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ABSTRACT

The paper continues the investigation into the links between algebraic system
theory, more specifically the partial realization problem, and the problem of Hankel
matrix inversion. The representation of the inverse of a Hankel matrix as a Bezoutiant
and the Bezout equation play a principal role.

1. INTRODUCTION

In [6] the connection between the partial realization problem of system
theory (see [11], [8]) and the inversion of Hankel matrices has been explored.
The central idea was to re-prove a theorem of Lander [12] showing that the
inverse of a Hankel matrix is a Bezoutiant. More precisely, suppose we are
given a nonsingular Hankel matrix

gl DR gn
H=|: ; (1.1)
&n U g2n71

then any minimal rational extension, or equivalently, any minimal partial
realization, is determined by the choice of §=g,,. Let the extension be
denoted by g.(z), and let

p(z)

£
‘k(z)

(1.2)

gs(z) =

with p, and g, coprime and g; monic, and, by minimality, of degree n. We
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will reserve the use of p and g for the polynomials arising out of the choice
£=0.

Since p, and g; are coprime, there exist polynomials a and b, unique if
we require additionally that deg a < deg g, such that

ap; + bg, =1. (1.3)

The theorem referred to before can now be stated.

THEOREM 1.1. Let H be the Hankel matrix

gl R gn
H= , (1.4)
g, °°°  Bon-i

which is assumed to be nonsingular. Let g, = p, /q; be any minimal exten-
sion of the sequence g,,...,8,,_, with £=g,,, p, and q, coprime, and q;
monic. Let a be the unique polynomial of degree < n satisfying the Bezout
equation (1.3). Then we have

H™ '=B(a,q,), (1.5)

i.e., the inverse is given by the Bezoutiant of the polynomials a and gq;.

Before passing on, a few remarks are in order. First, as has been shown in
[6], if we set

qe(2)=2"+q, (£)2" 7"+ - +qo(8), (1.6)

then the coefficients of g, are given by the solution of the system of linear
equations

g1 &n 9o 'gn+l
; : Co =] (1.7)
. . . g n—
gn an—1 dn-1 gz !

Thus it is clear that g, depends linearly on £. Also note that while all results
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are stated in terms of Hankel matrices, they have an easy translation to the
Toeplitz case.
We can state now the following.

Tueorem 1.2.  Given the Hankel matrix of (1.4), which is assumed to be
nonsingular. Let g, =p,/q; be any minimal rational extension of the se-
quence g,,..., gy, With §=g,,, p; and q, coprime, and q; monic. Let
g =p/q be the one corresponding to £=0. Also let a be the unique
polynomial of degree < n satisfying the Bezout equation (1.3). Then:

(i) a and b are independent of &.

(i) qz)=q(z)—Ea(z).

(i) pe(z) = p(z)+ £b().

(iv) Setting a(z)=ay+ --- +a, 2"}, the a, are solutions of the
system of linear equations

gl U gn aO (,)
: : =) (1.8)
gn e anfl an_1 0
1
Defining the control basis polynomials corresponding to q, by
ei(g’ z) =7, z_iqg = Qi(£)+ q,.+1(§)z SHREE F SR (1'9)
i=1,...,n, and the polynomials a, by
a,=w,z ‘a, (1.10)
then:
(v) The polynomial p, has the representation
e =2 ge(8). (1.11)
(vi) The polynomial b of (1.3) has the representation
b(z) =Y g,a,(z), (1.12)

i.e., b also is independent of &.
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Proof. Let p,,q; be the polynomials in the coprime representation
g: = P;/q; corresponding to the choice g,, = §. Let @ and b be the unique
polynomials, assuming deg a < deg g;, such that the Bezout equation

ap; + bg, =1 (1.13)
is satisfied. We rewrite this as

a 1

i B (1.14)

q; q;

The right hand side has an expansion of the form

LS. TS

n n+1

q(z) 2" =
Equating nonnegative indexed coefficients in (1.14) we obtain

a, 18: - - bn42’
a, 18xta, .8 = —b,_3,

a, 18,1+ " +a,g,= — by,

or in matrix form

=—|: . (1.15)

(.11 "" an,_l gn—l bO
Polynomially this means that

b(z) = L ga'(z). (1.16)
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Equating coefficients of negative powers of z, we have

aogt - ta, 8, =0,

o8et -+, 18,41 = 0,

(LY - S an—lg2n——2:= 0,

ap8,+ - +a, 18,1 =1

or
gl gn (10 O
: : : =—]:I 1.17
L ; (1.17)
gn g2n—1 an—l 1

Thus we use (1.17) to solve for the a; and then (1.15) to calculate the b,. In

particular this proves that a(z)=1Xa,;z' and b(z)=Lb,z" are independent

of the choice of £ =g,,, and we have proved statements (i), (iv), and (vi).
Now g = p/q implies p = gg. In terms of coefficients we have

pn~l= gl’
P_2=82% 4a_181>

Po =8ntqn_18a1t - T 418y,

or
Po % ?"—1 : 81
N T . ) ' . (1.18)
dp-1 -
Pn-1 ] 0 En
This is equivalent to
Pg(z)=glel(£’z)+ -t gae(éz), (1.19)

which proves (v).
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In [6] it has been shown that

g e g 1
. . 2
g(z)=(detH) |- . - (1.20)
gn g2n—l not
gn+l E z"
So qy(z) =q(z) — £r(z), with
g " 8aon 1
. . z
r(z)=|. I o (1.21)
gn g2n—2 zn—l

We will show that r = a. From the Bezout equations
ap+bg=1 and ap,+bqg,=1
it follows by subtraction that
a(pg—p)+b(g;—q)=0.
Since g; = q — {r we must have
a(Ps —p)=¢br.

The coprimeness of @ and b implies a is a divisor of r. Setting r = ad, it
follows that

pe=p +ébd (1.22)
and

g:=q— &ad. (1.23)
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Now

_ptébd p é(aptbg)d &

Now g, and g have expansions in powers of 2™~ ! agreeing for the first 2n — 1
terms, and the next term has to be £z~2". This implies d = 1, and so (ii) and
(iii) are proved. This completes the proof. [ ]

Incidentally, parts (ii) and (iii) of the theorem provide a nice parametriza-
tion of all solutions to the minimal partial realization problem arising out of a
nonsingular Hankel matrix.

CoroLLARY 1.3. Given the nonsingular Hankel matrix (1.1). If g=p/q
is the minimal rational extension corresponding to the choice g,, = 0, then
the minimal rational extension corresponding to g,, = & is given by

p+&b
qg—¢ta’

g: (1.24)

where a, b are the polynomials arising in the Bezout equation (1.3).

This theorem explains why the particular minimal partial realization
chosen does not influence the computation of the inverse, as of course it
should not. Indeed, we see that

B(a.q;) = B(a.q - a) = B(a, q) — £B(a,a) = B(a, )
and so
H '=B(a,q;)=B(a,q). (1.25)

Thus we are led to the main point of this paper. To invert the Hankel
matrix H it suffices to know a and q;, and hence it suffices to solve two
equations of the form

& °° 8a X9 n
: . . = ‘ (1.26)

gn 8an-1 Xp-1 Ta

rather than n, as would be the case for the inversion of an arbitrary matrix. Of
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course there is nothing new in this observation, and it goes back at least to the
work of Heinig and Rost [9]. In this connection we refer also to Fiedler [2].
However, the basic idea that to invert Hankel, or Toeplitz, matrices one needs
usually to solve two equations of the form (1.26) goes back to the work of
Gohberg and Semencul [7].

It is our purpose in the next section to give some easy derivations for other
results of this type. We do this in a polynomial context, stressing the
connections with the partial realization problem.

Most of the contents of this paper and of [6] have multivariable generali-
zations. An exposition of this will be forthcoming.

2. HANKEL MATRIX INVERSION: A POLYNOMIAL APPROACH

As we saw in the preceding section, to invert the Hankel matrix of (1.1) it
suffices to know the polynomials a and g. Both have been shown to be
derived as solutions to the system (1.26). We proceed now to give this solution
a polynomial interpretation.

We use the theory of polynomial models freely. The little necessary
background and notation for what follows can be found in [4-6].

Let X, be the polynomial model defined by g, Z; X, —> X, the module
homomorphism defined by

Zf =mpf =p(S,)f for fin X,. (2.1)
As a consequence of the Bezout equation (1.3) it follows that Z~! is given by
Z 'f=maf=a(S,)f forfinX,. (2.2)

Also, the Bezoutiant of @ and g is given as the matrix representation of Z~*
relative to the control basis and the standard basis of X o» that is,

B(a,q) = [27]5. (23)
Thus, if we consider the system (1.26) and let

x(z)=Xrz' and r(z)=Yrelz),
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then
x=H1'Y re=272"1Y re,
=ma) re =) rmae;.

Let us consider some special cases first. Let

_{0, i=1,...,n—1,
L -

Then, since e, = 1, the solution is given by
x=ma=a (2.4)

q

as stated in Theorem 1.2(v).
Next let

Then the solution x is given by

nala(z) - (0]

x=1I ae, =

Thus for some polynomial g, the solution x is given by

x(z)

QORI

a(z) - a(0) 4(2)a(0) — a(z)q(0).

= 4(z)| —————o(2) |+

¥4

Since deg x < deg q, it follows that

o(z) = a(z);a(o)
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and hence

_ 4(2)a(0) —a(Z)q(O)_

z

x(z)

(2.5)

So in case a(0) # 0, we set

y(z) =a(0) '=(z) = g(z) ~ a(0) "'q(0)a(z); (2.6)

it follows that

B(a,y) =B(a,q - a(0) 'q(0)a) = B(a,q). (2.7)
Also note that (2.5) implies
X, =d,. (2.8)

Thus we can state the following result, which in view of the representation
results for Bezoutiants obtained by Ptak [13] and Fuhrmann [6], is equivalent
to the Gohberg-Semencul theorem.

<

THEOREM 2.1. Let a and x be the solutions of the system (1.26) with the
right hand side being given respectively by (0,...,0,1)"and (1,0,...,0)" Then
if x,,_, # 0, the Hankel matrix H is invertible and

H™'=B(a,y). (2.9)

Proof. We saw already that, assuming H is nonsingular, the inverse of H
is the Bezoutiant of @ and y. To complete the proof of the theorem we will
show that the assumptions imply the invertibility of H. _

The existence of a solution with the right hand side (0,...,0,1) implies
that the McMillan degree of a minimal rational extension of g;,..., g5, _, is
at least n. We will show that it has an extension of McMillan degree n. To
this end let us define g(z) by

q(z) =x;1,2%(z) (2.10)
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and a(z) a before. Define the polynomial p by
p(z) =2 g.e(z), (2.11)

where e, is the control basis determined by q. Let G =p/q=YXG;z~". We
will show that G is an extension of g;,..., gs,_ .

Since {ey,...,e,} and {1,..., 2" !} are dual bases relative to the pairing
introduced in [3],

(f.gy=la""f.gl, (2.12)
it follows that for i =1,...,n
C= (G5 ] =[a7p, 2 1] =( Lo 2 1) =g
Now as p = Ggq, we have, equating coefficients,
Govit G+ 4G =0. (2.13)

Equation (1.26) with the right hand side (1,0,...,0) “can be rewritten,
multiplying both sides by x;!,, as

g - &n q Xn-1
: . -~ 1_1]0
g€ " Ban-1)\1 :

0

The last n — 1 equations imply
Bntitdn 18pri1t " T 4184, =0 (2.14)

for i=1,...,n—1. Since G,=g,; for i=1,...,n, the equalities extend the
range i =1,...,2n — 1. Thus G is a minimal rational extension of McMillan
degree n. Therefore the Hankel matrix H is necessarily nonsingular. =

Note that in view of the representation result of Ptak [13] (see also [6]),
Equation (2.9) can also be rewritten as

H™'=B(a,q)= {a(5)q#(S) — q(8)a#(S)}J,



100 PAUL A. FUHRMANN

where
0 0 0 1
0 0 1 O
= :
0 1 0 0
1 0 0 O
and
o1 0 - 0 0
0 01 O -0
S= 0 -
1 0
. o 1
0 0 0

Thus in this case the inverse of a Hankel matrix is determined by two of
its columns, the first and the last, provided the extra condition x, _;+ 0 is
satisfied. This is not always the case: see Iohvidov [10]. Ben-Artzi and Shalom
[14] have shown that three columns of H™' are always enough for its
reconstruction. We give an alternative proof of their result. This uses the
underlying equation for the control basis, namely

Siei=ei_1— q;_ 18, i=1,...,n. (2.15)

where ¢_| is defined as the zero polynomial.

Let (yg,.--» yn_l)~ and (wo,...,w,,_l)~ be the solutions of the system
(1.26) with the right hand side being (8, ,,...,6, ;) and (8; ; ,..., 8,“.,1)~
respectively. Set

y(z) = Ly, w(z)=Y wz'.
Then clearly
y = m,ae (2.16)
and

w=mae;,_,. (2.17)
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We define now a polynomial h by
h(z) = zy(z) — w(z)
= za(Sq)ei - a(Sq)e,._l. ‘ (2.18)
Now in general, for f in X,
5,f = (2) - a(2)8), (2.19)
where §; is a constant depending linearly on f. Using this we compute
h(z) = za(S,)e;— a(S,)e;_,
=S.a(S,)e;+q(2)8 - a(gq)ei,1
= a(Sq)[Sqei - e,-_l] +q(z)8
= —q,_,a(S,)e, +q(z)8

q(z)8 — g,_,a(z)

as

a(Sq)en =m,ae,=7na-1=a.

It remains to evaluate 8. From (2.19) it follows that § is the coefficient of
z" ! of the polynomial a(S,)e;=y. So §=y,_,. However, this can be
evaluated in terms of the coefficients of a. Indeed,

a(S,)e; = Y a,Ske,. (2.20)

It is quite easy to see that S:ei has degree less than n — 1 unless k =i — 1. In
that case it is monic of degree n — 1. Thus from (2.20) it follows that the z"~*
coefficient of a(S,)e; is a,_;. Hence

§=y,_1=a,_, (2.21)
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Thus we have the representation
h(z)=a;_,9(z) - q,_,a(z).
Clearly, if a,_, # 0, then we can define a polynomial f by
f=a;}h=q—-a;}q,_ia, (2.22)
and then
B(a, f)=B(a,q~a;}\g;_18) = B(a,q).

We can summarize this as follows.

TueorEM 2.2 (Ben-Artzi and Shalom). Given the Hankel matrix H of
(1.1, let (ag,-.ra,_1) > (YooevrUn_y) » and (wy,...,w,_,) be the solu-
tions of the system (1.26) with the right hand side being (0,...,0, D,
(88, ) and (8, 1., 8, ,_)) . If a;_, #0, then the inverse of H
can be written in terms of these columns.

Next we pass to the analysis of a rather general case. Again we consider
the system (1.26), with the right hand sides being given by (a,,...,a,) and
(Bys-.-,B,) - Let the respective solutions be given by (yg,---,y,_,) and
(wg,...,w, ;) . Set

y(z)=Yyz' and w(z)=Y wsz" (2.23)
Then, by the same reasoning applied before, we have
y(z) =a(S;) Lae(z)
and
w(z) =a(8,) LBel2).
Let us define the polynomial f(z) by

flz) = 2(z) - w(z). (2.24)
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Then
f(z) = za(S,) L asez) —a(S,) LBie(2)
= S,a(8,) Laez) + a(2)8 - a(8,) L Be2)
=a(8,) X [a(S,6.)(2) — Bie(2)] + a(2)8
=a(S,) X [a(ei_1(z) — g;-16,(2)) — Biei(2)] + q(2)8
=a(2)8+a(S)[ Lla,— Bi-)ez) — { B, — Legi_, ) en(2)]
= q(2)8 — [B.— Teaia]a(2) +a(8,) L (e, = Biy)ez)-

Now § is the coefficient of 2"~ ! of the polynomial Ya;a(S$,)e;, and hence

8= a,a,_,. (2.25)

Thus we can state the following theorem.

TaeoreM 2.3. Given the Hankel matrix (1.1). Let y and w be the
polynomials corresponding to the solutions of the system (1.26) with the right
hand sides (ay,...,a,) "and (B;,...,B,) “respectively. Let a be the poly-
nomial corresponding to the solution of Equation (1.8). If Xea,a,_,# 0 and
B._1=a, fori=2,...,n, then H is invertible and its inverse given by

H'=B(a,8 'f). (2.26)
Proof. Follows from the fact that
B(a,87'f) = B(a,q - 8‘1[,8,,— Zaiqi_l]a) = B(a,q).

That H is nonsingular follows by reasoning similar to that employed in the
proof of Theorem 2.1. |

If, for the previous polynomial y, we define the polynomial f by

f(z) = ay(z) - y(z), (2.27)

then the previous computation yields

Az)=q(2)8 - [an - Eaiq,'ﬂ]a(z)'*' a(sq)Z(ai —a;_1)e(z).
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THEOREM 2.4 (Ben-Artzi and Shalom). Given the Hankel matrix (1.1).
Let y be the polynomial corresponding to the solution of the system (1.26)
with the right hand side (a,,...,a,)" Let a be the polynomial corresponding
to the solution of Equation (1.8). If y,_,#0 and a,_,=a; fori=1,...,
n — 1, then H is invertible and its inverse given by

H'=B(a,y; 1\ f). (2.28)

The author is grateful to the referee for pointing out the paper by
Balinskij and Li-Gun-Y [1].
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