INT. J. CONTROL, 1998, voL. 71, No. 2, 277-357

On a Hardy space approach to the analysis of spectral factors*

P. A. FUHRMANNT and A. GOMBANI}

The paper presents a study of several problems related to spectral factorizations.
We assume only a very weak form of coercivity for the p x p spectral function @
and look at the set W™ of all rectangular, p x m spectral factors. The main object is
the arithmetization of the geometry of the set of minimal, stable spectral factors by
employing Hardy space techniques and the arithmetic of inner functions. Particular
attention is paid to the study of various partial orders associated with the set of
spectral factors.

1. Introduction

The object of this paper is to present a study of the spectral factorization problem
in the multivariable case. We will consider rational spectral function @ of dimension
p X p, of rank my < p and degree 2n and we will characterize all the minimal, in the
sense of the McMillan degree, spectral factors of a given size p X m in the spectral
domain, removing all constraints on rank and zero location. In particular only very
weak coercivity assumptions will be made.

The topic of this paper has a long history, with roots in stochastic theory. We
mention Anderson (1973), Faurre et al. (1979), Ruckebusch (1980), and in particular
the series of seminal articles of Lindquist and Picci (1979 a—c, 1985a, 1991) and
Lindquist et al. (1995) as well as some papers by Pavon which have been the main
inspiration of our work. This problem has been widely studied in the existing litera-
ture, although a particular aspect of the problem seems to have escaped all these
investigations and this was the motivation for starting this work. For example, it is
well known how to characterize all the spectral factors in terms of a Riccati inequal-
ity [see Anderson (1973) and Faurre (1976)} nevertheless, a state space approach
does not allow a precise characterization of the spectral factors of fixed dimension m
where the usual constraints (my < m < p + n) are satisfied (these constraints come in
a very natural manner from the Positive Real Lemma: we refer the reader to
Anderson (1973) for details). In Lindquist and Picci (1979 ¢) an alternative spectral
domain characterization is given for non-full-rank @, but only for the internal case.
In Lindquist ez al. (1995) the external, but full-rank problem is treated. In conclu-
sion, the sets of external factors of given size m of a non-full-rank density @ (which
we will call W™) are not very well characterized even today. Some properties of these
sets are known [for example it is known it is a manifold for each m, see Batatchart
and Gombani (1994)] but the underlying structure of these sets was quite unclear.
The reasons for understanding such a problem are quite practical and come from
time series analysis and multichannel signal transmission. The first problem occurs in
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econometrics, when a time series with a lot of variables should be explained in terms
of the dynamics of few variables (factors) and some (white) disturbance error. The
second occurs in decoding the signals which come to a cellular phone from all the
antennas which are operating on that cell and are of course broadcasting also to
other phones. It can be shown that both situations can be brought to a non-linear
minimization problem on W" (and the non-full-rank assumption on @ is crucial),
and this explains why it is interesting to know that it is manifold and why, more
generally, it is important to understand its structure. We do so in continuous time
(even if the problems we just mentioned have a discrete time formulation), because of
some simplified features of this setting. The discrete time version can be obtained by
a suitable version of the Cayley transform.

With this problem in mind, we were led in a natural way to an approach which
differs from that of Lindquist and Picci. Since we have removed the rank constraints
we obtain some technical results which are more general than those previously
obtained. The main difference however is one of emphasis. In the Lindquist—Picci
approach to stochastic realization theory, geometry is reigning supreme. The
approach is abstract with all the corresponding advantages and disadvantages.
The first big advantage is that working with a space directly constructed from the
stochastic process, stochastic objects like the past and future spaces are conceptually
clearly defined and are independent of any representation. The disadvantages arise
from the difficulties in the computational process: since every subspace has its own
functional representation, the geometry of the stochastic setting is lost in the fre-
quency domain. For better or worse, we do away with all that. The basic idea is to
map the stochastic domain with a single isomorphism to the frequency domain. With
each spectral factor we get corresponding representation spaces which are subspaces
of a fixed vectorial L* space of the imaginary axis. For normalization purposes we
single out the minimal, stable, maximum phase spectral factor W.. We study all
other spectral factors in terms of their relation to W.. The big advantage from our
point of view is that the functional representations of these spaces in terms of inner
functions, obtained using Beurling’s theorem, are all geometrically correlated (the
Hilbert space structure is preserved). This allows us to replace the abstract geome-
trical constructs by the arithmetic properites of inner functions, making computa-
tions much easier. A second important feature of our approach that it solves the
problem we considered in the beginning, namely the characterization of w".

The paper is structured as follows. We introduce some notation in §2. In §3,
given a spectral function, we study the four minimal, extremal spectral factors. These
factors are completely characterized by the requirement that all their zeros and poles
lie in either the open left or right half-planes. Section 4 is devoted to a study of
Toeplitz operators whose symbol is a quotient of inner function. This class of
Toeplitz operators is important because of the many connections to geometry. For
some different applications to system theoretic problems, see Fuhrmann and Helmke
(1997).

In §5 we extend the scene by looking at the set of all minimal, stable rectangular
spectral factors of a given size. Here the ground is laid for the use of factorization
theory in the analysis of spectral factors. This is done via the use of the algebra of
inner functions. The fine structure of the various factorizations associated with a
given, stable spectral factor is analysed in Theorem 4. Since, via Beurling’s theorem,
inner functions are closely related to the geometry of invariant subspaces in Hardy
spaces, this leads to many geometric relations. These connections are studied in
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depth, as well as various associated projection operators. Some of this is summarized
in Proposition 15. Special attention is given to two extreme cases, those of internal
and external factors and characterizations of these factors are given. This study is
closely related to geometric control theory, however the results obtained are beyond
the scope of this paper. These results are relegated to future publications, see Gom-
bani and Fuhrmann (1998) and Fuhrmann (1998).

We pass on, in §6, to the study of a functional representation of the set of all
minimal Markovian splitting subspaces, a key element in stochastic realization the-
ory. With each minimal, stable spectral factor we associate a canonical state space,
which serves also as the state space of a shift based realization. This allows us to link
the geometry of splitting subspaces with the arithmetic properties of inner functions.
One of the principal themes is to study a partial order relation in the set of all
minimal, stable spectral factors. We begin, in Theorem 8§, by studying the standard
case of square, non-singular spectral factors. While it does not generalize trivially to
the singular, rectangular case, it indicates the direction. In keeping with the spirit of
this paper, which is functional oriented, we avoid the use of the Riccati equation and
inequality. This theme will be picked up in a different publication. Once the various
partial orders, related to spectral factors, are introduced, we proceed to show the
equivalence of these orders. This is the heart of this section and one of the principal
results of the whole paper. This is summarized in Theorem 9. We proceed, in
Theorem 10, to characterize, functionally, the various spaces that appear in the
scattering approach to stochastic realization theory. We conclude by studying
some lattice properties of the set of all p x m stable, spectral factors. We note how-
ever that this set is not a complete lattice. The set of all minimal Markovian splitting
subspaces spans a canonical subspace of Hi. We give a characterization of this space
in§7.

The reader who studies this paper will notice immediately that there are many
important topics that have been omitted. In particular, little emphasis has been
placed on state space techniques. Also, topics relating to geometric control theory,
in the context of Hardy spaces, had to be avoided. The reason for this is simple.
Inclusion of these topics, important as they are, would have been beyond the scope
of a single paper. As indicated above, these topics will be treated in subsequent
papers.

In a sense, the content of this paper is an attempt to understand stochastic
realization theory in the style of Lindquist and Picci from a different point of
view. Our debt to their work is evident throughout.

2. Preliminaries and notation

We work in the Hilbert space setting of the plane; we define, see Hoffman (1962),

L*(D) to be the set of the vector or matrix valued (the proper dimension will be clear
from the context) square integrable functions on the imaginary axis, and H: to be
the subspace of L* of functions that are the boundary values of analytic functions in
the right half-plane and such that

1
sup=—

k . .
sup>~ | tr E’ (x+ iy)F(x + ly)]dy < o0

where denotes transposed conjugate. If F and G are column vectors, the inner
product in Hi is
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(F,GY= %t Jw . G (i) F(io) do

Analogously, HY is the subspace of L* of functions analytic in the right half-plane
and such that

sup ||F(s)|| < 00
Res>0

where ||F (x+iy) || denotes the usual matrix norm. (H> and H are defined similarly
on the left half-plane).

Let F be function of L*: we denote by P+ F (P. F) the orthogonal projection of
L? onto H2 (H?).

A px m matrix valued function R eH: is said to be row, rigid if RR' = I,
(clearly this entails p < m). It is column rzgzd if p>m and RR= L,. A functlon
0 €HY is inner if it is square and Q Q QQ = [. It is well known that a column
vector space M in H: is 1nvar1ant under multipication by E™* for > 0 if and only
if it is of the form M = QHJr (Beurling’s Theorem) Similarly, a row space N
is 1nvar1ant if and onl 1f it is of the form N = H: Q. We set H, §H+
and H {k +Q Analogously, we define H.(Q gQ H?

{H- (0] }J‘ the orthogonal complement in these cases taken in H-.
Clearly, we have P.e"H.(Q) —H.(Q) and similarly for H,(Q). A full column-
rank p x m rational matrix function G in HY" is said to be minimum-phase or outer
(on the right) if rank G(s) = m for Res > 0. It is well known that a rational function
F in HY admits an outer inner factorization

F:F()Q

This factorization is unigue up to a unitary constant matrix. For any W in L? orin
L we define W*(s) := W(5) ', where ~ denotes conjugatlon and denotes trans-
position. It should be noted that for an inner function Q o'

We say that an inner function Q; divides Q> on the right left) if Qle eH?Y
(Qle €H?). Given two inner functions Q; and Q> we denote the greatest common
right (left) divisor by Q1 a g Q2 (Q1 A1 Q1) and the least common right (left) mul-
tiple by Q1 Vz Q> (01 V. 02). Two inner matrices are right (left) coprime if their
greatest common right (left) divisor is the identity.

Two m X m inner matrix X and Y are equivalent if there exist inner matrices U, V
suchthat X A, V=Tand Y A g U= 1 and XU = VY. Given an inner matrix X, it
can be shown that there exists an (essentially) umque dlagonal inner matrix
D = diag {dl, S } such that d; |d,+, for i=1,. - 1 which is similar to X.
The inner factors d; which are not identically 1 are called invariant factors of X.

Remark: To distinguish between operators on row and column spaces, we will
denote the operations on columns in the usual manner, whereas operations on
row spaces are denoted by writing the argument before the operator. For example,
given an operator T acting in a row space X with a subspace V, we would write
V|T for the restriction of T to V. Ker V|T would denote the kernel of this map.
This notation is immediately applied in the following definition.

Definition 1: Let G be a p X m matrix function in L*. We define the Hankel op-
erator Hg acting on the column Hardy space as
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HS: Hi — H?

[P+ Gf
Similarly, we define the Hankel operator Hg acting on row Hardy space by

H: HY > H? o
2
f)—)fGP+

The function G is called the symbol of the Hankel operator Similarly, conjugate
Hankel operators are defined, with the role of H: and H? interchanged. We will
use the notation HG and HG for these operators.

From now on we assume all the functions to be rational. We denote a realization
of a rational function W as

A B
C D

With 4" we denote the Moore—Penrose inverse of a matrix A.

3. Extremal spectral factors

Our object is to study the set of all minimal, not necessarily square, spectral
factors of a given spectral function.

We assume we are given a rational spectral function @, that is a p X p proper
rational matrix function which is non-negative on the imaginary axis. We do not
assume, as is usual, that @ is regular on the imaginary axis. We do assume however
that it is weakly coercive, namely that @ has constant rank, mo < p, on the extended
imaginary axis, i.e. including at the pomt of infinity. Furthermore, we assume that @,
which clearly satisfies @(s) = @(- 5)", has McMillan degree 2n.

Ap X m proper rational matnx functlon W is called a spectral factor if
® = WW". Here, as elsewhere W'(s) = W(-5)" A spectral factor W is called stable
(antistable) if W eHY (W eHX).

It turns out that the study of the set of minimal spectral factors is facilitated if we
study it in relation to four extremal spectral factors. These four spectral factors are
determined by the requirement that all their poles are located in either the left or
right half-planes, and the same for the zeros.

It is well known that spectral factors exist. Moreover, using the Beurling—
Lax—Halmos theorem, there exists a stable, minimum phase, or outer spectral factor,
which we denote by W_ . Our weak coercivity assumption implies actually that W_ is
left invertible over H:". In a completely analogous way, there exists an essentially
unique antistable and maximum phase spectral factor W., which has also dimension
p X my. By the same argument as before W, has an antistable left inverse.

Let K+ and K. be the minimal essentially unique, that is unique up to a right
constant umtary factor, mg x my_inner functions for which W, = W, K, is stable
and W. = W. K. is antistable. W. is the minimal, antistable minimum phase spec-
tral factor and W, is the minimal, stable maximum phase spectral factor, and the
above factorizations are just the Douglas, Shapiro, Shields (DSS) factorizations of
W, and W. over H and HY respectively. For more on this see Fuhrmann (1981).
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We will assume in the following that the multiplicity of K+ equals myp. This
basically means that if

A B.
C D.

w. =

then rank B. = mo. In other words, if we seek decompositions of the form
® = @+ A with A constant and @ of rank lower than myo, we rule out that the
problem has trivial solutions, namely those given by internal spectral factors. For
more on this, see Baratchart and Gombani (1994).

Proposition 1:  Let W be a minimal, stable p X m spectral factor. Then there exists
an essentially unique mo X m row rigid function Q for which

W=Ww.0 (3)
Without loss of generality, we will assume QA(OO) =(10).

Proof: We consider H> W which is an invariant subspace. Since rank W = mo
then, by Beurling’s theorem, there exists a rigid function Q for which

HAW=H:Q
Since W. is outer, it follows that
HIW=H0=HW.0
This implies W = W. Q. O

The following proposition gives a characterization of the image of all
Hankel operators induced by minimal, stable, not necessarily square, spectral
factors.

Proposition 2:  Let W. be the minimal, stable, minimum phase, spectral factor of a
rational spectral function. Let W be any minimal, stable, not necessarily square,
spectral factor. Let H5, : H> — H7 be the associated conjugate Hankel operator.
Then

(1)
ImI-AI‘;lV = ImI-?W_r (4)
In particular we have
ImI-AI‘;lV+ = Iml-?‘p}/_ (5)
(2) Let
W.=KH. = (K) 'H: (6)

be a right coprime DSS factorization of W. over H. Let W be any stable,
minimal spectral factor. Then it has a right coprime DSS factorization of the
form

W= KH" (7)
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Proof:

(1) Let W be any minimal, stable, not necessarily square, spectral factor. We
know, by Proposition 1, that there exists a row-rlgld function Q such that
W= W.Q or, equlvalently, that W._ WQ By Lemma 3.5.7 in Fuhrmann
(1981), we conclude that

Im I-?‘W CImI-?%/. (8)

Now Im I-?‘W can be taken, using the shift realization, as the state space of a
minimal realization. Since W is, by assumption, a minimal spectral factor we
have dimIm Hjy. = dimIm Hjy. Thus (4) follows. Equality (5) is a special

case.
(2) We have Im I-?‘W = {KH+} Since Im H W= = H; ., this implies a factoriza-
tion, necessarily left coprime, of the form (7). L]

Equality (4) has practical implications for the realization of minimal spectral
factors.

Corollary 1: Let

4 | B
w. = )
c | b

the realization being minimal and let W be any, not necessarily square, minimal stable
spectral factor. Then W has a minimal realization of the form

A B
W= (10)
C D

Proof: We consider the shift realization, see Fuhrmann (1981, 1995), based on
the left coprime factorizations (6) and (7). Since the (C,4) operators in such a
realization depend only on the inner function Q, the result follows. That (10) is a
minimal realization follows from the minimality of W.

It might be tempting to use the previous result to try and study the set of all
minimal, stable, spectral factors of given size by using the realizations with the same
state space. This is not necessarily a good idea. In fact the main contribution of this
paper comes from following very different route, as will become apparent in §6.

Proposition 3:  Let Wi be the minimal, stable, maximum phase, spectral factor. If
S is any non-trivial row rigid function, i.e. SS* = I, then

SW.S) > 8(wy) (11)

Proof: Since WS is a stable spectral factor, and Wi = (W4 S)S™, we have
Im Hiy.s SIm Hiy, (12)

If S(W.S) = 8W,) then necessarily ImI-AI‘p’V+S = Im HS. By Proposition 1, there
exist H® functions R, T such that

W.S=W,R+T"
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Now W, has an antistable left inverse W~ L, s0S = R+ W ET" Thus S is both in
H? and in H® hence necessarily a constant coisometry, contrary to our assumption
that S is non-trivial. L]

We proceed to derive a characterization of W, which is analogous to Propositon
1. For this we will need the following proposition.

Proposition 4: Let
Ki'H, = HK™' (13)
be coprime DSS factorizations over HY. Then if H, is outer, so is H.

Proof: We prove it by contradiction. Assume H = EH with E non-trivial. Let
i -X K x\ (10
o) =l )
be a doubly coprime factorization. This implies also
K X iw -xiy, 10
(H Y)(-H1 Kl)_(O 1)
In partlcular we get HY; = YH; and hence EH Y1 = YH,, which can be rewrltten as

HY . =FE YH1 Now E, Y are left coprime as H, Y are. Let YE "be a right
coprime factorization of £~ Y. So

HY, = E'YH = YE 'H,

Now the right coprimeness of )A’, E implies the existence of H™ functions P, Q which
solve the following Bezout identity

PY+QE=1 (14)
This implies PYE™'Hy + QHy = E"'Hy. Now L=PYE 'Hy+ QHi = PHY +
OH, is clearly in HOO so H = E L contradicting the outerness of H;. []

Proposition 5: Let Wi be the minimal, stable, maximum phase, spectral factor.
Let Wi = KH. be a left coprime DSS factorization over H®. Then Hx is outer.

Proof: Let Wi be the minimal, maximum phase antistable spectral factor. Thus,
in analogy to W., Wk is conjugate outer, i.e. left invertible in H®. Let W. _be the
minimal, maximum phase stable spectral factor. We have Wy = Wi K+ = Wi K; ™,
which is a right coprime DSS factorization over H®. Let W: = K™ *HY be a left
coprime factorization of Wi over H®.

Now, by construction, W, is outer in H®, ie. it is left 1nvert1ble over H”.
Applying Proposition 4 in its H> version, we conclude that Hy is left invertible in
HZ°. Equivalently, H. is right invertible in H°, or it is row outer. L]

We proceed with the characterization of Wi.

Proposition 6:  Let W be any minimal, stable not necessarily square_spectral factor.
Then there exists an m X mo column rigid function Q7 for which WQ» = Wk.

Proof: Let Wi = KH, and W = KH" be right coprime DSS factorizations. Since
both W and Wi are spectral factors, we obtain
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H'H=HH.

Appl;ling Proposition 1 in its H Afo*msp, we infer the existeilce of*a erw*rigid function
(0”)" €HZ, that is satisfying (0~ Q” = I, for which H = H:(0Q”)". This implies

W = KH* = KHj_( (QA//)* = Wy (QA//)*
and hence W, = WQA”. L]

Proposition 7:  There exist unique, mo X mo square inner functions Q- and Q+ for
which

W, = W.
Ve = -0 (15)
W+ = I/V_Q_
Moreover, we have
K. Q0+ =Q-K: (16)

O+, K+ are right coprime and Q-, K- are left coprime.

Proof: W., W are both of dimension p x mo. Since W. = W. K and Wi =
Wi K+ with K-, K+ inner of dimension mo X mo, it follows that W+, W_ are also
of dimension p X mo. By Proposition 1, there exists an mp X mo rigid, hence
inner, function Q+ such that Wi = W. Q+. We easily compute that

W+ = I/i/_K_Q+ = I/i/_Q_K+

The left invertibility of W. implies (16).
That Q+ and K are right coprime follows from the fact that K- is the minimal
mner function for which W, K. is stable. The second assertion is proved similarly.
_ A non-trivial right common factor for Q+, K+ would contradict the fact that
W, = W.Ki isa right coprime DSS factorization over HY". Similarly, for the left
coprimeness of Q. and K. L]

It is convenient to arrange the four spectral factors as in figure 1.

To get some intuition into the role of the inner functions Q-+, K-, we recall that
one convenient way to describe zeros and poles of rational functions is in terms of
polynomial coprime factorizations.

Consider the minimal stable, mininum phase p X my spectral factor W__ If we
consider a polynomial left coprime factorization, then W. = D- 'E.. Here D. is a
p X p stable non-singular polynomial matrix, whereas E. is a p X my polynomial
matrix all whose invariant factors are stable polynomials. The p x mo numerator

Q+
K_ K,
1 Q- 1
W= W,
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polynomial matrix admits a factorization FE. with E a p X my polynomially left
invertible matrix and E_ stable. Solving the polynomial spectral factorization problem

E E*=F.F} (17)

with Fi antistable and E ' F. biproper, we conclude that O+ = E~ "Fy is an mo X my
inner function and

W.Q. = D.'E. (E_'F,) = D.'EE. (E_'F,) = D> (EF.)

Obviously all the invariant factors of EF: are antistable. So W. Q+ = W, where
Wy is the minimal stable maximum phase spectral factor.

Thus, the inner function Q+ describes the flipping of zeros from the open left half
plane to the open right half plane. Given a factorization Q+ = Q1Q> into square
inner factors, the left factor Q; describes the set of all zeros of W_ flipped to the right
half plane by Qi, i.e. the set of antistable zeros of the spectral factor W. Q. Simi-
larly, the right factor Q> of QO+ describes the set of stable zeros of
W=Ww.Q0 =W, Qz that remain to be flipped. The sets of zeros of this type are
called internal zeros and the corresponding spectral factors are called internal spectral
factors. We will discuss their role in more detail in §5.

As usual, we define the phase function Ty corresponding to the spectral functon @
by

To= Witw. (18)

Here, since W+ is a p X mo function which has full column rank on the extended
imaginary axis, Wi denotes any left inverse. The phase function is an myg X my all-
pass function. It plays an important role in understanding the set of all minimal
spectral factors.

The next lemma relates the inner functions K+, Q- to the phase function.

Lemma 1: Let W., Wi, W_, Wi be the extremal spectral factors corresponding
to the spectral function ® and let To be the associated phase function. Then we have

We Witwe = i (19)
WL witw. = w. (20)
wewitwo = w. (21)
To= WitW. = K.Q:' = 0. 'K (22)

Proof: Since W;Lﬁ& = I, we have Wi W;LW+ = W,. Now
W+ W_LW+ = W+ W_LW+K+ W+K+ = W+ (23)

This proves ( 19) (20) follows, usmg the fact that W. Q+ = Wi. Substituting
Wi = W. Q+ in the equality W Wi"W. = W4 and eliminating Q+ leads to (21).
Finally, using (21), we compute

To=Witw. = wir(wowitw.) = (Wt wo) (Wit w.) = K, 03
That K+Q3' = 0-'K. was proved in (16). L]

As a result of this lemma, it is clear that the phase function is inner if and only if
Q-+ = I, i.e. if and only if there are no internal zeros. The principal difference from
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QB
we L W
K° KS
I S
W W
Figure 2.

the regular case is that the degrees of the determinants of Q+ and K- are no longer
necessarily equal. This difference manifests itself geometrically, as well as in the
invertibility properties of Toeplitz operators. This will be studied in §4. The phase
function is a powerful tool for the analysis of spectral factors. It turns out that for a
finer analysis we need localized versions of the phase function corresponding to
ordered pairs of internal spectral factors. We postpone the introduction of these
functions until, in §5, we have constructed the right notation for it.

We will find it convenient to deal with square inner_functions. To this end we
define the extended, extremal spectral factors, W<, W5, W<, W%, as the p X p matrix
functions which are obtained by augmenting with p = myg zero columns. For example
W< = (W. 0). Similarly, we extend the inner functions QO+, K+ in an obvious way to
m X m inner functions by letting

O+ 0 K+ 0
0% = ( ) . Ki= ( ) (24)
0 I 0 I

Clearly, we obtain the commutativity of figure 2.
The previous coprimeness conditions extend also in a natural way to the extended
inner functions. Thus Q%, K are right coprime and Q°, K¢ are left coprime.

4. On Toeplitz operators

In this section we will turn our attention to a study of the phase function and
some Toeplitz operators related to it. The invertibility of Toeplitz operators has
both goemetric and arithmetic characterizations. By arithmetic characterizations
we refer to Wiener—Hopf factorizations and the corresponding factorization indices,
whereas the geometry refers to the invariant and coinvariant subspaces of Hardy
spaces.

We recall the definition of Toeplitz operators. As we are working with both row
and column spaces we must distinguish between two types of Toeplitz operators.

Definition 2: Let G be an m X m matrix function in L. We define the Toeplitz
operator T ¢; acting on column Hardy space by

'J“CG:H%r — H;

f o Gf

(25)

Similarly, we define the Toeplitz operator T acting on row Hardy space by
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TG: H} > H:

f—>/GP.

(26)

In both cases G is called the symbol of the corresponding Toeplitz operator.
The adjoints of Toeplitz operators are also Toeplitz operators. In fact we have
(1) =16
(r)" = 7%
We say that
G=G.A,Gy (27)
is a right Wiener—Hopf factorization if G= "eHn® Gi' eHY and

Ar(s):diag[(j; i) 1,...,(2;—1 ”’] (28)

with kK 2 *** > K;,. The indices ki, ...k, are called the right Wiener—Hopf factor-
ization indices. Left factorizations and left factorization indices are similarly defined.

It is well known that if G €L® is continuous, and in particular if it is rational,
then Wiener—Hopf factorization exist and the factorization indices, though not
necessarily the factorizations, are uniquely defined.

Proposition 8: Let G €L® and G = G- A,G+ its right Wiener—Hopf factorization.
Then
(1) The following statements are equivalent.
(a) The Toeplitz operator TG is injective.
(b) The Toeplitz operator T4, is injective.

(c) A, is full column rank and all the right Wiener—Hopf factorization indices
are non-negative.

(2) The following statements are equivalent.
(a) The Toeplitz operator T G is surjective.
(b) The Toeplitz operators T 4, is surjective.

(c) A, is full row rank and all the right Wiener—Hopf factorization indices are
non-positive.

Proof: The maps TG, TG, Tg., Tgr are all invertible. In fact (TG =T
and (7 +) = T 1. Clearly we have the commutative diagram (figure 3) as

HE H?
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TG TaTG f=PiG . Pid,Gif = PiG.AGef =TGf
In particular this shows that 7 ¢ is injective if and only if 74, is injective. Now, if A,
is given by (28), then clearly
T(A"’_ = T(ﬁ_{_)‘ﬂ P AR EBT(ﬁ;—{-)K"’

So it suffices to analyse a Toeplitz operator of the form T (=) operating on the
scalar H space. Since s - 1/s+ 1 is inner, we have for k > 0 that 7 (=) is isometric

and hence injective The codimension of the image is equal to k. For k < 0 the
operator 7' (=1 is surjective and the dimension of the kernel is k. In fact we have

o= 1\ 7% , 1
KerT(ﬁ)K:{(s-i-l) H+}

dimKer 7 (st

s+1

This implies

)K:_K

Going back to the operator 75, we obtain

dimKer7j, = - E K;
e

codimImT,, = - Z K;
Ki

Thus injectivity is equivalent to all the right Wiener—Hopf indices being non-negative
and surjectivity to all the right Wiener—Hopf indices being non-positive.

In view of the preceeding proposition, the following corollary is obvious.
Corollary 2:
(1) The Toeplitz operator T ¢ is invertible if and only if G is invertible and all the

right Wiener—Hopf factorization indices are trivial.

(2) The Toeplitz operator T ¢ is invertible if and only if G is invertible and all the
left Wiener—Hopf factorization indices are trivial.

The following proposition connects invertibility properties of Toeplitz operators
acting in row and column Hardy spaces.
Proposition 9: Let G € L™ be rational. Then

(1) The Toeplitz operator TG is injective if and only if TG+ is surjective.

(2) The Toeplitz operator T G is surjective if and only if T g+ is injective.

(3) The Toeplitz operator TG is injective if and only if TG is injective.

Proof:

(1) Let G = G- A,G4 be a right Wlener—Hopf factorization. Then G° = G1A;G"
is a left Wiener—Hopf factorization of G". The factorization 1nd1ces of G are
all non-negative if and only if the factorization indices of G" are all non-
positive.
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(2) The proof is similar.
(3) Since (T$)" = T4, T¢ is injective if and only if T is surjective. By part (2)
this is the case if and only if T is injective.

Note that, if G = G.A,Gy is a right Wiener—Hopf factorization with non-nega-
tive factorization indices, then we have an explicit formula for the left inverse of 7,
namely

(16) 'e=G'P.a™'G'g
We do not have such a formula for the right inverse of 7 based on the same right
Wiener—Hopf factorization.
The principal tool in our analysis are Theorem 1 and Proposition 11. Most of the
content can be found in Nikolskii (1985). The connection with Wiener—Hopf factor-
ization indices is a direction application of well known results in the study of Toe-

plitz operators, see for example Gohberg and Feldman (1971). In the proofs we need
the following simple lemma.

Lemma 2:

(1) Let V, W be two subspaces of a Hilbert space H, with dim W < o0O. Let Py be
the orthogonal projection of H on V. Then

PyW=V
if and only if
H=yt+w
(2) Let U, V, W be subspaces of a Hilbert spce H. If W is orthogonal to both U and
V, then
unv=unv+w) (29)

Proof:

(1) If H= yL+ W, then clearly V = Py H = PV(VJ‘+ W) = Py W. Conver-
sely, assume Py W = V. Let x E(VJ‘+ W)J‘: VN WJ‘ Let w €W be
such that Pyw = x, then necessarily (x, w) = 0. Therefore

0= (x,w) = (Pyw,w) = 2ol = ||A|?

So x=0, ie. VLl+ W= H. Since W is finite dimensional, we have also
vt w=H.

(2) Clearly UNV cUN(V+ W). Assume conversely that f €U N(V + W),
ie. f=u=v+w Eince w=u- v, we have w e(U+ V)N (vtnvh =
(U+V)N(U+ V)~ So necessarily w=0and u=v, ie. f €eUNV. [

Proposition 10:  Let O, Q_ K1, K> be rational inner functions satisfying
KiQ = 0K, (30
with K, Q_ left coprime and Q, K; right coprime. Then
dim Ker 7 px: = dim H,(K1)Q N H,(K>) = dim K3 Q N H,(K>) (31)
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Specifically, the map g—>gQ is a bijective linear map from KerT pg: to
We have

dim Ker 7k = dim {7 || Hox: £ || = 1711

Proof: Assume [ €H.(Ki)QNH/(Kz2), ie [f=g0=g=mnkK  with
g1 €H.(K1), g €H,(K>) and h» €H,(K5). Thus ngI(k ha. Applying the ortho-
gonal projection P+, we obtain gi QI(k P+ =P+ = O ie g1 €KerTy 0K

Conversely, assume g eKerT ok, ie. g QKz P, =0. This means that
ngKz = h, with h, €H?. From the equality f = g:0Q = K, we conclude that
f eH+% N H,(K>). Now, using the equality K;Q = QK,, we can write
Hi = Hi K, % H,(K;) and hence

HiQ = HiKiQ % H,(Ki)Q = Hi QK> % H,(K)Q

ObV10usly H: QKz J_H (K>2), and hence, applying Lemma 2 (ii), we get
H(K)Q N H,(K) = Hi Q N H,(Ky). 0

For the notation used in the following theorem, as well as in the rest of the paper,
the reader is advised to consult the remark preceeding Definition 1.

Theorem 1: Let Q-, O+, K-, K+ be rational inner functions satisfying

Q- K =K Q+ (32)
and the coprimeness conditions
K AL Q_ —
(33)
Ki np QO+ =1

Then

(1) The following statements are equivalent
(a) The Toeplitz operator Tk, o* + T p* k. Is injective.
(b) The Toeplitz operator T o, x* = T g*q. is surjective.
(c) All left Wiener—Hopf factorization indices of K+Qj‘r = Qf K. are non-

negative.

(d) We have
KerHr(Q+)|PH,.(1<+) = H,(0+) NHiK: = {O} (34)

(e) We have
HiQ+ + H'K: = I (35)

(f) We have
HiK: NH2Q: = {0} (36)

(g) We have
H1Q: + H(Ky) = HE (37)

(h) We have
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Hr(K+)PH,.(Q+) = Hr(Q+) (38)

(1) All the singular values of the Hankel operator H,o* = Hg*o. are < 1.
(2) The following statements are equivalent

(a) The Toeplitz operator Ty, o* = T o* k. is injective.

(b) the Toeplitz operator T, x* = T'x*o_ is surjective.

(c) All right Wiener—Hopf factorization indices of Q+ K=K Q- are non-

negative.

(d) We have
Ker Py, )|H(Q-) = HAQ.) NK.H: = {0} (39)

(e) We have
H.(K.)+Q-Hi = H} (40)

(f) We have
KH+0.H =17 (41)

(g) We have
Py H.(K.) = H.(Q-) (42)

(h) All the singular values of the Hankel operator Hk,o* = Hy*o. are < 1.
(3) The following statements are equivalent

(a) The Toeplitz operator Tk, o+ = T'x*o. is surjective.

(b) The Toeplitz operator Tk, o* = T k*q_ Is injective.

(c) All right Wiener—Hopf factorization indices of Q+ K=K Q- are non-

negative.

(d) We have
Ker Py, o) |H.(K.) = H.(K.) N Q- H: = {0} (43)

(e) We have
K. Hi +Q_H> = I’ (44)

(f) We have
K HiH.(Q.)= H: (45)

(g) We have
Py, H(Q-) = H.(K.) (46)

(h) All the singular values of the Hankel operator Hy,o* = Hy*o. are < 1.
(4) The following statements are equivalent
(a) The Toeplitz operators To,x* + Tx*o. and Ty, x* = Tx*o. are both
invertible.
(b) All, left and right, Wiener—Hopf factorization indices of Q+ Ki =K' 0.
are trivial.
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(c) We have
H(K.) NQ-H: = {0}
(47)
H(K.)+ Q. H: = H?
(d) We have
Pu,x)H:(Q-) = H,(K-)
(48)
PHL.(Q_ )H((K ) = H(?(Q— )
(e) We have
K. H: NQ.H: = {0}
(49)
K H*+Q.H = I*
(f) All singular values of the Hankel operators Hy, k* are less than 1.
dimKer 5, x: = dim {f | #5,: /1| = [I/1} (50)

(1) The equivalence of (a)—(c) follows from Proposition 8.

(a) <Xd)

We have f/ €KerTk, ot if and only if 0= fK+Q+P+, 1e if and only if
fK+ €H? Q. that is if and only if g = fK: €H-Q+ N Hi K. Since K. is
inner, the equivalence follows.

(e) =(g)
Applying P: to equality (35) yields (37).

(2) =(h)
We apply the projection Py, (g,) to equality (37) to get (38).

(h) =(a)
Assume Hr(K+)|PH,_(Q+) is surjective, i.e. Hr(Q+)|PH,_(K+) is injective. This
implies (34), and hence also (a).

(a) <Xi)
Since for any L™ matrix 4 and / €H: we have
[l 24l? = N pap-1* + [l £apel* = il + | p 2l
it is clear that if A4 is an all-pass function, i.e. isometric valued, then we have
AP = el + [l 4l

In particular we have f eKer T, 4 if and only if || f || = || fH. A” Specializing to
the all-pass function K Q+ = Q K, we get

Ker 7,0t = {f |l /Hk.o:ll = I 11}

In particular Tk, o* is injective if and only if all the singular values of the
Hankel operator Hk,o* = Hp*k. are < 1.
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All other statements are proved analogously. L]

We would like to point out that, in view of Proposition 9, the statements in parts
(1) and (3) of the previous theorem are equivalent. The equivalence of some of the
relations can be proved directly. As an example we prove the equivalence of (41) and
(35), using the equality (32) and the fact that multiplication by all pass functions is a
unitary map in L°.

I’=K H +Q.Hi =H’+ K Q.H:
=H'+Q.KiHy = Q:H> + Ki H?

The equahty L’ = Q+ H? + K{Hz for column spaces is clearly equivalent to the
equality L* = H3 Q4+ + H> K, for row spaces.

One other thing worth noting is the close connection between Toeplitz operators
and projection operators. In the context of polynomial models it was put to effective
use in Fuhrmann (1981).

The previous theorem was essentially about a special class of Toeplitz operators,
but did not relate to a spectral function or a spectral factorization problem. In that
case, more can be said. Heutistically, based on our assumptions, the number of zeros
of a spectral factor, as measured by Q-+ cannot exceed the number of poles as
measured by K.. We state the result as a one sided invertibility of the Toeplitz
operators with the symbol equal to the phase function.

Proposition 11:  Let @ be a p X p, rank mo, weakly coercive, spectral function, and
let W+, W< be the p X mo extremal spectral factors. Then both Toeplitz operators
TSy = Tkoor = Torx. and T'y. 1y, are injective.

Proof: For the injectivity of 7 witw. We show an explicit left inverse, namely the
map f —>W- L Py Wy f. Indeed, using (20), we compute

/A P+W+0+W4_- I/V_f: w- P+W+W4_. I/V_f

=wltPew.f=wtwo =y
The injectivity of 7.1y, follows from Proposition 9. L]
Corollary 3:  With the notation of Proposition 11, we have the following.

(1) The maps H,(Q+) |PH (k) and Py (k. ) |H ) are injective.
(2) The maps H,(Ky |PH (0,) and Py, (o )|H(K ) are surjective.

Proof: Follows from Proposition 11 and Theorem 1. The second statement
follows by duality. L]

5. Rectangular spectral factors

In this section we study the main object of the paper, namely the set W" of all
minimal stable, rectangular spectral factor of size p x m for mpy<m<p+n. In
particular, we are interested in the parametrization of this set for a given m. We
will study first two of these sets of minimal, stable rectangular spectral factors: those
that are internal (i.e. such that m = myp) and those that are external (in a sense that
will be made precise later). The understanding of these, in a sense opposite, special
cases enables us to fully understand the general rectangular case. Our approach is
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relating the set of spectral factors to the arithmetic of inner functions and their
factorizations. This will also be interpreted later on geometrically.
As in the case of regular spectral factors, the four extremal spectral factors studied
in §3 provide the framework for our analysis of all rectangular spectral factors.
The next proposition studies the embedding of rigid functions in inner ones. This
is a special case of Darlington synthesis [see Dewilde (1976)]

Proposition 12:

(1) Let Rbe a P X mg column rigid function, that is RR= 1. Then there exists a
px(p- mo) column rigid function R such that
(a) R= R R) is inner.
(b) We have the equality of Mc Millan degrees

SR = 8(R) (51)

R is uniquely determined up to a right constant unitary factor.

(2) Let R be a myX p row rigid Junction, that is RR' = 1. Then there exists a
(p- mp) x p row rigid function R such that

(a) R= % is inner.
(b) We have the equality of Mc Millan degrees

SR = 3(R) (52)
R is uniquely determined up to a left constant unitary factor.
Proof:

(1) Assume RR= I, then RR<I. Assume an inner embeddmg of R ex1sts Le.
there ex1sts an R such that R= (R R) is inner. Since R'R= RR =1, we
have RR*=1- ER > 0. Thus Ris a spectral factor of [ - RR*. To mini-
mize the McMillan degree of R, which is clearly bounded below by & )
take R to be the outer spectral factor of I - RR".

We show now that in this case

Im Hz cIm Hp (53)
This inclusion is equivalent to
ker Hy Cker Hy (54)

Note that f EkerH if and only if R f €H: and similarly / €ker Hr % if and
only if R f €H+ If the 1nclu510n (54) does not hold there exists an f €H:
such that Rf €H: and R'f = g+ h, with g €H: and 0 # h €H”. Now

Ak

~.

F=(k R)( ;) = R + Rig+ 0

which shows that there exists a non-zero h €H- for wh1ch Rh €H+ or,
equivalently, Rh J_H_ However this 1mphes h J_R H?. Since R is row
outer, we have Hi R= H} and hence RH = . This shows that 7 = 0,
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contradicting our assumption. Thus the inclusion (53) holds. This inclusion
immediately implies

ImH 4 3 = ImHp

and hence, by realization theory, that 5((1% R) = 5(1A2)

(2) The proof is similar or can be obtained from the first part by duality con-
siderations.

We will refer to the extensions obtained in the previous proposition as minimal
inner embeddings.

The next proposition relates the extremal factors to other minimal, stable and
antistable, spectral factors via the use of inner functions. Since inner functions are,
by Beurling’s theorem, intimately related to invariant subspaces, this result opens up
the possibility of a geometric approach to the study of spectral factors.

Proposition 13:

(1) Let W< and W5 be the extended, stable, minimum and maximum phase re-
spectively, spectral factors. Given any minimal stable spectral factor W, there
exist, essentially unique, inner functions Q’, Q”, of minimal Mc Millan degree,
for which

W= W
(55)
ws = wo’

The inner functions Q’, Q7 are uniquely determined by the normalization

07(00) = Q7(00)I. We shall refer to the factorization W = W:Q’ as an
outer-inner factorization.

(2) Let W< and WX be the extended, antistable, minimum and maximum phase
respectively, spectral factors. Given any minimal antistable spectral factor W,
there exist essentially unique inner functions Q”, Q” for which

V= o
_ (56)
Wi — WQ//
The inner functions Q_’, Q_” are uniquely determined by the normalization
Q/(w) = Q”(@)I
Proof:
(1) Let W be a minimal p x m stable spectral factor. Then, by Proposition 1,
there exists an essentially unique row rigid mo X m function @~ for which
W= W.Q’ Let
Q’)
Q/
be the minimal inner extension of QA’. This extension exists by Proposition 12
and is unique up to a constant left unitary factor of the form

Q’=(
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(o o

We clearly have

d

w=w.0 =W o)( ) = w0
By Proposition 12, we have 8(0”) = 8(0).

Conversely, let W = W< Qf with Qf inner of minimal McMillan degree.
Set

Of
Then W w- Q1 = W. Q’ which by the left invertibility of W. implies
Qf(Qf) Q’(Qf) =1, it follows by minimality that Qf = VQ’ for some

inner function V. If 8(Qf) = 8(Q”) then this implies that V is necessarily
constant.

()

(2) The proof is similar and we omit it. L]

As a consequence of the previous proposition, we have the following character-
ization of minimal, stable, spectral factors.

Theorem 2:  Given a rational spectral function @, let W5 be its extended maximum
phase, stable spectral factor. Then W €HL is a minimal, stable, spectral factor if
and only if there exists an inner function Q7 such that W = W5 (fo) .

Proof: By Proposmon 13, if W is a minimal, stable, spectral factor, we have
W= W (Q~)" for some inner function Q7.

Conversely, assume W = Wi (Q”) eHY for an inner function Q~. Clearly, W
is a stable spectral factor and it remains to show that it is a minimal factor. Applying
Lemma 3.5.7 in Fuhrmann (1981), we have Im H w CIm H we and hence

s(w) = dim Im Ay < dimIm Hjy = 8(W5)
In turn, this implies
28(W5) = 8(@) < 28(W) < 28(W5)

Thus we must have equality throughout, which proves the minimality of W. L]

Proposition 13 dealt with the zeros of a stable or antistable spectral factor. The
next theorem utilizes the DSS factorization to bring in the pole structure of spectral
factors and its relation to zeros.

Theorem 3: Let W be a minimal, p X m, stable, spectral factor W, and let
W=WK=WK" (57)
be its right DSS factorization over H°. Then

(1) W is a minimal, antistable spectral factor. Moreover
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W
V( Q"
we ws
Q% *
Ke K K :_
1 Q@ |
e W
@/ ! @H
w
Figure 4.

(58)

is a right DSS factorzzatzon of W over HY.

(2) Let Q7, Q”, Q’ Q” be the inner functions whose existence is guaranteed by
Proposition 13. Then figure 4 is commutative.

(3) The following coprimeness conditions hold. K& A Q_’ =1 Knrp Q_” =1,
K/\RQ/:I,K:)— ARQ//:]

Proof:

(1) Since K is inner, W is clearly an antistable, spectral factor. From (57) we get
(58). Since W is a spectral factor, we have

SW) < s(W)=sWK ") < 8K = 8K) = 8W)

Thus we have equality throughout and W is a minimal spectral factor. This
also shows the right coprimeness of W, K, i.e. (58) is a right coprime DSS
factorization.

(2) The upper triangle of figure 4 follows from (15) and (55). Similarly, the lower
triangle follows from (15) and (56). The square is the same as_figure 2.
Finally, (55), (56) and (57) yield Wy = WQ~» = WKQ” = W:Q’KQ”
which is the middle part of the diagram.

(3) The first relation follows from the fact that from (56) and (58), we can write
we W(Q ) = WK I Q’ and K were not left coprime, then we could
multiply on the right by the inverse of the common factor, obtaining another
factorization of WZ:; but then (58) would not be a DSS factorlzatlon A
similar argument apphes to the relation W= W:(Q”)* = WK" [derived
also from (56) and (58)] to W= W‘Q’= WK and to Wi = WQ” =
Wi K: [both from (55) and (57)] [

We will find the following lemma useful in the sequel.
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Lemma 3: Let W1, W2 be two minimal, stable spectral factors having the right co-
prime DSS factorizations, over H®, given by W; = WiKi. Assume W> = WiT for
some inner function T, and assume T is the inner function with smallest Mc Millan
degree such that the relation_holds (in the sense of Proposition_12). Then there
exists a unique inner function T for which KiT = TK> and Wo, = Wi T

Proof: By our assumption we have W2K> = Wo = W1 T = Wi1KiT. Thus we have
two right DSS factorizations of W, of which W>K> is_right coprime. There exists
therefore a unique inner function T for which Wi = WAT* and KiT = TK>. This
also implies the equality Wi T = W. L]

The rigid functions, characterized by Proposition 13, can be further factored and
this leads to a finer analysis of the set of spectral factors.
Thus we consider next the subsidiary factorizations

Q= 0105
Q7 = Q70r
Here QAf, QAf’ are mg X my inner whereas QAf, QAf are right and left outer, i.e. are right
and left invertible respectively over HY". That such factorizations are possible is a
direct result of Beurling’s theorem. We will say that Qf and Qf’ describe the internal
antistable and stable zeros respectively of W, whereas Q4 and Qf describe the
external antistable and stable zeros respectively of W. We shall refer to the factor-
izations (59) as the internal-external and external-internal factorizations of Q” and
O~ respectively. The terminology is fitting as the factorizations in (59) are inner—
outer and outer—inner factorizations.
We recall that we need not deal with rigid functions if we utilize the results of
Proposition 13. Let I be a p x m minimal stable spectral factor. Let W<, Wi be the
appropriately extended, i.e. of dimension p X m, extremal spectral factors. The exten-

sion is obtained by adding m - myg zero columns to W_. and W respectively. Let Q”,
Q7 be the inner functions whose existence is guaranteed by Proposition 13. Thus

Q/

/

(59)

Q/ - ( ) , Q// - (QA// Q//)

with 07, 0~ given by the embedding procedure described in Proposition 12.
The factorizations (59) induce the following factorizations

:( of O)( Qé) 0105 (60)
0 I .
and
s~ 1 O0r 0
07 = (07 Q’)( Qof I) = 0r0r (61)

We shall refer to these factorizations as internal—external and external-internal fac-
torizations of Q- and Q” respectively.

The interesting phenomena emerging in the study of rectangular spectral factors
is the fact that the internal zeros, namely the zeros parametrized by the inner func-
tions Qf and Qr no longer account for all the (stable) zeros of W. or the (antistable)
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zeros of W.. These are measured by the inner function Q+. So some zeros have been
externalized. This is a central theme in the parametrization of the set of stable
spectral factors. The extreme situation is encountered in the set of external factors,
a class that will be introduced in Definition 4.

The following theorem analyses the situation in the general case, and brings in a
new inner function. It will be seen later that this inner function is a measure of the
number of external zeros of the spectral factor. A geometric interpretation of this
inner function in terms of reachability subspaces will be given in a subsequent paper.

We turn our attention now to the study of arbitrary, minimal p X m spectral
factors. Essentially, the next theorem provides a parametrization of the set of all
p x m, minimal, stable spectral factors. This will be made explicit in Theorem 7.

Theorem 4: Let @ be a p X p, rational spectral function of rank mo. Let W be a
minimal, p X m, stable spectral factor. Let W= WK be the DSS factorization over
HZ. Let Q+, Q- be the mo x mo inner functions for which

W.Q+ = W,
_ _ (62)
W.Q. = W,
Let Q’, Q”, Q_’, Q” be determined by Proposition 13 have the internal-external fac-
torizations

0’= 0105, Q"= 010 (63)
and the external-internal factorizations
Q”=Qr0r, Q”=Qs0r (64)

Then

(1) (a) We have Qft is the greatest common left inner factor of Q7 and Q% and Qt
is the greatest common right inner factor of Q” and Q%. We have Qf is the
greatest common left inner factor of Q7 and Q% and Qt is the greatest
common right inner factor of Q7 and Q<.

(b) Q_f’ is the greatest common right inner factor of Q_” and Q_f and Qt is the
greatest common right inner factor of Q” and Q5.

(2) We have
[0 0
00 —( ; R) (65)
with R inner. We have
_ - 00
00 —( ) 1}) (66)

with R inner.
(3) There exists a unique inner function Q such that

0% = Q1007 (67)

A similar factorization holds for Q%, namely
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0% = 01007 (68)
(4) We have the following equalities
KQ = 0K
_ (69)
Q//K_‘;_ - KQ//

Here K£ | Q_’ are left coprime and Q’, K right coprime. Similarly, K Q_” are left
coprime and K5, Q” right coprime.

(5) Define, after Lindquist and Picci (1991),

Wy = Wfo
\ (70)
Wo+ = W-EI-(QT/)
Then we have
W= Wy Qs
(71)
WQr = Wo+
(6) Let
Wo. = W K.
_ (72)
Wor = Wo+ Ko+
be right coprime DSS factorizations over H®. Then
K Of = OtKo
_ (73)
OrKY = Ko+ Qf
and
Ko-Q = QKo (74)
(7) We have
- O.K. 0
/K vy = (75)
0'KQ ( . RW)
with Rw inner, and moreover
R=R= Ry (76)
(8) (a) The inner functions Q and Q5 are left coprime and Q and Q% are right
coprime.
(b) The inner functions Q and Q5 are left coprime and Q and Q% are right
coprime.

(c) The inner functions Qs, K are left coprime and Q%, K are right coprime.
(d) The inner functions Qs, K are left coprime and Qy, K are right coprime.
(9) The inner functions Q, Q, Q3, Q%, 03, Q7, R are all equivalent.
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w
QI le % QII
Wf WO— W0+ W_‘:
Q1 Q i
Ke Ko K Koy KS
a1 g
W_ W - W0+ W+
3 ﬁ
— =
Q s d
w
Figure 5.

(10) The inner functions K, Ko-, K, Ko+, K+ are all equivalent.
(11) Figure 5 is commutative.
Proof:

(1) (a) Recall that in the factorization QA’ = QAfQAj the factor QAj is outer. Since
070”7 = Q4+, Qf is a left inner factor of Q+. This implies that
1 0
[ ]
0 I

is a common left inner factor of 07, Q%. Any left inner factor of Q% is, up
to a constant right unitary factor, of the form

0 0
Since QAj is outer, it is clear that Qf is the greatest common left inner

factor of 97 and Q%. The second assertion is proved analogously.

(b) The second part follows by duality considerations, working over H>° and
starting the analysis from Wi.

(2) Note that from
— ) , Q//(QA// Q//)

we obtain

- ) ( QA/QA// QA/Q//)
Q/Q// Q/Q//
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Here we used the fact that W. Q’Q” = W, and hence Q’Q” = Q+. Since
Q’Q” is inner, it follows, necessarlly, that Q’Q” = 0 and Q’Q~” = 0. Finally,
this also implies that R = 00~ is inner.

Note that 0”0~ = 0 implies 050” =0 and 0’0~ = 0 implies 0’07 = 0.
Using this, we compute

or 0 Os Y.~ . [0Oor O

Wi = WiQor= W ~ J6r o7
o 1)\ 0 0 I
r 0\ 0507 050~ \[ Or o©
(ot )
0o 1J\00r 0:07)\ 0 I
i 0\ O 0 e 0
- 0 0 0
o 7/)\o R/\ 0 I

But we also have

0+ 0
we=we
0 I
This implies the equality Q+ = QAfQAQAf’
Since W is a minimal, stable spectral factor, we have W = W. Q’ =

w. K Q’ But we also have W = WK = W. Q “K. Using the left invertibility
of W. and comparing the two expressions, we have

KO =0K (77)

Since K is the minimal inner function that stabilizes W, then necessarily QA’
and K are right coprime. Clearly, this implies the right coprimeness of Q” and
K C0n51der1ng the respective Bezout equatlons this shows also the rlght
coprimeness of Q- and K. Similarly, K. is the minimal conjugate inner
function that destabilizes W., which implies the left coprimeness of K

and Q". Equation (77), together with the coprimeness conditions, shows
that K. and K are equivalent inner functions. In particular, they have the
same McMillan degree. Also it follows that the McMillan degrees of Q’ Q
are equal. Now we look at

o’ 0
0’ 0
which are both minimal McMillan degree inner completions. So 80) =

/’

5(QA’) = 5(Q )= 5(Q ). This shows that

Q’Z( ) and

A

0K K 0

oK=| "~ -
0K 0K
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is a minimal inner extension of QA/K. Since a minimal inner extension is
unique up to a left constant inner factor which we absorb into Q’, we con-
clude that 0 = Q“K. Thus the first equality in (69) follows.
The second equality follows by duality considerations, working over H>"

and starting the analysis for W.

(5) We compute W= W:Q”= WfoQj = Wy- Qs. Similarly, Wi = WQ~ =
WQzQr, and so Wy = Wi(Qr) = WQsz.

(6) The equalities in (73) are a special case of those in (69), replacing W by W,

for the first one and by W+ for the second. The existence of Q follows also
from that of Q by an application of Lemma 3.

(7) Using the equalities (69), we have

Kf Q/Q// - Q/KQ// - Q_/Q_//K_‘;_.
Substituting equalities (65) and (66), we get

- O+ 0 KQ+ O
Q/KQ// = IC) Q/Q// = IC) =
0 R 0 R
- - 0- 0 0-K: 0
= Q/Q//Kf_ = B Kf_ = B
0 R 0 R
Since we have the equality K. O+ = Q_ K, it follows that R= R and that
- 0-K: 0
Q/KQ// = ( _)
0 R

(8) (a) Since Qf is the greatest common left inner factor of Q7 and Q%, it follows
that Qs, QQr are left coprime and so are Q3, Q. In a similar way, the
right coprimeness of the pair 07, Q is proved.

(b) In much the same way, the left coprimeness of Q_j, Q_ and the right
coprimeness of 07, Q is also proved.

(c) A common left inner factor of

A
Y

10
e(g) = (o4
0 0 R

is, up to a right constant unitary factor, of the form

I 0
If P were non-trivial, it would contradict the assumption that Q~ is

the minimal McMillan degree extension of Q. Hence the right coprime-
ness.

(d) The proof is similar.
(9) We use the equalities
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) 0 ) 0y, 1 0 I 0,,0 0
A R EH R ]

0 R 0 7)1 0 R 0 R\ 0 I

) ) I 0 I 0,,9 0 ;)
- 0 0 0 0
ﬁé’: = =
o= ¢ o) (5 o (o S )

These equalities, together with the proven coprimeness conditions, imply
now the equivalences

) 0 I 0
QﬁzQ z( )ﬁQﬁR
0 17 0 R
- ) 0 I 0 -
Qs = ¢ z( )zQzR
0 7 0 R

By transitivity of the equivalence of inner functions, the statement is proved.

(10) The equality KO~ = Q”K¢, the right coprimeness of 0~, K5 and the left
coprimeness of K, O~ imply the equivalence of K and K. The rest follows
by the transitivity of equivalence.

(11) Equalities (63), (64), (69), (73), (70), (71), (74) taken together, yield the com-
mutativity of the diagram. L]

Definition 3: We denote by 70 the projection of C" on the subspace of all vectors
whose last m - mo coordinates vanish, and by 7¢ its complement, i.e. 76 := [ - TG.

Corollary 4: Given the factorizations (65) and (66) with Q+ both mo X mo inner
functions, then we have

H.(0”)T5 < H,(Q+)
H, (0”1 CH,(0.)

Proof: The factorization (65) can be written as 0-Q~» = Q% R = R'Q% and there-
fore we have

(79)

H,(00”) = H,(Q")Q” ¢ H,(Q”) = H,(R) & H,(0%)

and hence the inclusion H,(Q”) Cc H,(K') ¢ H,(Q%). Applying the projection TG
to this inclusion, we get H,(Q”)T4 — H,(Q+). The other inclusion is proved
similarly. L]

Theorem 4 is general but two special cases need to be pointed out. This leads us
to the following definition.

Definition 4: Let W be a p X m minimal, stable spectral factor and let 07, O~ be
the minimal inner functions characterized in Proposition 13.
(1) We say W is an internal spectral factor if we have Q7Q” = 0%.
(2) We say W is an external spectral factor if we have
(a) Q7, Q% are left coprime, and
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(b) O, Q% are right coprime.

We point out that our definition of external spectral factors differs from the
way Lindquist and Picci use this term. In their work they equate external with
non-internal.

A description of factorizations of inner functions is clearly needed. A complete
characterization of all factorizations of inner functions is available in terms of non-
negative definite solutions of a homogeneous Riccati equation or in terms of invar-
iant subspaces of a linear transformation. For more on this, see Willems (1971),
Finesso and Picci (1982), Picci and Pinzoni (1994) and Fuhrmann (1995).

External and internal spectral factors are obviously defined in an extremely
opposite way. The analysis of the general spectral factors will depend to a large
extent on a full understanding of the classes of both external and internal spectral
factors.

The next proposition is a characterization of minimal, stable, internal spectral
factors.

Proposition 14: Let W be a p X m minimal, stable spectral factor. Let Q7, Q7 be
the inner functions determined via Proposition 13. Then W is an internal spectral
factor if and only if we have

(80)

e[ 9+ 0
00 —Q+—( ) I)

and, up to a right unitary factor for Q7 and the inverse left factor for Q”, the factor-
izations (80) are in a bijective correspondence with normalized inner factorizations of
QO+, that is factorizations Q+ = Q10 with Q; normalized inner functions.

Proof: From W = W?!(Q- and the fact that the last m - mo columns of both W
and W?¢ are zero, it follows that

(0]

0 I

for some mgy X my inner function Q;. A similar argument holds for Q”. Clearly, we
have 010> = Q-.

Corollary 5:  Let W be a p X mo minimal, stable spectral factor. Then W is necess-
arily internal.

Proof: As in the proof of Proposition 14, we have W = W¢ Q- with

(O 0
=y ]

for some mg X my inner function Q). Necessarily Q; is a left factor of Q4, i.e. Wis
internal. [

From the proof of Theorem 4 it becomes clear that minimal, stable, external
spectral factors of size p x m of a given spectral density @ are related to factoriza-
tions of an inner function of the form
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0 0
0 R

having special coprimeness properties. We proceed to formalize these properties in
the following definition.

Definition 5: Let Q be an moXmo inner function and let R be an
(m = mo) x (m = mo) inner function equivalent to Q. We say that a factorization

0 0

0 R 81

00 = (

into the product of two m x m inner functions is a balanced factorization if Q~ is left
coprime and Q~ right coprime with both

ce_[©O 0
Q_(o 1) and | o »

Note that for the factorization (81) to be balanced, we need four coprimeness
conditions. However, two of them are trivially satisfied. In fact, by the construction
in Theorem 3, we have the left coprimeness of Q”, K as well as the right coprimeness
of 07, K.

In the following we will need the next lemma.

Lemma 4: Let

0 0

0 R (82)

00 = (

Let, given an inner function Q, the unitary map 5 : H,(Q) — H, (O) be defined by

~

(f15)(s) = f (= 5)Q(s) (83)
Here O(s) = Q()". Then
(1) Figures 6 and 7 are commutative

TQNQ’/

HT(QIQH) < . HT(Q”Q')

™ 1
T4
H.(Q+) H.(Q4)
Figure 6.
HA(QQ)—22 0 1,(0"Q)
T2 T2
Té B
H,(R) H,(R)
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(2) We have

H(0")5.5. = H(07)0”

H,(0")0”75,.5. = H,(0”)

Proof:

(1) From the factorization (82) it follows that

0.0 T 6 0 T T PR
( 0 R

Moreover, since H,(Q”0”) = H.(0%) € H.(K), any f €H,(0’Q”) can be
written as f = (f1 f2) with fi €H,(Q%) and f, €H,(K). With this we
compute

Fi5,5.75 = (fi f)(t5, $7%)T
= (flTQg; f2TR) TG
= fitg, = [Tty

The commutativity of the second diagram is proved similarly.

(2) Let f €H,(Q”). Then f15,5, = (fTQ,)Q’. Since H,(Q”)75, = H,(07), the
first equality is proved. The proof of the second equality is similar. L]

The following proposition is a geometric characterization of balanced factoriza-
tions. It is advisable, in following the arguments, to refer to figure 5.

Proposition 15:  Let W be a minimal, stable spectral factor. Then, with the notation
of Theorem 4, we have

(1) The factorization

_(20
0507 = ( . R) (85)
is a balanced factorization.
(2) We have
H,.(0#)T% = H,(Q)
(86)
H,(Q7)Te = H,(R)
(3) We have
H,(09)T; = H,(Q)
(87)

H.(09)T6 = H,(R)

(4) We have
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TiH.(Q%) = H.(Q°) (58)
TeH.(Q5) = H.(K)
(5) We have
H(0”)15 = H,(00f) (®)
H,(0)Q"T; = Hr(Qf)QrQ}
(6) We have
H,(0”)Te = H,(R)
(90)
H,(Q)Q"T6 = H,(R) }
(7) We have
H_r(Q_”)ﬂé = H,(R) 1)
H,(0")0”T6 = H,(R)
(8) We have
H,(Q0r) N H,(QrQ)0r = H.(Q)0r (92)

or equivalent ly

H.(0”)Ty N H,(Q)Q”T = H,(Q)0r
(9) The reduced maps H,(Q”)|T5 and H,(Q”)Q”|T are injective.

(10) The reduced maps Hr(Q”)|PH,_(Q<+') and H,(0”)0”
moreover, we have

Pu.(oe) are injective, and

H,.(Q”)Py,0:) = H(Q07)

H,(0)Q”Pn, o) = H:(010)0r )
(11) We have
H,(0%)Pu,0r) = H,(Q”) (94)
i.e. H(Q%)|Pu,g- is surjective.
Proof:
(1) That the factorization (85) is balanced was proved in Theorem 4.
(2) From the factorization (85) it follows that

H,(0%) C H,(Q50%) = H,(Q°) ¢ H,(R) (95)

and hence

H.(07)T C H,(Q50%) = H,(Q°)

From the fact that the factorization is balanced, we conclude the equivalence
of the inner functions Q7 and @, and hence it suffices to show that
KerHr(Qf)|Tﬁ = {O} Indeed, assume f = (f1 f») €H,(Q%) and f75 =0,
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ie. f1=0. Thus, from (95), necessarily (0 f2) €H.(K). So
f €H,(Q#) N H,(K). But this intersection is zero by the right coprimeness
of 07 and K.

(3) This is proved in a completely analogous way to the proof of the previous
assertion.

(4) This is proved in a completely analogous way to the proof of the previous
assertion.

(5) From Q” = Q#Qy it follows that H,(Q”) = H,(Q%)Qr ¢ H,(Qr). We apply
now TG to this equality, noting that 7 commutes with multiplication by QOf
and that H,(Qr)T = H,(Qr). Hence

H.(0”)Ty = H,(Q#)0rT + H,(Qr)
= H.(Q#)TQr ¢ H,(Qr)
= H,(Q)0r ¢ H,(Qr) = H,(Q07)

Here we used the previously established equality H,(Q#)T = H,(Q).
To prove the second equality in (89), we apply the unitary map 75, to the
first, using the commutativity of figure 6. We compute

H,(0r0)0t = H,(007)15, = H(0”) Ty,
= H(0")5.5m = H(J7D'm

This is equivalent to the statement, using duality and starting from the

factorization
O7()’ = Q+ 0
00 ( " Tz)

(6) As before, from Q” = Q7Qr it follows that H,(Q~) = H,(Q%)Qr & H,(Qr).
To this equality we apply now the projection 76 and use the second equality
in (86) to get

H,(0”)Te = H,(0%)(QrT6 = H,(0%)Te = H,(R)
Using Lemma 4, we apply to the previous equality the unitary map T3 to get
H,(R = H(Rtz = H,(0”)TeTx
= H,(07)73.5.7 = H,(0”)0'Te
This is equivalent to the second equality.

(7) This is proved analogously.
(8) Follows directly from the equalities in (89). In fact

HAQ0r) N H,(Q10)0r = [H,(Q)0r # H.(09) | [H:(01)00r # H.(0)07]
= H,(Q)07
as clearly H,(Q7) | H,(Qf)0Q07.
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(9) Using (89), it suffices to show that dim H,(Q~) = dim H,(QQ7). Now
0”7 = 0%0r and so H.(Q”) = H,(0%)0r ® H.(Qr), which implies the
equality dim H,(Q”) = degdet Q7 + degdet Qr. Now, the fact that the fac-
torization (85) is balanced implies the equality degdet Q7 = degdet Q. Since
dim H,(QQr) = degdet Q + degdet Qr the result follows.

(10) Clearly, H,(O+) — H: T and therefore Py (o,) = T4 P (0.). Applying this to
the equality H,(Q”)T4 = H,(QQr), and noting that H,(QQr) c H,(Q~), we
get

H,(Q”)Pu.0.) = H,(Q”) T4 Py, 0,)

= H,(QQr)Pu,0,) = H.(QOF)

As we saw that dim H,(Q”) = dim H,(QQr), the statement is proved.

(11) Given a Hilbert space H with subspaces U, V, let Py, Py be the respective
orthogonal projections. Then a simple computation yields

Py | U =Pu|V (96)

In particular, if Py | U is injective, Py | V' is surjective. Thus the statement
follows from the preceding one. L]

We wish to emphasize one point which may be confusing exactly to those readers
that have some intuition in the functional approach to geometric control theory.
Given two arbitrary inner functions O~ and Q% of the same size, then, in general,
H,(Q”)Pp,p¢) is not a coinvariant subspace of H,(Q%), but, as will be shown in a
forthcoming paper, a controlled invariant, inner stabilizable subspace with respect to
a natural controllable pair associated with Q%. Equation (93) shows that under our
assumptions and the construction of 97, 0~ in Proposition 13, this subspace is
actually coinvariant. This observation is crucial for the later analysis of the partial
ordering of the set of minimal, stable spectral factors. Also, we point out that the
question of existence of balanced factorizations will be addressed in §7.

Corollary 6:  With the notation of Proposition 15, we have

(1)
H,(Q”)T4 = H,(Q”)Pn,0;) = H,(QQr)
H,(0)0”T% = H,(Q")Q”Pu,0) = H.(010)0r o7
and
H,(0”)Te = H,(Q”)Pu,» = H:(R) )
H,(01)Q”T6 = H,(Q")0”Pr,» = H;(R)
(2)
HAQ")TE = H(Q”) Py o) = H,(QOF)
(99)

H/(QQ”m = H,(0) 0Py 0:) = H/010)0r
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and
H.(0”)T6 = H,(Q”)Pp,(» = H,(R)

- - (100)
Hr(Qf)Q”TrZ = Hr(Q/)Q”PH,.(R) = Hr(R)

Proof: (97) follows from equations (89) and (93).
To prove (98) we use the equalities (90). Note that the inclusion H,(R) CHITo
implies 76 Py, (r) = fPu,(» for all f €H: . Therefore

H.(Q")Q”Pu,(» = H(Q”)Q”T6Pu,(r) = H,(R) Pu,r = H,(R)
and similarly

H,(Q”)Py,r = H(Q”)T6Pu,(r = H,(R Py, = H(R) L]

Corollary 7:  With the notation of Proposition 15, we have

(1) H(Q”)1 = H,(Q%) if and only if Q7, Q% are left coprime.
(2) H(Q") Q71 = H,(Q%) if and only if Q7, Q% are right coprime.
(3) Both equalities hold if and only if W is external.

We saw that, given a minimal, stable spectral factor W, the inner functions Qf
and Qr parametrize the number of internal antistable and stable zeros of W respect-
ively. Thus the previous corollary can be restated in these terms.

Corollary 8: Let W be as in Proposition 15. Then

(1) HQ”)1 = H.(Q%) if and only if W has no internal antistable zeros.
(2) H(Q”)Te = H,(K) if and only if W has no internal stable zeros.

(3) W is an external spectral factor if and only if the factorization (65) is balanced
which in turn is equivlent to the conditions

H,(Q”)T8 = H,(0%)
H,(0”)Te = H,(R)

The previous results dealt with the geometry of coinvariant and semiinvariant
subspaces related to the zeros of a spectral factor W, ie. to the inner functions
appearing in Theorem 4. The situation gets more intricate as soon as we add to
this the pole structure. This means that we also consider the DSS factorizations of
the spectral factor W, that is we study also spaces associated with the inner function
K. Of particular interest is, using the notation of Theorem 4, the space H,(K)Q”
which we associate with the spectral factor W. The full study of these spaces will be
given in § 6. The following results, which reflect some of the results of Corollary 6 will
be used in later sections.

Lemma 5. With the notation of Theorem 4, and assuming the factorizations
O+ 0 - - 0. 0
20O)” = and 2O)” =
00 ( ; R) 00 ( ) R)

are balanced, we have
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(1) The restricted projection map H,(Q”)Q”
H,(K)Q”Pu,0)0- = H:(0")0” (101)

(2) The restricted projected map H,(K)|Pp, k)0~ is injective. Equivalently

Pu, k)0~ is injective. Equivalently

H,(K)Q”Py () = H,(K) (102)
(3) We have
H,(K)Q”T6 = H,(K) (103)

(4) The restricted projection map H,(Q”)KS |Pu, k)0~ is injective. Equivalently

H,(K)Q”Py 5k = H(Q”)KS (104)

Proof:
(1) We show (101). By Corollary 3, we know that
H,(KY)Pp, o) = H,(Q%) (105)

Now H,(K) Py, = H,(Q”) if and only if H,(K)Q”Pu,0)0- = H.(Q”)0”.
Since H,(Q”) is orthogonal to both H,(K)Q~ and H,(Q”)Q”, the last equal-
ity is equivalent to H,(KQ”)Pp,(0.0-) = H,(Q”Q”) or to

_ 0+ 0
HAKQAP (o o\ = H(QKP [ o 4 :Hr( )
H"( 0 R) H"( 0 R) 0 R
Thus, it suffices to show that
H,(Q”K{) P o) = HAQ5) (106)
and
H,(Q”K$) Py, (r) = H,(K) (107)

Using the orthogonality of H,(K%) and H,(K), we compute
Hr(Q”Ki)PH,(R‘) = [[-I (Q// Ke EBH })H (R) Q// K€PH (R)
= Hr(Q”)PH,.(R') = H.(FR)

Here we used (100).
Similarly, using (105),

Hr(Q_”Ki)PH,.(Qf) = [HV(Q”)Ki EBHr(Ki)})H,.(Q") DHr(Ki)PH,.(Q") = Hr(Qe)

As the opposite inclusion is trivially satisfied, we have the equality.

(2) Since the subspaces H,(K)Q” and H,(Q”) are orthogonal, we have
H,(K)Q”|Pu,0-) = 0. Using this, as well as equality (101), we
compute
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H.(K)Q”Pu,0-0-) = H,(K)Q”PH,(0.)0-+1,(0)
= Hr(K)Q”[PH,.(Q')Q” + PH,-(Q”)]
= H,(K)Q”Pu,i010- = H(Q)0”

This can be rewritten as

Hr(K)Q”PH 0+ 0

( 0 R)
To the last equality we apply the projection Pp,(g), noting that, for all
f €Hz, we have

= H,(0)0”

0 R

fPH,,( o o) Pu,(» = fPu,(r
to obtain

H.(K)Q”Pu,» = H(K)Q”P [ ,. o\ Pu»
H"( 0 R)
= H.(0)Q”Pu,» = H,(R)
In the last line we used (98).
(3) The inclusion

KQ. 0

H,(K)Q” cHr( o R

implies the equality

0 R

Hr(K)Q” = Hr(K)Q”PH"( K. QO+ 0)
So, using (102), we compute

Hr(K)Q”TrZ = Hr(K)Q”PH‘( ko, o) 7@

0 R

= Hr(K)Q”F’H,.(K:'Q;’) + PH,.(R’)]TZ
= Hr(K)Q”PH,.(R")TrZ = Hr(Re)T@ = Hr(Re)
(4) The proof is analogous to the proof of the first statement and we omit it. [ |

The previous result can have many equivalent restatements. Intuitively, they all
state that there is an excess of poles over zeros.

Corollary 9:  Let W be a minimal, stable spectral factor. Then with the notation of
Theorem 4,

(1) The Toeplitz operator T'g(g,)* = T (5,)ke is injective.
(2) We have

HiQ’+ HYK= L (108)
(3) We have
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HIKNH:Q = {0} (109)
(4) We have
HiKNH,(0) = {0} (110)

Proof: By Lemma 5, we have the injectivity of the projection map
H,(Q7)0”|Pu,(x)0. which is equivalent to the injectivity of the projection map
Hr(Qf)|PH,_(K). We apply now Theorem 1 to infer (108), (109) and (110). L]

We proceed to prove an important geometric result whose control significance
will be stated at the end of the proof.

Theorem 5: Let W be a minimal, stable spectral factor. Then, with the notation of
Theorem 5.3, we have

(1)
H,(R)Py,x)0- CH(Q")Q”Pu,x)0- N H(Q”) K+ Pp ()0~ (111)
(2) o
H.(R) Py, x10- = H(Q5)Q”Pu,x)10- = H(Q2)OrKi P x)o-  (112)
Proof:

(1) We use the factorization

_( 9+ 0
00 ( O R)
to conclude
0. 0
H/(0)Q” % H,(0”) = H,(00”) :Hr( ; R)
= H,(0%) ¢ H.(K) D H,(K)
Therefore
H,(Q")Q”Pu,x)0- = H = 1(Q°0”)Pu,x)0-
20 .
_Hr( 0 R) Pu,(x)0- DH,(K)Pu k)10~

Similarly, we have KQ” = Q”K% and hence
Hr(Q_”)KiPH,.(K)Qr = [I‘I (Q/)KQ” EBH Ke })H (K)Q

= [F(0)0” + H.(0”) ]K-e*PH,-(K)Q'
= H,(0°0”) K Pu,x)0-

0. 0
=H, K Py k)0~
0 R

= [H VK5 6 H,( )}’H,_(K)Q, DH,(K)Pu, ko~
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From these two inclusions we obtain the inclusion

H,(R Py, (x)0- CH,(0)0”Pu,x00- N H:(Q”) K+ Pri,(x)0- (113)
(2) We have
0 0
507 =
050 ( 5 R)

Since Q%, Q are left coprime and Q#, Q are right coprime, we obtain the
equivalence of the inner functions Q, R, 0%, Q7. Now we consider the direct
sum decomposition H,(Q507) = H,(Q5)0” ¢ H,(Q”) which, by the ortho-
gonality of H,(K)Q” and H,(Q”), leads to H,(Q5)Q”Pu, ko =
H,(Q307) Py, (x)0-- But we also have

H,(050”) = H,(Q50707) =H[ fo]

= H,(0°)0r # H,(K) DH,(K)
Hence
H,(Q%)Q”Pu,x)0- = H050”) Py, (x)0» D H,(K)Ppy,x)0-
Similarly, note that
H,(05)020rKs = H,(05)Q~Ki = H,(05)KQ”
So H,(05)KQ” —Ker Py, (x)0- and hence
H,(09)OrK: Py, 10~ = [H,(05)020rK: 4 H,(02)0rK: Pr,wio-
= [H:(09) 0z + H.(09) PrKs Prxoo-
= H,(050%)QrKs Pr,(x)0-
0

0 _
= [Hr( ) Qf’Ki:IPH,.(K)Q”
0 R

= I?‘I Qf’ r(Re)})H,.(K)Q,

DHr(Re)PH,.(K)Q”
These two inclusions prove the inclusion
H,(R)Pu,x)0- <H,(Q5)0”Pu,x)0- N Hr(Q_f)Q_f/Ki Pu.xo- (114)
By Lemma 5, the projection Py, (k)o- is injective on H,(K'), which implies

dim [H, (R) P, (x)0- |= dim [H,(R) ]

Also, by Theorem 4, the inner functions R, 03, Q_f are equivalent and hence
in particular
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dim [f£,(R) |= dim H,(Q)Q~ = dim H,(0#)OrK:
Therefore the inclusion (114) forces the equality (112). L]

For the case of external spectral factors, the inclusion (111) can be strengthened
to give.

Corollary 10:  Let W be a minimal, stable, external spectral factor. Then
H,(R)Py. o = HQ)O”Pu.x)0- = Hr@”)Kfr Py,.(x)0~ (115)

Proof: By Theorem 5, we have
H,(R)Pu,x0- = H(Q)Q”Pu, k)0~ ﬂHr(Q_”)KiPH,-(K)Q”

But using the injectivity of the projection P, (k)o- on the three subspaces and the
fact that they all have the same dimension, the equality follows. L]

In a sense not made explicit in this paper, the space H,(K)Q~” can be used as a
natural state space for a state space realization of the spectral factor W. This is based
on the realization theory developed in Fuhrmann (1981) and we refer to it as
the shift realization. Thus the subspaces H,(Q”)Q”Pu,x)0-» H:(Q”)K+ Pu,(k)0-
H,(05)07Pu,x)0-» H(Q%)OrKS Py k)0- and H,(K)Pp,x)0-, are all special sub-
spaces of H,(K)Q~, and it is natural to inquire as to their system theoretic signifi-
cance. Without going into the details, we just state here that, with respect to the shift
realization, the first two are the maximal output nulling, inner stabilizable subspace
and the maximal output nulling, inner antistabilizable subspace respectively, whereas
the last three are different representations of the maximal output nulling, reach-
ability subspace. Moreover the inclusion in (111) can be shown to be actually an
equality. A state space approach to these results will be given in Gombani and
Fuhrmann (1998), while a functional approach to these characterizations will be
presented in Fuhrmann (1998).

So far, we have bypassed the question of the existence of balanced factorizations.
The following proposition shows that plenty of balanced factorizations exist.

Proposition 16:  Let Q+ be an inner function and let R be an inner function equiva-
lent to it. Then there exists a balanced factorization

Q+ O ol Vd V.4
( ) R) =00 (116)

Proof: By the assumption of equivalence, there exist, necessarily inner, matrix
functions T, S in HY such that the intertwining relation

0+T=SR (117)

holds, with Q+, S left coprime and T, R right coprime. Equation (117), see
Fuhrmann (1981) for the details, gives rise to an HY-isomorphism
Z: H.(0+) = H,(R), defined by

fZ=fTPup
The isomorphism is in the sense that, for every ¢ €H?Y and / €H,(Q+), we have
SoP+ TPy, » = f TPu,(n ¢ P+



318 P. A. Fuhrmann and A. Gombani

The adjoint map, Z" : H,(R) — H,(Q+), is given by
gz = gT P
and we have, again for every ¢ €H3", that
g0 P TPy = gPy T Pig”
Next, we define a subspace of

0+ 0

Hr( ; R) = H,(0%) # H,(R)
by
v={gZ" g|¢ et (R}
Clearly, Vis a coinvariant subspace. In fact, given ¢ €HS", we compute
(gZ'P+ )¢ P+ = (gT"P+¢" P+ g¢"P:)
= (gp P+ TP+ g¢"Ps)

= (glz* g1) €V

where g; = g¢ *P. €H,(R). Thus, by Beurling’s theorem, there exists an inner func-
tion Q~ for which V= H,(Q~). This implies the factorization (116).

We show that necessarily, the factorization (116) is balanced. Clearly, by con-
struction, we have

VTG = VPy, o) = H.(Q%)
(118)
VI = VPp(r) = H,(K)

If 07, Q% are not right coprime, we set O~ A g Q% = Qr. Thus there exist a
factorization 0”7 = Q#0r and hence H,(Q”) = H,(Q7)0r & H,(Qr). Clearly this
implies that H,(Q”)Te = H,(Q#)QrTe cannot be equal to H,(R), in contradiction
to (118). The other coprimeness conditions are proved similarly. L]

We can give now a characterization of minimal, stable, external spectral factors.
Theorem 6:  There is a bijective correspondence between

(1) Minimal, external p X m spectral factors.
(2) Balanced factorizations of inner functions of the form
O+ 0 )

(119)
0 R

with R= Q4 being an (m - mo) X (m = mo) inner function.

(3) The set of all HY -isomorphisms from H,(Q”) onto H,(R), with R~ Q. being
an (m - mo) X (m = mo) inner function.

Proof: Assume W is a minimal, stable, p X m external spectral factor. By The-
orem 4, and using its notaton, we have the existence of a factorization of the form
(119) which, by Definition 5, is balanced.
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Conversely, let (119) be any balanced factorization. Such factorizations exist by
Proposition 16. Define now W = W< Q. Clearly W is a stable spectral factor. Since
WQ~ = W%, it has to be minimal. Clearly this correspondence is bijective.

From Proposition 16 it follows that to each such H5 -isomorphism there corre-
sponds an essentially unique balanced factorization.

Conversely, the balanced factorization (119), can be written as 0”Q” = Q% R
Using the coprimeness conditions, we can embed this equality in a doubly coprime
factorization. This implies the existence of rational matrices L, M satisfying
0”L = MK. Define a map Z: H,(0”) - H,(K) by fZ = fLPu,r). Using the
left coprimeness of Q~, M and the right coprimeness of L, K which follow from
the construction of a doubly coprime factorization, the map Z is indeed an H5 -
isomorphism. Note that the doubly coprime factorization is not unique, but the
intertwining map Z is. Thus there exists a corresponding unique isomorphism
between the set of balanced factorizations and the set of Hi -isomorphisms from
H,(Q”) onto H,(R). Now, by Theorem 4 and using the fact that W is external, we
have the equivalence of Q~ and Q.. Fix any H-isomorphism of H,(Q”) and
H,(R) and the result follows by transitivity. L]

Theorem 6 leads immediately to a full parametrization of the set W"'.
Theorem 7: There is a bijective correspondence between

(1) The set W™ of all p x m, minimal, stable spectral factors.
(2) Factorizations of the form

0 R

. 0
01050501 = ( Q )

where Q% = Q1QQr with all factors block diagonal of the form

* 0
b
and
_[ @
QéQf—( o R

is a balanced factorization with R any (m - mg) x (m = mq) inner function
satisfying Q = R All inner functions are assumed to be normalized at infinity.

Proof: Follows from Theorems 4 and 6. []

As a result of Theorem 6, it is clear that the existence of a p X m external spectral
factor is dependent on m. Indeed we have the following.

Corollary 11:  Let @ be a rank mo spectral function. Then there exists a p X m ex-
ternal spectral factor if and only if m - myg is greater or equal to the number of non-
trivial inmer invariant factors of Q-+.

Proof: The inner function R has to be chosen to be equivalent to Q+, thus
necessarily it has the same number of non-trivial inner invariant factors as Q+
and its dimension has to be at least equal to that number. L]
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We promised in §3 to give a localized version of the phase function and this we
proceed to do. To this end, we need first the following.

Definition 6: Let W1 and W2 be two internal spectral factors. We say that the
W1 < W if there exists an inner function Q such that W, = W1Q.

Lemma 6: Let Wi, W2 be two, minimal stable internal spectral factors. Let
Wi = W;K: be the DSS factorizations over HX. Assume Wi < Wa, ie. WiQ = W,
and let Q be the inner function satisfying QK> = Ki1Q. Defining the local phase func-
tion by

To(Wi, Wa) = W3 "W, (120)
we have
Wa W3 "W = W, (121)
WaWwatwy = wy (122)
waws twy = (123)
To=W:"Wi=KQ '=0"K (124)

Proof: By assumption, we have W1Q = W, and

Wh = WhKs = Wi0Ks = WiKiQ = Wi0
Since I/i/'z'LWz = I, we have I/?/zlfi/z'LWz = Wz Now

WAW; W = AW P Waks = Whks = Wh (125)
This proves (121). (122) follows, usmg the fact that W;Q = W,. Substituting

W, = WlQ in the equality WzW' W, = W, and eliminating Q leads to (123).
Finally, using (123), we compute

To(Wi, W) = W3 " wi = w5 "z " wi) = (W5 “wa) (Wa ") = Q7
and use the equality K,0™' = 07 'K. L]
Next we proceed to prove the following version of Proposition 11.

Proposition 17:  Let @ be a p X p, rank mo, weakly coercive, spectral function, and
let W1 < Wa be two, minimal, stable, internal spectral factors. Let Wi = W;K; be
the respective DSS factorizations over H®. Let Q, Q be the minimal Mc Millan de-
gree inner functions satisfying QK> = KiQ. Then both Toeplitz operators
Tisiw = Tiopr = T o, and T'g-1y, are injective.

Proof: The proof follows that of Proposition 11. For the injectivity of 79 Wyl m
we show an explicit left inverse, namely the map f —>W; LP+ Waf. Indeed, using
(122), we compute

WitP. WP Wi Wi f = Wi P WA W5 E W f
=witPewif=witwif =1

The injectivity of T er/Z—LWI follows from Proposition 9. L]
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The previous result indicates that the definition of the phase function can be
extended to all spectral factors. In fact, given a Lindquist—Picci pair W, W of
minimal spectral factors, then, with the nota‘uon of Theorem 4, we can define the
associated phase function to be K(0”)" = (02)*K*. Note that we already proved, in
Corollary 9, the injectivity of the Toeplitz opeator T x(g.)* = T (5, ke -

6. Minimal Markovian splitting subspaces

Each minimal, stable p X m spectral factor W has two, coprime, DSS factoriza-
tions. With each one there is associated a coinvariant subspace that is a natural state
space for a shift based realization of W. If we choose to work with a left coprime
factorization of W over H>° then, as a consequence of Proposition 2, all minimal,
stable spectral factors have the same left Douglas—Shapiro—Shields factor. This
amounts to the fact that in a realization of any such spectral factor W, the matrices
A, C can be chosen to be the same. This is the uniform choice of basis, see Caines and
Delchamps (1980). It turns out that for our purpose we have to work with right
coprime DSS factorizations; in this case, the right denominators, and hence the
associated state spaces, do not need to be the same, this fact is peculiar of the
multivariable case. This enables us to study the zeros in purely geometric terms.
We proceed to explain this association. By Proposition 13, there exists an essentially
unique inner function O~ such that Wi = WQ". On the other hand, W has a right
coprime DSS factorization W= WK = WK' w1th W necessarily a minimal anti-
stable spectral factor. Let H,(K) = <{H+ K } be the coinvariant subspace associated
with the inner function K. We say that

Xy = H(K)Q” (126)

is the minimal Markovian splitting subspace associated with the minimal spectral factor
W. Note that all the spaces H,(K) carry isomorphic H7-module structures. This is
due to the fact that the pole structure of all minimal, stable spectral factors is the
same, and they differ only in their zero structure. The particular definition, given in
(126) is a result of a normalization, where with W, we associate the state space
H,(KY). We denote by x™ the family of all minimal Markovian splitting subspaces
associated to minimal, stable, spectral factors of size p X m. In an analogous way we
can assomate with the antistable factor W the state space X7 = H,(K )(Q’)
denote by x " the set of all such spaces corresponding to factors of size p X m. At thls
point our definiton of splitting subspaces is rather formal and devoid of any sto-
chastic interpretation. But it turns out that this is the simplest way to transpose in the
Hardy space setting the geometric structure of the stochastic domain, however we
omit the details.

The following proposition organizes the information concerning the geometry of
the splitting subspaces associated with an arbitrary minimal, stable spectral factor.

Proposition 18: Let W be a minimal, stable spectral factor. Let W = WK be its
DSS factorization over H®. Let the inner functions Q-, Q~, Q-+, O~ be determined
by Proposition 13. Then we have

(1) The following are orthogonal direct sum decompositions of the coinvariant
subspace H,(Q’K)
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H,(0’KQ”) =

H,(0¢)Ks ¢ H,(K) ¢ H.(K{)

H,(0")Q7KS % H,(0”)KS & H,(K)

(0)KQ” ¢ H,(K)Q” & H,(0”)
(K2)Q0” ¢ H,(Q”)0” & H,(Q”)

H,
H,

= H(K)Q% % H,(R) % H,(0%)
(2) For L we have the following direct sum decomposition.
=H 0”4 H? 0~
= HKQ” 4 H,(K)Q” $ H> 0~
(3) Defining the L’ subspaces by
Sw = HiQ”
Sw = H*KQ”
we have

Xw = H.(K)Q” = SwNSw

(127)

(128)

(129)

(130)

The pair (S W,b: w) will be called an extended scattering pair for the spectral

factor W.
(4) We have
St = H0”
St = H: KO~
and

= Sw 4 Xw +Sw
(5) The projection operators
R = H,(K$)|Pu,x)0- + H/(K?) > H,(K)Q”
and
0 = H,(K)Q”

are bijective.

Py, (k2)0-0- + H/(K)Q” — H.(K2)07Q”

(6) The projection operators

H,(K)Q”

Py, k) : H(K)Q” — H,(K%)

and

K)Q”|PH,.(KE)Q»Q”- +(K)Q” — H,(KS)QQ”

are bijective.

(131)

(132)

(133)

(134)

(135)

(136)
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o

H,(K.)Qq

H,(K?)

H(K*)Q Ho (K QL
Os

Figure 8.

(7) We have the following factorization

Hr(Ki)|PH,.(K£)Q»Q” = (Hr(Kf—)|PH,.(K)Qr) ‘ (Hr(K)Q”|PH,.(KE)Q»Q”) (137)

(8) Let Wi, i=a, B be two minimal, stable spectral factors and let
Xw. = H,(K;)Qr. Then, with ®;, 0, defined as above, there exists a unique
map Z: H,(Kp)Qf — H,(Ky) Qg which makes figure 8 commutative.

thus
Z=r3'Ro= 0505 (138)
(9) We have
1P k006ll” < 1P 00 > €HL (KD
if and only if
lgPu.ka0ell’ = gPuixpo l” & €H (KOS

These inequalities characterize the contractivity of the map Z.

Proof:
(1) From the commutativity of figure 4, we obtain the equality
Q/KQ// = Q_/Q_//Kf_ = [C)Q/Q// = Q‘_’Kf_ﬁ = KfQiIf

and the result follows.

(2) We use the equalities L’Q~ = L*, Hi = H: K % H,(K) as well as the fact that
multiplication by Q7 is a unitary map in L.

(3) We compute

SwNSw = HiQ” N H> KO~
= (Hi NH?K)Q” = H.(K)0” = Xw

(4) Since Sw = H: Q” and LI’ = Hi o & H? g”, we conclude that SJW = H’ 0.
Similarly, Sw = H? KQ~” implies SJW = HiKQ~. Thus (132) is equivalent to
the second direct sum decomposition in (128).
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(5) Since, using Theorem 4, the equivalence of Kt and K implies that the dimen-
sion of the state spaces H,(K%) and H,(K)Q~ is equal, it suffices to prove that
the projection PH,_(K)Q”|Hr(Ki) is injective. Now

Ker Py, (k)0 = Hi KQ” & H,(Q”)
= H: 07K + H,(0”)
Since H,(K$) is orthogonal to H: Q~K%, we can compute
Ker H,(KS)|Py,x)0- = H,(KS) N (H: KQ” & H,(0”))
= H,(K%) NH,(Q”)
= H,(Ki rp 07) = {0}

We clearly have K% A g Q~, the greatest common right inner divisor of KY
and O~ equal to the identity because of the right coprimeness of these two
mner functions. In this connection, see Theorem 3.
To prove the injectivity of (134), we show first that figure 9 commutes.
We note that, for / €Hz, we have SPu.(x)0r = fQ”*P+K*P_ KQ~”. If
[ €H,(K°)Q’Q” then [ = g07Q~” with g €H,(K’).

We compute
1P, x10-(07) K (") = g0°070~ P+ K"P. K0~(07) K *(0")"
= ngK* P (Q,)*

Going the other way, a’r}d noting that Pj (x*(g.)* restricted to H? is given by
h—>hQ’P. KP+K"(Q”)", we compute

* - -
fQ” PH,.(K*)Q_f* = gQ’Q”Q”*Q’*K_* Q’P- KP, K*(Q’)*
= ¢K*Q’P. KP+K'(0")"

= ¢0’K'P. KP+ K" (0")"

= g0’K'P.(0)"

Prr)qn
H.(K®)Q'Q“ H,.(K)Q"
QII*QI*I{: Qllxl(*@l*
_ P e .4 _—
H,((Ke) ) H.(K")@Q

Figure 9.
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for gQ’K*P_ €H,(K") and hence g0’K P.KP+K" = g0’K"P. Pjj (x*) =
gO’K P-.

The bijectivity of Py, k)0~ : H;(K+) — H,(K)Q” is equivalent to the bijec-
tivity of P (x*)(5,)" : H(K') = H,(K")(0) * and this we proceed to prove.
As in the first part,

* *

H.(K') = H,(K.

= 1K) N 7,(0)") = o}

The last equality follows from the left coprimeness of KX and Q_’.

) N (H,((Q7)) # H2K"(0")")

Ker P, (k5"

(6) Follows from the previous part by taking adjoints.

(7) This follows from the three direct sum decompositions in (127). For
F €H,.(Q"KQ”), let

F=fith+fi=gito+ga=h+h+h

be the representations with respect to these direct sum decompositions.
Clearly, we have f| = g; and g3 = h;. Assume now that F €H,(K%), so we
have F=f3=g +g3=g +h;. This implies g = f3Pu (k)0-- Now
& = H, + //lz and so h] = gsz,_(K_f)Q,Q,,. But f3 =D + h3 = h] + hz + h3
and so we have also h1 = f3Pu, (k)00

(8) By part (5), the maps ® |, R, are invertible. Computing the adjoints of the
maps 01, O, we obtain (9;‘ = PH,.(K[)Q[”|Hr(Kf)Q,’Q,” and these are also
invertible. Hence so are the ©,. By part (7) we have ® 10, = R,0,, for
both are factorizations of Py, (x¢)0.0- : H,(KS) — H,(KS)Q”Q~. This implies
the equality Z = R ; '® | = 0,07". This part of the proof is adapted from
Lindquist and Picci (1991).

(9) Assume ||fPH,_(1<1)Q1”||2 < || fPu )0s ? for all f eH(KS), ie ||fzri] <
||fR2||. Setting g = dR », we get ”gZ =|lgr> Ry < glls i.e. Z is contrac-
tive. But then so is Z, which implies fZ*” =|fo1 (9*“ < ||f||, for all
f eHr(Kf)%i. Setting =foi, we get ||f(9§|T <|roil, ie
l/Pw, k004 O

<||fPu, kol for all f eH, (K2)Q5.

In (129) we have defined the extended scattering pairs; this is because in the
literature, see Lindquist and Picci (1991), a different object is called scattering pair.
We briefly introduce some basic facts about it.

First, we need a simple lemma. Let x, y €L we say that x and y are pointwise
orthogonal if x(iw)y*(im) = 0 for all ® €R. The pointwise orthogonal complement
Y of a subspace X is the set of all vectors y €L; which are pointwise orthogonal to
all vectors x €X. Let K be an inner function. We set to be the orthogonal
projection of L* onto the pointwise orthogonal complement of H,(K) and we set
Tw:=1- Tl‘;% We also set L := W{eer(K); s EIR}.

Lemma 7:  We have the following relations:
(1)
Im7g = Lk (139)

and
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(2)
Kk = K (140)

Proof:
(1) We show that

Im 70 = Span {¢” H, (K);s > 0}

If / €Im 7%, then f is p01ntw1se orthogonal to any g €H, (K); that is
glio) f (i )*— 0. But then also e “g(io) f (i ©) =0 for all s €R, which
implies that f i Is orthogonal to LK Conversely, if f €(Lx)™, it means that
for each g €l%, it is 18lie f (i) d(@) = 0. Tn particular, since L is in-
variant, we also have |je”glio)f (i) d(@) = 0 which implies that
glio) f(ie)" = 0.

(2) Let V, = {vﬁ, vk} be a row basis for H,(K). It is well known that there
exist column Vectors ¢ in €C" such that K=1+ Z e v, Similarly if
V.= {v{, vk} is a basis for H.(K) then K =1+ Z, vici for suitable
row vectors ¢;. We now exploit the fact that for / €H,(K), we have
[T, = f and similarly, for g €H.(K), we hve Txg = g. Then

K(s)Tx = T + ZC?V?TFK + ZC?V?

=T + ZVE’CE’ =T+ T, Y vici = TK(s) [

T—

Proposition 19:  Let W be a minimal, stable spectral factor. Let W = WK be its
DSS factorization over H®. Let the inner functions Q-, Q~, Qs, O~ be determined
by Proposition 13. Then we have

(1) Defining the L subspaces by
Sw = HiTQ”
R (141)
Sw = H: T«KQ”

we have

Xy = H(K)0” = Sy NSw (142)

The pair (S W,S w) will be called a scattering pajr for the spectral factor W.

(2) We denote by Sy w the orthogonal complement of § w in Lk. Similarly, we define
S to be the orthogonal complement in Lk of Sw. Then we have

§JW7 = I_I_2 TG{Q”
2 (143)
St = H KT 0~

and
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Lk =S¥ & Xy +Sw (144)

Proof:

(1) We compute, in view of Lemma 7
SwSw = HiwQ~ N H: WKQ” = (HiT N H: KT8)Q”
= [(BK) # HKm) 0 (2 7 (K P = B(K)Q” = X

(2) Since SW—H+T[;CQ” and Ly = H+T@Q”EBH TRQ”, again in Vlew of
Lemma ,7 we conclude that SJW = H’ TR Q”. Similarly, Sw = = H’ " KQ”
implies Sy = = T KO~”. Thus

1307 = Sw #Sw = Him0” % S¥ = Hi M KQ” % H,(K)T.Q” % S
= HiKQ” % H,(K)Q”  §i = St & H,(K)0” + Sy O

The above proposition illustrates quite clearly the difference of our approach
with respect to the one of Lindquist and Picci. We simply take ‘larger’ spaces to
represent our scattering pair: since the main use of scattering pairs is in the state
space they generate by their intersection, the results we are obtaining are exactly the
same. But, as can be seen comparing the equivalent results in Propositions 18 and 19
the proofs are simpler. So, in the following, a scattering pair will implicitly assume to
be extended. For the scattering theory origins of scattering pairs, see Lax and Phillips
(1967).

We proceed with a study of the zero structure of the set W" of minimal, stable
spectral factors. This is done mainly through a geometric study of the associated set
x"™ of minimal Markovian splitting subspaces. Since in our approach the splitting
subspaces have a unified representation, given by (126), the study reduces to a great
extent to the arithmetic of inner functions.

We are interested mainly in the parametrization of the set W™, for
mo < m<n+ p. Moreover, the set W" or the corresponding set x" carry with
them a natural partial order. In the internal case, i.e. m = my, this partial order is
closely related to the factorization of certain inner functions and hence also, see
Fuhrmann (1995), to the set of solutions of a certain homogeneous algebraic Riccati
equation.

We feel it is instructive to begin our study of the set W™ in the special case where
the spectral function is of full rank and coercive and the factors are internal, i.e.
m = mp = p. We denote this set by W”. This case shows the general scheme, and also
clarifies the new concepts that have to be introduced for the analysis of the general
case.

Without loss of generality, we can assume the normalization @(o0) = I. Thus all
regular spectral factors can be assumed to satisfy W(o0) = I as well. This set has
been fully studied, e.g. Fuhrmann (1995). The inner functions Q-, QO+, K-, K; are
defined as before. Heuristically, we shall say, given spectral factors W and W,, that
W, < W, if W is closer to being maximum phase. This can be expressed precisely by
saying W, = W,Q for some inner function Q, see Definition 6. So, if W1Q¢7 = W,
this can be expressed also by saying that Q7 is a right factor of Qr. Equivalently, Of
is a left factor of Q3. This leads to other, geometric, characterizations that turn out to
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be useful in the generalization to the non-regular case. Moreover, given an inner
function Q4+, the set of left inner factors of Q4 is clearly partially ordered with
01 <O if Qy is a left factor of Q». In this set O+ is clearly the maximal element
and I is the minimal. This order has been expressed in Fuhrmann (1995) via the set
of non-negative definite solutions of a homogeneous Riccati equation. It is not
surprising that all these orders are equivalent. We express this equivalence in the
following.

The set W can be parametrized in seveal different ways. In fact, by the results of
§3, given a normalized, minimal, stable spectral factor, there exists a normalized
factorization (i.e. both factors normalized and inner) Q+ = Q”Q~ such that

W.0 =W
(145)
wo” = W,

So normalized factorizations of Q+ are in a bijective correspondence with the ele-
ments of the set W’ i.e. they parametrize x”. Clearly, if Q7Q7 are the factorizations
of O+ associated with W, then W; < W, if and only if Qf is a left factor of Q3. On
the other hand, see Fuhrmann (1995) for the details, if

A B

O+ = "
-B X, I

with the realization minimal and X the unique positive definite solution of the
homogeneous Riccati equation

A"X+ XA+ XBB'X=0 (146)

then an arbitrary normalized right inner factor of Q- is given by

A B

Q = 3k

-BX I

where X is a non-negative definite solution of the Riccati equation (146). We denote
by P the set of non-negative definite solutions of this Riccati equation. P has a
natural partial order induced by the standard order on Hermitian matrices.

We want to remark that, for a minimal spectral factor W that satisfies (145), the
factorization Q;+ = Q”Q~ represents a parametrization of the set of stable and anti-
stable zeros of W. In fact O~ determines the set of stable zeros of W that can still be
moved to the right half plane, via multiplication by Q”, whereas Q” determines the
set of antistable zeros of W, that is zeros of W. that have been moved already to the
right half plane, via multiplication by Q-. This issue will be addressed formally in a
subsequent paper. For a full parametrization of the set of all minimal spectral
factors, see Fuhrmann (1955).

There is a third order that can be considered and it is a geometric one. It is a
variation on an order introduced by Lindquist and Picci (1991). For each W ew”
there is a unique right coprime DSS factorization W = WK with K normalized inner
and W eH®. If WQ” = W, we associate with the spectral factor W the state space
Xw = H,(K)Q”. We denote by x” the set of these spaces. We say Xy, < Xy, if

/P, | <P ll, v exw, (147)
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Of course we have Xy, = H.(K+).
In the next theorem we show that all these partial orders are equivalent.

Theorem 8: Let @ be a full rank, normalized, coercive spectral density. Let W’ be
the set of all minimal, stable internal spectral factors of @, let x? be the set of all
state spaces corresponding to these factors. Let the inner function Q+ be defined as
before and assume it has a minimal realization

A B
0+ = "
-B X+ 1

with Xy the positive definite solution of the Riccati equation
A'X+ XA+ XBB'X =0

Let P be the set of all non-negative definite solutions of this Riccati equation. Let Wy,
Wﬁ EW[) .
Then the following conditions are equivient.

(1)
Wi(s)Wi(s)" < Wa(s)Wa(s)",  Res>0 (148)
(2) For some inner function Q, we have W>r = W Q.
(3) For some inner function Q, we have QQ% = Q.
(4)
0r(s)"0r(s) < 07(5)°0#(s),  Res>0 (149)

(5) With H.(K)Qr, H.(K;)Qz the state spaces associated with Wy, W, respect-
ively, we have

I P, kooell < fPaxvosll, €HL(K:) (150)
(6) We have
lgProoll = lgPriooll, Y& €H.(0+) (151)

(7) Qr, Q% have unique representations of the form

with X; non-negative definite solutions of the Riccati equation satisfying
X1 2 Xo.

Proof: We prove the following implications:

(1) <(2)

Assume statement (12 holds. This implies ||EW (s)]| > [|EW4(s)]], in Res > 0, and
hence Q(s) = Wi(s)” Wh(s) has at most a finite number of removable singularities
in the right half plane. Thus Q(s) is analytic and contractive in the right half plane.
Moreover, as the W; are spectral factors, we have W, (s) W) ()" = Wa(s) WA(s)" on
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the boundary, i.e. Q(s) is unitary on the imaginary axis, which means it is inner. So
(2) holds.
Conversely, W> = Wi Q implies that, for every s in the open right half plane,

W) Wals)" = Wi()Q()Q() Wi(s)" < WA (s9) WA (s)”
as Q(s), being inner, is contractive in the open right half plane.

(3) <A5)
Assume QQr =Qr holds. We clearly have H,(Qr)= H,(00%) =
H,.(Q)0# ¢ H,(Q#) and this implies that for every f €H(K+)

P00 ll 2 [l P00 (152)
Note that we have K;Q7 = Q{’K+ and hence
H,(K)Qr < H,(K)Q¢ % H,(Qr) = H,(K:Qr) = H,(QrK:) = H,(0r) K. % H,(K:)
This implies the equality

AP = 7Pa oo lI” + | /P00 I

for all f €H,(K+). As a consequence of (152), we conclude that statement (2)
implies [| /P, 00| < | /Prscro
(2) <(3)
We have W Qr = Wy = W)Q#. Since W), = WiQ,, it follows that Wi Qr =
W1QQ7, and, by the invertibility of W, that Qr = QQ7.

Conversely, assume Q07 = Qr. We compute

WhQr = Wy = WWQr = WQQy
which clearly implies the equality W2 = W,Q.

(3) <A4)
Inequality (149) follows from QQ# = Qr by the contractivity of Q in the open
right half plane.

Conversely, inequality (149) shows that, with the exception of a finite number
of points, the function Q = Qr(Q7)” "is analytic and contractive in the open right
half plane. Thus the singularities are removable. As Q has unitary boundary
values, it is necessarily inner.

(2) <(6)
The factorizations Q1 = Q1Qr = Q507 = Q1QQ% show that Qr = QQ%. We
have therefore the inclusions H,(Q#) — H,(Qr) — H,(Q+). This implies

lgPuionll > llgPr0oll, ¥ €H.(04) (153)

To prove the converse, note that H,(Q7) {HJzr O+ }J‘ Here it follows that the
inequality || gPH,_(Ql”)” > ”gPH,_(Qf)” holds for all g €Hi. We conclude that

H,.(Q#) c H,(Q7) and therefore Q7 = QQ% for some inner function Q.

(3) <(7)
This has been proved in Fuhrmann (1995).

(5) <(6)

Assume ||fPH,_(K1)Q1”|| < ||fPH,_(K2)Q{|| for all f €H,(K:). By a previous computa-
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tion, this is equivalent to || fPH,_(Ql”)” > || fPH,_(Qf)” for f €H,(K+). Now, if M N
are subspaces of a Hilbert space and Py, Py the respective orthogonal projec-
tions, then we have Py = Py Py. We apply this in the following way. We clearly
have Q7Qr = Q+ and therefore H,(Q7) C H,(Q+). So Py, o) = Pu,0s) P, (0.)-
Now, we claim that

Hr(K+)PH,.(Q+) = Hr(Q+) (154)

To see this we consider the inverse of the phase function 7' = WZ' W, = Q4 K:.
The first factorization is a left Wiener—Hopf factorization with trivial factorization
indices. Hence the Toeplitz operator Ty-1;7, = To.k* is invertible. Applying
Theorem 1, we conclude that (154) holds. Now (152) implies

7P 0. Priopll = [ P00 Prool
and hence that
lgPr.opll = llgPrionll
for all g €H,(0+).
(6) <3)

From (6), using the factorizations Q+ = Q7Qr, we conclude that

H,(00)Qr = H,(Q+) N Hi Qr = Ker H,(Q+)|Pu, 0y
—Ker Py, o0 |H/(04+) = H.(Q+) N Hi O

= H,(05)07

This implies that Q¢ = QQ# for some inner function Q, and hence also Q5 = Q1Q.
So Wh = W.Qs5= W.0tQ = W10, i.e. W < W.

We pass now to the study of the set W" of minimal, stable, p x m spectral factors
in the general case (my < m < mp + p), which is the central theme of this paper. We
denote by W™ the set of all minimal, stable p X m, internal spectral factors of . We
also denote by W™ the set of all minimal, antistable p x m spectral of ®. Again W"
can be partially ordered. Unhappily, defining W) < W5 if W, = W, Q for some inner
function Q is too coarse an order, and it can be refined. Thus we proceed differently,
defining a partial order in the sets W™, w", x™ and x".

Definition 7: Let W), W, be minimal, stable, p x m spectral factors and let
Xi = H:(Ki)Qr €x™, i =1, 2 be the respective minimal Markovian splitting sub-
spaces. Let W; = WK; be the right coprime DSS factorizations over H®. Let Q;
be defined via figure 4.

(1) We say that Wy < W if

Wels) Wol(s)* > Wp(s) Wp(s)",  Res>0 (155)
(2) If Wy, W €W", we say that W, < Wj if
Wels) Wol(9)* > W(s) Ws(s)",  Res>0 (156)

(3) We say that X; < X3 if
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lexll <llfevll, v e (k%) (157)

Here Py denotes the orthogonal projection of H: onto X.

(4) Given two minimal Markovian splitting subspaces
Xi = H(K)(K)(0r)" ex”,
we say that A_’l < A_’z if
lrpzll > llnpzll, o em [ (158)
Here Py denotes the orthogonal projection of H? onto X.

The definition of the partial order in the set W is customary, see Anderson
(1973). We point out the inversion of the direction of the inequality, compared
with (157). Also, we note that, since multiplication by inner functions is a unitary
map in L~ and therefore preserves orthogonality, (158) is equivalent to

| Paxvocll = | /P koosll, 9 €H (K00 (159)

We recall that, assuming W. is p X mg and of full column rank, the inner func-
tions Q- , O+, K., K+ are all my X myp, whereas the spectral factors we study are all of
size p x m. We also recall that we have defined 75, see Definition 3, to be the
projection on the first my components. For following the statement and proof of
the next theorem, it is advisable to refer to figure 4.

Theorem 9: Let @ be a rank mo, spectral function, having no zeros on the extended
imaginary axis. Let W" be the set of all minimal, stable spectral factors of ®, let
x™ be the set of all minimal Markovian splitting subspaces corresponding to these
factors. Let Wo, Wg €W™. Then the following statements are equivalent.

(1)

Wo < Wp (160)
(2)
Wo < Wp (161)
(3)
TO4(s)” ' 04(s) "1 > TOp(s) '0p(9) ",  Res>0 (162)
(4)
T04(s) 04(s)T8 < WOp(9)*0p(s)TE,  Res>0 (163)
(5) We have
IPr.0arell = [ Prioprell, & €l J09)] (164)
(6) We have
lePuall = ePropll, & €H/(0%) (165)
(7) With the maps T defined by
T; = H(0%)|Pu,0n, i=0,p (166)

there exists a unique, contractive map Y for which ToY = Tpg.
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(8) We have
I7Pukoell < N fPrxpofll,  F €HAKS) (167)
(9) Let the maps Ri: H,(KY) — H,(K;)Q7 be defined by (133) for i = o, B. The
map

Z: H,(Kp)Of — H,(Ko) Q4
defined by Z = RZ;I Ry, is contractive.

Proof:

() <2)
Since W; = W;K;, we have

WiW; = WKK W, = W,W;
which clearly implies the equivalence.

(1) <43)

We note that, on the imaginary axis, we have Wy, = Wy (Qg)*, which clearly has a
meromorphic extension to the right half plane, given by Wy(s) = W< (s)0g(s)™".
Assume Wy < Wp, ie. inequality (155) holds. Let Wit(s) be a left inverse of
Wi (s). We clearly have the following implications.

Wels) Wels)™ = Wp(s) Wpls)"

*

I I
<zmaw”awTJzuome%wﬁo)

=
T0g(9)™ ' 0gls) "M > mOp(s) ' 0pls) "

Our only remaining task is to invert the first implication. To this end we
show that Wi (s) Wi (s) " Wy(s) = We(s). Indeed, by Lemma 6, we have
W (s) W ()" “W. (s) = W. (s). Therefore
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W (5) Wa (5)™ " Wels) = Wa (s) Wi (s)™ " W2 (5) Q4 (s)
= WE(9)0¢(s) = Wels)

Extending (7 0) in a natural way to a projection proves the reverse implication.

(6) <(4)

By our assumption, we have
Pl = lgPuopll, % €H.(01) (168)

We show now this inequality holds for all g EHITT. Clearly, for all f €H:, we
have /' = T4 + f76. In particular, since by equation (89) H,(Q”)T — H,(Q%), we
have

H,(Q0”) = H,(Q”)T + H,(0”)Te C H,(Q%) + H:To

So gPu,0-) = &Py o~ (Ph o) + Pr2r). Assume g EH: T, i.e. g = fT, then it
follows that, for all f eHer,

fT5Pu,0-) = [T (Pu,0s) + Pr2 ) Prior)

= f T4 Ph,(0) PH,(0)
This implies
/7 Paonll = 1 7P, 00 Prionll = ”fTﬁPH,-(Q‘;)PH,-(Qf;)” = ”fTﬁPH,-(Qf;)”
Thus we have obtained
/7 Pronll = /T8 Propll v el (169)

We take now special choices for f, namely

f= & Ee€lmm, Rew>0

s+’

Note that for any H3 function h, we have <hy Ef(s + @) N = hio ﬁ It is easy to
check that

£ _E Q00 N E0(@)°0(s)

s+ o s+ o s+ o

is an orthogonal decomposition relative to Hi = H,(Q) 4 H;: Q. In fact,

1- 0()"0(s)

K(s,0) := o

is the reproducing kernel for H, (Q) Inequality 169) translates therefore into

14> - &0z 0 IIEilz ) 0p(0)E

w+w w+w

M
or, since w + > 0

E0 () 0p(@E > E04(0) 040 E

This is equivalent to

TL0F (@) 0p(0) T > TH04(0) 04T
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Conversely, assume (163) holds. Computing backwards, it is easy to see that
this entails

TG K ol,0) TG > T4 X g, 0) TG (170)
where
_I- 0r()0r(s) o
Ki(s,0) := to , fori=o,B
We assume first that
H.(Qg)T = H,(0p) TG (171)

and denote the common dimension of these spaces by r. Then we can chose in
these spaces basis matrices F, and F, which we consider as a column of r rows of
Hz, such that Fu7g = Fgmq = F.:. This can be achleved by taking any basis Fy in
H,(Q¢%) and constructing Fj as (FT6) (H, (Qﬁ') ), noting that, by Proposition
15, the map H, (Qﬁ)|7'q is injective. Then it is well known, see Dym (1989), that

%,(s5,0) = F(0)"P;'F(s), i=op

where P; is the Gram matrix of the basis F; defined, for i= o, as
(P(l]k {Fj o Froywhere j, k= 1,...,r and Fjq is the jth row of the matrix

3
Fy. Therefore the relation (170) can be written as

T4 Fo() Py Folo) T8 > T4 Fp(0) Pp' Fp(o) TG
which, in view of our choice of the basis, becomes
Fi(0) Py Fi (@) > Fi (@) P3' Fr () (172)
We claim that (172) entails

Py > Pp' (173)
To see this, we need to show that
Fl@)'PF0)>0 o€l (174)

implies P > 0. Assume () is a row vector in H3 of suitable dimension. Then
denoting by ¥ the Fourier transform, it is well known that

w)}t) = J‘ el 9 Bu(s) ds = x(z)

where u is the inverse transform of & and (A B) denotes a controllable pair such
that F(o) = (ol - 4)"'B. Similarly,

f'l[?(w) Flw) PG (o }t J‘ x(s- )" Px(s)ds

which evaluated at zero yields, taking into consideration inequality (174),

0< J‘) x(s)*Px(s) ds (175)

Suppose now ﬁ PE < 0 for some & eC"”. Then sn;lce ﬁ e pet *Eis continuous
in s, there exists a T < 0 such that the integral |, ﬁ ¢! pet *Eds is strictly negative.
On the other hand, in view of controllablhty, we can find a control uy s.t.
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T

x(1) = i_wiA(T' Y Bu(s)ds = ¢ 4T¢ Moreover, we can choose this control so
that |_ . x (s)Px(s)ds 1is arbitrarily small, in particular smaller than

- ITO ﬁ* elsp eA‘Yids. Furthermore, we set uy(s) = 0 for T < s < 0. Therefore we
have constructed a control such that _OOO x"(s)Px(s)ds < 0. As this contradicts
(175), we can conclude that P > 0.

If we go now back to (172), we immediately see that the above argument yields
(173). To conclude, let now g €H:T. Then, by a well-known property of
reproducing kernels, see Dym (1989),

2P0 = (@), % (,0) Y= (g, F; Wi ' F;

and ) -1
lgPu, o0’ = <g, Fi P71 '<Fryg >

Since (g, F, )= <{g,Fp ) we see that Py > PZ;I implies ||gPH,_(Qﬁ)||2 > ||gPH,.(Qﬁ)||
This shows the implication under the restrictive assumption (171).

If the assumption (171) is not satisfied, then, necessarily, we must have
H,(04)T D H,(Qf)T. Indeed, inequality (162) implies that

2

0p(-5)ME =0 = Qa(-5)mE =0 (176)
and, more generally, if the superscript indicates the kth derivative,
05 (-5)ME =0 = o' (-5)mE =0 (177)

Therefore, we conclude that if
BT W €H.(0p)T

then

G S),mm EH, (04T
=y

which is our claim. Thus we can decompose H,(Qg) TG as
H,(Qa)T = H(QpT & [H,(09) T = H (0T |

This means that if ﬁﬁ is a basis in H,(Qf) TG, we can find a basis ﬁa of H.(Qg)T of
the form

B
F=( "7
X

Let now F; be the inverse image in H, ( ’,:’) under 75 of I%, for i = a, B. Construct
the reproducing kernels x;(s,0) - Fi(w) P; 'F.(s). Then

TiXKyTy = Fa(w)*PleFa(S)
and
Pl 0

mwm:&@ﬁ?&w:&wTO .

) ﬁa(s)

so that, again in view of the ordering on the matrices following from (172) we
obtain
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Pl 0

>’
0 0

The conclusion of the backward implication then follows as above and the equiva-
lence is thus proved.

(3) <A5)

Assume first that
mH(00)") = mH.[(0p)"] (178)

This is a comvarlant subspace of H, (Q+) hence of the form H. (Q ) for some left
factor Q of Q+ The common dlmenswn of these subspaces will be denoted by r.
Let F' be a _basis matrix of H. (Q ). Since, by Proposition 15, the prOJectlons

A (o) )*)-‘Lare injective, we can find basis matrices F, and Fg in H_|( )
and H,|(Qp) |respectively such that F = TG F, = TG Fp. Let Po Pp_ be the Gram
matrlces of these bases. Thus the projection of g €H. (Q+) on H, [Q” ] for
i = o,p, can be written as

Piiigng = PP \(Figy  i=a,p

and hence
IPro el = &, F P 'Egy  i=oup (179)

In view of our choice of F,, it is, for all g ETQH_ and thus a fortiori for all
g €EH, (Q+ )

<g9F(l>: <g9Fﬁ >: <g9F+ >
Therefore, we can write:
_ 2 _ ' -1, P
”PHL.(Q;‘)“ = (g, F: W7 (Fryg> 1= aup

Since F is a basis matrix, we have {(g,l;i Y EH(,(Q*)} = C’. Therefore, we can
conclude that

Y& €H.(0%)

”PH (0e)")
if and only if
Py > Pp! (180)

We have shown that (164) is equivalent to 180) We show now that (180) is
equivalent to (162). First, we show that if Q is inner in the right half plane and
F is a basis matrix for H, ,(Q ) with Gram matrix P, then we have, for Res > 0,

-1 -1
Q (S)SQ+ SES) L fp () (181)

In fact, by a standard result [see Dym (1989)] the reproducing kernel of a coin-
variant subspace H.(Q) can be written as:

I- 0(5)0()" _

< F(s)P" ' F(w)” (182)
s+ w

where F is any basis matrix of H.(Q) and P its Gram matrix.
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_ Letnow F = Q" 'F be a left coprime Douglas—Shapiro—Shields factorization of
F. Then F is a basis matrix of H(,(Q*) if and only if F is a basis matrix of H.(Q).
Therefore multiplying (182) on the left by O™ '(s), on the right by 0™ '(®)" and
taking ® = s we get (181). We can now write the following chain of equivalences in
Res> 0.

*

705 ()05 (91 > 05 (903" (5) M

=
04 ()05 ()" - 1 03' (905" ()" - 1
T s+ 5 =T s+ s T
=
TiFo(s) Py Fols) TG > TG Fy(s) Pp' Fy(s) ™o
=

Fi(s) Py Fi ()" 2 Fi(s)P3' Fu(s)"

The last line is clearly implied by Pyl > PZ;I. The opposite implication is seen as
above. If the assumption (178) is not satisfied, we proceed as in the proof of the
previous equivalence.

(6) <=(5) ) )
Follows from the fact that the map J : Hi — H- defined by

(g7 )(s):=g(-5)"

where Hi and H? are row and column spaces respectively, is a unitary map and
hence preserves ortogonality. In particular, given any inner function Q, we have
H: = H,(Q) ¢ H;Q which, since (g0)J = Q"(gJ), implies the direct sum
decomposition H> = H,(Q") #Q"H?. Moreover, we have for g €H?,

(gPu,(0)J = Piio"(gJ)

Finally, we note that H,(Q+)J = H.(Q%), and this completes the proof of the
claimed equivalence.

(8) <=(6)
We assume (167) holds. Since

H,(K)Qr ¢ H,(Qr) = H,(KiQr) = H,(QrKs) = H,(Qr) K} % H,(K)
we have
AP = oo l* + N 1Pl v €l (KS)
Thus (167) holds if and only if
I/Puoll = 1Pupll - €H(KS) (183)
We claim that the last inequality implies

lgPuicoll = lePropll & €H (0%) (184)

To see this, note that the factorization



Analysis of spectral factors 339

[0 0
oro: _( 0 R)
implies the inclusion
H,(Qr) CH,(Q%) ® H,(K) (185)

We also note that H,(Q%) _| H,(K). Therefore, using the inclusion (185), we have
for f €H,(KY)

0 R

fPu,0s) = fPH( 0. 0) Pu,(0y)

=f F)H,-(Qi) EBPH,-(R")})H,-(Q[’)
= fPu,(05) Ph,(0p)

Now, by Corollary 3, we have H,(KY)Pu,o:) = H,(Q%) and hence (183) implies
(184). Conversely, assume (165) holds. By (185), we have for every f €H,(K})

IPr0p) = fPr.(05)#H,(R) Pr,(0p)
=f F)H,-(Qi) + PH,-(R")})H,-(Q[')

= fPu,0:)Pu,0p)

as, clearly, H, (Ki)|PH,_( #) = 0. Now, inequality (165) implies, once again using
Corollary 3, that for every f €H,(K%)

”fPH,-(Kl)Qr” = ”fPH,-(Q‘;)PH,-(Kl)Qr” 2 ||fPH,.(Q‘;>PH,.<K2>Qf|| = ”fPH,-(Kz)Q{”

(6) <=(7)
Assume 1nequa11ty (165) holds. This implies Ker ( r(Qi)|PH,.(Qg)) -
Ker (H,(0%) |PH (Qﬁ Therefore there exists a map Y: H,(Qg) — H,(Qp) for
which

H,(Q%)| P00 Y = HAQ%)|Pri0p)

i.e. figure 10 commutes.
Such a map Y is unique if and only H,(Q%) |PH (0g) 18 surJectlve This, by Proposi-
tion 15, is indeed the case. Inequality (165) shows that ¥ = 75! Tg is contractive.

H.(QY)
= H.(Q%)1 Pu.qn)

= H(Q)|Pr,qn)
Ho(Q) ¥ :

Figure 10.
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Conversely, assume there exists a unique contraction Y: H,
satlsfylng ToY = Tp. For any [ €H.(Qg) we have ||fT5' Tgl? ||f|| Slnce
H,(0%) |PH (0g) 18 surjective, we can write /' = gPp, (0, = g1, With g €H,(Q+).
Th1s implies (165).

(8) <(9)
The proof is similar to the equivalence ( ) <:>(7) Thus, assume (167) holds. This
implies Ker H,(K%}) cKer H, (K} |PH (k)04 Hence there exists a map
Z: H, (Kﬁ)Qﬁ — H,(Ky) Qg for which RﬁZ Ry. Z is uniquely determined if and
only if Rg is surjective, wh1ch by Proposmon 18, is the case. Now from the
incquality || /Rdl|'< [| /Rl setting /= gRj'. it follows that [lgR5' Rl < I/
1.e. Z is contractive.

Conversely, assume there exists a unique contraction Z: H,(Kp)Qg —
H,(K,)Qf satisfying RgZ = Ry. Thus, for all f €H,(K,)Qg we have
175" Rall <1171 Setting /= ¢Ry we obtain [lgol < le . u

Remark: The equivalence between (1) and (8) is well known. For the uniform
choice of basis in the state space formulation, see Caines and Delchamps (1980),
and also Lindquist and Picci (1985) for the geometric approach from which these
formulas are derived. The inequality (163) is very similar to the definition (155).
Nevertheless, it is a more general statement about the partial ordering of inner
functions, which coincides with the usual one when 76 = I. There is no need to
introduce spectral factors to formulate this result. It seems to us that this is the
actual key to the understanding of the order structure. We also point out that in-
equality (165) implies that the angle between the subspaces H:(Q%) and H,(Qg) is
smaller than the angle between H,(Q%) and H,(Qg). Similarly inequality (167) im-
plies that the angle between the subspaces H,(K%) and H,(Kp)Qp is smaller than
the angle between H,(K$) and H,(Ko)Qg. These implications are one sided, but
we refrain from a further discussion of this. Finally, one might expect that the
equivalence of conditions (6) and (8) might be proved directly from the direct sum
decompositions (127), however we failed to do so.

Corollary 12:  With the previously defined partial order in W™, W¢ and WY are
the minimal and maximal elements respectively.

Proof: Clearly, in formula (165), the maximal element is Q+ and the
minimal one is /, which are the inner functions corresponding to W+ and W.,
respectively. L]

This previous corollary explains the terminology of extremal factors for W&, Wx.

We turn now to the geometric structure of the set of minimal Markovian splitting
subspaces. The reader familiar with stochastic realization theory will recognize the
connection to the geometric constructs used in the stochastic domain. In particular,
some of the spaces pertain to the zero dynamics associated with a given spectral
factor, i.e. to the maximal output nulling inner (anti)-stabilizable subspaces and the
input containing outer (anti)-detectable subspaces associated to any given minimal
realization. This study was initialized in Lindquist ez al. (1995). A further analysis
will be given in Gombani and Fuhrmann (1998) and Fuhrmann (1998).

To facilitate the reading we give here a table of the basic constructs used. At the
risk of repeating ourselves, we point out again that the various spaces in table 1 are a
result of a normalization, where with W, we associate the state space H, (K% ).
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Space W w W
X H,(K.)o+ u,(k)o” ",(K )
H-2¢-TCIQ+ H%-TCIQ+ H%-TCIQ+
* HImK, H2TK o2 TRK +
s Hios Hio” i
s Hlk_o0, ulko” 2k,
X na” (5o (o) ok o pr m k) (s os
dim(x N#7) Sk.) 8k)- 8o 8k +)- 8oy)
x Nu” H(ky)NH, (K)o a,(k)o”Nu (K +) i,(K )
dim(x N&™) Sk.)- 8e.) S&)- 8o~ 3K +)
(7 )tr, o} [P0 b~ 10 )Py (k)
dim [(H_)J‘PX] 0 &e”) slo+)
(H+)J_Px H(Q.)K 4Py (x o, E{"(é”)K+}’H,(K)Q” {0}
dim [l )} 3e-) 3o~ 0
Table 1.

Theorem 10: Let W be a minimal, stable spectral factor. Let W = WK be its
DSS factorization over H®. Let the inner functions Q-, Q~, Q-+, O~ be determined
by Proposition 13, and let Q%, Q°, K%, K¢ be the inner functions for which diagram
2 commutes. _

Definite the spaces X, S and S as in Proposition 18, i.e.

X = H,(K)Q~
S=HQ” } (186)
S = H*KQ”

and the subspaces H™ and H' by

H = HiT O+
(187)
H' = H* K,
Then:
(1) We have
XNH =[H/(K) NH(K)Q P~ ss)
188

XNH" = H.(K)Q” N H,(K%)
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) IfXx Y C H: and Y — X denote by Yfz‘ the orthogonal complement of Y in X.
We have

(XNH )y = (H )y = (H )Py = [H(Q) Py P

(189)
(X NH)x = (H) Py = (H(Q7)KS) Ppyxio-
(3) We have
dim (H")*Py = 807)
(190)
dim (H™ )Py = 8(07)
(4) We have
dim (X NH ) = 8(K) - 807
} (191)
dim (X NH") = 8K) - 8(0”)
Proof:

(1) In view of equation (75) and the fact, see Lemma 7, that Q+ 74 = T4Q+, we
have the equality K Q%14 = Q”KQ~T. Thus we compute

XNH = H(K)Q” NHiTQ+ = H,(K)Q” N H; 05 T4

H(K"KQ” N H3 (KS)'KE 04T

= H,(K")KQ~ N [H: + H,((K)) K< 04w
= [(K@) nHE (K k@+
= [#(KH ()" n(H: # H (K)o
=[x (@) ]?5Q+
= H.(K)Q” N H,(K:)T Q3

= [ (&) 1 1K) 0 P

where in the last equality we have used the fact that H,(K: )75 = H,(KS) and
therefore the projection can be eliminated. Similarly

XNH" = H(K)Q” N H K+ = H/(K)Q” NH: KS

= H(K)Q” N[H: ¢ H,(K+) Ju
= H,(K)Q” N H,(K%)

(2) We compute first the ortho%onal complement of X N H in L>. We use JEhe
decomposmon (H,(K)Q”) H+KQ”EBH (0”) #H? and (H:Q%)"=
H? 0%, as well as the equality H> Q% = H> 4 H,(0Q%) to get
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(X NH )= (H(K)Q~ N H(K)Q5 )
= (H,(K)Q~y"+ (H,(K) Q%)+
= [ kor % 12 0~ |+ [HE K 0% H2 04 ]
= [ ko~ £ H2 07 ]+ [IiiQ'fKfoaaHr(zf) 4 H: 04
= [Hi KQ~ & 12 Q-]+ [0 KQ2 & H? % H,(0)Q~ % H,(0")]
Projecting orthogonally on H,(K)Q~” we obtain the equality

(XNH )}(': H.(Q")0”Pu,(x)0- = P‘Ir(Q’)PH,.(K)p”

Similarly, we compute the I’ orthogonal complement of X N H" .
(XNH ) = H KO + H,(07) + H® + H'K. + H’
= HiKQ” + H,(Q”) + H: + (H: Q7 + H,(0”)K+
= H:KQ” + H,(0”) + H> + H Q07K + H,(0”)K;
= H1KQ” + H,(0”) + H> + H,(0”)K-

Projecting orthogonally on X = H,(K)Q~” we get

(X NH') ¥ = (H(07)KS) Py, ixro-

as all other components are orthogonal to X.

(3) We need to show that dim (H,(Q”)K+) Py, (x)10- = 8(0”). For this it suffices
to show that the map H,(Q”)K. |PH,_(K)Q” is injective. But this follows from
Lemma 5. Similarly for Hr(Q’)Q”|PH,_(K)Q,.

(4) It follows from (3), since dim(X NH.)=dimX - dim (X N H- )}52
8K) - 8(Q~). Similarly for dim (X N H.). []

Remark: It should be noted that in the Lindquist—Picci framework the multi-
plicity of K+ could be strictly less than the rank of @. This implies that H~ is not
necessarily contained in the past of the state process of the realization. Since we
do assume that the multiplicity of K+ is mo, this can never happen. As we said,
this is a rather special situation and we will not dwell on it here.

The set W™ inherits the partial order from W" and, as W<, Wy €w"™, they are
the minimal and maximal elements respectively of W™ with respect to this partial
order. The set W" and its relation to W™ will be studied via the arithmetic proper-
ties of inner functions.

Given a minimal, stable p x m spectral factor W, we say, again following
Lindquist and Picci (1991), that a pair of internal spectral factors Wj.,
Wor €w™ is a tightest internal bound for W if

(1) We have
Wo. < W< W
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(2) Given Wy, Wo ew™ for which W; < W < W, we have
W < W-

Wor < W

We can state now:

Proposition 20: Let W be an arbitrary minimal, stable p x m spectral factor W.
Then

(1) A tightest internal bound for W exists.

(2) The tightest internal bound can be characterized as follows. Let Q*, Q” be the
inner functions determined by Proposition 13. Let

0= 0105
07 = 070r

be the internal-external and external internal factorizations of Q7 and Q”
respectively. Then

Wo. = W01
We, = Wi (0r)"

Proof: Follows from Theorem 4. []

Proposition 20 gave an arithmetic characterization of the tightest internal bound
for a given minimal, stable spectral factor. We proceed next to derive a geometric
characterization for it.

Proposition 21:  Given a minimal, stable spectral factor W, let Wy-, Wo+ be the
tightest internal bound. Let So-, So- and So., So. be defined, as in Proposition 18,
for Wo. and W, respectively. Let Ho = L*Tu, ie. it is the subspace of L* of all
those functions whose last m - mo coordinates vanish. Then, with the notation of
Theorem 4,

(1) We have So- = S N Hy, ie.

HiQOr = HiQ” N L'm (192)
(2) We have So+ = SPu,, i.c.
HiTOr = HiQ”Ty (193)
(3) We have So. = §PH0, ie.
H: Ky. Q0r = H:KQ”Ty (194)
(4) We gave So+ = SN Ho, ie.
H? Ky Q7 = H2KQ” N L*TG (195)

(5) We have
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So- NSo. = H.(Kpy.)QQOr (196)
and
So+ NSo+ = H,(Ko:+ Ot (197)
(6) We have
X NHy = (H,(Ko) N H: Q)Or (198)
and
dimZ N Hy = 8(K) - 8(0%) (199)

Proof:

(1) We proved in Proposition 15 that H,(Q”)T = H,(QQr). This means that

H, Q") + HiTe = H,(Q0?) + HiTo
Taking orthogonal complements in Hi, we obtain
H:Q” N L*TG = HiQ” NH'TG = H,(Q0r)
(2) We have
HIQ”TG = H: Q70T
= H:QsTQr C H WOt

We will show that H? orm = Hiﬂi, which will prove the assertion. In fact,
H? 0#7T0 is an H-invariant subspace of H TG, hence of the form H; T for
some inner function T. Clearly, T has a representation of the form

oy 0
o
and is a right factor of Q%, and so also of 0”Q#. Thus TQr is a right factor of

QO+, however this contradicts the fact that the greatest common right divisor
of Q7 and Q% is Qr. Thus T is necessarily constant unitary.

(3) Referring to figure 5, we have the equality Ko- Q5 = QsK. We compute
H2KQ*T, = H: (09)"Ko- Q50T
= H2(05) Ko Q50201 Th

0 0

= H: (05) " Ko- ( ) orm
0 R

= H?(05) T Ko QOF
= H> T Ko- QOF
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We have used the fact that H? (Qf) 74 is an H -invariant subspace of HZ,
hence of the form H> TN T* for some inner function 7. Such a function would
be a common left factor of Q5Q~” which is necessarily trivial.

(4) Referring to figure 5, we have KQ7 = Q_flﬁn. We compute
H?KQ” N L*1 = H>KQ#Qr N L’T
= H 07K+ O N LT
= (H2 Q7 N L’T0) Ko+ OF
= H: Kos Of

Using arguments as above, we used the fact that H? Q_f N L27'ﬁ =H'N LzTﬁ.
(5) By trivial computations.
(6) Since X = S NS, we have

XNHy=(SNS)NHy=(SNH)N(SNH)
= So- NSo+ = HrQOr N H Ko+ OF
= (H,(Ko+) N H Q)07

By Proposition 17, the Toeplitz operator Tk, o* is injective, hence, by
Theorem 1, we have Hy Ky, N H,(Q) = 0. We compute

dim X N Ho = dim H,(Ko+) N H7 Q = dim Ker 7,
= codim (H3 Ko+ + H,(Q))

= dKo+) - 80)
= dK) - 8(07)

This means that the dimension of X N Hy is smaller than the dimension of X
exactly by the number of external zeros of W. L]

Remarks: We would like to stress that the above results are much harder to
prove if instead of the extended scattering pairs we try to use those defined in Pro-
position 19. A glance at the formulas appearing in Theorem 10 will convince the
initiated reader that there are very close links here to geometric control theory.
The study of these links is beyond the scope of this paper and will be relegated to
subsequent publications.

We focus now on the analysis of the lattice structure of the sets W" and x".
Unhappily, we cannot prove that W™ is a complete lattice. In fact, in view of the fact
that the set of all non-negative matrices is not a complete lattice, see Ex. 9 on p. 142
of Halmos (1958), it is doubtful whether W" is a complete lattice. However, some
results are obtainable, in special cases. The analysis uses the arithmetic of inner
functions. Of course, this arithmetic is reflected in the geometry of splitting sub-
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K P
\ﬁ !

Figure 11.

spaces. We begin by proving the following proposition. In following the proof, it
may be convenient to refer to figure 5.

Proposition 22:  Denote by W' the set of all minimal, stable spectral factors of size
p X m for which, with the notation of Theorem 4, we have

0. 0
o A
Let Wy, Wg €W'r. Let Sw,, Sw, be defined by (129). Then we have

(1)

Q/Q// = (

Sw, N Sw, = H: (Qg \. 0f) (200)
where Qg \/. Q% is the least common left inner multiple of Qg and Qf.
(2)
Sw, + Sw, = Hi (Q& ~ r OF) (201)

where Qg ~ r Qf is the greatest common right inner divisor of Q¢ and Qf.

(3)

Sw, N Sw, = H2 (04 » r OF)KS (202)
(4)
§Wa + EW/, = H: (Q_(’i \V/2 Qﬁ')Ki (203)

(5) (a) There exists a unique inner function K\, satisfying

K Qg \i 0p) = (g . Op)K: (204)

(b) There exists a unique inner function K, satisfying

K. (Qz ~ & OF) = (0g ~r QK (205)
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(6) There exist inner functions Z, Z Sfor which
K,Z = ZK, (206)
(7) Define rational functions W, W, by

W, = Wi(Q4 Ve OF)"

. (207)
Wy = Wi(Qg Vi Op)
Then W\, W. are minimal, stable spectral factors.
(8) W\, W, defined by
Wy = WKy
- . (208)
W. = W,K,
are antistable spectral factors.
(9) For Z, Z, we have
WZ= W,
- - - (209)
WZ= W,
(10) We have
(Sw, NSw,) N (EWa + EWﬁ) = H,(K\)(Qg \L 0p) (210)
and
(Sw, + Sw,) N (Sw, NSw,) = H(K.)(QZ » r OF) (211)

So (Sw, N Sw, Sw, + EW/,) is a scattering pair for W\,.
Similarly, (Sw, + Sw,,Sw, N Sw,) is a scattering pair for W, .

Proof:
(1) We compute
Sw, NSw, = Hi Qg N Hi O = H:(0¢g Vi 0f)
(2) Similarly,
Sw, + Sw, = Hi Qg + H:0f = H: (04  x 0F)

(3) The algebra becomes a bit more complicated in the complementary compu-
tations of Sw, N Sw, and Sw, + Sw,. We have

KoQ4 = QaK:
Ks0p = 0pKS

Therefore
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Sw, N Sw, = H> KoQg N H2 K30 = H? QgKs N H2 QpKS
= P—I_ 04 N H Qg]K‘ = [(H2 # H(Qg) N (12 + H(Qp) K
—P—IEB %) N H(Qp) ]Ki—[H & H( ”/\RQﬁ')}{e
= H2 (04 ~ & Op)KS
(4) Similarly,

Sw,+ Swy = H: KoQ2 + H: KpQp = H: QGK: + H: O KS
= [ 0a + 12 05t = [ (06 i 0P S
= H2K\(Q4 i 0p)
(5) (a) By (69), we have
KaQ4 = 0gK:
- (212)
KsQp = OpK:

Then we have

T = KoQt \i KpQp = 04K5 i OpKs = (0g i Op)KS

Thus there exist inner functions Yy, Y for which

T = Yu04 = Yp0p
Since Qg Vi Qf divides T on the right, it follows that there exists an
inner functlon K., for which (204) holds.
(b) Similarly,

S = KoaQ4 ~ r KpOp = Q4KY ~ r OpKS = (04 ~ r Op)KE
Clearly, Q¢ » r Q divides S on the right, hence it follows that there
exists an inner function K, for which (205) holds.

(6) Clearly Qg » r Qf divides Q4 Vi Qf on the right. Thus there exists an inner
function Z satisfying

04 \iL O = Z(Q¢ Vr Of) (213)
Analogously, there exists an inner function Z satisfying
06 Vi 0f = Z(Qg ~ = OF) (214)

Next, we compute

K\ Z(0g ~ & Qg) KAQg Vi 0F) = (04 i 0K
Qﬁ)(Q Nk OF) (02 ~ r OF)KS



350 P. A. Fuhrmann and A. Gombani

Hence equality 206) follows.

(7) As (Qg ~r Qﬁ') is unitary on the imaginary axis, it follows that W, is a
spectral factor. The same holds for W,. We have Wi = WoQg = Wp0p.
This clearly implies that W, = W5(Qg » &z Of)" €HY. The Immmahty of
W, follows from Theorem 2.

Similarly, by our assumption that W, Wz € W'k, we have that both Qg
and Qg are right factors of the inner function

0. 0
o0 A
Hence Qg Vi Qf is also a right factor. This implies W5 (0% Vi Q[;’)* eHY.

Invoking Theorem 2 once again, we conclude that W, is a minimal, stable
spectral factor.

(8) We compute
W, = WK = W5(Q4 ~r 0p) K.
= Wi(K$)(Qg ~x OF)"
= Wi (Qg rr Op)" €HZ
(9) Using equality (213), we compute
WAZ = Wi(Qg \l 0F) (04 Vi 0p) (04 ~r OF)"
= Wi(Qg rr Op) = W,

Similarly, using equality (214), we compute
W Z = WAKWZ = W\ ZK!
= W(Qg \i 09) (04 \i 09)(Q% ~ r Op) K.
= WK =W,
(10) We compute
(Sw, NSw,) N (Sw, + Sw,) = Hi (Qg Vi 0p) N H2K\(Qg Vi Op)
= (H: NH:K\)(Q¢ \/ 0f)
= H,(K\)(Q4 i 0f)
Similarly, we compute
(Sw, + Sw,) N (Sw, N Sw,) = HY(Q& Vk 0F) NH (04 » r Op)K:
= H(Qg ~r Of) N H2K. (04 ~ r Op)
= (Hi NH2K.)(Q4 ~ r OF)
= H,(K.)(Qg ~ r OF) [
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Corollary 13:  The set Wo of all minimal, stable, internal spectral factors is a com-
plete lattice.

Proof: We apply the previous theorem for the case R= 1. [
The following is our version of Theorem 6.8 in Lindquist and Picci (1991).
Theorem 11:

(1) Let X; &x™, i =1, 2. Then the following statements are equivalent:
(a) X1 <X>
(b) S1 CSz
(c) 52 C§1

(2) Let X1 €x™, Xo €x™. Then the following statements are equivalent :
(a) X1 <X,
(b) S1 CSz
(c) §2TC1 C§1

(3) Let X, €x™, X1 €x™. Then the following statements are equivalent :
(a) X1 <X,
(b) ST S,
(c) 52 C§1

Proof:

(1) Assume X; < X>. By Theorem 8, this is equivalent to Wi Q = W, or to

0r = QQ7. We compute
Sw = HiQf = Hi Q0% CH:0% = Sw,

Conversely, assume S, CSw,, i.e. H: or CH: Q7. This inclusion implies
the existence of an inner function Q such that Q¢ = QQ#. Therefore

Wy = Wi(07)" = Wi(0r)'Q = W0

that is W] < W, and hence X; < X>.

Assume W) < W,. Since both factors are internal, this means that there
exists an inner function Q for which W, = W;Q. In turn we have, using the
standard notation, that K;Q = QK,. We proceed to compute

S, = H* K07 = H> 0"K1007
= HQ0"K\0r cH K07 = S

Conversely, assume S> C S, i.e. H? K07 — H? KiQr. This means the exist-
ence of an inner function Q for which QK>Q7 = K;Qr. Since K;Q7 = Q7K+,
we have QQ% = Qr. This means that W, < W, and hence that W, < W,.
This is equivalent to X; < Xa.

(2) Assume X; < X, and X; internal. Let X>. be the greatest internal lower
bound for X;. By Proposition 21 we have S,. = S> N Hy. Thus, by part 1,

Sl CSz_ = Sz ﬂH() CSz
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Conversely, assume S1 CS>. This implies

or Xl < Xz_ < Xz.

Assuming X1 < X> we obtain as before X1 < X»-. Since Xi, X»- are both
internal, we can apply part 1, to get S». <.S;. Since, by Proposition 21, we

S1 :Sl ﬂHo CSz ﬂHo :Sz_

have S,. = S,T, it follows that S, CS;.

Conversely, assuming the last inclusion, we get X7 < X>- < Xa.
(3) This follows from the previous part by symmetry, or can be proved directly in

an analogous way.

To get some feeling about external factors, we work out a very simple example.

Example:

w. =

z+ 1
z+3

Let us take the minimum phase spectral factor

and the corresponding maximum phase spectral factor

W, =

1-z
z+3

Given a pair of complex numbers 0, f, satisfying |0(l2 + |[5|2 =1, then

o1 +2)p(1 - 2)]

W =

1

z+3

is a 1 x 2 spectral factor. We set

It is easily computed that

Q/

Q/Q//

(o
-5
(=

0

we

l-z\

1+z

B

6(1-2
1+z/

0 )

1-z

1+z/

For the DSS factorization we have

and

W=

1

z-3

+ 1
+

Ny

w

Ny

|

Q// =

(on
0

|

)

0
R

|

_1-z 1-z
OLl+z -ﬁ1+z
B a

ot + 2)(1 - 2]
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For /' €H,(K%), which up to a constant factor, is given by
B

we compute now,

_— L //* ”
SPrg~) = 3 0)(Q)P_Q
1+
o = B
_ 1 0 -z P.0”
z+3 -1+z _
_ﬁ o
1-z
_ 1+ z 1
| Craa-o Pr3) P2
_(1_1 1 1 1 .
=1 21- 2 2243 P3| P@
_1-z 1-z
= 1 1 0 al+z -ﬁ1+z
21-z2 -
B o
[l 1 o
2 1+z 2 1+z

This implies

4 2| pl2 2 2
| #PuonlP = ||f||2{1%L+ J%IEL} = AP o + o) = 1P
Equivalently || /Puo- || = || /]| (o /2). The maximal value is obtained for |of = 1.

Using this we compute
- ) 2 4|41
- e = 1IE - 3

1Pk r05
or || fPuikero || = \/3T|f|| /2. Thus the angle between H(K:)Q% and H,(K%) is, in
this case, 7t/3.
Note that
‘gglo”Hr(Ki”PH,(K)Q”” =1
but

im0 # 1

Next, we show that, except when o.= 0, we have H (K*fr) NH; Q7= {O} Indeed,
f €H(KS) N H: Q7 if and only if / €H(KS) and f(Q”)" €Hi. Now

L 2 rd
( ~+3 0| eH:Q
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if and only if

Otl+z B
1 1-z _ 1+z ﬁ 2
(z+3 0) ao T Ha-9Gr3) z+3] S
-ﬁl-z o

which is the case if and only if ov = 0. Therefore, for all factors W of the form (215),
we have H(KS) N H: Q” = {O}

7. The frame space

We turn now to the analysis of a space that contains all the zero and pole
information of all spectral factors of given size. We define the frame space H,, of
the spectral functon @ as the span of the set x ™ of all minimal Markovian splitting
subspaces associated with the set W™ of all minimal, stable p x m spectral factors.

We start by considering a special case.

Proposition 23:  Assume @ to be rank mo. Let Q-, Q+, K., K+ be the inner func-
tions as in figure 1. Then the frame space H,,, is given by

Hy, = H,(K.0+) = H,(Q- K+) (216)

Proof: First, we compute
Hr(K)Q// CHr(KQ//) = Hr(Q_”K+) CHr(Q_/Q”K+) = Hr(Q— K+)

and hence we get the inclusion
\ H.(K)Q” < H,(0- K:) (217)

To prove the converse, we show that H,(Q- K+ ) is spanned by the two Markov-
ian splitting subspaces associated with W. and W, , namely H, (K- )Q+ and H,(K.)
respectively. From Corollary 3 it follows that the projection map H,(Q+) |PH (K,) 18
1njectlve which means that Hi K+ N H, (0+) = {0 Applying Theorem 1, we have
H:Q+ + H,(K:) = H:. Now, we have the following direct sum decomposmon

HiQ. = [HiK. # H.(K.) P+ + HiK- Q+ & H/(K.)Qx
and
H: = HiK.Q+ ® H, (K. Q+)

Taken together, this implies H,(K. )0+ + H,(K+) = H,(K. Q+), and so we get the
inclusion

V #.(K)07 S H,(0. K.

The two inclusions imply the equality (216). L]

For the general case we will need the following lemma.
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Lemma 8: Let R be the set of all k X k inner functions R having the same set of
invariant inner factors ri,. .. ,rc. We assume they are ordered so that Vi|ri— 1, and we
set r1 = r. Then

\/H H, (1) (218)

Proof: For each R €®, the inner function r is its minimal inner function. This
of course implies the inclusion H,(R) < H,(rI) and hence

\/ H,(R c H,(rI)

To see that this inclusion is actually an equality, it suffices to consider the set of all
diagonal inner functions of the form R, = diag (rs,,...,rs) with o €Sy, ie. a
permutation. Clearly we have R; €r and

\/ H(R,) = H,(rL,)
o &Sk

and hence (218) follows. [
We pass on now to the general case.

Theorem 12: Let @ be a p X p, rank mo spectral function. Let r be the scalar mini-
mal inner function of Q+, or equivalently of Q-. Then the frame space H,, of @ is
given by

Hy = H(K.0+) % H,(rly-m,) (219)

Proof: First, we compute
H,(K)Q C H,(KQ”) = H,(0”K5)
0.K. 0
H,(Q°Q7KS) = H,( )
0 R
= H,(Q- K:+) $ H,(R) C H,(Q- K:) % H,(r])
Thus V H,(K)0” C H,(0- K+) & H,(r]), i
H, CH.(Q.K.) % H,(rI) = H,%o & H,(rL- ny)

Obviously, we have H,%o S {O}CH,% , so it suffices to show that
H,(K)Q”Te = H,(rLy-m,). Choose any R satisfying R~ Q.. Let

00

00~ = ( ; R)

be a balanced factorization which, by Proposition 16, exists. Define W = W< Q7 and
let W= WK be a DSS factorization. Now, by (103), we have H,(K)Q”T6 = H,(R),
and an application of Lemma 8 completes the proof. L]
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