con-
nected components of I'yg are, again, its <p antichains. Assuming P; and
P,, we are going to prove that I'ys and I" have no isomorphic ultrapow-
ers on w. Observe that any non-standard (infinite) component of I'yg has
property (I.13). Hence the following statement is true in any nonprincipal
ultrapower (I'yg)“/q. The set of components C' that satisfy the following
property is cofinal in the ordering <p.

There is a sequence a; € UNC, i € wy such that there is no (1.14)
b € V edge connected with every a;.

Indeed, the set of components that are in fact ultraproducts of nonstandard
components of I' ;g is such a cofinal set in the ordering < of all components.

On the other hand no ultrapower of I over w can satisfy this property,
because the following holds in any ultrapower I'“’ /p. There is a complement
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of initial set of components C' in the <r ordering for which:

If a; € CNU for i € wy, then there is some b € V connected to (1.15)
all the a;’s.

It is easy to establish (I.15) for T'/p once the following observation is
made. Suppose that h € DP, p is a nonprincipal ultrafilter on w, and
G = (I1,Gh(n))/p- Then (P;) implies that G is a bipartite graph with the
following property.

If a; € GNU, for i € wy, then there is b € GNV connected to all (1.16)
the a;’s.

This follows by applying Py to A, = h(n)? + 1, {aa | @ € w1}, and h.
Now we turn to the consistency result itself.

3.8 Theorem. Let (A, | n € w) be a sequence of finite sets. Let h € DP
(diverging to oo with h(n) > 1). There is a proper, “w-bounding forcing
poset P, of size continuum, such that in any generic extension V[G] via P
the following holds.

There is in V|G| a sequence (H,, | n € w), with H, C A,,
|H,| < h(n), that eventually bounds every ground-model f €
I,A,. Le., if f € VNIl,c,A,, then for some k for alln > k
f(n) € H,.

To obtain the desired model where P; and P» hold, assume CH 428t = R,
and iterate with countable support w, many posets as in the theorem. By
CH, the resulting poset satisfies the Ry-c.c (Theorem 2.10). This ensures P,
since any parameters for P; appears in an initial segment of the iteration,
so that a suitable bookkeeping device takes care of any possible sequences.
P, is a consequence of the fact that the resulting poset is “w-bounding
and hence the ground reals give a bounding sequence of length w; (by the
preservation theorem). We turn to the proof of the theorem.

For any finite set A let P(A) be the power set of A, and P,,(A) be the
collection of subsets of A of cardinality < m. We say that E C P(A) is a
k-cover (k a natural number) if for every x C A of size < k, for some e € F,
x Ce.

Referring to the given DP function h, define

S=U TI PrayAa).

I<w 0<i<t

That is, n € S iff 5 is a finite sequence such that for ¢ € dom(n), n(i) is a
subset of A; of size < k(7). S forms a tree under extension (inclusion). We
will force with infinite subtrees of S that are good in the following sense.

Let T' C S be a subtree (that is, a collection of sequences in S closed
under initial segments). We make the following definitions.
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1. If n € T then the number dom(n) is also called the height of the node
7. Let T' [ m be the collection of all nodes in T' of height < m.

2. We say that n € T is the stem of T if n is comparable to all nodes of
T (under inclusion), and 7 is maximal with this property.

3. Anoden € T is said to be k-covering in T iff its (immediate) successors
in T form a k-cover of the appropriate A; (i = dom(n)). That is,
{u@@) | p € T extends n} is a k-cover of A;.

Let P be the poset (under inclusion) of all infinite subtrees T C S that have
a stem o(T'), and each node n € T is at least 1-covering (except the nodes
below the stem which are not 1-covering), and such that, for every k, except
for finitely many nodes, all nodes of T are k-covering.

In any forcing extension via P, the generic sequence of stems provides
a sequence H, C A, with |H,| < h(n). A density argument shows that
every ground-model f € I1, A, is eventually bounded by the H,’s. In this
argument, use the obvious remark that if £ C P,,(A) is a k-cover, and
a € A, then the collection of e € E such that a € e form a k — 1-cover of A.
Both properness and the “w-bounding property follow once we prove that
P satisfies Axiom A* of Baumgartner (see 2.3). For this we define relations
<k, for 0 < k < w, on the trees in P.

<y is just the poset ordering (inverse inclusion).

Define T} <y Ty iff T, is a pure extension of T7: that is, Tb extends T7,
and they have the same stem.

Define Ty < Ts for k > 1 iff Ty < Ty, T1 ]k = To]k and for every i < k,
for any n € Ty, if  is é-covering in 77 then 7 remains i-covering in 7. The
following is a direct consequence of the definitions.

3.9 Lemma. <j is transitive, and k < £ implies that <, C <.

3.10 Lemma. If Ty <1 Ty <o,..., Ty <n Tht1,-.., then a fusion T € P
can be defined such that T; <; T for all i.

Proof. Indeed, T'=J, <, Ti | i works. =

Given a name T of an ordinal we must show that every T € P has a <j
extension that decides 7 up to finitely many possibilities. (This can be seen
to be an equivalent formulation of item 2 of property A*.)

Say that a tree T is m-covering if every node in T' (not below the stem)
is m-covering. For any T' € P and n € T, let T'(n) be the subtree of T'
obtained by letting 1 to be the stem. The following lemma suffices to prove
Axiom A*.

3.11 Lemma. Let 7 be a P-name of an ordinal. If m > 2k and T' is m-

covering, then T has a pure extension T’ that is k-covering and such that
for some finite set of ordinals, B, T"I- 7 € B.
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Proof. A node n of T is good iff T'(n) has a pure, k-covering extension that
decides 7 up to finitely many possibilities. 7 is bad if it is not good. So the
Lemma says that the stem of T is good.

Let X be a set of successors of some 7 in T'; we say that X is a majority
set if X is k-covering. More formally, X is a majority set if for ¢ = |n| the
collection {u(i) | u € X} is a k-cover of A;.

Observe that since any n € T is m-covering and m > 2k, if the set of
successors of 7 is given as a union X; U X5, then X; or X5 is a majority.
(For otherwise there are sets x1,z2 C A; of size k each such that x; is not
covered by the nodes of X; and x5 is not covered by the nodes of X5. But
then x1 Uy is of size < m and is not covered by any successor of n!) Hence
if n € T is bad, then the bad successors of i form a majority.

For any trees T}, Ty we say that T5 is a majority extension of T if 7o > T}
is obtained by taking only majority of successors in 77. Equivalently, T5 is
a pure extension of T7 which is k-covering.

Now if the lemma does not hold and the stem is bad, then there is a ma-
jority extension T” of T' consisting entirely of bad nodes. This is impossible:
pick any 7" > T" that decides 7, and find in 7" a node 7 such that T'(n) is
k-covering. Then 1 must be good (already in T'). o

4. Preservation of unboundedness

This section is adapted from [13] (reworked in Chapter VI of [15]). A forcing
poset P is said to be weakly “w-bounding if the old reals are not bounded
in the extension. That is, the following holds in every extension V[G] via
P: for any f € “wN V[G] there exists g € V, such that {n | f(n) < g(n)}
is infinite. For example, the Cohen-real forcing is weakly “w-bounding.
(Given f € VP let {c, | n € w} enumerate all Cohen conditions, and define
g(n) so that some extension of ¢, forces that g(n) = f(n).)

4.1 Theorem. The weak “w-bounding property is preserved by the limit
of a countable support iteration of proper posets if each initial part of the
iteration 1s weakly “w-bounding.

Thus, if 6 is limit, if (P; | i < d) is a countable support iteration of proper
posets, and every P;, for i < 0, is weakly “w-bounding, then Py is weakly
“w-bounding too.

Observe the difference between the formulation of this theorem and that
of Theorem 3.5: here we speak about initial parts of the iteration—not about
the iterands. In the next subsection we will explain why the iteration of
weakly “w-bounding posets is not necessarily weakly “w-bounding, and we
will define the notion of almost bounding and show that the iteration of
almost bounding posets is weakly w-bounding.
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Theorem 4.1 is proved by induction on 6. Let J: be a name for a real in
VP and py € Ps an arbitrary condition. Pick M < H,, countable, with
Ps, po, J: € M as usual. Fix an increasing sequence y; € 6 N M converging
to sup(6 N M). Let g € “w <*-dominate all the reals of M. We will find in
Ps an extension q of py that forces

{new|f(n)<g(n)} is infinite.

As before, we define by induction conditions ¢,, € P,,, that are (M, P,, )-
generic, and names b € VP such that:

L gni1 [ =an
2. gy ks, “p isin PsN M, it extends p  ,and p [ v, € G (the
Zn Rn—1 ~n ~n

generic filter over P, )”.
3. qn by, “p IFs for some k> n, [(k) < g(k)”
When done, ¢ = {J,, ¢ is in Ps, and for every n
qlks p < Gs

(we have seen that in proving the Properness Extension Lemma, 2.8). Hence
q “knows” what every interpretation of p knows, i.e., g IFs for some k> n,

[ (k) < g(k). This holds for every n. Hence ¢ is as required.

We now turn to the inductive definition. To begin with, P, is in fact
a condition—the given po— and qo € Py, is an (M, P,,)-generic condition
extending po | vo-

Suppose that g, and p are defined, we shall obtain £n+1 and then g,41.
Imagine a generic extension V|[Gy], where ¢, € G,, C P, . Then p s
realized as some condition p,, € Ps N M, such that p, [ v, € Gj.

In M[G,], define an increasing sequence, (r; | ¢ € w), beginning with
ro = pn, of conditions in Pj that decide the values of i , and such that
7; | Yn € Gy (use Lemma 1.2). Let f* be the real thus interpreted; so
for every k < w, ry forces (in Ps forcing) that i [ k= f* | k. Obviously
[* e M[G,).

Since P, is weakly “w-bounding, for some h € “w N M, h(i) is above
f*(@) for infinitely many ¢’s. But h <* g, and hence for some iy > n + 1,
f*(io) < g(io). For j = ig + 1, r; fixes the value of f(ig) to be f*(io).
Now define p | to be a P, -name of r;. Finally, ¢,41 is defined by the

Properness Extensmn Lemma to be a condition in P, , such that g,41 |
Yn = qn and

dn+1 H_’Yn+1 R+ r7n+1 S gn+1

The proof is finished, but it is worth remarking that the definition of

p 1 depends on g, the function that dominates M, hence b cannot be
~n

defined in M. But of course it is always realized as some condltlon in M.
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4.1. The almost bounding property

The successor case, which causes no problem for the “w-bounding property,
is not obvious at all for the weakly bounding property. In fact, it is possible
to have Q; weakly “w-bounding, Q2 € V weakly “w-bounding in V@1,
yvet Q1 X Q2 adds a dominating real. For example, add N; many Cohen
reals (this is 1), and then do the Hechler forcing with conditions from V.
(Hechler [6] posets adds a generic function in “w by giving finite information
on the generic function, and a function in “w which the generic must from
now on dominate. See also Jech [7]) Now, though @3 adds a dominating
real to V, it is an exercise to see that @, is weakly “w-bounding in V@,

because the QQo-name of any real is already in VQl[O‘ for some countable

In order to tackle the successor stage, we introduce a notion that is of
intermediate power in between weakly “w-bounding and “w-bounding —
the almost “w-bounding.

4.2 Definition. A poset Q) is called almost “w-bounding iff for every Q-
name, J: € “w, and condition ¢ € @, there exists g € “w such that

%) For every infinite A C w, there is ¢’ > ¢ such that:
Yy

q¢' I= for infinitely many n € A, f(n) < g(n). (L.17)

Notice the order of quantification: dg € “wVA C w. If it is reversed, then
(for proper posets) this property becomes the weak bounding property.

4.3 Lemma. If P is weakly “w-bounding, and Q € VT is almost “w-
bounding (in V), then P * Q is weakly “w-bounding.

Proof. Let [ be a P x @Q-name, and (p,q) € P x @ a condition that forces
]Nc € “w. We will find a generic extension via P * ) with a filter containing
(p,q) in which ,Jj is weakly bounded by some function in V. First take a
(V, P)-generic G with p € G. Working in V[G], [ “becomes” a name in
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@-forcing of a real, and we continue to denote this name by z . Q “is” now
an almost “w-bounding forcing poset, and ¢ € @ a condition. By definition,
there is in V[G] a function g € “w such that (x) (in Definition 4.2) holds.
Since P is weakly “w-bounding, g is weakly bounded, say by h € V, and

A={n|g(n) <h(n)}

is infinite, in V[G]. So there is an extension ¢’ of ¢ in @ for which (1.17)
of () holds. If the second generic extension is done with ¢’ in the generic
filter, then for an infinite subset A9 C A, f(n) < g(n) holds for n € Ay.
Thus [ is weakly dominated by h € V. —

By combining 4.1 and 4.3 we get the following theorem.
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4.4 Theorem. The iteration of almost bounding, proper posets is weakly
“w-bounding.

4.2. Application to cardinal invariants of the continuum

This section deals with two cardinal invariants b and s. For additional in-
formation on these cardinals the reader may consult Blass’s chapter (Com-
binatorial Cardinal Characteristics of the Continuum). Following [13] we
will establish here the consistency of

bounding number < splitting number.

The bounding number, b, is the smallest cardinality of an unbounded
subset of “Yw (in the eventual dominance ordering <*). In what follows,
[w]“ denotes the set of infinite subsets of w, and C* between members of
[w]“ denotes eventual inclusion, i.e. A C* B iff A\ B is finite.

The splitting number, s, is the smallest cardinality of a “splitting” set
S C [w]¥, where S is splitting iff for every infinite A C w, some B € S splits
A, that is, both AN B and A\ B are infinite. In other words, we say that
A C w makes an ultrafilter on S C [w]“ if for every B € S either A C* B or
A C*w\ B. Thus S is splitting iff no A makes an ultrafilter on S.

4.5 Theorem. Assume CH. There is a generic extension in which 280 =
No, cardinals are not collapsed, and b < s.

The general structure of the consistency proof for this theorem is to
iterate wo almost-bounding proper forcings that “kill” the old reals as a
splitting family. Finally, by Theorem 4.4, the reals of the ground model are
still undominated, and hence b = Xy, but s = Ny because no set of size Ny
can be splitting. This is so because every set of reals of size N; is included in
some stage v < we of the iteration and hence was “killed” at the following
stage (by introducing some A that makes an ultrafilter on P(w)NV,). Thus
we only need the following.

4.6 Theorem. There is a proper, almost “w-bounding poset Q of size con-
tinuum such that in VO

There is an infinite set A C w such that for every B C w from
V,AC*Bor AC*w\ B.

Proof. The first forcing notion that comes to mind is the Mathias forcing
[11]. It consists of pairs (u, E) where u is a finite and E an infinite subset
of w. Extension is defined so that (u1, E1) < (ug, E2) iff E5 C Eq, ug is
an end-extension of uy, and uy \ uy C Fy. If G is a generic filter, then
U=U{u] (u,E) € G for some E} makes an ultrafilter on P(w) NV ( it
is not split by any subset of w in the ground model). However, this forcing
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introduces a dominating real— the enumeration of the generic subset —
and hence we must search for another solution.

The conditions in @ will be pairs (u,T) such that v C w is finite, and
T = (t | i€ w)is a sequence of “logarithmic measures”. Each ¢; consists
of a finite subset of w, s; which is denoted int(¢;), and a finite measure,
specified below, defined on all subsets of int(¢;) and taking natural number
values. We have that max(u) < min(s;) < max(s;) < min(s;4+1). De-
fine int(7T) = J,int(¢;); this is an infinite set of numbers in w above u,
and the order on @ will be such that if (u1,71) < (ug,T3) holds, then

(up,int(Ty)) < (ug,int(T%)) as Mathias conditions. The reason that the
reals in V' do not split the generic real U = (J{u | IT(u,T) € G} is the
same as for the Mathias forcing: it will be shown that if (uy,T7) € @ then
whenever int(7}) = zUy, there is an extension (ug,Tz) of (u1,71) in @ such
that int(73) C z or int(7%) C y. To define ) we need first the notion of
“logarithmic measure”.

A logarithmic measure on S C w (S is usually finite) is a function A :
Pu(S) — w (where P,(S) is the collection of all finite subsets of S) and
such that if AU B C S is finite and h(AU B) > £+ 1 then h(A) > ¢ or
h(B) > (. Tt follows that if h(AgU---U A,_1) > £ then h(A;) > ¢ — j for
some 0 < j < n.

When h is a logarithmic measure on S and S is finite, then h(.S) is called
the level of h, and is denoted level(h).

Actually, our measures will all be induced by a collection of positive sets
as follows: Given a collection P C P, (5) that is closed upwards (a € P and
a C b imply b € P), a logarithmic measure h induced by P is inductively
defined as follows on P, (S):

1. h(e) > 0 for every e € P, (95).
2. h(e) >0iffe € P.

3. For £ > 1, h(e) > £+ 1 iff |e] > 1 and whenever e = e; U ez then
h(e1) > £ or h(es) > ¢.

Then h(e) = £ iff £ is the maximal natural number such that h(e) > ¢ (there
has to be such ¢ and h(e) < 00).

We have, for measures defined by positive sets, that if h(e) = k and e C a
then h(a) > k.

For example, if the positive sets are those containing at least two points,
then h(X) is the least i for which |X| < 2¢. We will use the following
observation.

4.7 Lemma. Let P C P,(w) be an upwards closed collection (of finite
nonempty sets), the following condition implies that the measure h induced
by P on P, (w) has arbitrarily high values:
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For every decomposition w = Ay U ... U A, into finitely many
sets, for some i, P, (A;) NP # 0.

Assuming this condition, for every natural number k and decomposition
w = ;c,, Ai inton < w sets, for some i <n, h(e) >k for some e C A;.

Proof. Suppose that P satisfies the condition of the lemma, and we shall
prove by induction on k£ < w the required conclusion.

For k£ = 1, this is just the assumed condition. Assume the claim for k = ¢,
and let’s prove it for £ 4 1. Let w = (J,,, A; be a decomposition such that
(contrary to our lemma) for every j < w, for all ¢ < n, h(A; Nj) 2 £+ 1.
Thus for every ¢ < n there are e; and es such that A;Nj = e; Uey and both
h(e1) # £ and h(ez) 2 ¢. Konig’s lemma can be used to find a decomposition
A; = E{ U E§ such that there is no x with h(x) > ¢ included in E% or in
Ej. Hence a decomposition of w into 2n sets contradicts the inductive
assumption for £. -

To prove Theorem 4.6, we define the poset (Q which was informally de-
scribed above. @ consists of all pairs p = (u,T) where

1. u C w is finite (called the stem of p) and

2. T = (t; | i € w) is a sequence of measures, t; = (s;, h;) where h; is a
logarithmic measure on s;, which is a finite subset of w (s; = int(t;))
such that

—~

a) max(u) < min(sg)

(b) max(s;) < min(s;+1)

(¢) The level of the measures diverges to infinity, and, moreover,
level(h;) < level(hit1). (We defined level(h;) = hi(s;).)

Recall that int(T) = (J{s; | ¢ € w}. For convenience, we write p = (u,T)
even when max(u) is not below min(sg). This p refers then to the condition
obtained by throwing away sufficiently many ¢;’s, that is, p = (u, (¢; | i > k))
where k is first such that max(u) < min(sg).

The extension relation for @ is defined by:

(u1,Th) < (uz,Tz),
where Ty = (t{ | i € w), t¢ = (s¢, hf) for £ = 1,2, if and only if
1. ug is an end extension of uy, and ug \ u1 C int(77).

2. int(73) C int(T1). Moreover, there is a sequence of finite subsets of w,
(B; | i € w) with max(B;) < min(B;1) and max(ugz) < min(sjl) for
j = min(By), such that s7 C (J{s] | j € Bi}.
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3. For every i: if e C s? is hZ-positive (i.e., hZ(e) > 0), then for some j,
en s} is h}—positive.

The reader may check that this defines an order on . An extension that
does not change the stem is called a pure extension. Observe that if (w, R)
extends (v,T) then (w, R) extends (w,T) as well. That is any extension
can be formed by first extending the stem and then a pure extension. We
shall prove that @ is proper and almost “w-bounding.

For properness, Axiom A will be shown to hold. The <,, relations needed
are defined as follows. < is the extension relation on @ just defined. For
n>0

(u1,T1) <y (u2,T3)

iff
(ug, Ty) is a pure extension of (u1,T;) and for 0 <i <n —1, h} = h?,

that is, the stem and the first n—1 measures (and sets) are the same in both
conditions. In particular (u1,T1) <1 (ug,To) iff (ug,T) is a pure extension
of (u1,T1), that is an extension such that u; = us.

We can check the fusion property. Suppose that py <1 p1 <o -+ -pi—1 <;
p; ... is a fusion sequence, where p; = (uy, (t! | i € w)). Then set p = (u,T)
by u = ug, and T = (t; | i € w) defined as t; = t:™ (p takes the common
stem u, and the measure t; that is common to all the conditions with indices
above i) then p € Q and p; <; p for all 4.

To show Axiom A, we have to prove that for any n € w, p = (u,T), and
dense open set D, there are a countable Dy C D and an extension p <,, po,
such that Dy is predense above pg.

We say that a condition (u,T) (with T' = (¢; | i € w)) is preprocessed for
D and i iff for every v C ¢ that is an end extension of w, if (v, (t; | j > 4)) has
a pure extension in D, then (v, (t; | j > 4)) is already in D. The following
can be easily proved:

1. If (u,T) is preprocessed for D and i, then any extension is also pre-
processed for D and i.

2. Any given condition has a <;;; extension that is preprocessed for D
and i.

3. Hence by taking the fusion of a sequence, one may obtain an extension
of any given condition that is preprocessed for every i.

Now if po = (u,T) is preprocessed for every ¢ and Dg is the set of all
conditions in D of the form (v, (¢; | j > %)), then Dy is predense above py.
Thus Axiom A holds.

The almost “w-bounding property of @ is of course the main point.



42 I. Proper forcing

4.8 Lemma (Main Lemma). Let JNC be a Q-name for a function in “w, and
q € Q a condition. There is a pure extension p > q, p = (u,T), T = (t; |
i € w), with the following property:

For every i and s C int(¢;) that is t;-positive, if v C i then for
some w C s, ((vUw),T) determines the value of f(i).

We first show how this lemma implies the almost bounding property
(Definition 4.2). Given i and ¢, let p € @ be as in the lemma. For every 1,
define

g(1) = max{k| forsomewv Ci¢ and w C int(¢;)
(vUw,T) forces that f(i) =k

Now let A C w be any infinite set. Put p’ = (u, (¢; | i« € A)). Then p’
extends p and

p' I- for infinitely many i € A, f(i) < g(3).

To see this, let p” be any extension of p’ and k an arbitrarily high integer.
Say p”" = (v,R) where R = (r; | i € w). Find ¢ > k, ¢ € A, such that
v C 4, and int(R) Nint(¢;) is ¢;-positive (there is such an i by the definition
of extension in Q). Using the property of the Main Lemma for s = int(R) N
int(t;), let w C s be such that (v Uw,T) decides the value of f(i). Then
(vU w, R) extends p” and makes the same decision because it is also an
extension of (vUw, T).

Now we turn to the proof of the Main Lemma. The required condition p
is obtained as a fusion of a sequence defined inductively in w steps. At the
ith step we have a condition p; = (u, (¢; | j € w)) and we define p; 11 so that
pi <it1 pi+1 That is, v and tg,...,t;—1 are not touched in the extension.
We start with 7' = (¢; | j > i) and apply the following lemma 2° times,
considering each v C ¢ in turn.

4.9 Lemma. Let (0, T) be a condition, JNC a name for a function in “w, and
i any natural number. Fiz v Ci. There is a pure extension (0, R) of (0,T)
with R = (ry | £ € w) such that for every £ and ry-positive s C int(ry), for
some w C s, (vUw, (ry | m > €)) determines the value of f(i). (Observe
that any further pure extension of (B, R) retains this property.)

Proof. We may assume that (,7) (and thence any extension) is prepro-
cessed for f(i): If an extension (w, R) determines the value of f(i), then
already (w,T') determines that value.

Define a measure h on int(7T) induced by the following positive sets. A
finite set & C int(7T) is “positive” iff the following two conditions hold.

1. for some I, z Nint(#;) is ¢;-positive. (¢; are the measures composing
T.)
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2. For some w C z, (vUw, T) determines the value of [ (7).

Property 1 ensures that if (), R) is obtained by taking a sequence of subsets
of int(T") with increasing h-measures, then (), R) is an extension of (,T).
Property 2 ensures that this extension has the required properties.

It remains to check that the basic property required to obtained arbitrar-
ily high values of h holds (Lemma 4.7). So let int(T) = AgU---UA,_; be a
partition, and we will find some A, that contains a positive set. Because the
measures t; are logarithmic and increasing to infinity, for some ¢ < n there
exists an infinite index set I C w such that the ¢;-measures of A, N int(¢;)
for ¢ € I are diverging to infinity. (Otherwise, for every ¢ < n there is a
finite bound on the ¢; measures of Ay, Nint(¢;) for i € w, and hence there is
a bound k on the measures of Ay Nint(¢;) where £ < n and 7 € w. But this
is impossible when the measure of ¢; is greater than k + n.) We may thus
find an extension of (v,T'), of the form (v, R) such that int(R) C A,. Now
pick any extension (vUw, R') of (v, R) that decides the value of f(i). Then
already (vUw,T') decides that value. This shows the existence of a positive
subset of A, (namely a finite union, x, of int(r,,)’s such that w C x. =

_|

5. No new reals

This last section deals with proper posets that add no new reals, that is,
introduce no new subsets of w in any generic extension. Such posets add
no countable sequences of ordinals either, but the shorter expression is the
custom. It follows from the work of Jensen and Johnsbraten [8] that the
countable support iteration of forcing posets that add no new reals may
well add a new real. This shows the need for more complex schemes for
iterating posets that add no new reals, and the notion of Dee-completeness
is simpler than any other scheme introduced by Shelah for that purpose. The
preservation proof that we present here uses the notion of a-properness, and
we therefore begin with this notion (following chapter V of Shelah [15]). Our
aim is to explain Dee-completeness by means of a simple example (in 5.2),
and then to give a rather detailed proof of the Dee-completeness iteration
theorem 5.17.

A simple example is given in Section to accompany the definition and
discussion of Dee-completeness.

5.1. a-properness

Let o« > 0 be a countable ordinal, and M = (M; | i < a) be a sequence of
countable, elementary substructures of Hy (where A is some fixed regular
cardinal). We say that M is an a-tower if and only if
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1. For every ¢ < « limit, My = J._s M;.

i<d
2. For every j < a, (M; | i < j) € Mji1.

Since A is regular (or, at least, cf(\) > Ng) if M C H), is countable then
M € H)y. Thus, for j < a, (M; | i < j) € Hy so that (2) makes sense.

5.1 Definition. Let o > 0 be a countable ordinal. A forcing poset P is
a-proper iff for (every) sufficiently large A, for every a-tower M = (M; |
i < a) of countable, elementary substructures of Hy such that P € M,
the following holds: Every p € P N My has an extension ¢ > p that is
(M;, P)-generic for every i < a. We say that ¢ is (M, P)-generic in this
case.

Clearly properness is 1-properness. We say that P is < w; proper if it is
a-proper for every countable ordinal «.

Any c.c.c poset is < wp proper. Any countably closed poset is < wy
proper. In proving this, one sees why each successor structure in the tower
needs to contain the sequence of structures up to that point.

Another example is given by Axiom A posets (Definition 2.3). Let P be
an Axiom A poset and prove by induction on o < wy that P is a-proper. For
a = w we argue as follows. Let M = (M; | i < w) be a tower of countable,
elementary substructures of Hy with P € My, and let py € P N My be a
given condition. Construct by induction conditions p; € P such that:

Pi <i Pit1, and pip1 € M,y is (M;, P)-generic.

Let ¢ be the fusion condition, satisfying p; <; q for all 7. Then p; < ¢ and
q is thence (M;, P)-generic.

It is not difficult to check that if P is a-proper than it is a 4+ 1-proper.
So properness implies n-properness for every n < w. It does not imply w-
properness. If a = 81 + (2 is a sum of two smaller ordinals, then any poset
that is both (8 and (; proper is also « proper. So, for a-properness, the
values that really count are indecomposable countable ordinals.

Equivalent Definition

As for properness, it is useful to know that if P and @ are posets, P is
a-proper and Q is a-proper in V¥, then Q is a-proper already in V. A
suitable notion of closed unbounded sets is introduced which is the basis for
an equivalent definition of a-properness, from which that useful fact follows.
Recall that Py, (A) is the collection of all countable subsets of A.

5.2 Definition. Let A be an uncountable set and « a countable ordinal.

1. Pg (A) is the set of all increasing and continuous sequences (a; | i < a)
where a; € Py, (A) for all i < a. (The sequence is increasing if a; C a;
for i < j, and it is continuous if for limit § < a, a5 = J; .5 ai.)
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- Let F': (Upza P{fl (A)) x [A]<%0 — Py, (A) be given. We say that F

is an a-function. A sequence (a; | i < a) € Pg (A) is said to be closed
under F' if for every 8 < « that is a successor ordinal or zero, for
every x € [ag]<™, F((a; | i < f8),2) C ag. So ag is closed under the
function taking x € [ag] <™ to F(0,z); a; is closed under the function
taking = € [a1]<™ to F((ag), ) etc.

. Let G(F) C Pg (A) be the collection of all a-sequences that are closed

under F. Then {G(F) | F is an o — function} generates a countably
closed filter on Pg (A), which is denoted D (4).

We say that S C Bg (A) is stationary if its complement is not in
Dg (A).

Useful examples of DY (A) sets are the following:

1.

The collection of all a-towers (M; | i < a) of countable elementary
substructures of Hy. Here A is the set H,, and M; refers to the
universe of that structure.

. For a closed unbounded set C' C Py, (A), collect all sequences (a; |

i <a) € P (A) such that a; € C for all i.

In a sense, Dy (A) is normal. If g : Py, (A) — Ais a choice function (namely
g(x) € x whenever z is non-empty) and S C Pg (A) is stationary, then for
some fixed v € A, {(a; | i < a) € S| g(ap) = v} is stationary.

The following is standard.

5.3 Lemma. Suppose that Ay C Ay are uncountable and Cy € Dg (A1).
Define Coy = {{aiNAg | i < a) |{a;|i<a) € C1}. Then Cy € DY (Ao).

The proof of the following theorem resembles that of the Properness
Equivalent Theorem 2.13.

5.4 Theorem. For any poset P and countable ordinal o the following are
equivalent.

1.

2.

P is a-proper (as in Definition 5.1).

For some X\ > 2IF1, for every a-tower M of countable elementary
substructures of Hy, any condition in My has an extension that is
(M, P)-generic.

For every uncountable \, P preserves stationary subsets of Py (N).

. For Ao = 2P, P preserves stationary subsets of Pg (Mo)-
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5. The a-test set for P, as defined below, is in Dg (A).

Form A= PUP(P). Then (a; | i < a) € Pg (A) is in the a-test set
for P iff for every py € ag N P there is p € P that is a;-generic for
every i < a. (That is, for every D € a; NP(P), if D is dense in P,
then D is pre-dense above p.)

Preservation of a-properness

We shall prove the following

5.5 Theorem. Let a < wy be a countable ordinal, and (P; | i < ) be a
countable support iteration of a-proper posets, then the limit Py is a-proper.

The theorem is obtained as a particular case of the a-Extension Lemma,
which is proved by induction on «. As the case @ = w involves almost
all the essential ideas of the general case, the reader may concentrate on
w-properness.

5.6 Lemma. (The a-Extension Lemma). Let a be any countable ordinal,
and (P; | i <) be a countable support iteration of a-proper posets. Let A
be a sufficiently large cardinal. Let M = (Mg | € < a) be an o + 1-tower
of countable elementary substructures of Hy, with v, Py, € My. For every
Yo € YN My and qo € Py, that is (M, P,,)-generic the following holds.

If Qo € VP is such that
@ Fy B €PN Mo APl €G

(where G, s the canonical name for the generic filter over P,
then there is an (M, P,)—generic condition ¢ such that

qlvo = qo and ¢l p € G

(where G is the canonical name of the generic filter over P,, and
the name b, € Vo is now viewed as member of V).

Proof. The proof is by induction on a@ < wy and for any fixed a by induction
on 7. We begin with o = o’ + 1 a successor ordinal. We are given a tower
M = (M | &£ < a'+1), a condition gy, and a name p, as in the lemma. We
intend to define a name r € V0 such that go forces (in P,,) the following
sentences.

L r e M,NP,is (M | § < a)-generic.
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2. rly € QO, and P, <p, I

Then, using the Properness Extension Lemma 2.8, we can define ¢ € P,
that is (M,, Py)-generic and such that g]yo = go and ¢ |- r € G. It follows
that q is as required.

To define r, let Go be a (V, Py, )-generic filter with gy € Go, and we
shall describe Q[Go]. Let po € P, N My be the interpretation of P, Then

polY0 € Go and we can find ¢ € Gy that extends both gy and pglyo. Now
we can apply the inductive assumption on ¢ to the tower (M, | £ < o),
to ¢( and to pg, and we find ¢’ € P, such that ¢'|vo = ¢, ¢ is (M |
§ < o), Py) generic, and po <p, ¢'. Since M,[Go] < Hy[Go], we can
find ¢* € M,[Go] with similar properties as ¢’. Namely, ¢* € P, (and
S0 q* € My, as My[Gol NV = M,), ¢*|v € Go, po <p, ¢*, and ¢* is
((M¢ | € < o), Py) generic. Let r be a name of ¢* forced by go to have
these properties. Then r is as required.

Assume now that « is a limit ordinal, and let a,, for n € w, be an
increasing sequence with limit «. In case «v is a successor ordinal, we shall
use the following two-step iteration lemma whose proof is similar to the
corresponding case of proper forcing (and is hence not given).

5.7 Lemma. Suppose that Py is a-proper, and P, € VI is a-proper in
V_Pﬂ. Then R = Py x Py is a-proper, and the following holds. Suppose that
M < H) is an a-tower and R € My. Let re VP be a name, and py € Py

be an (M, Py)-generic condition such that

pol-p, 7€ MoN R and (1) € G,
where m: R — Py is the projection (taking (a,b) € R to a), and G, is the
canonical name for the Py-generic filter. Then there is a name p € Vo
such that

1. (po.p,) is (M, R)-generic, and
2. (pOagl) ”_R :C S (N;
where G is the canonical name of the R-generic filter.

In case v = 7'+1 is a successor ordinal, the a-Extension Lemma is proved
in two steps: first we use the inductive assumption to define ¢ in P/, and
then we use the lemma above to further extend ¢ in Py/;.

We continue the proof of the a-Extension Lemma, and assume now that
v is a limit ordinal. We fix a sequence (7; | ¢ € w) increasing and cofinal
in v and such that v, € M,, with 7o the given ordinal. (If cf(y) = w, let
(vi | © € w) be an increasing, cofinal in v sequence in My N+, with vy as
given. If cf(y) > w, define v, = sup(y N M,,,_,) for n > 1.) We intend to
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define by induction on n < w conditions ¢, € P,, and names p € VP
~n
such that:

1. qo € P, is the given condition. And for n > 0, ¢, € P,, is ((M¢ |
an, < & < a), P, )-generic and ¢ 417, = ¢n. (In fact, g, is generic
for the complete tower, but this follows from item 2 below.)

2. P, is given. p is a P, -name such that
~ ~n

gn Ik, D is a condition in P, N M,,+1 such that:
o .

(a‘) gnhn e g’y 9

b)p <P,

~n— ~n

(c) p isan ((M¢ | € < an), Py)-generic
condition (when n > 0).

When this sequence is defined, ¢ = |J,, ¢» is a condition in P, and
g, p €dG
En = %y

as we have seen in the proof of the Properness Extension Lemma. But as ¢
forces that p is ((M¢ | § < ), P, )-generic, q itself is ((M¢ | € < o), P,)-
generic, for eT\LIery n € w, and the proof of the lemma is concluded since q is
then ((M¢ | € < a), P,) and hence (M, P,)-generic (as « is a limit ordinal).
We turn now to the inductive construction. Suppose that g, and p are
defined. As before, we shall first define £n+1 and then g,11.
We define P asa P, -name by the following requirements. If G is any

(V, Py, )-generic filter containing ¢,,, form
Man,+1+1[G] = HA[GL (118)

and let p € P, be the interpretation of p . Then p € P, N M,, 41 and
~n

Pl € G. As ¢, plyn € P, are in G, there is ¢/, € G that extends
both ¢, and ply,. By the a,i-Properness Extension Lemma applied to
¢, and p there is ¢ € P, such that ¢ilv, = ¢}, p <, ¢}, and ¢ is
((Me¢ | an+1 <& < apyr), Py)-generic. It follows from (I.18) that (similarly
to ¢;) there is in M,, ., 1 a condition ¢* € P, such that v € Gy p <y ¢*,
and ¢* is (Mg | an +1 < § < apy1), Py)-generic. Then we define the
interpretation of P in V[G] to be ¢*.
Clearly q,, forces that £n+1 isin P, N Mg, ,+1 and

L. gn—&-lhn < g%’
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2.p <p in P,,

~n — ~n+1

3. P is ((Me | an +1 < & < apya), Py)-generic (and so by item 2 it

is ((M¢ | € < apya), Py)-generic.

Now £n+1[')/n+1 is forced by g, to be in M,, ,,+1 and the inductive as-

sumption for 7,41 can be applied to yield a condition g,4+1 € P. that is

Yn+1
((M¢ | any1 <€ < @), P, .,) generic and such that

qna1 Ik Vg1 P

~n

eG .
+1['Yn+1 ~Yn41

Hence g41 is also ((M¢ | £ < anq1), Py, ., )-generic. This ends the proof
of the a-Extension Lemma, and hence of the a-properness preservation

theorem. =

5.2. A coloring problem

The definitions needed for Dee-completeness are quite complex and they
can be better understood with an example. Hence, before presenting the
general definition of Dee-completeness (in 5.3) we bring a particular case.
The simplest that I know is a problem of Hajnal and Maté concerning the
chromatic number of graphs in a certain family of graphs on w; described
below. (There is also a nostalgic reason for bringing this example: Theorem
5.8 is my first result in set theory). The chromatic number of any (non-
directed) graph g = (V,E) is the least cardinal x such that there is a
function f : V — k from the set of vertices V into k such that for every
a# [in V, if aES then f(a) # f(5).

Hajnal and M4té investigated in [5] the following family of graphs g =
(V, E) with set of vertices V = wy, and in which for every limit 6 € w; the
set x§ = {a| @ € 6 and o E ¢} forms an w-sequence cofinal in § (and for
non limit # € w; there is no a < ( such that aE(3. We shall call such
graphs Hajnal-Maté graphs. They had shown that if the diamond principle
< holds, then there is an Hajnal-M&té graph of chromatic number Ry, and
if MA+2%0 > X; holds, then every Hajnal-Maté graph has countable chro-
matic number. They had suggested that Jensen’s method [3] for proving the
consistency of CH + “there are no Souslin trees” may lead to a consistency
proof for CH + “the chromatic number of every Hajnal-Maté graph is Ng”.
This turned out to be true.

5.8 Theorem. Assume 28 = Ry and 2%t = Ry. There is a generic ex-
tension that adds no new reals, collapses no cardinals, and such that every
Hagnal-Madté graph in the extension has a countable chromatic number and
2% = RN,

Let ¢ = (V,E) be an Hajnal-Mété graph. Define P, as the poset for
making the chromatic number of g countable. That is, h € P, iff for some
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countable ordinal v, h : v+ 1 — w is such that whenever a < § < v and
a E (3 then h(a) # h(B3). So the domain, dom(h), of a condition in Py is
always a countable successor ordinal.

The ordering on Py is extension.

Clearly it h € P, and ' < v = dom(h) is a successor ordinal then
hly' € Py,. It is easy to check that any condition in P, has extensions with
arbitrarily high domain in wy.

If h € Py and « is a finite function from dom(z) C wy to w, we say that
x is compatible with h if h Uz is a function that assigns distinct values (in
w) to connected vertices.

5.9 Lemma. If h € P, and v + 1 = dom(h), then for every countable p
above ~y there is some condition h' > h with u+ 1 = dom(h'). Moreover,
for every finite x that is compatible with h there is an extension h' of hUx
in Py.

Thus if G is generic over P, then |J G is defined on w; and the chromatic
number of g in the extension is countable.

We plan to prove that P, is proper, a-proper for every countable o, and
show how to iterate P, forcings without adding new reals. Then 2% = N,
implies that an iteration of length ws suffices to ensure that all Hajnal-Maté
graphs produced are taken care of, and the theorem can be concluded.

5.10 Lemma. P, is proper. Moreover, if M < H) 1is countable, Py € M,
and hg € Py N M, then for any finite x compatible with hy there is an
(M, Py)-generic condition h compatible with x. (x is not necessarily in M.)

Proof. Given hy € P,NM with dom(hg) = vo+1, list all dense sets (D; | i €
w) that are in M. Let 6 = M Nw; and let xJ be the w-sequence of ordinals
that are connected in g to 6. Our aim is to define an increasing sequence of
conditions h,, € M so that h,, ;1 € D,, and then to define h = Une‘u h,, and
to extend h on ¢ as well, in order to obtain an (M, P,)-generic condition.
The problem, of course, is that » may map xJ onto w and leave no place for
the value of §, or that it assigns a value that is incompatible with x. The
solution is based on the fact that § “is” w; for M.

We make an observation. Given a condition f € F,, and v, a finite
function compatible with f, let H¢(v) be the first (in some well-ordering)
condition in P, that extends f U v.

5.11 Claim. Let D C P, be dense. For every f € P, there is a closed
unbounded set Cy C wy such that for every v € C, for every finite function
v defined on a subset of v and compatible with f, if h = Hy(v), then h has
an extension h' € D such that dom(h') < 7.

This claim is not difficult to prove.
Consider the given finite function  compatible with hg. We may assume
that 0 € dom(z) (or else extend z). Let g = N M and z; = 2\ M be the
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lower and upper parts of x. By further extending hy in M we may assume
that g C hg. We can also assume that if « < § and « is connected in the
graph to some point in the domain of z; above § then a € dom(hg) (as
there are only finitely many such as). So, in fact, in defining h,,’s we must
only be careful to avoid k = x(d) on xJ. This k is “reserved” as the value
for 6. Assume that h, € M is defined and k & h, “X§~ For f = h, and
D = D, there is an unbounded set Cy C w; as in the claim above. As C'y
is definable, C'y € M. Let 7 be the first member of C'y above dom(hy,). Let
u = x9N~ )\ dom(hy,). Then u is finite since v < §. Let v be a function
defined on u, compatible with h,,, and avoiding the value k. Then h = Hy(v)
has an extension A’ = hy,41 € D,, that lives in ~, so that {(J,k)} is still
compatible with hyy1. Finally h = U, c,, bn U {(0,k)} is (M, P,)-generic.
This ends the properness proof for P,. o

The generic condition h thus obtained is a “completely generic” condition,
which means that it actually defines an (M, P,)-generic filter. This shows
that P, adds no new reals.

5.12 Definition. If P € M is a poset, then g € P is completely (M, P)—
generic iff {p € PN M | p <q} is an (M, P)-generic filter.
We say that G is bounded by ¢ and also that ¢ induces G.

We say that a poset P is “completely proper” iff P is proper and the
properness definition applies to P with “completely generic condition” re-
placing “generic condition”. Clearly completely proper posets do not add
new reals. In fact, P is completely proper iff P is proper and adds no
new reals. (If the latter condition holds and M is as in the definition of
properness, find ¢ that is (M, P)-generic and then further extend it to some
condition that determines G N M.)

Thus we know that P, adds no new reals, and now we prove by induction
on o < wi that

5.13 Lemma. P, is a-proper. In fact, if (M | £ < a) is any « tower of
countable elementary submodels of Hy with P, € My and hg € My is any
condition, then for every finite x compatible with hy there is an extension
h € Py that is completely (Mg, Py)-generic for every & < a and is compatible
with x.

Proof. The proof of the lemma is by induction on w < a < wy. Using the
properness lemma 5.10 we assume that « is a limit ordinal, and pick an
increasing and cofinal sequence «,,. We define an increasing sequence h,, of
conditions compatible with x such that h,1 € M, 41 s (Mg | § < apya.
Then |, o, hn U {(0,2(5))} is as required. o

new

Now we make a crucial observation which is the key to the proof that
the iteration of P, posets adds no new reals. Let M < H) be a countable
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elementary substructure with Py, € M, and let pg € P;N M be given. Recall
that G* C P, N M is an (M, P,)-generic filter if it is a filter over P, N M
that intersects every dense set in M. Define

Geny,, (M, Py)

to be the set of all (M, Py)-generic filters containing py (we write Gen(M, P,)
for the collection of all M generic filters). We say that G* € Gen(M, P,)
is extendible to a condition in P, iff for some ¢ € P, G* = {p € P,N M |
p < q}. We say in this case that ¢ bounds G*. Clearly G* is extendible to
a condition in P, iff its range of values on x§ (where § = wy N M) is not all
of w. For any w-sequence z cofinal in §, we shall say that G* is appropriate
for z iff | JG*]z omits at least one value. So G* is extendible to a condition
in P, iff G* is appropriate for x{.
For an w-sequence x cofinal in § = wy N M define

AP0 = {G* € Gen,,, (M, P;) | G* is appropriate for x}.

Thus Ai % is the collection of all G* € Geny, (M, Py,) extendible to a condi-
)
tion in Py.
We claim that (for a fixed pg) the collection

{APo | x C § is a cofinal w sequence}

has the countable intersection property. That is, if X = {z; | i € w} is some
countable collection of w-sequences cofinal in § = wy; N M, then there is some
G* in (;¢,, AR. To prove this fact, find some w-sequence = converging to
0 and such that range(z;) \ range(x) is finite for every 4. It is easy to define
such « that almost contains each z; by induction. If G* is some (M, Py)-
generic filter containing py that omits infinitely many values on z (and now
we can easily define such a filter), then G* € AP for every i.

We describe in general terms what is involved in proving that the iteration
adds no new reals. In proving that the iteration of Py-like forcings does not
add any new real we will be asked to produce a completely generic condition
for some M < H, without knowing the value of xJ. This w-sequence of
ordinals connected to d will only be given as a name. So instead of ys we
will be offered a countable collection {z; | i € w} of w-sequences with the
assurance that x{ is forced to be among them. We will still be able to
find G* by taking into consideration all the z;’s as was shown above. The
essence of this argument is embodied in the following lemma.

5.14 Lemma. Suppose that My < My < H) are countable elementary
substructures with My € M. Suppose that P € My is a poset that adds no
new reals, and that g € VX NMy is a name for some Hajnal-Mdté graph. Let
Go € M be some (My, P)-generic filter. Then there exists an (Mo, P* Py)-
generic filler Gy extending Go, and there exists a name 1 € VP such that
the following holds.
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If ¢ € P is a (plain) (M, P)-generic condition that bounds Gy
(and is thence completely generic over My), then the condition
(¢, 1) € Px P, bounds G.

In fact, both the filter G1 and the name r are definable from parameters

i My and a countable enumeration of My. Thus, if My € My < Hy then
Gl, T € M.

Proof. Let pu: My — Ny be the Mostowski collapsing function of My onto
a transitive structure Ng. Then Ny € M;. Let Gy = pu“Go C u(P) be
the image of Gy under the collapsing map. Forming Ny[Gg] as a generic
extension, u(g)[Go] is a Hajnal-Maté graph there denoted h. This graph is
clearly on § = w1 N My. As Gy € My, No[Go) € M.

Let X = {z; | i € w} be an enumeration (the least in some global well
order) of all w-sequences z in M; that are cofinal in 6. We know how to find
an (No[Go], Pr)-generic filter H that is appropriate for every z;. Now form
G1 = Go x H. Then G; is an Ny generic filter extending Gy. The required
filter G is the p pre-image of Gy.

The name r € VP is defined by the following requirement as a condition
in Py with domain ¢ + 1. It is easier to describe the interpretation of r in
(V, P) generic extensions V[G]. If | JH (which is a function on 6 that lies
in V') can be extended (by assigning a value to d) to a condition in Py¢y,
then let r[G] be that condition.

Assume now that ¢ € P is as in the lemma, a bound of Gy = p~1“Gy
that is also an (M, P)-generic condition. Since P adds no new countable
sequences, there exists in M7 a dense set of conditions in P that determine
the value of x{ in V. Thus ¢k x§ € My, and hence ¢IF Ji € w (x] = ;).
Hence ¢l H is bounded by r. -

Observe that r is a name of a function defined on ¢ + 1. Although r[d
is, in a sense, J H, r(d) is just a name and any specific value for r(§) may
conflict with some ;. Only after determining (generically) x§ can we assign
a compatible value to 7 (4).

In applications we need a slightly stronger version of this lemma, in which
a condition (pg,p1) € P * Py N My is also given, and py < ¢ is assumed.
Then r is also required to satisfy ¢l p r > p1, so that the given condition
(Po; qo) is in the (My, P)-generic filter determined by (g, r).

The final model of CH + “every Hajnal-Mdté graph has countable chro-
matic number” is obtained through an iteration with countable support of
posets of the form Py, done over a ground model in which CH holds. Since
each P, has size N; the iteration satisfies the Ns-c.c., and a suitable book-
keeping device ensures that every possible Hajnal-Maté graph is dealt with.

As a preparation for the final iteration we prove here that P, (the it-
eration of the first Ry posets) adds no new reals. So let P, be defined by
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P41 = P, * P, where P, is a name for some Hajnal-Maté graph. Specifi-
cally, the members of P, are functions defined on n and P,, is the countable
support limit.

Let My < H) be some countable elementary substructure with P, € M,
and pg € P, N My a given condition. It suffices to find an extension of py
that is completely generic over My. Let (D,, | n € w) be an enumeration of
all dense subsets of P, that are in M.

Starting with My build a tower (M,, | n € w) of countable elementary
substructures of Hy. We plan to define a sequence of conditions ¢, € P,
and p, € P, N My such that

1. ¢n € P, is completely generic over (Mo, P,,), and it is (M}, P, )-generic
for every k > n;

2. pnln < gy, and g, = gui1|n.
3- Pn S Pn+1 in Pwa and Pn+1 S Dn N MO~

When the construction is done, define ¢ = J,, ¢». Then ¢ > pi|n for every
n and hence ¢ > py for every k. This shows that ¢ € P, is completely
generic over My, because the p,’s visit every dense set in M.

Suppose that p,, and ¢,, are defined. The assumption that g, is completely
generic means that

GOZ{pEPnﬂM0|p<qn}

is (Mg, P,,)-generic. Use Lemma 1.2 to find p,,+1 > py, with p,4+1 € DN M,
and such that p,11n < g,.

Notice that Gy € M, because the set D of conditions ¢ € P, that are
completely generic over My is pre-dense above ¢,. Since D € M, q, is
compatible with a member ¢ of D N D,, and, in the definition of Gy, ¢ can
replace q,.

The previous lemma is applicable to My € M,, € M, and to P = P,.
So there is a name re M,,+1 such that (g, z) € P, +1 is completely generic
over My and pyi1n +1 < (gn, 7). As Py, is (forced to be) w-proper, there
is a name ' € V"~ such that

gk <" &' s (<Mi[gp |]i>n+1), P, )-generic
Define ¢,11 = ¢, (r'). Then ¢,t1 € P11 is tower generic for (M | k >
n+1), ¢, = Qn—&-llna and ¢p41 > pn+1ln + L

5.3. Dee-completeness

The aim of Dee-completeness is to provide a framework for obtaining models
of CH. It allows countable support iteration of a large family of posets
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that add no new countable sets. Our definitions here are slightly different
from those originally given by Shelah [15], Chapter V, but we have kept
the original names believing that our interpretation of the basic ideas is
accurate.

A completeness system is a three argument function D(N, P, pg) defined
when

e N is a countable transitive model of ZFC~ (ZFC minus the power-set
axiom).

e P € N is a forcing poset in N, and
e py e P.

Then D(N, P, po) is a non-empty collection of non-empty subsets of Gen,,, (N, P).
That is, if A € D(N, P,pg) then every G € A is a filter over P containing
po and intersecting every dense subset of P in V.

For example, if g € N is some Hajnal-Mété graph and P = P, is in
N the poset for coloring g with countably many colors, then we define
D(N,P,po) = {Ax | X C N} where Ax C Gen,, (N, P) is defined as
follows. In case X is an w-sequence cofinal in wi¥, then G € Ax iff G €
Geny, (N, P) is such that |J G| X omits infinitely many colors. If X is not as
above, then Ay = Gen,, (N, P). It is reasonable to have g as a parameter,
although in our case it is reconstructible from P.

We apply D to non-transitive structures as well: if M < H) is a count-
able elementary submodel, P € M a poset, and py € P N M, then we
let 7 : M — N be the transitive collapsing isomorphism and for each
X € D(N,n(P),n(py)) we define 7=1(X) = {7 '“G | G € X}. This
yields D(M, P,py) = {m~1(X) | X € D(N,n(P),n(po))}. In simple terms,
D(M, P, po) is defined by viewing the argument (M, P,pg) as a representa-
tion of its isomorphism type.

We say that a poset P is Dee-complete (or just complete, for brevity)
with respect to a completeness system D if for every sufficiently large A, for
every countable M < Hj, with P € M and for every po € PN M, there
is X € D(M, P,py) such that every G € X is bounded in P. (Thus P is
proper.)

Repeating this definition, now with transitive structures, we obtain that
P is Dee-complete with respect to D if the following holds for every countable
M < Hy with P € M:

for every pp € PN M, if 7 : M — N is the transitive collapse, (1.19)
there is X € D(N, 7 (P), 7(po)) such that

for every G € X, 714G is bounded in P.

We say that a completeness system is countably complete iff whenever
A; € D(N, P,p) for i € w then ;. A; # 0. We have seen that for every

1EW
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Hajnal-M4&té graph g the system defined above is countably complete. Thus
every P, is Dee-complete with respect to a countably complete system.

It is sometimes convenient to add a parameter to D. We shall say that
D is a completeness system with a parameter if D is a four argument func-
tion: D(N, P, po, ¢) is defined when N, P, py are as in the definition given
above, and ¢ € N is the parameter. As before, D(V, P, pg, ¢) is a non-empty
collection of non-empty subsets of Geny, (N, P). We say that a poset P is
Dee-complete with respect to a completeness system D with parameter iff
for every sufficiently large A there is ¢ € H) such that:

for every countable M < H), with P,¢c € M, for every py €
PN M,if m : M — N is the transitive collapse, then there is
X € D(N,n(P),n(po),w(c)) such that, for every G € X, 771G is

bounded in P.
(1.20)

In fact, the parameters are dispensable by the following lemma. Recall
that by H we mean the structure (H), €, <) where < is a fixed well-ordering
of H)\.

5.15 Lemma. Let P be a poset that is Dee-complete with respect to some
countably complete completeness system D with parameter. Then P is also
Dee-complete with respect to some three-argument countably complete com-
pleteness system D).

Proof. Let A be sufficiently large so that H) with parameter ¢ € H) shows
the completeness of P with respect to D (as in (1.20)). Then, for A >
AXA4+922° Hy, € Hy and D € Hy, (since D is a function from Hy, to
PP(Hy,)). So Hy satisfies the statement (P, A, ¢,D) saying that A is a
cardinal with P,c € Hy and D is a four-argument system such that (I1.20)
holds.

Using the assumed well-ordering of H)/, let Ay, ¢g, and Dy be minimal
such objects for which (P, Ao, co, Dp) holds. If M < H) is any countable
elementary substructure with P € M, then Ay, cg,Dy € M since they are
definable in Hy/, and moreover, these objects are minimal in M to satisfy
Y(P, N, co,Dg). Observe that Hi‘f)[ = M N H,, < H,,, and also that if
D € M is a subset of P then D € H/]\\g

Let m: M — N be the collapse onto a transitive structure. Then 79 = 7 |
H,, is the collapse of a countable elementary substructure of Hy,, namely
H){Vg onto HZT\EAO) = Np.

So Do (No, m(P), m(po), (o)) has the required good properties, and in
particular each G € X € Dy(No, 7(P), 7(po), m(co)) is generic not only over
Ny but also over N. This leads to the following definition of D’ as required
by the lemma.

If N is any countable transitive structure, R € N a poset and r € R,
define I/(N, R, r) as follows. Look for Aj, [, that are minimal to satisfy
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ADY(R, Ny, ¢y, D) in N, and apply DO(Hﬁ\\g, R, 7, cp). If there is no such Aj,
then D/(N, R, r) is arbitrarily defined. o

The definition of Dee-completeness has the form “for every A sufficiently
large etc.” It is not difficult to see that if there is a completeness system
that works for one A, there is one that works for every higher A as well.
We are going to argue now that it is always possible in this case to take
A = (2I7Ih* (Shelah, personal communication).

5.16 Lemma. If poset P is complete with respect to a countably complete
completeness system D then there is a countably complete (four-argument)
completeness system I’ so that already \g = (2171 * suffices to demonstrate
the completeness of P. That is, for some ¢ € Hy,, (1.20) holds.

Proof. The definition of I/ is simple. For any countable transitive structure
N, poset R € N, condition r € R, and parameter p € N, define

D'(N,R,r,p) = D(p,R,r)

if this makes sense, that is, if p is transitive, R, r € p and D(p, R, r) is indeed
a collection of sets of N-generic filters as required. In case this definition
doesn’t make sense, let '(N, R, r,p) be defined as an arbitrary collection of
subsets of Gen, (N, R) with the countable intersection property. We must
define a good parameter ¢ € Hy, that will work.

Let A be sufficiently large so that for every countable M < H, with
P € Hy (I.19) holds. Let k = || P|| be the cardinality of P, and assume for
simplicity that & is the universe of P. We may assume that A > \g = (2%)T
(or else there is nothing to show). Let K be an elementary substructure of
H), of cardinality 2% (containing all subsets of k). Clearly, every elementary
substructure of K is also an elementary substructure of H), so that if we let
7 : K — K be the transitive collapse of K then, for every M < K, the tran-
sitive collapse of M is the transitive collapse of an elementary substructure
of K, namely the pre-image of M.

We claim that ¢ = K € H,, works. Let M < H,, be countable with
P,K € M, and po € PN M be given. Then MNK < K. Let 7: M — N
be the collapsing function onto a transitive structure. 7(K) is the transitive
collapse of M N K, and D'(N, n(P),n(po), 7(K)) = D(w(K),n(P),7(po))-

The point is that if G € X € D(n(K),n(P),7(po)), then G is not only

(m(P), m(K))-generic filter but also N-generic, since any subset of m(x) in
N is already in m(K) (as any subset of x in M is already in M N K). =

Our aim is to prove the following

5.17 Theorem (Dee Completeness Iteration). The iteration, of any length
v, with countable support of (< w1 )-proper posets that are Dee-complete with
respect to countably complete systems that lie in the ground model V' does
not add any new reals.
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Note the inductive character of this theorem. For Q; € V' to be Dee-
complete with respect to a system that lies in V', one needs that P; adds no
new countable sets—so that every countable transitive set in V' is in V.

To prove the theorem we shall first define for every countable M < H)
(with Py, € M) an (M, P,)-generic filter G,. Then we will prove that G is
bounded in P,. That is, we will find a condition in P, that is completely
generic for M. The definition of G is by induction, and we shall actually
have to define for every 7o < v and G,, that is (M, P,,)-generic a filter
G., that extends G.,. There will be two main cases in this definition: ~
successor and ~ limit, and likewise there will be two cases in the proof that
G, is bounded. We start with what is needed for the successor case.

Two step iteration

Let P be a poset and CNQ € VP a name forced (by Op) to be a poset. Let
A be sufficiently large and My < H) be a countable elementary submodel
such that P,Q € My. We want to find a criterion for when a condition
(q0,q1) € P * @ is completely (Mo, P x Q)-generic. A first guess is: g is
completely generic for (My, P) and gy forces that ¢; is completely generic
for (My[G], Q). But a moment’s reflection reveals that this is not sufficient
for (qo,q1) to determine, in V, an (M, P * Q) generic filter. So we need a
finer criterion.

Let m: My — Ny be the transitive collapsing map. Suppose that gy € P
is completely generic over (Mg, P) and let Gp C P N My be the (M, P)
generic filter induced by qo. Then Gy = 7“Gp is an (Ng, 7(P))-generic filter
and we can form the (transitive) extension Ny = No[Go]. In Ny, 7(Q) is a
name, and its interpretation Qf = 7(Q)[Go] is a poset in Ng.

Let G € VP be the canonical name of the generic filter over P. If F is any
(V, P) generic filter containing qg, then My[F] < Hx[F] can be formed and
the collapsing map m on My can be extended to collapse My[F] onto N.
Let 7 be the name of this extended collapse. Then qo IFp 7 : Mo[G] — Ng.
We phrase now the desired criterion but omit the routine proof

5.18 Lemma. Using the above notations, (qo,q1) is completely generic over

(Mo, P * Q) iff

1. qo is (Mg, P) completely generic and

2. for some Gy C Qf that is (N§, QF)-generic, qo IF 7Nr’1 “Gy is bounded by q;.
In this case, the filter induced by (qo,q1) over My N P x Q is w14 Gy * Gy.

Given a countable My < H) such that the two step iteration P x Q is
in My, our aim (under some assumptions stated in the following definition)
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is to extend each (Mo, P)-generic filter G to an (Mo, P * Q)-generic filter.
This definition depends not only on My, but also on another countable
elementary submodel M7 < H), such that My € M;. In addition, we assume
some pg € P x Q which we want to include in the extended filter. All of this

leads to a five place function E(My, My, P * Q7 Go,po) that we define now.

5.19 Definition. Let P be a poset that adds no new countable sets of
ordinals, and suppose that Cg, De VP are such that

IFp D €V is a countably complete system
and Q is Dee-complete with respect to D.

Let A be sufficiently large, and My < M; < H) be countable elementary
submodels with My € M; and P, CNQ,]Q) € My. Let Go C MyN P be (My, P)-
generic and suppose that Go € M;. Let pg € (P * Q) N My be given,
po = (a, b) with a € Go. Then we define

G:E(Mo,Ml,P*Q,Go,pQ) (121)

an (Mo, P Q)-generic filter containing pg, by the following procedure.

Let w : My — Ny be the transitive collapse, and Gy = w“Gy. Form
Ng = No[Go]. Observe that Ny € M. Let Q5 = n(Q)[Go], and Dy =
7(D)[Go]. Then Dy € No because it is forced to be in the ground model.
So Dy = m(D) where D € My is a countably complete completeness system.
Thus D(Ng, Qg,b*) is defined in M; where b* = 7(b)[Go] is a condition in
Q5. Since My ND(N§, Qf, b*) is countable, 3G, € (M1 N D(NF, QF, b*)).
Gy is (g, Qf)-generic and b* € G;.

Form Gy * G1 = G, an (No,n(P * Q))-generic filter. Then m(po) € G.
Finally define

]E(M07 Mla P x Qa GOvp()) = ﬂ-il “g'

End of Definition 5.19.
In fact, we want to define a formula v so that

HA ): ’l/}(GvMOaMl,P * Q»GO;pO)

iff (I.21) holds. That is, we want to define E in Hy. We can’t take the above
definition verbally because it relies on the assumption that My and M; are
elementary substructures of H), something which is not expressible in H)
itself. So we redo that definition for any countable subsets My and M; of
H) (or models of ZF~). Whenever Definition 5.19 above relies on some fact
that happens not to hold, we let G have an arbitrary value. For example, if
Ng is not in My or if My ND(Ng, QF, b*) is empty, then we let G be some
arbitrary fixed My generic filter.
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The following is a main lemma which shows the crux of the argument
(compare with Lemma 5.14). It analyzes the iteration of two posets when
the second is Dee-complete.

5.20 Lemma (The Gambit Lemma). Let P be a poset and suppose that
Q,]@ € VP are such that

IFp D€V is a countably complete system
and Q is Dee-complete with respect to D.

Let X\ be sufficiently large, and My < My < Hy be countable elementary
submodel with Mo € My and P,Q,D € My. Suppose that gy € P is (M, P)-
generic as well as (Mo, P) com;letNely generic, and let Go C My N P be the
My filter over Mo N P induced by qo. Let pg € P % Q, po € My be given
so that po = (a,b) and a € Go. Then there is q1 € VP so that (qo,q1)
is completely generic over (My, P * Q) and po < (qo,q1). In fact (qo,q1)
bounds G = E(Mo, My, P x Q,Go,po).

Proof. Notice that Gy € M; by the following argument. Let R be the
collection of all conditions r € P that are completely generic over (My, P).
Then R € M; and ¢p € R. Since qq is (M7, P)-generic it follows that it is
compatible with some r € RN M;. But any two compatible conditions in
R induce the same filter, and hence Gy is the filter induced by r.

As in Definition 5.19, let m : My — Ny be the transitive collapse, and
Go = m“Goy. We recall the definition of E(My, My, P * @, Go,po). Form
Ng = No[go] Let QS = W(Q)[go], and DO = ﬂ'(@)[go} ]D)O S NO and
Dy = 7(D) where D € My is a countably complete completeness system.
Thus D(Ng, Qg,b") is defined in M; where b* = m(b)[Go] is a condition in
Q5. Since My ND(Ng,QF,b*) is countable and non-empty, we were able
to pick G1 € N(M1 ND(NF,Q5,b%)), (NG, QF)-generic with b* € G;. We
defined G = Gy * Gy, and defined G = E(Moy, My, P x Q,Go, po) as 4G,

Let G € VP be the canonical name of the generic filter over P. Then g
forces that 7 can be extended to a collapse 7 which is onto Ng: that is,

qlkp 7 MO[Q] — Nj.
The conclusion of our lemma, follows if we show that
qolFp 771 Gy is bounded in Q. (1.22)

In this case, if we define ¢; € V¥ so that go IFp ¢1 bounds 7Nr’1 “Gy, then the
previous lemma (5.18) implies that the (Mo, P * @)-generic filter induced
by (g0, q1) is 71 “Go * G-
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So let I be (V, P)-generic with qo € F'. 7[F] collapses Mo[F] onto Ny,
and there is a set X € D(NJ,Q§,b") so that if H € X is any filter then
7' “H is bounded in Q[F]. As M;[F] < H)[F], we can have X € M [F].
But since D is in the ground model, X € M;. Thus G; € X, where G; is
the filter defined above. This proves (1.22).

4|

Proof of Theorem 5.17

Let P, be a countable support iteration of length ~y, obtained by iterating
Q; € VP as in the theorem. That is, each Q; is Dee-complete in V¥ for
some countably complete system taken from V. Let A be a sufficiently large
cardinal. To prove the theorem we first describe a machinery for obtaining
generic filters over countable submodels of Hy. We define a function E that
takes five arguments E(Mo, M, P, Go,po), of the following types.

1. My < H) is countable, P, € My (so v € My), and pgy € P, N M.

2. For some vy € MyN~y, Go is an (My, Py,)-generic filter, and such that
polYo € Go. We assume that Gy € M.

3. The order type of My N [vo,7) is a.

4. M = (Mg |1 <€ < a) is a tower of countable elementary submodels
of Hy, and My € M;. It will be clear later why we separate M from
the rest of the tower.

The value returned, G-, = E(My, M, P,,Go,po) is an (Mo, P,)-generic
filter that extends Gy and contains pg. Formally, in saying that G extends
Go we mean that the restriction projection takes G onto Gg. The definition
of E(My, M, P,,Go,po) is by induction on o < wy.

Assume that a = o + 1 is a successor ordinal. Then v = 7/ + 1 is also
a successor. Assume first that v = 9’. Then @ = 1 and we have only two
structures: My and M;. Since P, is isomorphic to P, * Q~,, we can define
G by Definition 5.19. So

G'y = E(Mo, Mlvp’yo * Q'yoa GOapO)'

Assume next that 79 < 7. Then G, = E(Mp, (M¢ |1 <& < '), Py, Go,polY)
is defined and is an (Mo, P,/) generic filter that extends G and contains
poly'. Moreover, we assume that G, € M,, for otherwise the inductive
definition stops. (When we finish this definition it will be evident that it
continues for every a < w; since M, < H) and the parameters are all in
M,).

This brings us to the previous case and we define

G"/ :E(M()vM(xaP’y' *QV’)G"/'apo)' (123)
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Now suppose that « is a limit ordinal, and let (o, | » € w) be an
increasing and cofinal sequence with ag = 0. Let 7, € My be the corre-
sponding increasing and cofinal in v sequence (so that «,, is the order-type
of Mo N [Y0,7n)). Let (D, | n € w) be an enumeration of all dense subsets
of P, that are in Mj.

We define G., = E(My, M, P, Gy, po) as follows. We define by induction
on n € w a condition p,, € P, N My and an (M, P, )-generic filter G,, €
My, +1 such that:

1. Go and pq are given. p,|v, € G,.

2. pn < pny1 and ppy1 € Dy

Suppose that G, and p, are defined. First, we can easily find p,411 €
D,, N My such that p,y1]y, € G Now define

Gny1 = ]E(MOv <M5 | ap+1<¢8< an+1>’ P’Yn+1mapn+1Hn+1)- (1-24)

Finally, let G, be the generic filter generated by {p, | n € w}.
This ends the definition of E(My, M, Py, Go, po).
Theorem 5.17 is a direct consequence of the following lemma.

5.21 Lemma. (Dee-Properness Extension Lemma) Let (P; | i < ) be a
countable support iteration of forcing posets (v is any ordinal) where each
iterand Q; satisfies the following in VFi:

1. Q; is a-proper for every countable «.

2. Q; is Dee-complete with respect to some countably complete complete-
ness system in the ground model V.

Suppose that My < Hy is countable, P, € My and po € Py N My. For any
Yo € ¥ N Mo, if a is the order-type of My N [Y0,7) and M = (My, | k < a) is
a tower of countable elementary substructures (starting with the given My)
then the following holds. For every qo € P, that is completely (Mo, Py, )-
generic as well as (M, Py, )-generic, if polyo < qo then there is some q € P,
such that qo = qlv0, po < q and q is completely (My, Py)-generic. In fact,
the filter induced by q is E(My, (Me | 1 < & < a), Py, Go,po) where Gy C
P, N My is the filter induced by qo.

Proof. Let Gy C P,, N My be the M generic filter induced by gy. Observe
that Gy € M; follows from the assumption that ¢q is (also) M; generic. We
shall prove by induction on « (the order-type of My N [yo,7)) that ¢ can be
found which bounds G, = E(M, (M | 1 <& < a), Py, Go,po).

Suppose first that a = o’ + 1 and consequently v = 4’ + 1 are successor
ordinals. Define, in M,, X C P,, a maximal antichain of conditions 7 such
that
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1. r bounds Gy,
2. ris (M¢ |1 < <) generic.

Then X € M, is pre-dense above qy. By our inductive assumption every
ro € X has a prolongation r; € P,/ that bounds G = E(My, (M | 1 <
€ < '), Py,Go,poly'). Since all the parameters are in M,, we get that
G+ € M,. Since M, < Hy, we can choose r; € M, whenever ry € X NM,.
This defines a name T, € VP, forced by go to be in M, N P,.. Namely, if
G is any (V, P,,)-generic filter containing gy, then X NG contains a unique
condition rg, and we let 7 1[G} = r1. By the Properness Extension Lemma
we can find ¢1 € Py, ¢1]70 = qo, ¢1 is (Ma, P,/) generic, and ¢; IF T s in
the generic filter. It follows that ¢; bounds G.,. We must define ¢» € P,
such that g2]7" = ¢1 and ¢2 bounds G,. In order to define g2(7) use Lemma
5.20 and (1.23).

Now assume that « is a limit ordinal. We follow the definition of G (see
(I.24)). Recall that we had an w-sequence (o, | n € w) cofinal in a, and we
defined +,, cofinal in v as the resulting sequence. We defined by induction
pn € Py N My and filters G,, € P,,, G, € My, 41, and defined G, as the
filter generated by the p;,,’s. We shall define now ¢,, € P, by induction on
n € w so that the following hold.

1. g, bounds G,,

2. puln < dn,

3. qn = Gnr1lm,

4. ¢, is (Mg | o +1 < € < @) generic over P, .

Thus, as ¢, gains in length, it looses its status as an M, generic condition
for 0 < € < ay. So, finally, ¢ = ¢, qn is not Me generic for any £ > 0.
But these M¢’s are not needed anymore as ¢ gained its complete genericity
over M.

Suppose that g, is defined. Let X in M, 41 be a maximal antichain
in P, of conditions r that induce G,, and are (M¢ | ap +1 < & < apy1)
generic over P, . Observe that X is pre-dense above g,. For each ro € X
find ry € P,,,, such that 1 bounds Gpy1, Pnsilyn+1 < 71, and ri]y, = 1o
(use the inductive assumption). If ro € X N M, ,, 41 then r; is taken from
Ma,, ., +1. Now view {ri | 7o € X'} as a name r for a condition forced by
qn to lie in My, 1. By the a-Extension Lemma define g, that satisfies
2—-4 above and such that g,11 I re g Then ¢,4+1 bounds G,,+1 and is as
required. -
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Simple completeness systems

An important chapter in the theory of forcing is the study of forcing axioms.
These are axioms in the spirit of Martin’s Axiom, and the best known among
those related to proper forcing is probably the Proper Forcing Axiom (PFA)
which uses a supercompact cardinal for its consistency. PFA was defined by
Baumgartner, and [1] contains many applications and a consistency proof.
(The reader can also read a consistency proof in Cummings’ article in this
volume.) Chapters VII, VIII, XVII of [15] discuss many of these proper
forcing axioms, and we shall restrict our attention here to just one axiom: a
variant of Axiom II of Chapter VII which is used to obtain consistency re-
sults with CH. This will motivate the notion of simple completeness systems
and will lead to the p.i.c.

Assume that k is a supercompact cardinal in the ground model V. De-
fine a countable support iteration P,, for v < k of < wy-proper posets, of
cardinality < k each, that are Dee-complete for countably complete com-
pleteness systems from V. The actual choice of the iterand is done by some
“Laver diamond” function.

Let P = P, be the resulting countable support iteration. It follows
by arguments that are very similar to those used for the PFA consistency
result that if G is (V, P) generic, then V[G] satisfies the following axiom,
formulated with the ground model V' as a predicate:

GCH holds. V is a ZFC subuniverse containing all reals, and so
that the following holds. Let P be any poset such that

1. P is < wj-proper.

2. P is Dee-complete with respect to some countably complete
completeness system from V'

Then for any sequence D, C P of dense subsets of P, for a < wy,
there is some filter G C P such that GND,, # 0 for every o < wy

It can be maintained that an axiom should not relate to a subuniverse
V in its formulation, and that a more local axiom is required. For this the
notion of simplicity is introduced, and we bring here an axiom which is a
variant of the original formulation of Shelah [15].

Let HC = (Hy,,€) be the structure consisting of the universe of all
hereditarily countable sets together with the membership relation €. We
say that a completeness system D is simple over HC' if there is a first-order
formula ¥ (yo, .. .,y4) in the € language such that for every transitive and
countable model N of ZFC~, poset P € N, and p € P

D(N, P,p) = {Ax | X € Hy,}

where
Ax ={G € Gen,(N,P) | HCE=9¢(G,X,N, P,p)}. (1.25)
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For example, ¥(G, X, N, P, p) could say the following.
Assume that:

1. In N, g is a Hajnal-Maté graph, P = P,, and p € P.
2. X is an unbounded w-sequence in w.
Then G C P is N generic, p € G, and the restriction of | JG to
X omits infinitely many colors. If the above assumptions do not
hold, then G is any (NN, P) generic filter containing p.

Now the axiom that can be used to obtain results that are consistent
with CH is the following (PFA for countably complete simple completeness
systems).

The continuum hypothesis holds. If P is any < w; proper poset that

is Dee-complete for some countably complete completeness system

that is simple over HC, and if {D; | ¢ € w1} is a collection of dense

subsets of P, then there is a filter G C P that meets all of the D,’s.
(1.26)
As mentioned, the consistency of this axiom relies on a supercompact
cardinal in the ground model, yet in many of the specific applications of
this axiom, the supercompact cardinal is not needed. For example, the
Souslin hypothesis (which says there are no Souslin trees) is a consequence
of the axiom, and in fact the axiom implies that every Aronszajn tree is
special. For every Aronszajn tree T', there is a (< w;) proper poset which
is Dee-complete with respect to some countably complete simple over HC
system, and which specializes T' (see Chapter V of Shelah [15]). Hence
the axiom quoted above implies this strong form of the Souslin hypothesis.
Yet, to get the consistency with CH of “every Aronszajn tree is special” no
large cardinal is needed-this is the result of Jensen [3]. We may, without
any large cardinal assumption, iterate such specializing posets (by the Dee
Completeness Iteration Theorem) and obtain the same consistency result. If
we do so, we encounter a small difficulty which is discussed in the following
subsection, namely that the specializing posets have size 2%t each and so it
is unclear, at this stage, that the iteration satisfies the Na-c.c. Although we
shall not describe the specializing posets, it turns out that they satisfy the
No-p.i.c. (a strong form of the chain condition described below) and hence
the Ng-c.c of the iteration follows. Another use of the Na-p.i.c. (which is
the one that will be exemplified) is to obtain extensions in which 2% > R,.

5.4. The Properness Isomorphism Condition

Using the iteration scheme of the previous section we know how to obtain
models of ZFC+ CH + 28t = Xy + Every Hajnal-Mdté graph has countable
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chromatic number. In this section we modify a little the construction in
order to obtain such models with 2%t arbitrarily large. To obtain this,
Shelah uses the following simple idea. Starting with 28t already large,
form a countable support product of all posets of the form P, that are in
the ground model. This takes care of all Hajnal-Maté graphs in V. Now
iterate such large products wo times, and obtain a model of CH + 2%t large
+ FEvery Hajnal-Mdté graph has countable chromatic number. The main
technical problem in this approach is to prove that the iteration satisfies
the Np-c.c. After we prove that this is the case, we will argue that every
Hajnal-Mété graph in the extension already appears in some intermediate
stage and hence acquired a countable chromatic number at the following
stage. To prove the Ny-c.c. we will use the condition named Ng-p.i.c. (for
Properness Isomorphism Condition), introduced in Chapter VIII of [15]
exactly for such applications in mind.

We employ the following terminology. Suppose My, M7 < H) are count-
able, isomorphic, elementary submodels, and Ny < K < A is a regular cardi-
nal such that k € My N M;; typically k = Ny. We say that My and M; are
in standard situation (with respect to &) if:

1. The sets A= MoNM;Nk, B=(My\M;)Nk, and C = (M;\ My)Nk
are arranged A < B < C (where X < Y means that Vo € XVy €
Y(x < y)).

2. The isomorphism, denoted h : My — M, is the identity function on
My N M; (so in particular on A).

5.22 Definition. Let My and M; be in standard situation with A : My —
M; the isomorphism. Suppose that P € My N M; is a poset. We say that
a condition g € P is simultaneously (M, P) and (M, P) generic iff

1. q is both (Mo, P) and (M;, P) generic,

2.
qlbp (YreMonP)reGiff h(r)eG (I.27)

where G is the name of the P generic filter. Equivalently, (I1.27) can be
stated as: for every ¢’ > gand r € MyNP, ifr < ¢’ then h(r) < ¢’. Yet
another equivalent formulation is that p forces that h can be extended
to an isomorphism of M[G] onto M;[G].

Remark that the requirement that ¢ is (M, P)-generic is dispensable
since it follows from (2) if ¢ is (My, P)-generic.

5.23 Definition. Let x be an uncountable regular cardinal. A poset P
satisfies the k-p.i.c. if the following holds for every sufficiently large cardinal
A and any two isomorphic countable elementary submodels My, M7 < H)
with P € My N M; that are in standard situation. For every p € My N P
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there exists ¢ > p in P that is simultaneously (Mg, P) and (M7, P) generic.
(Hence, in particular, ¢ > h(p).)

This definition is phrased so that the k-p.i.c. of P implies its properness
(take My = M), but for clarity we shall use the expression “P is a proper
Kk-p.i.c. poset”.

For example, any proper poset of size Ny is No-p.i.c. because My N P =
My N P. So our discussion here generalizes section 2.2. In fact, if P is
proper and |P| < x then P satisfies the x-p.i.c. (see ([15] Chapter VIII),
but R < k for g < k is needed for the lemma that derives the s chain
condition (see below). The Cohen forcing poset for adding Ng reals (with
finite conditions), while c.c.c., is not No-p.i.c. In contrast, the poset for
adding subsets of w; with countable conditions is No-p.i.c.

5.24 Lemma. If s is a reqular cardinal such that p™° < k for every u < k,
then any k-p.i.c. poset satisfies the usual k-c.c.

Proof. In fact, every collection {p; | i < k} C P contains a subcollection
of size k of pairwise compatible conditions. For each ¢ < k pick some
countable M; < H) with p; € M;. Since MN" < K for every p < K, a
standard A-system argument yields a set I C k of cardinality x such that
{M; Nk |ie I} form a A-system. So for ¢,j € I with ¢ < j, M; and M;
are in standard situation. We may also assume that (M;,p;) and (M;,p;)
are isomorphic (so h : M; — M; is an isomorphism such that h(p;) = p;).
Now the x-p.i.c. implies that some ¢ € P extends both p; and p;. -

We shall prove now the main theorem using a short argument followed
by a series of lemmas which are brought without proof or with a short proof
since they resemble those of section 2.

5.25 Theorem. Suppose that k is a regular cardinal and p™° < k for every
uw<kK.

1. If P, is a countable support iteration of length k of proper k-p.i.c.
posets, then Py satisfies the k-c.c.

2. If Py is a countable support iteration of length v < k of proper k-
p.i.c. posets, then P, satisfies the k-p.i.c. (For this we don’t need the
assumption on pRo.)

Proof. To prove the first part, consider a collection {p; | i < k} C P,. Use
Fodor’s theorem to fix a bound iy < k on sup iNdom(p;) on a stationary set
of indices #’s with uncountable cofinality, so that dom(p;) form a A-system.
This shows that it suffices to prove that P;, the iteration of the first ip < &
posets, is k-c.c. In fact it is k-p.i.c. as the second part of the theorem shows.
The proof of this part is in the following sequence of lemmas. -
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5.26 Lemma. Let P be a poset and Q € V¥ a name of a poset. Form
R = PxQ. Then for any countable My, M1 < H) in standard situation and
such that R € My N My we have the following characterization: (p,q) € R
is simultaneously (Mo, R) and (M1, R) generic iff

1. p € P is simultaneously (Mo, P) and (M, P) generic and

2. plkp q is simultaneously (MO[CN?PLQ) and (Ml[gp],Q) generic.

For the proof, use Lemma 2.5 and the equivalent statement following
(I.27).

5.27 Lemma. Suppose that P is a k-p.i.c. poset and Q € V¥ is (forced
to be) k-p.i.c. there. Then R = P * Q is also k-p.i.c. and the following
stronger form of Lemma 2.5 holds.

Suppose that

1. My, My < Hy) with R € MyN M, are countable elementary submodels
in standard situation.

2. po € P is a simultaneously (Mg, P) and (M, P) generic.

3. T e VP is a name such that

polbp r € MoNR andﬂ(ﬁ) EQO

where w: P x () — P is the projection, and go is the canonical name
for the P-generic filter.

Then there is some qo € V' such that (po,qo) is simultaneously (Mo, R)
and (My, R) generic and

(Posq0) Fr 7 €G.

So also
(po,q0) IFr h(r) €G.

The following lemma ends the proof of the second item of Theorem 5.25.

5.28 Lemma. (Extension of p.i.c.) Let P, be a countable support iteration
of length v < k of proper posets that are k-p.i.c. Let A be sufficiently large
and Mo, My < Hy be countable with P, € MoN M, and that are in standard
situation. For anyyo € YNMy and qo € Py, that is simultaneously (Mo, Ps,)
and (M, P,,) generic the following holds. If P, € VP s such that

@k q Py € PyN Mo and p [0 € G

(where QO is the name of the P, generic filter) then there is a condition

q € Py such that qlvo = qo, q is simultaneously (My, Py) and (M, Py)
generic, and ql- P, € G. (Thus also q - h(go) €q).
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The proof follows the same steps of the Properness Extension Lemma
2.8.

The following discussion can help to clarify some of the definitions and
statements described above. Let HM be the collection of all Hajnal- Maté
graphs. Recall that for every ¢ € HM, P, is the poset for making the
chromatic number of g countable. Let P = H;g gum Py be the countable
support product of all ground model P,’s. That is, f € P iff f is a function
defined on HM with f(g) € P, and such that f(g) = 0 for all but countably
many ¢’s. The ordering is coordinate wise extension.

The reader can go over the corresponding steps for P, and prove that P
is

1. proper,

2. a-proper for every a < wi,

3. Dee-complete for a countably complete completeness system D.

4. an No-p.i.c. poset.
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