Computing All Large Sums-of-Pairs in R^n and the Discrete Planar Two-Watchtower Problem^∗

Boaz Ben-Moshe Paz Carmi Matthew J. Katz

Department of Computer Science, Ben-Gurion University Beer-Sheva 84105, Israel {benmoshe,carmip,matya}@cs.bgu.ac.il

Abstract

We observe that Matoušek’s algorithm for computing all dominances for a set P of n points in R^n can be employed for computing all pairs of points in such a set whose sum is greater or equal to a given point a ∈ R^n. We apply this observation to the decision problem of the discrete planar two-watchtower problem and obtain an improved solution.

Keywords: Algorithms, computational geometry, facility location.

1 Introduction

Let X be an n × n matrix of real numbers, and denote the i-th row of X by x_{i,∗}. In [3] Matoušek presents an algorithm for computing an n × n matrix C, such that c_{i,j} = n if and only if the i’th row of X is dominated by the j’th row of X, that is, x_{i,k} ≤ x_{j,k}, for k = 1, . . . , n. (c_{i,j} is actually the number of coordinates k for which x_{i,k} ≤ x_{j,k} .) The running time of Matoušek’s algorithm is O(n^32 M(n)^12 ), where M(n) is the time required for multiplying two n × n matrices. Currently M(n) = O(n^{2.376}) (see [2]), and therefore the running time of his algorithm is O(n^{2.688}).

In this short paper we observe that Matoušek’s algorithm can be employed to compute all pairs of rows in X, whose sum is greater or equal to a given n vector a = (a_1, . . . , a_n), that is, all pairs of rows x_{i,∗}, x_{j,∗}, such that x_{i,k} + x_{j,k} ≥ a_k, for k = 1, . . . , n. The computation time remains O(n^32 M(n)^12 ) (which is currently O(n^{2.688})).

Next, we apply this observation to the discrete planar two-watchtower problem, to obtain an improved solution to the corresponding decision problem. The input to the discrete version of the planar two-watchtower problem

∗This work has been supported by the Israel Ministry of Industry and Trade, LSRT consortium of the MAGNET program.

left left+right l r l+r r l+r l

T

Figure 1: The two watchtower problem.

is an x-monotone polygonal line T , i.e., a 2-dimensional (polygonal) terrain. The goal is to place two watchtowers at two of the vertices of T , such that (i) each point of the terrain is seen from at least one of the watchtowers, and (ii) the height of the higher watchtower is as small as possible; see Figure 1.

The corresponding decision problem is thus, given a height h, determine whether the entire terrain can be viewed from two watchtowers of height h that are located at two of T ’s vertices. Bespamyatnikh et al. [1] present an O(n^3) solution to this decision problem, where n is the number of vertices in T . We present an improved solution to this problem that is based on the algorithm for the large sums problem above. The running time of our solution is O(n^32 M(n)^12 ) (which is currently O(n^{2.688})).

2 Computing all large sums-of-pairs in R^n

Let X be an n × n matrix of real numbers, and let a = (a_1, . . . , a_n) be an n vector. We shall compute a matrix C, such that c_{i,j} = n if and only if the sum of the i’th and j’th rows of X is at least a, that is, x_{i,k} + x_{j,k} ≥ a_k, for k = 1, . . . , n. (c_{i,j} is actually the number of coordinates k for which x_{i,k} + x_{j,k} ≥ a_k .)

Let Y be the matrix obtained from X and a as follows. The i’th row of Y is a − x_{i,∗}. Notice that x_{i,∗} + x_{j,∗} is greater or equal to a if and only if y_{j,∗} is dominated by x_{i,∗} and y_{i,∗} is dominated by x_{j,∗}.

We form four n × n matrices as follows:

1. M^1 contains the first n/2 rows of X and the first n/2 rows of Y .

2. M^2 contains the first n/2 rows of X and the last n/2 rows of Y .

3. M^3 contains the last n/2 rows of X and the first n/2 rows of Y .

4. M^4 contains the last n/2 rows of X and the last n/2 rows of Y .

We now apply Matoušek’s algorithm to each of the four matrices M^1, . . . , M^4, obtaining matrices C^1, . . . , C^4. The matrix C can now be easily computed from the matrices C^1, . . . , C^4 as follows. Consider, e.g., the matrix C^3 (obtained from the matrix M^3). Then c^3_{i,j} = n, for n/2 + 1 ≤ i ≤ n and 1 ≤ j ≤ n/2, if and only if y_{i−n/2,∗} is dominated by x_{j+n/2,∗}, or, in other words, x_{i−n/2,∗} + x_{j+n/2,∗} is greater or equal to a. Thus, the bottom left quadrant of C^3 is the top right quadrant of C. Similarly, the bottom left quadrant of C^1 is the top left quadrant of C, and the bottom left quadrants of C_2 and C_4 are the bottom left and bottom right quadrants of C, respectively.

Theorem 2.1 Given a set of n points in R^n and a point a ∈ R^n, one can find all pairs of points whose sum, in each of the coordinates k, is at least a_k in O(n^{3/2}M(n)^{1/2}) time.

Remark. Matoušek’s algorithm can be adapted to solve the large sum-of-pairs problem directly.

3 The discrete planar two-watchtower problem

We solve the decision problem of the discrete planar two-watchtower problem. Given a 2-dimensional terrain T = (v_0, . . . , v_n) and a height h, determine whether the entire terrain can be viewed from two watchtowers of height h that are located at two of T ’s vertices.

For each vertex v_i of T , we shall place a watchtower of height h at v_i and compute the region R_i of T that is visible from this watchtower. We use the following easy and known observation (see Figure 2). Observation: If e_k = [v_{k−1}, v_k] is an edge of T lying to the right of v_i, then either (i) e_k ∩ R_i = ∅ (e.g., in Figure 2, e_8 ∩ R_2 = ∅), or (ii) e_k ∩ R_i = v_{k−1} (e.g., e_{10} ∩R_2 = v_9), or (iii) e_k ∩R_i consists of a single line segment anchored at v_k (e.g., e_9 ∩ R_2).

Thus, R_i is the union of n (possibly empty or degenerate) line segments, and R_i can be computed in O(n) time.

Next we define an n × n matrix X. The i’th row of X is obtained from the region R_i as follows. Let e_k = [v_{k−1}, v_k] be the k’th edge of T . Then

x_{i,k} =

|e_k ∩ R_i| |e_k| . Notice that if v_i and v_j are two vertices of T such that the entire terrain can be viewed from their watchtowers, then the sum of the i’th and j’th v_0 v_1 v_2 h

e_8 e_9 e_{10}

Figure 2: The region of T that is visible from the watchtower at v_2.

rows of X is greater or equal to (1, . . . , 1). That is, x_{i,k} + x_{j,k} ≥ 1, for k = 1, . . . , n.

In the following lemma we prove that the opposite statement is also true, that is

Lemma 3.1 If the sum of the i’th and j’th rows of X is greater or equal to (1, . . . , 1), then the entire terrain can be viewed from the watchtowers at v_i and v_j .

Proof: Assume i < j and let e_k = [v_{k−1}, v_k] be an edge of T . If e_k lies between v_i and v_j, then the part of e_k that is visible from the watchtower at v_i (resp. v_j ) is a single segment anchored at v_k (resp. v_{k−1}) (see observation above). Therefore, since x_{i,k} + x_{j,k} ≥ 1, the edge e_k is entirely covered by the watchtowers at v_i and v_j .

Assume now that e_k lies, e.g., to the right of v_j . We show that e_k is entirely covered by one of the two watchtowers. If v_{k−1} = v_j, then e_k is entirely covered by the watchtower at v_j, so assume v_{k−1} ≠ v_j . Notice that by the observation above, if 0 < x_{i,k} < 1 (resp. 0 < x_{j,k} < 1), then the vertex v_{k−1} cannot be seen from the watchtower at v_i (resp. v_j), and, therefore, x_{i,k−1} (resp. x_{j,k−1}) must be 0. Now, if e_k is not entirely covered by one of the two watchtowers, then, since we are assuming x_{i,k} + x_{j,k} ≥ 1, we have 0 < x_{i,k} < 1 and 0 < x_{j,k} < 1, and therefore x_{i,k−1} + x_{j,k−1} = 0, contradicting our assumption. □

According to the lemma above and to the paragraph preceding it, there exists a solution to our decision problem if and only if there exist two rows in X whose sum is greater or equal to (1, . . . , 1). In order to determine whether two such rows exist, we simply apply the algorithm from the preceding section with a = (1, . . . , 1). Thus we obtain

Theorem 3.2 The decision problem of the discrete planar two-watchtower problem can be solved in O(n^{3/2}M(n)^{1/2}) time.

It is easy to verify that Megiddo’s parametric search technique [4] can now be used to obtain an improved solution to the discrete planar twowatchtower problem. (The log^2 n factor in the bound below is the cost of applying parametric search.)

Theorem 3.3 The discrete planar two-watchtower problem can be solved in O(n^{3/2}M(n)^{1/2} log^2 n) time.

Acknowledgement

We would like to thank Pankaj Agarwal and Micha Sharir for helpful discussions on the contents of this paper.

References

[1] S. Bespamyatnikh, Z. Chen, K. Wang and B. Zhu, Proc. 7th International Computing and Combinatorics Conference, pages 121–130, 2001 (LNCS 2108, Springer).

[2] D. Coppersmith and S. Winograd, Matrix multiplication via arithmetic progressions, J. Symbolic Comput. 9(3) (1990), 251–280.

[3] J. Matoušek, Computing dominances in E^n, Information Processing Letters 38 (1991), 277–278.

[4] N. Megiddo, Applying parallel computation algorithms in the design of serial algorithms, J. ACM 30 (1983), 852–865.